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0 EQUIVALENCE OF MEASURES FOR LEVY PROCESSES

© EUROPEAN OPTIONS IN EXP-LEVY MODELS
@ European options
@ PIDE method
@ A Fourier transform method due to Carr & Madan



GIRSANOV THEOREM.

Q@ Let (X,P) and (X, Q) be Brownian motions on (2, 1) with
volatilities ¢ > 0 and ¢© > 0 and drifts " and 2. P and Q are
equivalent if and only if o = ¢©. In this case the density is

1 U—u X 2( Q)202( P)ZT]_

exp[

@ Let (X,P) and (X, Q) be compound Poisson processes on (2, F1)
with Lévy measures vF and v2. P and Q are equivalent if and only
if ¥ and »© are equivalent. In this case the density is

)

exp {(/\P)\@)T+ > o(AXs)

0<s<T

where \F = vP(R), \¢ = v%(R) and ¢ = d”Q
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GENERAL CASE.

Let (X,P) and (X, Q) be two Lévy processes on R? with characteristic

triplets (A,v,v) and (A, v/, 7).

THEOREM

P| 7, and Q| £, are equivalent for all ¢ (or equivalently for one t > 0) if

and only if the following conditions are satisfied :
QO A=A.
© The Lévy measures are equivalent with

| (exn(600/2) = 12 () < o

where ¢(x) = In (ZZI)

(3] ’Y/—’Y—/| x(v' — v)(dx) = An for some 1 € RY.
x|<1
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GENERAL CASE.

Let (X,P) and (X, Q) be two Lévy processes on R with characteristic
triplets (A,v,v) and (A, v/, 7).
When P and Q are equivalent, then dQlr,

U .
= e”t with
d]P)|]:[

é<n, An) — t(n,7)

+|€if3( > eax)-t |

0<s<t,|AXs|>e J|x|>e

U = <77'»XIC>*

(e?X) — 1)u(dx)) .
Here X°¢ is the continuous part of X and 7 is s.t.

vy —y— / x(v' —v)(dx) = Ap
J|x|]<1

if A= 0 and zero if A= 0.
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GENERAL CASE.

Let (X,P) and (X, Q) be two Lévy processes on RY with characteristic
triplets (A, v,v) and (A", v, ~").

When P and Q are equivalent, then %

dP|-7'-z
Lévy process on R with triplet (Ay, vy, yu) given by :

Ay = (n,An),
vu = vé r\o,

1
W= —glnAn = (& =1yl @),

—eY% andunder P, Uis a
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THE ESSCHER TRANSFORM.

Let
e X be a Lévy process with triplet (0, v, v),
e 6 areal number s.t. e (dx) < oo,
[x[>1
® ¢(x)=0x,

o i(dx) = e”v(dx).

METHOD (ESSCHER TRANSFORM)

Then we obtain an equivalent probability Q under which X is a Lévy
process with zero Gaussian component, Lévy measure v and drift

1
F=v+ /_1 x(€%% — 1) (dx).

d@’}_{ B e@Xt
dP|r, ~ E(e™X)

The derivative is given by
f(0) = —InEexp(6X7).
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= exp (6X; + f(0)t), with




THE ESSCHER TRANSFORM.

CONSEQUENCE :

PROPOSITION

Let (X,P) be a Lévy process. If the trajectories of X are neither almost
surely increasing nor almost surely decreasing, then the exp-Lévy
model given by S; = e''+Xt s arbitrage-free : there exists a probability
Q equivalenttoP s.t. (e~ St)tejo, 1) Is @ Q-martingale, where r is the
interest rate.
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OUTLINE

© EUROPEAN OPTIONS IN EXP-LEVY MODELS
e European options
e PIDE method
e A Fourier transform method due to Carr & Madan
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EXP-LEVY MODELS.

RISK-NEUTRAL DYNAMICS of an asset price :
St = Sp exp(rt + Xt)

where X is a Lévy process with triplet (o2, v, ) s.t.

° / e*v(dx) < oo,
x|=1

2
° 7+02+/(ey—1 —y1|y‘§1)u(dy) =0.

X is a Lévy process s.t. E(¢Xt) = 1 for all t.
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OUTLINE

© EUROPEAN OPTIONS IN EXP-LEVY MODELS
e European options
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EUROPEAN OPTIONS

CaLL OPTION. Let Ci(T, K) be the price at time ¢ of the Call with strike
K:

C(T.K) = e ""-YE (St — K)"|F] = C(t, St T, K).
Recall the call-put parity relation :
C(T,K)— P(T,K)=S;— e "T-DK.
With 7 = T — ¢t

Clt.y:T.K) = e "E[(St - K)"|F]
e "E[(ye' ™t — K)T] = Ke T TE(eX T — 1),
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COMPUTATIONS.
MAIN PROBLEM : compute the price given by
C(t,y; T,K) = e "E[(ye" ™ — K)™].

