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Λd(x) = lim
h→0,h>0
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sup{∆(x, ε), h < ε < 0}

λg(x) = lim
h→0,h<0
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E1 = −{x ∈ [a, b]/∃ξ > x/g1(ξ) > g1(x)}

g1
9�5m3Y1:.,0h3 �40�k29��/<6.,021H<
� ��\2>Dc�5 BC9bB49"��� 9��).,0 \�9�k63Y<2=:1�.`�7\�.,5m9:>

−E1 =

∞⋃

k=0

] − bk,−ak[

f



� ?,9�1 ak < bk
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� ξ � � � [L� ξ � ��� 
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l = inf
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f(t)

C 0�� 8 l ∈ R 9�3'8
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f(t)

9�3 l ∈ R
+C > D ∩ ]a, +∞[ 9:5m3Y02.�0�?��C<29 �p1q�N>�� 9�5m3���<2]2=�>D9�0�3 K 1:9�3 9�025D9"� A2BC9����/<6.,021 l < +∞ +� .,061GB�9�5m3;X/0$�C9j5 �#9�3;5m9:k2BC9~� 9:0h3Y5 �

−∞ < inf
t∈D ∩ ]a,+∞[

f(t)

5 ��9�3Y5D9:k6B49~� 9:0h3Y5 � [�9:5 3����C02.,>D=�9j5Dk2> D∩]a, +∞[ +
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n ��	 ��opopU2�p	�! Rx ����$�� ����#-� �"� �U$�./0�(�s"st$	*-$

R
o%�	m�� → R

#-��${(�u=uSs ��� (�������� jl�������U����$+$�� (l#-�lu ���"� � *-$�� wx �4( 6= sup(I) o�� (=*�jl$��4#-��$ s �"j �"�b$ �k*�.����"�b$ � |K� ��$ � ���U(���� � $��r&��4( 6= inf(I) o
�9(=*�jl$��4#-��$s �"j �"�b$ � y=(�#%��� $ � |K� ��$ � ���U(��	� � w
C 0 9�0 <2=�<2k$�@3;B49b38]6=:.,>mc~� 9G5mk$�C? ��0h358

S �#����	 � �"! qx ���"�-�O#-��$�(�u=uSs ��� (��������ljl�������U����$�*�
 #-� �"� �b$�.�0�(�s"st$4.�,�$�s���*=(��)&
R
w � 
 $��)&�$�j9p�st$ � *-$�&Zu ���"� �}&*-$	*��t&������ �!�"� #7�"�b,{*-$f�+$�&�� (�# uSs #=&	*-,�����j9p�.L(=p�st$�w

� =~� .,025 38> �N3 �C.,0 8C 0 5mk2\2\�.,5D9j[ 1:>D.��45D5 ��0h389H9�3 � <29HB � [�.,> �79 �n�)� A%��+ C 0�<2=�X20$�C3YB � [�.�021�3 �4.,0 σ 5Dk2> � \ ��>�8
σ(t) = f(t + 0) − f(t − 0) �/\�.�k2> t ∈]a, b[
9�3��/5�� �4B�<B�MB �49�k
� σ(a) = f(a + 0) − f(a) 9�3 σ(b) = f(b) − f(b − 0) +C 0�� BC9:5L\2>m.,\2> �C=�3D=:5;5Dk$�@? ��0h389:558 ∀t ∈]a, b[ σ(t) ≥ 0 �/9�3 E = {t ∈ I / σ(t) > 0} +
O.,025 38>mk$�45m.,025 r : E → R ��� ?�9:1O\�.,k2> r(t) � t ∈ E � k60 > � 3 �4.�02029:B 389�B-��k29 r(t) ∈ ]f(t−0), f(t+0)[
5 � t ∈ ]a, b[ 9�3Y=�?�9:0h38k29�B4BC9~� 9:0h3 r(a) ∈ ]f(a), f(a + 0)[ 9�3 r(b) ∈ ]f(b − 0), f(b)[ +63�N>Y1�.,025 38>Dk61�3 �C.,0
� r 9�5m3Yk2029���\6\2B �C1q�N3 �4.,0k�C0 � 9:1�3 �@?,9j<29 � < �N025 Q + � .�021 � 9:5 3 <6=:02.`� A2> ��A6B49�+
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� 9HB K B � \2>D9�k6?,9G<2k�38]2=�.,>Dc"�79 �H5D9H<2=�<2k$�C3����C5D="�79�0�3:+
� =~� .,025 38> �N3 �C.,0�<2k 3D]2=:.�>Dc~� 9'�98� .`�@3���<
� ��\2>mc:5 BC9FBC9~�y�79B� E = {xi/i ∈ N} B�� 9:025m9~� A6B49 <69:5 \�.`�C0�3D5 <69 <$�C5D1:.�0�3 �40�k$�@38=G<29 [U�t� ?,9:1

