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Abstract

This paper deals with homogenization of divergence form second order parabolic operators whose coef-
ficients are periodic with respect to the spatial variables and random stationary in time. Under proper mixing
assumptions, we study the limit behaviour of the normalized difference between solutions of the original and
the homogenized problems. The asymptotic behaviour of this difference depends crucially on the ratio be-
tween spatial and temporal scaling factors. Here we study the case of self-similar parabolic diffusion scaling.
© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

The goal of this paper is to characterize the rate of convergence in the homogenization prob-
lem for a second order divergence form parabolic operator with random stationary in time and
periodic in spatial variables coefficients. We also aim at describing the limit behaviour of a nor-
malized difference between solutions of the original and homogenized problems.
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To avoid boundary effects we study a Cauchy problem that takes the form

t
out = diV(u(i, —)Vug), xeR" >0,
g &% (1)
u(x,0) = g(x).

with « > 0. In this paper we consider the case « = 2. We assume that the matrix a(z,s) =
{a'/(z, 5)} is uniformly elliptic, (0, 1)"-periodic in z variable, and random stationary ergodic in
s. We denote Y = (0, 1)" and in what follows identify Y -periodic function with functions define
on the torus T".

It is known (see [14,8]) that under these assumptions problem (1) admits homogenization.
More precisely, for any g € L%(R"), almost surely (a.s.) solutions u® of problem (1) converge,
as ¢ — 0, to a solution of the homogenized problem

a,u’ = div(aeHVuo)
0 2
u(x,0) = g(x)

with a constant (non-random) positive definite matrix a®ff The convergence is in Lz(R” x (0, T)).
More detailed description of the existing homogenization results is given in Sections 3 and 3.1.
The paper focuses on the rate of this convergence and on higher order terms of the asymptotics
of u®. Our goal is to describe the limit behaviour of the normalized difference e~ lw® — uY).
Clearly, the main oscillating term of the asymptotics of this normalized difference should be
expressed in terms of the corrector. We recall (see [8,3]) that the equation

s x(z,5) = divz(a(z, $)(Vex (z, 5) + 1))

has a unique up to an additive (random) constant periodic in z and stationary in s solution. Thus,
the gradient V. x is uniquely defined. The principal corrector takes the form ey (f ;—2) .
Vu®(x, r). We study the limit behaviour of the expression
ut(x, 1) —ud(x, 1) x t

— X(— —) . Vuo(x, 1).

Uf(x, 1) = .
& & &

For generic stationary ergodic coefficients a(z, s) the family {U?} needs not be compact or tight
in L2(R" x (0, T)).
For this reason we assume that (see Section 2 for further details)

e The coefficients a(z, s) have good mixing properties.
e The initial function g is sufficiently smooth.

Under these conditions we show (see Theorem 3, Section 6) that U converges in law in L2(R" x
(0, T')) equipped with the strong topology to a solution of a SPDE with constant coefficients and
an additive noise. This SPDE reads

93 92

dU° = div(aeffVUO +p— 0>dt + 41220 aw,
Hoxs" ax2 O 3)
U%(x,0)=0;
where U? is a scalar-valued f_1_1ncti0n of x and 1, a® is the homogenized coefficients matrix, u
is a solution of (2), W; = W,” is a standard n?-dimensional Wiener process, and u = Mi-/ k and
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A2 = (/11/ 2)17 kI are constant tensors with three and four indices, respectively, so that the two
driving terms in (3) take the form
B o kP
0x3 dxi0xJ 9xk
here and in what follows we assume summation over repeated indices.

The tensors x and A'/? are defined in Section 6. We show that problem (3) is well-posed and,
thus, defines the limit law of U? uniquely.

Notice that under proper choice of an additive constant the mean value of x(z, s) is equal to
zero. Therefore, the function x (f ;—Z)Vuo(x, t) converges a.s. to zero weakly in LZ(R" x(0, 7)),
as ¢ — 0. Therefore, in the weak topology of L2(R" x (0, T)), the limit in law of the normalized
difference e =1 (uf (x, 1) — u®(x, 1)) coincides with that of U*¢.

The first results on homogenization of elliptic operators with random statistically homoge-
neous coefficients were obtained in [9,11]. At present there is an extensive literature on this
topic. However, optimal estimate for the rate of convergence is an open issue. In [13] some
power estimates for the rate of convergence were obtained in dimension three and more. In the
recent work [5] a further important progress has been made in this problem.

Parabolic operators with random coefficients depending both on spatial and temporal variables
have been considered in [14]. In the case of a diffusive scaling, the a.s. homogenization theorem
has been proved.

The case of non-diffusive scaling has been studied in [7] under the assumption that the coef-
ficients are periodic in spatial variables and random stationary in time.

It turns out that the structure of the higher order terms of the asymptotics of #® depends cru-
cially on whether the scaling is diffusive or not. Here we study the diffusive scaling. The case of
non-diffusive scaling will be addressed elsewhere.

