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Composite materials.

Physical parameters (conductivity, elasticity, etc.)
@ Discontinuous
@ Oscillate between different values characterizing each of the components
@ Very rapidly oscillations.

Microscopic structure: complicated.
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Homogenization process.

Approximation of the macroscopic behaviour

@ ¢ describes the fineness of the microscopic structure.

@ The parameter ¢ tends to zero.
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Example in dimension 1.

e (F L) L (a(X) %) =1 onpou
() = u(L) = 0

a: R — R is periodic and uniformly elliptic.

Practical example: linear piece submitted to some orthogonal force with
density f, a being the rigidity of materials.

A
\j
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Example in dimension 1.
—% (aa (x)Zi) = —% <a (g) Z)L(I) =f, on]0,L]

fOo<a<akx)<p<+4oo
@ Existence of a unique solution u® (Lax-Milgram theorem).
@ Convergence (up to a subsequence) to u° (weakly in HJ (0, L)).
@ Convergence of & to the mean value (a) of a (weakly in L?).
Belief ? u° solution of

d au® ad?u°
g (@) —-@%e =1 onp.u

False in general.
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Right answer.

€

Consider ¢° = & (x) ‘2‘)’( ().

@ Convergence in L? to £°.
: 1 1
@ Implies weak convergence in L? of 555 to <5>§°.

ca o1
@ Hence: W(x) = (5)5 .

e Since — % (x) = f:

d (1 du 1 d?° qrd?u® o
ok <<;>dx(x)> =T ae T AT Ge =1

Comparison: arithmetic mean (a) > AT = -1 harmonic mean.

(2
Example of the bar:

_ ki + ko off 2k ko
(a) = 5 and A P
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Find the right effective matrix.

In general, a difficult problem. Among other references:
» Bensoussan, Lions, Papanicolaou (1978).

o Periodic structure.
e Link with SDE: u®(x) = E*(f(X}))

t £ t €
Xi =x+ 1/ b (ﬁ) ar +/ o <X7r) aw, ‘& EX:/SZ.
e Jo € 0 €

Under some assumptions, compacity argument (G-convergence in the
symmetric case): existence of A°™ and convergence of subsequences.

A very useful technic: asymptotic expansion using multiple scales.
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Asymptotic expansion: back to the example.

Expansion with “slow” and “fast” variables:

e

us(x) =

where the functions u;(x, y) are periodic in y.

Plug this into

AUF = f% (av6 (x) Zi) = fd%( (a(x) du) =f

e/ dx
and use for ¢°(x) = ¢(x, x/¢)

00" y— (20 L 100 X
ox (x) = (8X = 8y> (x; s)'

Remark: z — uj(z,z/¢) =~ z — u;(x, z/¢) around x.
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Asymptotic expansion: terms in ¢~2.

Expansion with “slow” and “fast” variables:

For up:

(Aolo)(x,x/€) = _9 (a%ﬁf) (x,x/e) =0

@ Problem: fix x as a parameter and find uy(x, .) periodic s.t.
(Aolo)(x,y) = 0.

@ Answer: existence of up(x,.) and up(x, y) = u°(x).
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Asymptotic expansion: terms in ¢~".
Expansion with “slow” and “fast” variables:

X X
U (x) = UO(X) + euy(x, -+ (X, =

For uy: find uy(x,.) periodic s.t.

0
(Aous)(x,y) = —% (J();;) (x,y)= (%a,(}’)aaix(x)-

o 0
Solution: by separation of variables take uy(x, y) = x(¥) u

ax ™
@ with a corrector y periodic solution of

d dx da
& (05) -5
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Asymptotic expansion: terms in <°.

Expansion with “slow” and “fast” variables:

U (x) = U(x) + 5x(§)%i;(x) + e2up(x,

For uo: find ux(x,.) periodic s.t.

(otk)x.) = 1)~ (Arun)(x,) + o (a«)%‘f) (x,.)
2,0
— f(x) + Ka?if) +a+ aay (ax)] (y)%TUZ(x).