x0 < x1 < ... < xn < ... +;6�.,k2> 3D.,k63I��� [�9:5 3%1:.,0h3 �40�k29L5Dk6> � xi−1
� xi � + � .��C3 fi

<2=�X20$�49L5mk2> � xi−1
� xi
�

\ ��> fi
� Z�� � [L� Z��b5 � Z ∈ � xi−1

� xi � 9�3 fi(xi−1) � [L� xi−1
� e=� 9�3 fi(xi) � [L� xi

�be;��+ � BC.,>D5 fi9:5 3j1:.�0�3 �40�k29 �7.,06.�38.,069 5Dk6> � xi−1
� xi
� + � .,021 �4B#9�Z �45 389 Ei ⊆ [xi−1, xi]

02=�i,B �Ci,9q��A6B49j389�Bd��k29 5mk2>

[xi−1, xi] \ Ei
� fi

9�5m3Y<2=�> �C? ��A6B49�+ � .,021j[ 9�5m3Y<2=�> �C? ��A6B49b5mk2>

[a, b] \ {(
⋃
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Ei) ∪ E}
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Ei) ∪ E
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[�.,021�3 �C.,025HKl? ��> � �N3 �C.,025bA�.,>D06=:9:5 ��9�3G=�3 ��A2B �4>bk20 38]6=:.,>mc~� 9 ��0 ��BC.,i,k29MK 1:9�B4k$�'5mk2>HB49�5b[�.,021�3 �4.,065
� .,02.�3D.,029:5�+
� ��� �����
�p��� R

� � (�u=u $�s"st$ ��������������� � 0�(�./�!(��������)& p���.���,�$�&{#-��$4���������������9�9m@nU(�o�p�q → R
�U$�s"st$ v�# 
 �"s?$ �;�t&��U$

M > 0 �b$�s v�#%$ u ��#7.5�b��#7�b$5&�#�p�*��"0��t&������ σ � (xi)i=0,n
*-$OnU(�o�p�q

Σab =

n∑

i=1

|f(xi) − f(xi−1)| ≤ M

C 0 \�.,5m9 
 �n�)� A%� � � 06[ � � B � ?��N> � � 3 �4.�0"38.�3 ��B49V<29 [ 5mk2> B�� �40h389�>m? ��BCB49 � �)� A �w+'aP� ? ��> � �N3 �4.,0
38.N3���BC9b9:5 3;k2029j[�.,021�3 �4.�0��~��<2<$�@3 �@?,9 <69GB�� �C0h389:> ? ��B4BC9��B��1:9���k$� ?�9:k63Y<$�C>D92��k29H5 � 1j9:5 3 k60 \�.`�C0�3 <29
B�� �40h3D9:>m? ��BCB49 � �7�gA ���2B �F[�.,021�3 �4.�0l[�9�5m3 K ? ��> � �N3 �C.,025 A�.,>m02=:9�5L5Dk2> � �)� A ��5 � 9�3;5m9:k2BC9~� 9:0h3;5 � 9�B4BC9bB�� 9:5 35Dk6> � �)� 1 �#9�3 5mk2> � 1B�gA ����9�3O��k
� ��B4.�>D5 
 �r�7�gA%� � 
 �r�)� 1�� � 
 ��1�� A%��+ � B 5mk)>M3 <
� .,A25m9:> ?,9:>���k29 Σab

029
\�9:k63O��k
� ��k2i`� 9:0h389�>;5 ��.,0 � � .,k63D9jk20 02.,k6?�9q��k \�.`�C0h3;<29H<2=:1�.`�7\�.,5 �C3 �C.,0 +� 9G\2B4k25L5 � [ � f1 − f2