82u0

2
Al/za_uo AW, = (AV/2yiikl 21
dx2 Axiox]

M thkl;

2. The setup

Let (2, F, P) be a standard probability space equipped with a measure preserving ergodic
dynamical system 7, s € R. -
Given a measurable matrix function a(z, w) = {a"/ (z, )}? j=1 which is periodic in z variable
with a period one in each coordinate direction, we define a random field a(z, s) by
a(z,s) = a(z, Tw).

Then a(z, s) is periodic in z and stationary ergodic in s.
We consider the following Cauchy problem in R” x (0, T], T > O:

88_’4: - div(a(l—c, ;—2>Vu£> 4)
u®(0, x) = g(x)

with a small positive parameter €.
We assume that the coefficients in (4) possess the following properties.

H1 The matrix a(z, s) is symmetric and satisfies a uniform ellipticity conditions that is there
exists A > 0 such that for all (z, w) the following inequality holds:

AP <z, w)E £ <A V¢? forallz e R
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H2 The initial condition g is four times continuously differentiable, and for any K > O there is
Cgk > 0 such that

o

' ; < Cx(1+|x~K
j;“(axl)ll ,__(3xn)jng(x) < Cg(l+Ix])
for all x € R”, where the sum is taken over all j = (ji, ..., j,) with Y /| ji < 4.

It should be noted that under condition H2 for any K > 0 there is Cx (T') > 0 such that a solution
of problem (2) satisfies the estimate

3 0 K
- - x, 1) < Cg(T)A+ |x])™ 5
Z)(axl)“m(axnwu( )| = Cx(T)(1 +1x]) 5)
lil<4
for all (x,t) e R" x [0, T].

In order to formulate one more condition we introduce the so-called maximum correlation
coefficient. Setting <, = of{a(z, s) : s <r}and F>, = o{a(z, s) : s > r}, we define

p(r) = sup E(§162)
§1.6
where the supremum is taken over all F<p-measurable & and F,-measurable & such that E&;
= E& = 0, and E{(£))%} = E{(£2)%} = 1. We then assume that

H3 The function p satisfies the estimate fooo p(r)dr < 4o0.

Remark 1. Condition H3 is somehow implicit. In applications various sufficient conditions are
often used. In particular, H3 is fulfilled if p(r) < cr~ 149 for some § > 0.

Remark 2. In an important particular case we set

a(z,s) = a(z, &),

where £ is a stationary process with values in RY, and g(z, y) satisfies the uniform ellipticity
conditions

MEPP <doyE-E<a7l¢? forallg eR", (z,y) € Z" x RY.

If & is Gaussian then condition H3 follows from integrability of the correlation function of &..
If & is a diffusion process, then condition H3 can be replaced with some conditions on the
generator of &;. This case is considered in Sections 3.1 and 7.

3. Homogenization results

In this section we remind of the existing homogenization results for problem (1). Although
we only deal in this paper with the case @ = 2, for convenience of the reader we formulate the
homogenization results for all « > 0. To this end we first introduce the so-called cell problem.
For o = 2 it reads

dx(z,s) =div(a(z, )T+ Vx(z,5)), (z.5) € T" x (—00, +00) (6)

with I being the unit matrix; here x = {y/ };'.:1 is a vector function. In what follows for the sake

of brevity we denote diva = div(al) = Biz,-a"j (z). Also, we assume summation over repeated

indices.
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According to Lemma 4.1, under assumption H1 this equation has a stationary periodic in y
vector-valued solution. This solution is unique up to an additive constant. We define

aefleE/ a(z,s)(I+ Vx(z,s))dz. (7
'H‘Vl

Notice that due to stationarity the expression on the right-hand side does not depend on s.
If o < 2, the cell problem reads

div(a(z, ) A+ Vx_(z,5)) =0, zeT" (8)

here s is a parameter. This equation has a unique up to a multiplicative constant solution. We
then set

@ =B [ G+ Vx-o)dz ©)

For o > 2 we first define a(z) = Ea(z, ), then introduce a deterministic function x4 (z) as a
periodic solution to the problem

div(a(z)X+ Vx4 (2) =0, zeT", (10)
and finally define
o = [ a0+ Vi) dz (an
’]l‘n

The following statement has been obtained in [14,3].

Theorem 1. Let g € L*(R"™), and assume that condition H1 holds. If o = 2, then a solution u®
of problem (1) converges a.s. in L*(R" x (0, T)) to a solution of the limit problem (2) with aft
given by (7).

If @ < 2, then a solution u® of problem (1) converges in probability in L>(R" x (0, T)) to a
solution of the limit problem (2) with a®® = a*" defined in (9).

If o > 2, then a solution u® of problem (1) converges in probability in L*(R" x (0, T)) to a
solution of the limit problem (2) with a® = aiff defined in (11).

Notice that only symmetric part of the matrix ¢®T matters. In particular, a solution of (2) does
not change if we replace a°f with any constant matrix having the same symmetric part.

Remark 3. An alternative way of defining the effective matrix a° is related to the operator with

reversed time. We define x_ as a stationary solution of the problem

—0sx—(z,8) = div(a(z, )X+ Vy_(z, s))), (z,8) € (—00, +00) x T" (12)

and set
acff — (E/ a(z, S)(I + Vx_(z, s)) dz)t, (13)

where (-)' denotes a transposed matrix. In order to show that (13) and (7) define the same effec-
tive matrix, we multiply the ith component of Eq. (12) by x/, and the jth component of Eq. (6)
by x. and integrate the resulting relations over T" x (0, 1). Subtracting the second relation from
the first one and taking the expectation, we obtain the desired equality.



