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INTRODUCTION

Euclidean lattices defined over algebraic number fields have been studied in several papers,
and from different points of view. On one hand, it is often possible to construct interesting
lattices in this way (see [1], [2], [3], [4], [7], [12]); on the other hand, the geometric properties
of the lattices yield arithmetic information about the number field (cf. [6]). As in [5], we call
these lattices ideal lattices (see §1 for the precise definition). They correspond bijectively with
Arakelov divisors over the number field (see [13]).

Most of the existing constructions of ideal lattices concern CM—fields, especially cyclotomic
fields. One of the objectives of the present paper is to give constructions over totally real
number fields as well.

Let K be an algebraic number field, and let Ok be its ring of integers. Let 0 : K — K
be a Q-linear involution, let F' be the fixed field of this involution, and let us denote by Op
the ring of integers of F. In §2, we define a number field K’, a quadratic extension of F,
with the property that some ideal lattices over O are also ideal lattices over Ogs. Using
this method, we obtain well-known lattices, such as root lattices, the Coxeter-Todd lattice,
the Leech lattice, as ideal lattices over totally real fields, in particular maximal totally real
subfields of cyclotomic fields (see §3).

The second part of the paper is concerned with upper bounds of Euclidean minima. Recall
that for any number field L, one defines the Euclidean minimum M (L) of L as
M(L) =sup inf |N T —c)l.
(L) erL)CEOL| L/@( )
Let dy, be the absolute value of the discriminant of L and n = [L : Q]. For totally real number
fields L, a conjecture attributed to Minkowski states that

M(L) < 27"\/dy

(see for instance [9], §3). This conjecture has been proved for n < 6 (cf [8]). The conjecture
also holds for the maximal totally real subfields of cyclotomic fields of prime power conduc-
tor (see [6], [10]). The results of §2 combined with some results of [6] give the following
proposition.

Proposition. Let m > 1 be an odd integer. Then Minkowski’s conjecture holds for the
maximal totally real subfield of the 4m-th cyclotomic field.
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1. DEFINITIONS AND NOTATION

1.1. Lattices. A lattice is a pair (L,b), where L is a free Z-module of finite rank and b :
L x L — R a positive definite symmetric bilinear form.

Let (L,b) be a lattice of rank n, set ¢(x) = b(x,z) and set Lg = L ®z R. Define the
minimum (resp. the maximum) of (L, b) as

min(L,b) = inf{g(x) : x € L,z # 0},
max(L,b) =inf{\ € R: for all x € L, there exists y € L with gq(z —y) < A}.
Let det(L,b) be the determinant of (L,b). The Hermite invariants of (L,b) are

min(L,b
’Y(Lab) - (71)
det(L,b)n
and
H(Lb) = max(L,b? .
det(L,b)n

The invariant v is related to the sphere packing density of a lattice (L,b), and the invariant
7 is related to its thickness. The invariants v and 7 only depend on the isometry class of a
lattice.

1.2. Euclidean minima. Let K be a number field, and let O be its ring of integers.
Definition 1.1 (see [9], §3). The Euclidean minimum of the field K is
M(K)=sup inf |N x —c)l.
() = sup inf | Nijole—o)

If Kr = K ®g R, we can define in a similar way

M(Kgr) = sup inf \NKR/R(QC —0)|.
-Z’EK]R CEOK

Clearly, we have M (Kgr) > M(K).

1.3. Ideal lattices. Let K be a CM-field or a totally real field of degree n over Q. Let o be
the complex conjugation if K is a CM-field, and the identity if K is a totally real field. The
ring of integers of K is denoted Ok and dx denotes the absolute value of the discriminant of
K.

An ideal lattice over K is a pair (Z,b), where Z is a (fractional) ideal of K and

b: I xZT—R

is a positive definite symmetric bilinear form satisfying the invariance relation b(Ax,y) =
b(x,\%y) for all z,y € Z, and for all A € O. For each ideal lattice (Z,b), there exists
a totally positive element a € Kg = K ®g R such that b(z,y) = Trg, r(azy’) (cf [5],
Proposition 1).

