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GIRSANOV THEOREM.

1 Let (X ,P) and (X ,Q) be Brownian motions on (Ω,FT ) with
volatilities σP > 0 and σQ > 0 and drifts µP and µQ. P and Q are
equivalent if and only if σP = σQ. In this case the density is

exp

[
µQ − µP

σ2 XT −
1
2

(µQ)2 − (µP)2

σ2 T
]
.

2 Let (X ,P) and (X ,Q) be compound Poisson processes on (Ω,FT )
with Lévy measures νP and νQ. P and Q are equivalent if and only
if νP and νQ are equivalent. In this case the density is

exp

(λP − λQ)T +
∑

0<s≤T

φ(∆Xs)

 ,
where λP = νP(R), λQ = νQ(R) and φ = ln dνQ

νP
.
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GENERAL CASE.

Let (X ,P) and (X ,Q) be two Lévy processes on Rd with characteristic
triplets (A, ν, γ) and (A′, ν ′, γ′).

THEOREM

P|Ft and Q|Ft are equivalent for all t (or equivalently for one t > 0) if
and only if the following conditions are satisfied :

1 A = A′.
2 The Lévy measures are equivalent with∫

Rd
(exp(φ(x)/2)− 1)2 ν(dx) <∞

where φ(x) = ln

(
dν ′

dν

)
.

3 γ′ − γ −
∫
|x |≤1

x(ν ′ − ν)(dx) = Aη for some η ∈ Rd .
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GENERAL CASE.

Let (X ,P) and (X ,Q) be two Lévy processes on Rd with characteristic
triplets (A, ν, γ) and (A′, ν ′, γ′).

When P and Q are equivalent, then
dQ|Ft

dP|Ft

= eUt with

Ut = 〈η,X c
t 〉 −

t
2
〈η,Aη〉 − t〈η, γ〉

+ lim
ε↓0

 ∑
0<s≤t ,|∆Xs|>ε

φ(∆Xs)− t
∫
|x |>ε

(eφ(x) − 1)ν(dx)

 .

Here X c is the continuous part of X and η is s.t.

γ′ − γ −
∫
|x |≤1

x(ν ′ − ν)(dx) = Aη

if A 6= 0 and zero if A = 0.
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GENERAL CASE.

Let (X ,P) and (X ,Q) be two Lévy processes on Rd with characteristic
triplets (A, ν, γ) and (A′, ν ′, γ′).

When P and Q are equivalent, then
dQ|Ft

dP|Ft

= eUt and under P, U is a

Lévy process on R with triplet (AU , νU , γU) given by :

AU = 〈η,Aη〉,
νU = νφ−1|R\{0},

γU = −1
2
〈η,Aη〉 −

∫
R

(ey − 1− y1|y |≤1)(νφ−1)(dy).

A. Popier (ENSTA) Finance (part 2). March 2022 4 / 18



THE ESSCHER TRANSFORM.

Let
X be a Lévy process with triplet (0, ν, γ),

θ a real number s.t.
∫
|x |≥1

eθxν(dx) <∞,

φ(x) = θx ,
ν̃(dx) = eθxν(dx).

METHOD (ESSCHER TRANSFORM)
Then we obtain an equivalent probability Q under which X is a Lévy
process with zero Gaussian component, Lévy measure ν̃ and drift

γ̃ = γ +

∫ 1

−1
x(eθx − 1)ν(dx).

The derivative is given by
dQ|Ft

dP|Ft

=
eθXt

E(eθXt )
= exp (θXt + f (θ)t), with

f (θ) = − lnE exp(θX1).
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THE ESSCHER TRANSFORM.

CONSEQUENCE :

PROPOSITION

Let (X ,P) be a Lévy process. If the trajectories of X are neither almost
surely increasing nor almost surely decreasing, then the exp-Lévy
model given by St = ert+Xt is arbitrage-free : there exists a probability
Q equivalent to P s.t. (e−rtSt )t∈[0,T ] is a Q-martingale, where r is the
interest rate.
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EXP-LÉVY MODELS.

RISK-NEUTRAL DYNAMICS of an asset price :

St = S0 exp(rt + Xt )

where X is a Lévy process with triplet (σ2, ν, γ) s.t.∫
|x |≥1

exν(dx) <∞,

γ +
σ2

2
+

∫
(ey − 1− y1|y |≤1)ν(dy) = 0.

X is a Lévy process s.t. E(eXt ) = 1 for all t .
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EUROPEAN OPTIONS

CALL OPTION. Let Ct (T ,K ) be the price at time t of the Call with strike
K :

Ct (T ,K ) = e−r(T−t)E
[
(ST − K )+

∣∣Ft
]

= C(t ,St ; T ,K ).

Recall the call-put parity relation :

Ct (T ,K )− Pt (T ,K ) = St − e−r(T−t)K .

With τ = T − t

C(t , y ; T ,K ) = e−rτE[(ST − K )+|Ft ]

= e−rτE[(yerτ+Xτ − K )+] = Ke−rτE(ex+Xτ − 1)+,
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COMPUTATIONS.