M. Kleptsyna et al. / Stochastic Processes and their Applications 125 (2015) 1926—1944 1931
3.1. Diffusive dependence on time

In this section as a particular case of (4) we introduce the following problem

i)
u®(0, x) = g(x)

with a diffusion process &, s € (—o0, 400), with values in R¥ orona compact manifold. This
process is defined on a probability space ({2, F, IP). For the sake of definiteness we consider here
the case of a diffusion in R". The corresponding It6 equation reads

d& = b(&)dt + o (§)dV,,
here W. stands for a standard N-dimensional Wiener process. The infinitesimal generator of & is

denoted by L:

2

L) =q" ) O +b(y) - -ViQp), yeRY,

dyiay/
witha N x N matrix g(y) = %a(y)a*(y). We also introduce the operator
Af(x) =divy (a(x,y) Vi f);

here y is a parameter. Applied to a function f(z, y), £ acts on the function y +— f(z, y) for z
fixed, and A acts on the function z > f(z, y) for y fixed.

In the diffusive case condition H3 can be replaced with certain assumptions on the generator
L. More precisely, we suppose that the following conditions hold true.

Al. The coefficients a and ¢ are uniformly bounded as well as their first order derivatives in all
variables:

la(z, V)| + [Vza(z, )|+ [Vya(z, y)I < Cy,
laI+1Vg(y)l = Ci.
The function b as well as its derivatives satisfy polynomial growth condition:
b+ VB(y)| < C1(1+ [yh™M.
A2. Both A and £ are uniformly elliptic:
ClI<a(z,y), C Il <q(y), withCy >0,

where I stands for a unit matrix of the corresponding dimension.
A3. There exist No > —1, R > 0 and C3 > 0 such that

b(y>|§—| < —Csly|™

forall y, |y| > R.

Under above assumptions the process £ has a unique invariant probability measure (see [12]).
We assume that & is stationary. Then

Ef(z, &) =/ [z, y)m(y)dy,
RN

where 7 is a density of the invariant measure.
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Remark 4. Notice that conditions A1-A3 need not imply condition H3. In general, mixing prop-
erties that follow from A1-A3 are weaker than those stated by H3. However, in the diffusive case
these conditions are sufficient for the CLT type results used in the proofs below. This makes the
diffusive case interesting. It should also be noted that in this case the conditions are given in
terms of the process generator, which might be more comfortable in applications.

Let us recall the result of [7] (see also [2]).

Theorem 2. Under Assumptions A1-A3, the solution u® of (14) converges almost surely in the
space L*((0, T) x R™) to the solution of problem (2) with

= ([, [ o+ Vartmodzdy) (1s)
x© being the solution of the following equation
(A+L)x° = —div.a(z, y). (16)
Remark 5. Let us show that formulae (15) and (7) are consistent. To this end we apply Ito’s
formula to the product x/(z, s) Xé (z, &). This yields
d(xix({) = Xi/jx({ ds + xioV),X({ dw, + X({divz(a(vzxi + ei)) ds
= —Xidivz(a(VZX({ + ej)) ds + xioVyX({ dw + x({divz(a(vzxi + ei)) ds;

here we have used (16), e/ stands for the jth coordinate vector in R”. Integrating this relation in
s from O to 1, taking the expectation and considering the stationarity of x and &, we obtain

E / X o s)diva (az. ) (Vaxd 2. &) + e)) dz
T"l

= ]E/Tn %3 (2. E)div; (a(z. ) (Vox' (2. 5) + &) dz.

Since a(z, y) is symmetric, this implies

E/ Vox'(z,5) - a(z, &)e dz = E/ sz({(z, &) - a(z, )€ dz,
n 'JI‘YI

and (15) follows.

4. Technical statements

In this section we provide a number of technical statements required for formulating and
proving the main results.
Consider an equation

a5 (z,5) —div(a(z, )V (z,5)) = ¢ (2. 5) (17)

with a stationary in s and periodic in z random function ¢.

Lemma4.1. Let ¢ € leoc (R; H=Y(T™)), and assume that ”¢”%2((0,1);H*1(T’1)) < C with a non-

random constant C. Assume, moreover, that

A ¢(z,5)dz =0 a.s. (18)



M. Kleptsyna et al. / Stochastic Processes and their Applications 125 (2015) 1926—1944 1933

Then Eq. (17) has a stationary solution ¥ € L ((—oo, +00); L2(T")) N L% ((—o0, +00);

loc loc
H'(T™)). It is unique up to an additive (random) constant, and

”w”iw(R;LZ(T")) =< Cl» ||w||i2((0’1);H1(Tn)) = Cl- (19)
Proof. Since a proof of this statement is similar to that of Lemmata 2 and 4 in [8], we provide
here only a sketch of the proof. Consider the Green function of (17). It solves a Cauchy problem