» Necessary (and sufficient) condition: mean of the right-hand side equal
zero. Equivalent to:

dy. 0°u° B

~a)+aN T G

dy
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Conclusion of this expansion.

Expansion with “slow” and “fast” variables:

0
UF(x) = uO(x) + sx(x/s)czjix(x) + ...

@ Short computation (in dimension 1):

(@) + e G0 = 7

@ u0 solution of
1 d?u®

(1/a) dx2

d dx\ da
& (05) -5

Limit and rate of convergence of u*.

@ y periodic solution of

> Statcase o = 2
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o Introduction to (periodic) homogenization
e Random media and homogenization
e Our results for o = 2 (complete)

Q Our results for a # 2 (partially proved)



Random media.

Random field:
—div(a(x/e,w)Vus) = f.
where a(x,w) is a random field:
@ Uniform ellipticity: AMld < a < 11d
@ Ergodicity
° ..

Some references:
» S. Olla. Homogenization of diffusion processes in Random Fields.

» G. Chechkin, A. Piatnitski, A. Shamaev. Homogenization (Translations of
Mathematical Monographs).
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A parabolic equation.

Parabolic operator:
0 e_ 0 Z 9 _(x 0
E‘A at 7 87)(/30(5’&/8”) ox;

@ ¢ > 0 small parameter and o > 0.
@ a;(z,y): matrix supposed to be periodic in z and uniformly elliptic.

e ¢: diffusion process in RY with invariant measure with density p, and
infinitesimal generator

L= ZQU 3y8y+z :(,Vaf
I

Notation: if ¢(z, y) is a periodic function in z, then
° <($( y)) is the mean over a period.
° o = [an®(z,y)p(y)dy is the mean w.rt. p.
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Summarize the result

Theorem (Kleptsyna-Piatnitsky, 1997)
Let u®(x, t) be solution of u®(x,0) = g(x) with

i e LE ) X 8UE_
W_A - Zax ”(57&/60)87)(1‘_0.

Then u® converges (in a suitable space) in probability to u°, solution of
g y

0

aé)it — Trace(A"D?u%) =0,  u°(.,0)=g.

@ If a = 2, simultaneous homogenization: A*T = (a + aVy?),
(A+ L)x? = —div(a;).

Q If a < 2, periodic homogenization first: A" = A where A homogenized
operator (w.r.t. x/e) for the family div(a(x/e, y)V) (with y as parameter).

Q If o > 2, essential random effect: A homogenized operator for
div(a(x/e)V) and a(z) = a(z, .).
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Assumptions

Denote
0 0 0

9 B
A+L=-=aj(z,y) 5= + q”(y)aT/,-aT/, + b,(y)afyi

0z; 0z;

Conditions:
@ Uniform ellipticity of aand q .
@ a and q (and their derivatives) uniformly bounded.

@ + technical condition on b to have a unique invariant measure with
density p.

@ + technical condition on p and g to obtain required estimates (mixing
properties).

@ Initial value g: smooth enough (can be weaken).
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Some possible extensions.

@ Add a drift (Diop et al., 2006):

ou® : x t . 1 x t x t
ot :le(a(s,Ea>VU>+51/\u/29<5,80,u>+h<6,5a,u)

@ Degenerate case (Pardoux et al., 2009).

@ lt6-Lévy case and partial integro-differential equations (Rhodes & Sow,
2009).
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Case a = 2.

Recall that u® converges to u°. Consider

ue —u x t
e AR

U* converges in law in the space L2(R" x (0, T)) to the solution of:

effr f (O Pue 1/28 e
du® = |div (A VU)+u83 dt + A 5 dW,,
U°(x,0) =0
where

@ U°:[0,+oo[xR" — R, W is a standard n?>-dimensional Wiener process,
@ and

o3u° 03Ul 02u°
_ jk__ &~ 1/2Y ¥
oxE = 2 OXi0XOXK’ ox2

1/2\ijkl PuP Ki
dw, = 3 (A2 T2 g
i, iiki

8x,-8xj
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Some remarks

Comments on the assumptions

@ Proved for a(z, s) supposed to be periodic in z and stationary ergodic in s
with a good mixing property.