.;: f1
9�3 f2

5D.�0�3 <29�k)Z [�.,021�3 �C.,025L1:>m.`�45m5 ��0h3D9:5���.,0Y�
Σab ≤ f1(b) − f1(a) + f2(b) − f2(a)

� .,061H[ 9:5 3 K ? ��> � �N3 �4.,025OA�.,>m02=:9�5:+�aP� >D=�1~�4\6>D.-� k69G9�5m3;? > ���C9H9�3;9:5 3 <6k29GK 
)� ���CB4B49
	�.,>D<$��0 +
S �#����	 � �"! ui ��#-�U$K���������!����� � 0�(�./�!(��!�����)&	p���./��,�$�&+$�&��?s ( *�� �2,�.�$�����$5*-${*-$�# �O���������������)&+��.����t&�&�(�� �b$�&
� =~� .,025 38> �N3 �C.,0 8C 0(�C0h38>D. <2k$�@3l\�.,k2>VZ���\2\ ��> 389�0 ��0h3 K � �)� A � 
 � Z�� � 
 �r�7� Z��V9�3�.�0 ? ��� .,0h38>m9:> ��k29 B49�5

[�.,021�3 �C.,025 
 86Z 7→ 
 � Z � 9�3;Z 7→ 
 � Z�� �%[L� Z��L5m.,0h3Y1:>D.��45D5 ��0h389�5:+� 0 9 � 9�3Y5 � ξ � Z �/.,0 � 8 
 �r�)� ξ � � 
 �r�7� Z�� � 
 � Z � ξ �/�/<
�g.�: 
 � ξ � � 
 � Z � � 
 � Z � ξ � ≥ e6+6�.�k2>I�7.�0�3D>D9�>Z��k29 
 � Z�� ��[L� Z�� ≤ 
 � ξ � ��[L� ξ �����CB65mk)>M3%<29��7.,0h3D>D9:>d� k69 [L� ξ � ��[L� Z�� ≤ 
 � Z � ξ ��+ C >
 [L� ξ � �%[L� Z�� 
 9�5m3 k2029H<2=:1�.`� \�.,5 �C3 �4.,0l\$��>m3 �41:k6B �4c�>D9B�6<2.,061G\$��>;<2=�X/0 �C3 �C.,0
� [L� ξ � �%[L� Z�� ≤ 
 � Z � ξ � +
�� 029���k)38>D9H<2=�1:.`� \�.,5 �@3 �4.�0 \�.,5m5 �CA2B49j<29j[�9:5 3

f(x) =
1

2
(T (x) + f(x)) − 1

2
(T (x) − f(x))

� \ ��> 3 �4>O<29H1:9j38]2=�.,>Dc"�79H9�3 <6k�3D]2=:.�>Dc~� 9 �;�2.,0 � B49b3D]2=:.,>mc~� 9H<29Ga#9�A�9�5Di,k69F5mk$�C? ��0h3 +
S �#����	 � �"!��i ��#-�U$K���������!����� � 0�(�./�!(��!�����)&	p���./��,�$�&+$�&�� *-,�.��"0�(=p�st$ uS.�$�&�v�# $ru)(�./�b��#7�
� ��� �����
�p��� �x ���"� � #-� �"� �b$�./0�(�s"st$9*-$ R w�� ��$ ���������������9� m � → R $�&��O*��"�b$ s � u &����-�"������$�� ��$'&�� u ��#-. #7��$��$�./�h(��"��$9�����)&���(�� �U$��@o@u ��#-.{�b��#-�	� �Bo�� � ∈ I2 o���� ( m�� ��� � � �@����� � � ≤ ��� � ������w � ({uSs #=&�u $��!�"�U$�����)&���(�� �U$�� 0�,�./� |A(�� �Ks	
 �"��,�y=(�s �"�b,ruS.�,���, *-$�� �U$�or$�&��K�����b,�$

Lip(f) ≡ sup{|f(x) − f(y)|
|x − y| , x, y ∈ I, x 6= y}
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�p���Pqx ���"���5#7� �"� �b$�./0�(�s"st$	*-$
R
w
� ��$K���������!�����{�	m � → R