3:G(z, 20, 5, 50) — div(a(z,5)VG(z, 20,5, 50)) =0, z€T", 5 > s0,

G(z, 20, S0, $0) = 8(z — 20)-

From the Harnack inequality and maximum principle it easily follows (see [8]) that for all
s >80+ 1
I1GC. 20.  $0) = Ul p2((s s 1.1 Ty < Ce™ 70 (20)

with deterministic constants C and v > 0. Then we have

Vias) = / f Gz, 2,5, )6 G, §) dids
_m T’l

s—1 K
=/ / (Q(z,z,s,s)—1)¢(2,§)d2d§+/ f (G(z, 2,5, 9)9 (2, §) dzds,
—00 n s—1JT"

here we have also used (18). The first term on the right-hand side can be estimated with the help
of (20), the second one by means of the standard energy inequality. This yields the first bound in
(19). By construction, ¥ (z, s) is a stationary solution of (17). The second bound in (19) readily
follows from the first one. [

Corollary 1. If the function ¢ in (17) belongs to L*°(R; W—1:20(T")), then Y e LR x T")
and

V¥ lLo@®xTy < Cl@ I Lo, w-1.00(Tn))
with a deterministic constant C.

Proof. This statement follows from Lemma 4.1 due to the Nash type estimates for solutions of
parabolic equations (see [4, Theorem VII, 3.1]). [0

Denote by ]—'i;’ the o-algebra o {a(z, s), ¢ (x,s) : s < T}. The o-algebra fi}b is defined

accordingly. Let_,oa,(p(r) be maximum correlation coefficient of (a, ¢). Denote also

I(s) = / (a(z, )V ¥ (z,5) — Ela(z, $)V: ¥ (2, 5))) dz.
TVL

Lemma 4.2. For the vector-function l(-) the following estimate holds

IE{G) | FEPH 20 < Ce™™% + pag(s/2). v > 0.

Proof. This inequality has been proved in [8, Proof of Lemma 3]. Here we provide an outline of
the proof. We represent

V(z,5) = ¥z, 5) + ¥z, s)
s/2
=f / (Q(z,%,s,§)—1)¢(2,§)d2d§+/

N

/(g(zvis,f))mi,f)d%dﬁ.
/2 JTn



1934 M. Kleptsyna et al. / Stochastic Processes and their Applications 125 (2015) 1926—1944

Then
I(s) = I"(s) + I°(s)
with

li(s)zf (a(z, )V (z,8) — Ea(z, )Vl (z,8)) dz, i=1,2.

Considering (20) we get ||ll(S)||L2<Q) < Ce™"5/2. Since I%(s) is f;ﬁz-measurable, we obtain
||E{12(s) | fzb¢}||L2(Q) < Cpq,y(s/2). This yields the desired inequality. ]

5. Formal asymptotic expansion

In this section we deal with the formal asymptotic expansion of a solution of problem (1). Al-
though, in contrast with the periodic case, this method fails to work in full generality in the case
under consideration, we can use it in order to understand the structure of the leading terms of the
difference u® — u°. As usually in the multi-scale asymptotic expansion method we consider z =
x/e and s = t/&* as independent variables and use repeatedly the formulae

o) = (oot L pwn)

dax/ & =3

s=y

We represent a solution u® as the following asymptotic series in integer powers of &:

ul(x, ) =u(x, 1) + eul(x, t, )—C, %) + 82u2<x, t, )—C, Lz) 4+ 21
e € e €
here all the functions u/ (x, ¢, z, s) are periodic in z. The dependence in s is not always stationary.
Substituting the expression on the right-hand side of (21) for u® in (4) and collecting power-
like terms in (4) yield
(e~ dyul — divz(a(z, s)Vzul) = —divz(a(z, s)VXuo).
(9): u* — divy(a(z, V) = —3u’ + dive(a(z, 5)Viu®) + div (a(z, s)Veul) +
div, (a(z, S)Vzul).
(e ou® — div (a(z, )V u®)
div, (a (z, s)VZuz).
We will see later on that dealing with the first three equations is sufficient.
In equation (¢~ ') the variables x and ¢ are parameters. By Lemma 4.1 this equation has
a unique stationary solution. The fact that the right-hand side of the equation is of the form
[div(a(z, s))]- Viu® suggests that

= —du' + divx(a(z,s)qul) + divz(a(z,s)quz) +

ul(x, t,z,8) = x(z, s)quo(x, t)
with a vector-function x = {x/(z, s)};?: | solving Eq. (6) that reads
dsx — divz(a(z, 5)V.x) = div;(a(z, 5)),
div;a(z, s) stands for Biziaij (z, s). By Lemma 4.1 and Corollary 1 we have y € (L*°(RxT"))"N

(L2 (R; H'(T™)))", and

loc
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I/ le@xty <C. I l2qoagaimy <C. j=1....n (22)

with a deterministic constant C. For the sake of definiteness we assume from now on that

/ x(z,s)dz = 0. (23)

One can easily check that this integral does not depend on s so that the normalization condition
makes sense.

