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DECOMPOSITION.

Let (Xt )t≥0 be a Lévy process with characteristic triple (A, ν, γ).

D(a,b] = {x ∈ Rd , a < |x | ≤ b} and D(a,+∞) = {x ∈ Rd , |x | > a}.

THEOREM

1 There exists Ω1 s.t. P(Ω1) = 1 and s.t. for any ω ∈ Ω1,

X 1
t (ω) = lim

ε↓0

∑
0<s≤t

[
∆Xs1ε<|∆Xs|<1 − E(∆Xs1ε<|∆Xs|<1)

]
+

∑
0<s≤t

∆Xs1|∆Xs|≥1

is defined for every t ∈ R+ with uniform time convergence in time
on any compact set.
The process X 1 is a Lévy process with triple (0, ν,0).
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REMARK ON X 1.

X 1
t (ω) = lim

ε↓0
X ε

t +
∑

0<s≤t

∆Xs1|∆Xs|≥1

= lim
ε↓0

X ε
t + Yt ,

with
X ε is a compensated compound Poisson process

X ε
t =

∑
0<s≤t

∆Xs1ε<|∆Xs|<1 − t
∫

D(ε,1]
xν(dx), E(X ε

t ) = 0;

Y is a compound Poisson process with jumps size greater than 1.
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DECOMPOSITION.

Let (Xt )t≥0 be a Lévy process with characteristic triple (A, ν, γ).

THEOREM

1 The process X 1 is a Lévy process with triple (0, ν,0).
2 Denoting X 2

t = Xt − X 1
t , there exists a set Ω2 s.t. P(Ω2) = 1 and

s.t. for any ω ∈ Ω2, X 2 is a continuous Lévy process with
characteristic triple (A,0, γ).

3 X 2 is a Brownian motion with covariance matrix A and drift γ.
4 The processes X 1 and X 2 are independent.

DEFINITION

X 1 is the jump part and X 2 the continuous part of X :

X 2
t = MWt + γt .
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TWO DIFFERENT CLASSES.

1 JUMP-DIFFUSION MODELS (ν(Rd ) < +∞).
Prices : diffusion process, with jumps at randon times.
Jumps : rare events −→ cracks or large losses.

1 Advantages :
I price structure : easy to understand, to describe and to simulate ;
I then efficient Monte Carlo methods to compute path-depend prices.
I Very performant to interpolate the implicit volatility smiles.

2 Inconvenients :
I unknown closed formula for the densities,
I statistical estimation or moments/quantiles computations : difficult to

realize.

2 INFINITE ACTIVITY MODELS (general Lévy processes).
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TWO DIFFERENT CLASSES.

1 JUMP-DIFFUSION MODELS (ν(Rd ) < +∞).
2 INFINITE ACTIVITY MODELS (general Lévy processes).

Models with a infinite number of jumps during any time period.
Unnecessary Brownian component.

1 Advantages :
I give a more realistic description of the prices at different time scales.
I often obtained as subordinator of a Brownian motion (time change),
I hence closed formulas or more tractable than for the jump-diffusion

models.
2 Inconvenients :

I often more complicated to simulate.
I Price structure less intuitive.
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BROWNIAN MOTION WITH DRIFT.

∀t ∈ R+, Xt = bt + σWt

with :
γ and σ two constants,
W Brownian.

SIMULATION :
1 simulate n standard Gaussian r.v. Zi ,
2 define ∆Xi = σ

√
ti − ti−1Zi + b(ti − ti−1),

3 put X (ti) =
i∑

k=1

∆Xi .
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JUMP DISTRIBUTION FOR A POISSON PROCESS.

For any interval I, we denote by N(I) the number of jumps of Xt , t ∈ I.

PROPOSITION

For 0 < s < t and n ≥ 1, the conditional law of Xs knowing Xt = n is
binomial with parameters n and s/t .
For 0 = t0 < t1 < . . . < tk = t and Ij =]tj−1, tj ], the conditional law of
(N(I1), . . . ,N(Ik )) knowing Xt = n is multinomial with parameters n,
(t1 − t0)/t , . . . , (tk − tk−1)/t .

Ti : jump times of the process.

PROPOSITION

Let n ≥ 1 and t > 0. The conditional law of T1, . . . ,Tn knowing Xt = n
coincides with the law of the order statistics U(1), . . . ,u(n) of n
independent variables, uniformly distributed on [0, t ].
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SIMULATION FOR THE COMPOUND POISSON PROCESS.

1 simulate a Poisson r.v. N with parameter λT ,
2 simulate N independent r.v. Ui with uniform law on [0,T ],
3 simulate the jumps : N independent r.v. Vi with distribution
ν(dx)/λ,

4 put Yt =
N∑

i=1

1Ui<tVi .
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JUMP-DIFFUSION PROCESSES.

Jump distribution = Gaussian (Merton’s model).
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JUMP-DIFFUSION PROCESSES.

Jump distribution = (non symmetric) Laplace (Kou’s model).
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APPROXIMATION BY COMPOUND POISSON.

If X = (Xt )t≥0 with infinite activity and triple (0, ν, γ), then

Xt = γt +
∑
s≤t

∆Xs1|∆Xs|≥1 + lim
ε↓0

X ε
t ,

where
X ε

t =
∑
s≤t

∆Xs1ε≤|∆Xs|<1 − t
∫
ε≤|x |<1

xν(dx).

APPROXIMATION by a compound Poisson

Z ε
t = bt +

∑
s≤t

∆Xs1|∆Xs|≥1 + X ε
t

with lim
ε↓0

Z ε = X .
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APPROXIMATION BY COMPOUND POISSON.