@ Case a(z,s) = a(z,&s) as particular case.
@ Initial condition g: should be sufficiently smooth.
@ Diffusive scaling (« = 2): crucial.

Comments on the result
@ The tensors p and A'/2 are constant.

@ The SPDE is well-posed and defines the limit law of U uniquely.
° X(g, E%)Vuo converges weakly in L2 to zero. Thus the limit in law in the

weak topology of e~ '(u® — uP) is that of U°.
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Idea of the proof
Formal asymptotic expansion
c _0 1 x t 2 t
vx,t)y=u(x,t)+cu (X”?;z) +eu (x t, =, 2) +...

with functions /(x, t, z, s) periodic in z, but not always statlonary in s.

Collecting power-like terms
» e iUl (x, 1,2, 8) = x(z,8)V,U0(x, t) with

Osx — divz(a(z, s)V,x) = divy(a(z, s)).
» £0: Convergence of ... in law in C(0, T; L3(R™)) to V!

. ik 02
dVvo! = div(ATV VO dt + (A1/?) iox uO(x, )dWi kg
» £': Convergence of ... a.s. strongly in L2(R" x (0, T)) to
0= B _
8(1)‘72 = le(AeHV_() 2) + U= X3 0,2(x,0)=0
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Summarize

x t 1 —
uc = U0+€X(g,?)vuo+€ |:{—j V5’1 +:5,2:|
X tyoo <
+ 3 Trace 5X272(g, ?)D u + R .

and a.s. strongly in L2(R" x (0, T))
£X2,2, :‘:?E(X7 t) — 0.

Conclusion:

U — UE_UO,)((:i)VuO

€ e’ e?

Q

1 _
A I A =
. : :

A. Popier (Université du Maine) Homogenization. Nice, 16 octobre 2015. 24/30



o Introduction to (periodic) homogenization
9 Random media and homogenization
e Our results for o = 2 (complete)

° Our results for a # 2 (partially proved)



When o < 2.

Recall u?(x,0) = u°(x) = g(x) and
o = div(a(x/e, &) )VUE), 9l = ATD?UO
with

AT =A=(a+(a):+ax). AX’=-a:

Let6:2—aandJ0:L%_%J+1

Jo
UF = 5701/2 [UE o uO - ZEk(SUk‘|

k=1

converge in law in L2(RY x (0, T)) to a solution of a linear SPDE, where

Uk = AUl + N (Femyym - uk(x,0) = 0.

with ¢ = ¥ (g,gt/ga): AxK = £x =1, and K = (ax¥), + axk.
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Proof (a < 2).
Write

Jo Jbo P
Ve = 6—(1/2 [UE _ UO _ ZEKO-UK*E <Zzg(k+r)(ﬁ'xkvur>

k=1 r=0 k=0

Apply 1t&’s formula. With an initial condition V<(.,0)
aV=(x, 1) - div [a (ggf) vve| at
= e 2He(x, t)dt + R°(x, t)dt + '~ ©°(x, t)dW,.

Estimates :
@ Initial condition and remainder:

E (I1V( 0)l2e) + 1A 2o, ryy) < Ce' /2.
@ Stochastic integrals (with anticipating stochastic calculus):

E (|| Vi leqzexo.7y)) < C=*72"ll0g(E).
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Case a > 2.

: o} 1 1
Def'ne§=a—2>0, Jo = H,anduh =l5+3)
Expansion

Ve o= e‘“/z{us—u ki_;” Z ZX()vnkn nga k}.

where u* and vk are defined by some recurrence procedure.
[t6’s formula:

dVe = (A°VF)dt — } (ryug +="H +eG%) q(&yyea )W, + Re o,

with G%, R = O(¢”), v > 0 and

Ve(x,0) = — Z - "/ZZX (g) anuk=" (x,0) + O(=").

k=1
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Thank you for your attention
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