We turn to the terms of order £°. We do not reprove here the homogenization results (see [14])
and assume that u© satisfies problem (2) with a° given by (7). Then assuming the formulae
(e~ H—=(£Y), the right-hand side of equation (¢?) takes the form

—3,u + div, (a(z, s)quo) + div, (a(z, s)qul) ~+ div, (a(z, s)Vzul)
= divy ({a(z, )X+ Vo x(z, 8)) — a®M} V) + div, (a(z, s)Veu').

By the definition of a®f (see (7)) we have
E | {a(z,s)A+ V. x(z,5)) —aT}dz =0.
'H‘n

Letting

Ur1(s) = / {a(z, )X+ V. x(z,5)) — a}dz (24)
I]l'l‘l
and

V5(z,5) = {a(z, )X+ Vox(z, ) — a} — W 1 (s) +div,(alz, ) ® x(z,8))  (25)
with

n

div;(a(z,s) ® x(z,5)) = {i(ai-j(z, $)x* (. s))} ,

0z k=1
we rewrite equation (&%) as follows
iy . 52
dsu® — div:(a(z, 5)Veu®) = (¥, () + V5, 2, s))muo. (26)
Since the process f(; U, 1(r)dr need not be stationary, we cannot follow any more the same
strategy as in the periodic case. Instead, we consider the equation

avel x ot oty 02
=div(a(Z, 5 )vve) + 0 (5)
o1 Ne &2 2\ 2 ) grigar ) 27)
veLlo, x) = 0.
This suggests the representation
t t
b, 1) =ul(x, 1) + sx(f, —2)Vuo(x, n+vel ¢+ szvz(x, t, f, —2) + - (28)
g ¢ g ¢

with
2

0
Oxiox/

v (x,t,2,5) = Xé{Z(z, s) u(x, 1),
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where Xéj ,(z, s) is a stationary zero mean solution of the equation

85 x5 (2. 8) — div (a(z. ) Vo xy5 (2. ) = Ty, (2. 9). (29)
It is straightforward to check that due to (22)—(25) we have

|| W;{Z”LZ((O,I);Hfl(T”)) < C, i, J = 1, (B

Then the conditions of Lemma 4.1 are fulfilled for Eq. (29) and, therefore, this equation has a
stationary solution that satisfies the estimate

ij ij .
X220l 20,1y 1t omy + X2 oo (—00 400y 220y = €5 G =1,...,m (30)

with a deterministic constant C.
By its definition, ¥; 1 (s) is a stationary zero mean process. Denote

X3 (s) = / v (r)dr.
0
Estimates (22) imply that
[ w£]1 Iz =<C, i, j=1,....n
with a deterministic constant C. It follows from Lemmata 4.1 and 4.2 that under condition H3 it

holds
U281

o0 o0
B0 1 FE M gy ds < € [ 4 72)dy < .

Therefore, the invariance principle holds for this process (see [6, Theorem VIII.3.79]), that is for
any 7T >0

exz,l(g;z) 20 g2y, G1)
in law in the space (C[0, T])"2 with
. OO .. ..
AR — /0 E(2,(0) ', (s) + ¥4, (0) &, ()) ds.

here W is a standard n>-dimensional Wiener process. Since the n> x n? matrix A is symmetric
and positive semi-definite, its square root is well defined.

Remark 6. One can see that the processes x2,1 and x2 2 show rather different behaviour. In fact,
since the process y»2 2 is stationary, the function € x2 2(x /¢, t /€2) goes to zero, as ¢ — 0. To the
contrary, by the Central Limit Theorem type arguments, the process ¢ x2.1(t/£2) need not tend
to zero on [0, T], and, thus, it contributes to the asymptotics in question. Under our standing
conditions, this process is of order one.

Lemma 5.1. The functions e ~' V&1 converge in law, as ¢ — 0, in the space C((0, T); L*(R"))
to the unique solution of the following SPDE with a finite dimensional additive noise:

dvo,] — div(aeffvvo,l)dt + (AI/Z)ijkl MO(.x, t)thkl

Axiox/ (32)

vo1l0,x) = 0.
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Proof. The proof is a consequence of (31) and the fact that u%(x, 1) is a smooth determinis-
tic function that satisfies estimate (5). To see this we introduce an auxiliary function V¢ as the
solution to the following Cauchy problem

ave 92
= div(@*ftvve W” ( ) ,t
o1 (@ )t a0
VE,x) =0.
For the sake of brevity we denote v?j (x,t) = ax?;x 5 uo(x, t). Notice that v?j solves the equation
0y v?j = div(aeHVv?j) foralli, j =1, ..., n. Then one can easily check that
t
Ve (x, t)_8X21( )v (x. 1) 33)
Our first goal is to show that
le™'VE — VeIl 2 0.ryxmny —> O in probability. (34)

To this end we represent =1 V& ! as

t
a_lV“—sXZl( )v (1) + Z5(x, 1)

and substitute it in (27). This yields the following equation for Z*:

T = (a5 5)v7) e () and - o (a5 )0

Z%(0,x) =0.

Let ¢ = ¢(¢) be a continuous function on [0, T']. Then

Jer{ors —aiv(a(Z. )74

where the constant C does not depend on ¢. Next, we consider the following Cauchy problem:

ajs =div(a(§,:—2)vzf)+§(t){8;v —dlv( (j Sz)w )] a6
Z(0, x) = 0.