RESIDUAL TERM : Rε
t = −X ε

t + lim
ε↓0

X ε
t .

with characteristic triple (0,1|x |≤εν(dx),0),
with infinite activity, with bounded jumps, thus with finite variance,
E(Rε

t ) = 0,

Var Rε
t = t

∫
|x |<ε

x2ν(dx) = tσ2(ε).

EXEMPLE

Gamma process : σ(ε) ∼ ε.

PROPOSITION

If f is a differentiable function s.t. |f ′(x)| ≤ C, then

|Ef (XT )− Ef (Z ε
T )| ≤ Cσ(ε)

√
T .
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TEMPERED STABLE PROCESSES : APPROXIMATION.

If ν(x) =
c

xα+1 e−λx , then APPROXIMATION

X ε
t = γt +

∑
s≤t

∆Xs1∆Xs≥ε + E

∑
s≤t

∆Xs1∆Xs<ε

 .

Drift : γε = γ + c
∫ ε

0

e−λx

xα
dx ,

Lévy measure : νε(x) =
c

xα+1 e−λx1x>ε,

Intensity : U(ε) = c
∫ ∞
ε

e−λx

xα+1 dx ,

Jump distribution pε(x) =
νε(x)

U(ε)
.

SIMULATION by rejection ∀x ∈ R, pε(x) ≤ f ε(x)
ε−αe−λε

αU(ε)
.
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APPROXIMATION BY BROWNIAN MOTION.

NEW APPROXIMATION : Z̃ ε
t = Z ε

t + σ(ε)Wt .

THEOREM

lim
ε→0

σ(ε)−1Rε = W in law if and only if for every k > 0

lim
ε→0

σ(kσ(ε) ∧ ε)

σ(ε)
= 1.

SUFFICIENT CONDITION

lim
ε→0

σ(ε)

ε
= +∞.
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APPROXIMATION BY BROWNIAN MOTION.

NEW APPROXIMATION : Z̃ ε
t = Z ε

t + σ(ε)Wt .
SUFFICIENT CONDITION

lim
ε→0

σ(ε)

ε
= +∞.

EXAMPLES

Processes with Lévy measure ν(x) ∼
x=0

1/|x |α+1, σ(ε) ∼ ε1−α/2.

Compound Poisson processes, σ(ε) = o(ε),
Gamma process σ(ε) ∼ ε.
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APPROXIMATION BY BROWNIAN MOTION.

NEW APPROXIMATION : Z̃ ε
t = Z ε

t + σ(ε)Wt .
SUFFICIENT CONDITION

lim
ε→0

σ(ε)

ε
= +∞.

PROPOSITION

If f is a differentiable function s.t. |f ′(x)| ≤ C, then

|Ef (XT )− Ef (Z ε
T + σ(ε)WT )| ≤ Aρ(ε)Cσ(ε),

with A < 16,5 and ρ(ε) =
1

σ3(ε)

∫ ε

−ε
|x |3ν(dx) <

ε

σ(ε)
.
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STABLE PROCESSES.

PROBLEM : time grid t1, . . . , tn −→ simulate X (t1), . . . ,X (tn) ?
X stable : Lévy measure :

ν(x) =
1

|x |α+1 1x 6=0

if 0 < α < 2

ALGORITHM :
1 simulate n i.i.d. r.v. Ui with uniform law on [−π/2, π/2] and n i.i.d.

r.v. Ei with exponential distribution with parameter 1 ;
2 define

∆Xi = (ti − ti−1)1/α sin(αUi)

(cos Ui)1/α

(
cos((1− α)Ui)

Ei

)(1−α)/α

with t0 = 0 ;

3 put Xti =
i∑

k=1

∆Xk .
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STABLE PROCESSES.
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EXACT SIMULATION ON A GRID.

PROBLEM : time grid t1, . . . , tn −→ simulate X (t1), . . . ,X (tn) ?
I X = σW (S) + θS is a Brownian motion with volatility σ, drift θ, with

the time change induced by the subordinator S.
ALGORITHM :

1 simulate the increments of subordinator ∆Si = Sti − Sti−1 where
S0 = 0,

2 simulate n standard Gaussian r.v. N1, . . . ,Nn,
3 define ∆Xi = σNi

√
∆Si + θ∆Si ,

4 put Xti =
i∑

k=1

∆Xk .
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GAMMA VARIANCE PROCESS.

Subordinator = gamma process with density at time t

pt (x) =
1

κt/κΓ(t/κ)
x t/κ−1e−x/κ1R∗

+
(x).

Parameters :
I σ and θ resp. volatility and drift of the Brownian motion,
I κ variance of the subordinator.

Of bounded variation with infinite activity (but relatively weak),
Lévy measure :

ν(x) =
1
κ|x |

eAx−B|x |, A =
θ

σ2 , B =

√
θ2 + 2σ2/κ

σ2 ,

Characteristic exponent :

ψ(u) = −1
κ

ln(1 +
u2σ2κ

2
− iθκu).

E(Xt ) = θt and Var Xt = σ2t + θ2κt .
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GAMMA PROCESS.
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VARIANCE GAMMA PROCESS.
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NORMAL INVERSE GAUSSIAN PROCESS.

Subordinator = inverse Gaussian process with density

pt (x) =

√
t2/κ

2πx3 exp

(
− t2/κ

2t2x
(x − t)2

)
1R∗

+
(x).

Parameters :
I σ and θ resp. volatility and drift of the Brownian motion,
I κ variance of the subordinator.

Of unbounded variation with stable behaviour of the small jumps,
Lévy measure : uses the Bessel functions,
Characteristic exponent :

ψ(u) =
1
κ
− 1
κ

√
1 + u2σ2κ− 2iθκu.

E(Xt ) = θt et Var Xt = σ2t + θ2κt .
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INVERSE GAUSSIAN PROCESS.
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NORMAL INVERSE GAUSSIAN PROCESS.
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