More generally for H(St) the payoff of a financial derivative, the price
attime t:

N(T.K) = e "T-YE [H(S7)|Fi] = e "E[H(Sie"™*)] = N(r, S)

with 7 = T — tand N(7, y) = e ""E[H(ye"t*7)].
SEVERAL METHODS :

e Monte Carlo simulations. Works always, in any dimension, but is
quite slow. If X cannot be exactly simulated, use an approximation
and control the error.

@ Numerical scheme for PIDE.
e Fourier transform.
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OUTLINE

© EUROPEAN OPTIONS IN EXP-LEVY MODELS

e PIDE method
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PRICING OF AN EUROPEAN OPTION.
VALUE Ct = c¢(t, S(t))
c(t,y) =Ele """ DH(S7)[S: = y].

PROPOSITION
If

e the payoff H(St) satisfies :

|H(y) — H(x)| < K|x — y|.

o eithero > 0 or:38 < (0,2), Iimlgnfs‘g/ IX[2u(dx) > O,

then the value of a European call with termina} payoff H(St) is given
byc:[0,T] x (0,00) >R :

Q@ cc C([0,T] x [0,00)) N C"2((0, T) x (0,00));

Q@ vy >0,c(T,y)=H(y);

(3]
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PRICING OF AN EUROPEAN OPTION.
VALUE Ct = c¢(t, S(t))
ot.y) = E[le”"""VH(Sr)|S: = 1.

PROPOSITION

then the value of a European call with terminal payoff H(Sr) is given
byc:[0,T] x (0,00) > R:

o
2]
© c satisfies the equation on (0, T) x (0, o).
ac ac 2y2 92¢c
57 (b y)+ry8y( y)+?w(t,y)—r0(t,y) (1)

i [c(tyeﬁc(ty)y(e 1)55(t.)| u(ez) 0.
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FINITE DIFFERENCE SCHEME.

To solve numerically the PIDE, a finite difference method can be used.
4 MAIN STEPS :

© Localise the original space domain (as for the Black-Scholes
model).

© Localise the integration domain R of L.

» Since S; € L2, the localization error decays exponentially with
respect to the truncation bound.
© Approximate the small jumps by a Brownian motion.

© Compute the solution at discrete grid points and replace the
derivatives by finite differences.

» MAIN PROBLEM : the finite difference methods on the derivatives
induces a sparse matrix whereas the integral part induces a
densely populated matrix.
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OUTLINE

© EUROPEAN OPTIONS IN EXP-LEVY MODELS

@ A Fourier transform method due to Carr & Madan
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RECALL.

For a function f

@ FOURIER TRANSFORM : Ff(v) = / e f(x)dkx.
1 [~

o INVERSE FOURIER TRANSFORM : F~'f(x) = 2/ e ™f(v)dx.
™ —0oQ

o For fc L?(R), F'Ff =T.
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METHOD OF CARR AND MADAN.

ASSUMPTIONS :

e S5 =1,

o for some o > 0, E(S7%) < o0 <= [}, €W (dy) < oo,
AIM : compute C(k) = e TE((eT+XT — eK)T) via

e express its Fourier transform in strike,

e find the prices for a range of strikes by Fourier inversion.
PROBLEM : C(k) is not integrable ! Put

ZT(k) _ e—rTE((erT+Xr _ ek)+) _ (1 _ ek—rT)-i-.

PROPOSITION

iv(1+iv)
where ¢ is the characteristic function of Xt.
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METHOD OF CARR AND MADAN.

Now z7(k) = 217T/IRe_inCT(V)dV-

REMARKS :

o (¢(v) ~ |v|~2 at infinity.

e Truncation error in the numerical evaluation of zr (k) will be large.
IMPROVEMENT :

2r(k) = e "TE((e"TT — €)") — Cgs(k)

Er(v) = Fap(k) = v TV =) = &7 (v =)

iv(1+iv)
2T
where ®%(v) = ex.o(—”2 (V2 + iv)).
REMARKS :
o |v|®Ci(v) — 0 for any 8. Inverse Fourier transform : converges
very fast.

e Depends on the choice of o.
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INVERSE FOURIER TRANSFORM

In both cases need to compute the inverse Fourier transform. But

R

1 [~ 1 :
FHx) = 277/ e"x"f(v)dxzZﬂ/Re"X"f(v)dv
1 Nt .
~ o 4 wif(v;)e=™
/=0

with discretisation step év = 2R/(N — 1), v; = —R + jdv and suitable
weights w;.
e Therefore we compute a discrete Fourier transform, which needs
a priori O(N?) operations.
e Using the so-called Fast Fourier Transform this computational cost
can be reduced to O(N log N).
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