0T H () = < CllgllLe,1)s (35)

With the help of energy estimates we derive from (35) that
||Zg||L2(o,T;H1(Rn)) + ||8,Zg||L2(O’T;H,1(Rn)) = C||§||L°°(0 T)-
Due to (5) and the definition of v°, for any K > 0 we have
vy (e, D]+ Vv (e, 0 < Cr (D1 + 1xD7X, (x,0) e R" x [0, T,

for some Cg (T) > 0. From this estimate we deduce (see [10]) that almost surely for a subse-
quence the function Z¢ converges in C([0, T']; L2(R™)) to some function Z°. In order to char-
acterize Z9, assume for a while that ¢ is smooth. For an arbitrary ¢ € CS"((O, T) x R") we use
in the integral identity of problem (36) the following test function

¢ 0 = ol +ex- (3, 5 ) Vel
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with x_ defined in (12). Setting a®(x, 1) = a(Z, ELZ), xE ) = x— (%, 8’—2), after integration by
parts in this integral identity and straightforward rearrangements we obtain

T .. .
- fo fR 29 (3 + (@) 0,10,0 + (@) 35 ()0, Dk
+ 8, 1@ (x5)*10,) ) dxdt

T
—¢7! /0 / Z8(3.0(@*) 78,5 + 5 (0°) 0,0 + 041(@) 9,5 (x° )10, 0) dxdlt
—¢ / / Z5((@*)7 (X 0,00,70,0 9 + (x°)7 918,.1) dxdlt
0 JR”

T ..
= fo /R (eodrv, — cvp, @) 700,50
— (@) 3. (x5 8,009 — 3.5 (@) (x°)*10,1 8,k 9}) dxdt

T
g / [ (oD 13, (X + 8@ 3,5 () + 8.1 (@) *)0,kp) dxdi
0 Rﬂ

T ..
—e /O fR (v (X5 00 () + Ly, (@) (xE)1 0,50, 0,0 0) dixdr.

Notice that due to Eq. (12) all the terms of order ¢! are equal to zero. Passing to the limit, as
& — 0O yields

T T
/ 298¢ + div(a®Ve)) dxdr = / / (¢oo; v?m — ;vlomdiv(aefngo)) dxdt.
0 JR~ 0 JR~

Since vlom solves the effective equation, the integral on the right-hand side is equal to zero. There-
fore,

3, 2° — div(a*vz?) = 0.
Since Zo(x, 0) = 0, we conclude that z9 —0.

By the density arguments, Z° = 0 for any continuous ¢. Due to the tightness of the family
{ex) (8’—2)} in C[0, T'] this implies that Z¢ converges to zero in probability in LZ(R" x (0, T)),
and (34) follows.

It remains to pass to the limit in (33) and check that the limit process satisfies (32). Due to (31)
and (33), Ve converges in law in C(0, T'; L2(R™)) to the process AY2w.v0 with n?-dimensional
Wiener process W;. Recalling the definition of v?j, we obtain the desired convergence. [J

We proceed with equation (g!). Its right-hand side can be rearranged as follows:
—du" +divy(a(z, $)Veu') + div, (a(z, s)Viv?) + dive (a(z, $)V,0?)

={-a""® x(z.5) +az. $) ® x(z.5) +div;[a(z, 5) ® 22z, 5)]
33 33
+a(2,$)Vex22(@ 0} 5ul (0 = U, 9) o’ (x 0);

here and in what follows the symbol %uo(x, t) stands for the tensor of third order partial
33 }n

. . 0 . 3_3 _ .
derivatives of u”, thatis 75 = {—axiax Tack Vi ja=1> We have also denoted
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. X n
a(z, ) ® x(z.8) ={a" @ (" @9} 4
and
di — (o714 ki n
vela(z, ) ® x2,2(z, )] = 19;1la” (2, ) X202 )]y 4 1y -
We introduce the following constant tensor j = {u'/*}" P k=t

M:E[ {- T ® x(z,8) +a(z, ) ® x(z.5) +az, )V, x2.2(z, 5)}dz

with a(z, s)V; x2.2(z, 5) = {a'(z, 5)d 1)(2 2(2 s)}l jk=1> and consider the following problems:

051 . x t _ x t 33 0
9t =d1V(a<g, 8_2)V56,1> + (!p?)(g? 8_2) _IJ’)B?M (x7t) (37)
Ze1(x,0) =0,
and
5.0 . x t R
2 _g ((-,—)VE ) L0, 1
ot N 2 &2 +M8x3u . 1) (38)
Ze200,x) =0
with
o ik 0% a L)iuoz ik (X L)ﬂ
Fox3 =1 xiaxionk N 2/%x3 338 &2 axiaxioxk

Notice that = | and = » are scalar-valued functions.
Lemma 5.2. The solution of problem (37) tends to zero a.s., as ¢ — 0, in L2R" x [0, TY).
Moreover,