Let P be the subset of totally positive elements of Kg. For a € P, the ideal lattice (Z, b,),
with by (z,y) = Tr(axy?) is denoted (Z, «v).

For an ideal 7 of K, define

Ymin(Z) = inf{y(Z, @) : « € P}, and
7_min(I) = inf{T(I, a) o € 'P}
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These definitions only depend on the class of Z in the ideal class group of K. Indeed, if
J = BT, then the ideal lattices (Z, ) and (7,37 '7?a) are isomorphic.

These invariants are related to the Euclidean minimum of the field K thanks to Theorem
5.1 of [6] :
Theorem 1.2. We have N
7—min((OK) ) 2

M(KR) = (’Ymin(OK)

1
Notice that Ymin(Ok) = nd" (cf [6], Lemma 4.3), so in order to get an upper bound to
the Euclidean minimum of the number field K, it only remains to construct an ideal lattice
over Ok having a good invariant 7. The following corollary will be helpful in the sequel (cf
[6], Corollary 5.3).

Corollary 1.3. If Tin(Ok) < %, then M(Kg) < 27"\/dk.

2. A CONSTRUCTION

Let F' be a field of characteristic not 2. Let K be a quadratic extension of F', and let ¥ € F
be such that K = F(v/J). Assume that —1 ¢ K**, and let K’ = F(v/—9). The field K is
then a quadratic extension of F' different from K. Set L = KK', and let o (resp. o¢’) be a
generator of Gal(K/F) (resp. of Gal(K'/F)).

Define ¢ : K — K’ to be an F-linear map such that (1) = 1 and ¢(v/9) = v/—9. Notice
that for all z,y € K we have :

(1) Trg/p(zy”) = Trgr p(e()e(y)).
We have the following formulas, which can be obtained by straightforward computation.

Tr z)? Tr z2
¢ Ni//p(p(z)) = —Ng/p(z) + K/QF( L K/QF( ),

Tryr p(z)? Tr,; o (z2
o Ny/p(p ' (2) = — Ny p(a) + e Trwyele)

o p(27) = ‘P(l‘)gl = Trgr(p(r)) = Trg p(x),

o U ple)oly)) = oy — BTN
o oo (@) (y)) = ay — L)

In the sequel, we assume that F' is a number field and that K/Q is not ramified at 2. We
are now ready to investigate the nature of p(Of) and ¢~ 1(Ok).

Proposition 2.1. If K/Q is not ramified at 2, then ¢(Ok) is a fractional ideal of Ok .
Moreover, the ideal b = p(Ok) satisfies b* = 3O

We will need the following lemma.

Lemma 2.2. With the above assumptions, we have Dy = Or, and Dy jp = 2¢, where ¢ is
an integral ideal prime to 2.

Proof. Let K” = F(v/—1). Then Dgn/p = 20gn.

Since all primes q of F' dividing 2 are unramified in K/F, K is the fixed field of their group
of inertia. Any such q is then ramified in K’/F and all primes of K’ resp. K” dividing 2 are
unramified in L/K' resp. L/K".

Hence 2DL/K” = DK”/FDL/K’/ = DL/F = DK’/FDL/K’ implies DK’/F = 2¢ with ¢ as
asserted. 0
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Proof of Proposition 2.1. Notice that since K'/F" is wildly ramified, we have Trg/p(Og) C
20F. Let’s show first that ¢(Ox) 2 Ok 2 2p(Ok). Let z € Og. Using the formulas,
Tr 422
we see that Trg: p(2¢0(2)) = Trg p(2z) € Op and Ng//p(20(z)) = w € Or,
2

so ¢(2z) € Ogr. Conversely, if y € Ok, then Ny /po~!(y) = w € Op (since
Tr(Ok/) C 20F), and TYK/F(¢*1y) = Trg//p(y) € OF. Therefore oy € Og.

Let’s show now that ¢(Ok) is an Og/-module. Take z € Ok and y € Oxs. We want to
show that yo(z) € ¢(Ok). We have o Hyp(z)) = zp~ly — (z — 2%)p~ ! (%) Recall
that O C ©(Ok), so ¢~y € Og. Moreover, y — y° € Drr/p € 20g. Tt follows that

o (yp(x)) belongs to Ok-.