MAIN PROBLEM : compute the price given by

C(t , y ; T ,K ) = e−rτE[(yerτ+Xτ − K )+].

More generally for H(ST ) the payoff of a financial derivative, the price
at time t :

Πt (T ,K ) = e−r(T−t)E
[
H(ST )

∣∣Ft
]

= e−rτE[H(Sterτ+Xτ )] = Π(τ,St )

with τ = T − t and Π(τ, y) = e−rτE[H(yerτ+Xτ )].
SEVERAL METHODS :

Monte Carlo simulations. Works always, in any dimension, but is
quite slow. If X cannot be exactly simulated, use an approximation
and control the error.
Numerical scheme for PIDE.
Fourier transform.
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PRICING OF AN EUROPEAN OPTION.

VALUE Ct = c(t ,S(t))

c(t , y) = E[e−r(T−t)H(ST )|St = y ].

PROPOSITION

If
the payoff H(ST ) satisfies :

|H(y)− H(x)| ≤ K |x − y |.

either σ > 0 or : ∃β ∈ (0,2), lim inf
ε↓0

ε−β
∫ ε

−ε
|x |2ν(dx) > 0,

then the value of a European call with terminal payoff H(ST ) is given
by c : [0,T ]× (0,∞)→ R :

1 c ∈ C([0,T ]× [0,∞)) ∩ C1,2((0,T )× (0,∞)) ;
2 ∀y > 0, c(T , y) = H(y) ;
3
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PRICING OF AN EUROPEAN OPTION.

VALUE Ct = c(t ,S(t))

c(t , y) = E[e−r(T−t)H(ST )|St = y ].

PROPOSITION

then the value of a European call with terminal payoff H(ST ) is given
by c : [0,T ]× (0,∞)→ R :

1

2

3 c satisfies the equation on (0,T )× (0,∞).

∂c
∂t

(t , y) + ry
∂c
∂y

(t , y) +
σ2y2

2
∂2c
∂y2 (t , y)− rc(t , y) (1)

+

∫
R

[
c(t , yez)− c(t , y)− y(ez − 1)

∂c
∂y

(t , y)

]
ν(dz) = 0.
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FINITE DIFFERENCE SCHEME.

To solve numerically the PIDE, a finite difference method can be used.
4 MAIN STEPS :

1 Localise the original space domain (as for the Black-Scholes
model).

2 Localise the integration domain R of LX .
I Since St ∈ L2, the localization error decays exponentially with

respect to the truncation bound.

3 Approximate the small jumps by a Brownian motion.
4 Compute the solution at discrete grid points and replace the

derivatives by finite differences.
I MAIN PROBLEM : the finite difference methods on the derivatives

induces a sparse matrix whereas the integral part induces a
densely populated matrix.
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RECALL.

For a function f

FOURIER TRANSFORM : F f (v) =

∫ ∞
−∞

eixv f (x)dx .

INVERSE FOURIER TRANSFORM : F−1f (x) =
1

2π

∫ ∞
−∞

e−ixv f (v)dx .

For f ∈ L2(R), F−1F f = f .
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METHOD OF CARR AND MADAN.

ASSUMPTIONS :
S0 = 1,
for some α > 0, E(S1+α

T ) <∞⇐⇒
∫
|y |≥1 e(1+α)yν(dy) <∞.

AIM : compute C(k) = e−rTE((erT +XT − ek )+) via
express its Fourier transform in strike,
find the prices for a range of strikes by Fourier inversion.

PROBLEM : C(k) is not integrable ! Put

zT (k) = e−rTE((erT +XT − ek )+)− (1− ek−rT )+.

PROPOSITION

ζT (v) = FzT (v) = eivrT ΦT (v − i)− 1
iv(1 + iv)

where ΦT is the characteristic function of XT .
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METHOD OF CARR AND MADAN.

Now zT (k) =
1

2π

∫
R

e−ivkζT (v)dv .

REMARKS :
ζt (v) ∼ |v |−2 at infinity.
Truncation error in the numerical evaluation of zT (k) will be large.

IMPROVEMENT :

z̃T (k) = e−rTE((erT +XT − ek )+)− Cσ
BS(k)

ζ̃T (v) = F z̃T (k) = eivrT ΦT (v − i)− Φσ
T (v − i)

iv(1 + iv)

where Φσ
T (v) = exp(−σ

2T
2

(v2 + iv)).
REMARKS :
|v |β ζ̃t (v)→ 0 for any β. Inverse Fourier transform : converges
very fast.
Depends on the choice of σ.
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INVERSE FOURIER TRANSFORM

In both cases need to compute the inverse Fourier transform. But

F−1(f )(x) =
1

2π

∫ ∞
−∞

e−ixv f (v)dx ≈ 1
2π

∫ R

−R
e−ixv f (v)dv

≈ 1
2π

N−1∑
j=0

ωj f (vj)e−ixvj

with discretisation step δv = 2R/(N − 1), vj = −R + jδv and suitable
weights ωj .

Therefore we compute a discrete Fourier transform, which needs
a priori O(N2) operations.
Using the so-called Fast Fourier Transform this computational cost
can be reduced to O(N log N).
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