. - 2 =
1im E (5011720 x0,77)) = O

Proof. Splitting further the term (¥3 — w) on the right-hand side of (37) into two parts
Us(z,8) — = divela(z, ) ® x2.2(z, )1+ {(a(z, ) —a) @ x (2, 5)
+a(z,5)V: 5222, 8) — )
= ¥3.1(z,5) + (¥30(z, S)—M) (39)

we represent the solution = ; as the sum : 1 and = _s |» respectively. Denote W; (x,0) =
U3, 1(5 , 2) and LP 2()c, t) = V3, 2(8 , 2) Combining (5) with (30) we conclude that

3

ad
|| W?‘::,l @uo ||L2([O,T];H71(R”)) S CE. (40)

Indeed, for any ¢ € L>(0, T : H'(R")) we have

T 83
[) / (&T/f’lﬁuo)q&dxdt

33u 8(]5 9%u
_ ij, 8 kl s 0 0 )
= — + dxdt
‘ / / 8x1 dxkaxl axi ' dxiaxddxkax! ¢)dx
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with @'/ (x, 1) = @'/ (2, &) and x5 (x. 1) = %, (2. 5). By (5) and (30),

.. 8 u
ije kle 0 <
X232 3 iTaxkaxd 2@, = €

pp a*u
ije . kle 0
I g g ra kot 2@ <01 = C-

Therefore,

T 3
0
and (40) follows. As a consequence of (40) one obtains

||5;,1||L2([0,T];H'(R")) < Ce. (41)

Due to (30) and the properties of 1, we have

83
”(%82 - )8 3 ”OHLZ(Rnx(o T)) = =C
with a deterministlc C. Using Theorem 1.5.1 in [10] we derive from this estimate that a.s. the
family = 1 is compact in L>((0, T); LlOC(R")). Considering condition H2 and Aronson’s esti-
mate (see [1]), we then conclude that the family 5521 is compact in LZ(R" x (0, T)).
Our next goal is to show that the function ( Vs, — ,u) converges a.s. to zero weakly in L?(Q x

(0, T)) for any cube Q C R?. To this end we represent U32(z, 8) as

U32(z,8) = U3a(s) + [V32(z,5) — ¥32(s)],  W30(s) = /T U35(z, 5) dz.

By (22), (30) and the definition of ¥3 7 (see (39)) we have
132 — 32l 20w (s.541)) < C /T (V32(z,5) — W32(s))dz =0 foralls.

Therefore, Wiz — E;z converges weakly to zero, as ¢ — 0, in L%( Q x (0, T)). From the defi-
nition of @3,2 and w it follows that 73,2 is stationary, and ]E(Eg,g(s) — ) = 0. By the Birkhoff
ergodic theorem, the function (E;z — u,) converges a.s. to zero weakly in L%(0, T). Then it also

converges a.s. to zero weakly in L%(Q x (0, T)) for any cube O C R?. This yields the desired

convergence of (%5, — ).
Due to (5) and perlodlclty of W37 in spatial variable this implies that (% 2 ( . ;2) ,u) %uo

converges a.s. to zero weakly in LZ(R” x (0, T')). Combining this with the above compactness
arguments, we conclude that a.s. 21 converges to zero in L2(R" x (0, T)). Then in view of (41),
Z%.1 tends to zero in L2(R" x (0, T)) a.s. This yields the first statement of the lemma. The second
statement follows from the first one by the Lebesgue dominated convergence theorem. [l

According to [14], problem (38) admits homogenization. In particular, = » converges a.s. in
L>(R" x (0, T)) to a solution of the following problem:

(42)
50’2(0, x) = 0
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This is not the end of the story with the asymptotic expansion because the initial condition is
not satisfied at the level '. In order to fix this problem we introduce one more term of order &'
so that the expansion takes the form

X

t t
ut(x, 1) = ul(x, 1) +8{X<)—C, —) +I(—, —)}Vuo(x, 1)
g g2 g’ g2
t
Ly +—gzu2<x,t,£,-5)-+"'~ (43)
e €

The initial layer type function Z has been added in order to compensate the discrepancy in the
initial condition. This function solves the following problem:

0z i
Pl dlv(a(z, s)VI)

7(0,z) = —x(0, 2).

(44)

Lemma 5.3. The solution of problem (44) decays exponentially as s — oo. We have

I1Z(, )l Loe(rny < Ce™", ||I||L°°([s,s+1];H1(T”)) <Ce™

Proof. The desired statement is an immediate consequence of the fact that fT,, I(z,s8)dz =
an Z(z,0)dz = 0, the maximum principle and the parabolic Harnack inequality (see [8] for
further details). [

6. Main results

In this section we present the main result. Consider the expression

ut(x, 1) —ud(x, r) B X()c t )quo.

U(x,t) = - =
&

~ 5 (45)

It is easily seen that U? is equal to the normalized difference between u® and the first two terms
of asymptotic expansion (43). The limit behaviour of U? is described by the following statement.