Let b = o(Ok) and let’s show that b? = %OK/. Recall that for all z,y € Ok, we have
Tr p(prey) € Op. Sob C b_ID;(}/F = %c_lb_l, where ¢ is an integral ideal prime to 2 (see
Lemma 2.2). Hence b2 C %c_l, which is possible only if b2 C %OK/ since O C b C %(’)K/
from the first part of the proof. Moreover, the extension K/F is tamely ramified therefore
there exists v € Ok such that Try/r~y = 1. For such a v, we have Trg//p(¢(7)) = 1. As the
extension K'/F is wildly ramified, this is only possible if for each prime ideal P of K’ above
2, we have valy(¢y) < —1. Therefore, valp(b) < —1 for all |2. Given that b? C LOg, we
obtain that b? = %OK/, and this achieves the proof. ]
Proposition 2.3. If a is a (fractional) ideal of O satisfying a° = a, then p(a) is an Ok -
ideal.

If a is an ideal of O such that a® # a, then ¢(a) is not an ideal of Ok .

Proof. The proof of the first point is similar to the one which shows that ¢(Ok) is an Og-
module. In fact, for x € a and y € O, we have o~ (yp(z)) = 2oty — (x—27)p~ ! (%)
Moreover, both zp 'y and o — 2% are in a, so the conclusion comes from the fact that
(,0_1 (%) € Ok.

Let a be an ideal such that a # a and assume that ¢(a) is an Ogs-module. Notice that for
allz € aand for all y € O/, we have o1 (p(2)y) = 2~ (y)—zp* (%) —x%p1 (%)

Since zp~(y) and xp~! (%) are in a, p(a) is an ideal if and only if for all z € a and

for all y € Ok, we have z7¢ ! <%) € a. This is the case if and only if the ideal Z of K

generated by go_l(y_QyU ) for y € O satisfies T C a'=7. Given that 79 = Z, this is equivalent
to asking that Z C a'= Na®~!. Let b = a'~? Na°~!. Notice first that b is an integral ideal
different from O since a # a?. Let P be a prime ideal dividing b, and let p = P N F. The
ideal 7 is generated by the elements by such that b9 € F. By the strong approximation
theorem, there exists b € F' such that val,(b) = —LMJ and valg(b) > —valg(¥) for all
q # p. Take such b and notice that val,(b?9) = 0 or 1. But b9 € ZNF C p, so val,(b*9) = 1.
This implies that p ramifies in K and contradicts the fact that P # 7. Hence ¢(a) is not
an ideal of Ok, and the proposition is proved. O

In order to be complete, the case of ¢! (Og) is handled in the next proposition.

Proposition 2.4. ¢~ Y(Ok/) is an order of K. Moreover, if b is an ideal of Ok satisfying
b=107", then p'(b) is a ¢~ Y(Ox+) fractional ideal.
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Proof. If z,y € O, then the formula p(p~!(x)p~(y)) = vy — % associated to

the fact that y = y"/ mod 20y gives that ¢~ !(Og) is an order of K. Moreover, the same
formula (with 2 € b and y € Ok) shows that ¢1(b) is a =1 (Of)-ideal. O

3. IDEAL LATTICES OVER TOTALLY REAL FIELDS

Let K be a CM-field, let F' be the maximal totally real subfield of K, and let K’ be as in
section 2. We assume in this section that 2 does not ramify in K. Thanks to the map ¢, and
in particular thanks to the equality (1), we can sometimes shift ideal lattices from K to K'.
More precisely, we have the next proposition.

Proposition 3.1. If (Z,«) is an ideal lattice over K such that T is an ambiguous ideal, then
(p(2), @) is an ideal lattice over K' isomorphic to (Z, ).

Actually, we have the following stronger result.

Proposition 3.2. Let (Z,«) be an ideal lattice of K. If the ideal T is in the same ideal class
as an ambiguous ideal, then there is an ideal lattice over K' isomorphic (as a lattice) to (Z, ).