Theorem 3. Under the assumptions H1-H3 the function U¢ converges in law, as ¢ — 0, in the

space L>(R" x (0, T)) to a solution of the following SPDE

dUO:div(aeHVUO—i—uaa—;u())dt—i—/l]/z%zzuodwt, )
U%(x,0) = 0.
Proof. We set
VEx, 1) = Us(x, 1) —e Vol (1) — Boo(x, 1)
-1(3, %)Vuo(x,t) —exaa(%, iz)a—zuo(x,z) — By (. 0).
g ¢ “Ne’ 2/ 9x2 ’

Substituting this expression in (1) for u® and combining the above equations, we obtain after
straightforward computations that V° satisfies the problem

%vs - div(a(g, ;—2)vvs) = R,
Ve(x,0) = R}
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with
-1 ij k ji k 0 j 0
R = &7 o, (@) (XD T+ (@) 8, (i) ) } 0,5 0pku” — (x°)7 90y ju
j 0 i j lk 0 i j 0
—(Z%) 00, ju” + e(a®)" (Xf,z) 0,i0,j00 k" — S(Xf,z)” 9;0,i0,ju
and

RS = sxz,z(x , O)E)xaxuo(x, 0).

&

—_

It follows from Lemma 5.3 that
-1 ij k 0 j 0

e 0., 1) (T°)¥ 10,0, uu ||L2((0,T);H—1(Rn)) +||@*) 80,iu ||L2((0,T)><]R") < Ce.

By (22), (23) we obtain
j 0

([P TN L2(0.1): -1 @) = €&
Then by (30) we have

Hg(ag)ij (Xiz)lkaxi 0y Oyt 3xk”0 ||L2((0,T)><R”) + ||8(X§,2)ijatax" 8xf'uo ||L2((0,T)><]R”) = Ce
and

Jex22( . 0)au0xu (e, O] 2 g, < C.

It remains to estimate the contribution of the term &~ ((a®)/! 0, (X3 )")Bx j 0k u. From the esti-
mates of Lemma 5.3 it is easy to deduce that

H‘c"_l ((as)jiazi (Is)k)axj axkuo ” L2((0,T)xR") =C

and that a.s. the family {8_1 ((a’“‘")jiazi (I@)k)ax_, 0k uo} converges to zero weakly in L2((0, T) x
R™). Then, using the same compactness arguments as those in the proof of Lemma 5.2 one can
show that the solution of problem

05, t
-2 —div(a(=, 5_2>V58’3> + &7 ((a)0.(Z%)) B, Dy

Z63(0,x) =0
converges a.s. to zero in L2((0, T) x R™). Moreover,
; = _
sll_I)I'(l) E(” =e,3 I L2(Rn X[O,T])) =0.

Combining the above estimates we conclude that R® a.s. tends to zero in L2(R" x (0, T)), as
& — 0, and R‘f a.s. tends to zero in LZ(R”). Furthermore,

E| R® -0, E|R - 0.

2 2
”LZ(R"X(O,T)) ”LZ(R”)

By Lemmata 5.2 and 5.3 and estimate (30) it follows that (U¢ — ¢~ 'V&! — Z; ) tends a.s. to
zero in L>(R" x (0, T)), and

ENU® — e Vel (e, 1) — Zoa(x, DI, 0.

®R'x0,T))

By Lemma 5.1 the function g~ lyel converges in law to a solution of (32). Also, = » converges
a.s.to =p 2 in L>(R" x (0, T)). This yields the convergence

Ut — vl 4 5,
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in law in the space L2(R" x (0, T)). It remains to note that due to (32) and (42) the random
function UY := (Vo1 4+ Z0,2) satisfies the stochastic PDE (46) as required. [J

7. Diffusive case

The goal of this section is to extend the statement of Theorem 3 to the diffusive case.

Theorem 4. Let assumptions A1-A3 be fulfilled. Then the function U® defined in (45) converges
in law, as ¢ — 0, in the space L2(R" x (0, T)) to the solution of (46).

Proof. The arguments used in the proof of Theorem 3 also apply in the case under consideration.
We used assumption H3 only once, when justified convergence (31). Thus, this convergence
should be reproved under our standing assumptions.

Lemma 7.1. Under assumptions A1-A3 for any K > 0 there exists Cx such that the following
estimate holds

IE{@2,1(5) | F<olr2a) < Cx (e 2+ 1 +975), v>0
the function ¥ | has been defined in (24)

Proof. We follow the scheme of proof of Lemma 4.2. Denote

X(@9) = X' @)+ (@)
B /i/ﬂ(g(z,z,s,@) — 1)div.a(2, &) did3
- //2/ (9(z. 2.5, 9))divza(z, &) d2ds.
Then 5 1(s) = ¥'(s) + ¥2(s) with
Vi(s) = /Tn (a(z, )V (z,5) — E(a(z, §)V. R (2, 8)) dz, i=1, 2.

Considering (20) we obtain the inequality ||@1(s)||Lz(_Q) < Ce 5/2. Since @2(s) is Fxg/2-
measurable, we have

IE{Z2(s) | F<oll 2y = IE{E{Z?(5) | Fs2} | F=o}lli2c
IE{E{U2(s) | F=s2} | F<o}ll 2
IE{R(&/2) | F<o}llr2(0):

here we have used the Markov property of £.. According to [12, Section 2] this yields the desired
inequality. [

E
E

From the last Lemma it follows that the invariance principle holds for the process x2,1(s) (see [6,
Theorem VIII.3.79]), that is (31) holds for any T > 0. The rest of proof of Theorem 4 is exactly
the same as that of Theorem 3. [
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