Proof. If 3 € K, then the lattices (Z, ) and (8Z,37!17%a) are isomorphic, where o denotes
the complex conjugation. ([l

We will now use this proposition to shift ideal lattices constructed over CM-fields on some
totally real fields. In the sequel, (,;, denotes a primitive m-th root of unity, and set 7, =
Cm + Gl

The root lattice A,_;. For an odd prime p, this lattice is an ideal lattice over the
field Q(¢p) (see [3], §3). If P is the ideal generated by 1 — ¢, then the ideal lattice (3, %) is
isomorphic to A,,_1. Therefore, Proposition 3.2 asserts that the lattice A,_1 is an ideal lattice
over the field Q(74p). A direct construction can be obtained as follow. The ideal lattice (B, %)

is isomorphic to the ideal lattice (Z[(,], (2 — 1,)p~1). Let a be the ideal of Q(n4,) satisfying
a~2 = 2Z[n4p|. This ideal is the principal ideal generated by a = 37 (1)’ ( ZZ ) (Cip +

¢ 4;"). Proposition 2.1 implies that the ideal lattice (a, (2—1,)p~!) is isomorphic to A,_1. Since
a is principal, the lattice (Z[nsp], @) is also isomorphic to A,_1, where a = aa(2 —n,)p~ 1.

The root lattice Eg. An ideal lattice isomorphic to Eg can be found in Q({y) (see [3],
§3). Since Q((g) has class number 1, Proposition 3.2 implies that there exists an ideal lattice
isomorphic to Eg in Q(n3¢). Actually, let PB3 be a prime ideal of Q({y) above 3, let P, be
a prime ideal of Q(n36) above 2, and let % be a prime ideal of Q(nss) above 3. The ideal
lattice (P5?, 1) is isomorphic to Eg (cf [3], §3). Moreover, the ideal 5 is the principal ideal
generated by (2 — m) 2. Therefore, o(P3") = ¢((2 — m) 2ZIG]) = (2 — o) 29 (Z[Go]) =

AP5 L So, the ideal lattice (P, "5 4, 1) over Q(n36) is isomorphic to Eg.

The root lattice Eg. The lattice Eg can be realised as an ideal lattice over Q((15) (see [3],
§3). Since Q((15) has class number 1, this lattice can also be realised over Q(ngp). Actually,
let ¢ be the minimal polynomial of 715 and set o« = mnm(ﬁﬂ + §1_57). Let P/, be a prime
ideal of Q(ne0) above 2. The element « is totally positive and the ideal lattice (Z[(15], @) is
isomorphic to Eg (cf [3], §3). Therefore, the ideal lattice (5 ', ) over Q(1p) is isomorphic
to Eg.
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The Coxeter-Todd lattice K 5. The Coxeter-Todd lattice can be realised as an ideal
lattice over Q(Ca21) (cf [7], §4). Actually, if B7 is a prime ideal above 7, then the ideal lattice
(B, ® 1) is isomorphic to the lattice Kip. Let ¢ = (1 be a primitive 21-st root of unity.
We can choose for 7 the principal ideal generated by o = 1 + ¢7 — ¢8 + ¢°. Therefore, the
ideal lattice (O, (a@)™ ") is isomorphic to Kip. Let K’ = Q(ng4) and let 9, be a prime
ideal of Ok above 2. We can now use the results from section 2 to see that the ideal lattice
(B, (a@) ™) over Q(ng4) is isomorphic to the Coxeter-Todd lattice K.

The Leech lattice Asy. The Leech lattice can be realised as an ideal lattice over the field
Q(¢35). Let 9 be the minimal polynomial of (35 + ng;. Set u = (C3_53 + C§5)(C9,_56 + C§5)(C3_59 +
(:?5)@3312 +¢2) and a = m Then « is a totally positive element and the ideal lattice
(Z|¢35], @) is isomorphic to the Loech lattice (see [2], §5). Therefore, if a is the ideal of Z[n140]
such that a? = 3Z[n40), then Proposition 2.1 implies that the ideal lattice (a, ) over Q(n140)
is isomorphic to the Leech lattice.

4. UPPER BOUNDS FOR EUCLIDEAN MINIMA

4.1. General bounds. Let F be a totally real number field, and let K, K’ and L be as in
section 2. Set n = [K : Q] = [K' : Q]. Assume that K is a CM-field and assume also that
K/Q does not ramify above 2. Then we have the following bounds for the Euclidean minima.

Proposition 4.1. We have M(K') < 2"M(K). Moreover, if p(Ok) is a principal ideal of
K', then M(K') <22 M(K).

Lemma 4.2. Let x € K. For all embeddings F' — R, we have | Ng/px| > |Ngs/pp(x)].

Proof. Recall that a := ¢(Of) is an ideal of O satisfying a? = %OK/. Let « be a generator

of a if this one is principal, and let a = % otherwise. Let x € K’ and set y = ¢~ !(ax).

Let a real ¢ > 0 be given. Choose d € Ok such that |Ngg(y — d)|] < M(K) +e. Set
¢ = ¢~ 'd. Thanks to the lemma, we have | Ny g(az —¢)| < |Ng gy —d)| < M(K) +e.
This can be rewritten as | Ny g(z — a'c)| < [Nk ga |(M(K) +¢). Since o 'c € Ok,
and since | Ny /q a~l| = 2" (resp. 2%) when a is not principal (resp. when a is principal),
this concludes the proof. O

The F-linear map ¢ can be extended to an Fg-linear map ¢ : Kr — Kp. It is easily
checked that the analogue of Lemma 4.2 for x € Kr and for ¢ remains true. Hence we get
the following proposition.

Proposition 4.3. We have M(Kp) < 2"M(Kgr). Moreover, if ¢(Ok) is a principal ideal,
then M(Kf) < 25 M(Kg).

Proposition 4.4. We have M (L) > M(K)?.

Proof. The ring of integers of L is O, = O ++v/—10k, since D,k =20r. Let a+by/—1€ L,
with a,b € K. A straightforward computation shows that Ny p(a + by/—1) = Ng/p(a -
b)? + (’I‘I‘K/F(ab"))2 for all a,b € K. In particular, for each embedding F' — R we have
Ny p(a+ by/—1) > Ng/p(a— b)2. By adding to a and to b elements of O, we may assume
that N, g(a+by/—=1) < M(L) +e. Therefore N p(a —b)? < M(L)+ ¢ for each £ > 0, and
this implies that M (L) > M(K)2. O
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4.2. Maximal totally real subfields of some cyclotomic fields. Let m > 1 be an odd
integer and let n = ¢(m). We keep the notation of the preceding section. In particular, ¢,
denotes a primitive m-th root of unity and 7, = ¢, +¢,. We will apply the results of section
2 to get the upper bound M (K’) < 27"/d: for the totally real field K’ = Q(nm)-

Let K = Q((n)- The field K associated to K by section 2 is the field K’ = Q(nan, ).

Proposition 4.5. We have M (Kg) < 27"/dg:.

Proof. Let n = [K : Q] = [K’ : Q]. Following [6] §9, we have 7(Z[(n],1) < 4. Therefore,
we can apply Proposition 3.1 to get that 7(b,1) < %, where b = p(Z[(y,]) is an Ogr-ideal
satisfying b? = %Z[mm]. Recall that the map from the class group of Q(n4y,) to the class

group of Q(C4m) which maps a class [a] to the class [aZ[(4m]] is injective (cf [14], Theorem

4.14). Therefore, b is a principal ideal since bZ[(4y,] is the principal ideal generated by L\F

As b is principal, we have Tiin(b) = Tmin(Okr), and s0 Tmin(Og+) < 4. Hence Corollary 1.3
implies that M (Kg) < 27"/dg. O

Alternative proof. Since p(Z[(y]) is principal in Z[n4m,], we can apply Proposition 4.3 to get
M(K%) < 25 M(Kg). Following [6] §10, the euclidean minimum of K satisfies M(Kg) <
2-"\/dg. The conclusion follows then from the equality v/dy' = 22 /dx. U
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