$�&�� *��"�U$ st��� (�st$�jl$�� � s � u &����-�"������$�� ��$�&��u ��#-.'�b��#-�O����j�u)(-����� ⊆ ��oK�"sd$ �;�t&��b$5#-��$ �����)&��h(�� �b$ CK
�b$�s"st${v�#%$

|f(x) − f(y)| ≤ CK|x − y|
u ��#-.'�b��#-� �Bo�� ∈ �{w
� 06X/0��4B�9:5 3L[n��1~�CB49;<29 ?�.`�4>A��k
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S �#����	 � �"! vi ��#-�U$K���������!�����ks � u &����-�"������$�� ��$'*-$OnU(�o�p�q5*=(��)&

R
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<2=�X/0$�49�5;5Dk2>

Rn +

�rJLI � _��2P�ThR)TUNKP�VX[�R [��rR7[\P�V7TUNKP�V ^�[\V���NKP�Q%R7T NKP�VXgUT	�2V-Q�
�TbR
� T [\P�P�[\V
C 0 1:.`�y�79�021:9 \ ��> > ��\2\�9:BCB49:>YB49�5b<2=�X/0$�C3 �4.,065 <29 s � u &����-�"������$�� ��$;9�3j<29 *�� �2,�.�$�� �!�!(=p�st$�+ 6'k$�C5

.,0 ? � <2=~� .,0h38>m9:>H1:.`�y� 9:0h3H\2>D.�B4.,02i�9:>bBC9:5b[�.,021�3 �C.,025jB �C\25D1^] �C38_"�49�02029:5j<��gk20 5D.�k25 � 9:025m9~� A2BC9M<29

Rn K
Rn 3D.,k63;9:0h3 �49:>�+

� ��� �����
�p���dux ���"� ~ ⊆ Rn w �H��$����������!����� � m ~ → Rm $�&��2*��"�U$ s � u &����-�"������$�� ��$+&��Zu ��#7. #-��$ ��$�.���(��"��$�����)&���(�� �U$ �@o�u ��#-.2�U��#-�O� �Bo�� � ∈ A2 oA��� ( m � ��� � � � ����� � � ≤ ��� � � � ��w � (2uSs # &ru $��!�"�b${�����)&���(�� �U$
� 0�,�./� |A(�� �Ks	
 �"��,�y=(�s �"�U,ruS.�,���, *-$�� �b$�o $�&��?�����U,�$

Lip(f) ≡ sup{|f(x) − f(y)|
|x − y| , x, y ∈ A, x 6= y}

� ��� �����
�p��� �x ���"� ~ ⊆ Rn w � ��$K���������!�����	�'m ~ → Rm $�&�� *��"�U$ st��� (�st$�jl$�� � s � u &����-�"� ����$�� ��$O&�� u ��#-.'�b��#-�����j�u)(-����� ⊆ ~ o?�"sd$ �;�t&��b$5#-��$ �����)&��h(�� �b$ CK
�b$�s"st${v�#%$

|f(x) − f(y)| ≤ CK|x − y|
u ��#-.'�b��#-� �Bo�� ∈ �{w
� ��� �����
�p��� v

� ��$	���������!����� � m
Rn → Rm $�&�� *�� �2,�.�$�� ���!(=p�st$ $�� � ∈ Rn & 
 �"s2$ �;�t&��U$ #-��$ (�u=uSs ��� (��!�����s �"��, (��".�$ � m

Rn → Rm �b$�s"st${v�# $
lim
y→x

|f(y) − f(x) − L(x − y)|
|x − y| = 0

��# *-$5j9(�� ����.�$+, v�#7�"0�(�st$�� �b$	m7����� � � ��� � � � � ��� � � � � �7� ��� � � � � v�#�(��S* � → � w
� �'k2029 3D9:B4BC9'��\2\6B �41~�N3 �C.,0 B �402=~���4>m9 9�Z �C5m389B��9:BCB49 9�5m3Gk20$� � k69 9�3G.,0 B �l02.N389 � [L� Z��/�\� k �'9:5m3GB �

<$� � =�>D9:0h3 �49:BCB49b<69H[�9:0 Z�+

S �#����	 � �"!��x ���"� ~ ⊆ Rn o�$��A&����"� � m ~ → Rm s � u &����-�"� ����$�� ��$�w ~ st��.�&	�"sK$ �;�t&��b$	#7��$A���������!������s � u &����-�"� �
����$�� ��$ f m

Rn → Rm �b$�s"st${v�#%${m�!w f � �2&�#-. ~�"�!w � � u@� f � ≤ √
m

� � u@� � �
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+ C 0�<2=�X/0$�C3'8
f(x) ≡ inf

a∈A
{f(a) + Lip(f)|x − a|}

� �#A ∈ � ��.�0e� f �pA � � f �pA%� + � 0 9���9�3��CB 9:5 3�� ��� =:<$� �N34��k29 f ��A%� ≤ f �pA%� + � 9 \2BCk25���\�.,k2>
38.�k63�� ∈ � � f �r�=� � aP�C\H� f � 
 A � � 
 ≥ f ��A%���/<
� .;: f ��A%� ≥ f ��A%��+� � Z � < 5D.,0h3Y< ��065

Rn �i��B4.,>m5
f(x) ≤ inf

a∈A
{f(a) + Lip(f)(|y − a| + |x − y|)} = f(y) + Lip(f)|x − y|

9�3Y<29 �93~� 9
f(y) ≤ f(x) + Lip(f)|x − y|

I)+ � ��065YBC9j1q��5;i,=�02=:> ��B�� f 8 A → Rm � f � � f1
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�/�/.,0�<2=�X/0 �C3 f � � f1
�C+@+@+ � fm

��+ � B4.,>m5

|f(x) − f(y)|2 =
m∑

i=1

|fi(x) − fi(y)|2 ≤ m(Lip(f))2|x − y|2
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\�9:k63G5Dk6\2\�.�5D9:>5��k29 f 9:5 3FB �4\65D1^]$�@38_~�C9:02069 5Dk2>Hk20 ?,.��45 �C0 ��i,9 <
�gk60 \�.`�40h3j<69

Rn \2k$�C5jB�� =�3D9:02<2>m9
5Dk6>

Rn �/<
� �N\2>Dc�5YBC9b38]2=�.,>Dc"�79 � +
I)+/-}�@Z).,025Lk20�?,9�1�3D9:k2>Y?���\2\ �N>m389�0 ��0h3 K

Rn � ?�9:1 
 Z 
 � �H9�3Y.,0�<2=�X/0$�@3��/\�.,k2>OZ ∈ Rn 8
Dvf(x) ≡ lim

t→0

f(x + tv) − f(x)

t

\�.,k2>m? k ��k29H1:9�3m389GB � ���@389Y9�Z �45 389�+
f6+ � .,0h38>D.�025���k29 Dvf(x) 9 Z �45m3D9H\�.,k6>L\2>D9�5 ��k29F3D.,k63 Z�<$��025

Rn �n��5D5m9:> 3 �4.�0�� � +� 0 9 � 9�3��2[ =�3���0h3Y1:.�0�3 �40�k29B�
Dvf(x) ≡ lim sup

t→0

f(x + tv) − f(x)

t
= lim

k→∞
sup

0 < |t| < 1/k
t rationnel

f(x + tv) − f(x)

t

�
e



9:5 3��79�5Dk2> ��A2B49B� ���C025 �\��k29
Dvf(x) = lim inf

t→0

f(x + tv) − f(x)

t
� .,061

Av ≡ {x ∈ Rn/Dvf(x) n′ existe pas} = {x ∈ Rn/Dvf(x) < Dvf(x)}
9:5 3 a#9�A�9�5Di,k69 � 9:5mk2> ��A6B49�+
� ���C0h389:0$��0h3 \�.,k2>#38.,k)3�Z � ?F<$��025

Rn � ?,9:1 
 ? 
 � �;��.,0 <2=�X/0$�@3 φ : R → R
\ ��> φ(t) = f(x+tv) +� BC.,>D5 φ 9�5m3jB �4\25m1^]$�C3D_~�49�02029B��<2.�021 <2=�> �C? ��A6B49G\2>D9�5 ��k29M\ ��> 38.,k63 5Dk2>

R
��<
� ��\2>mc:5jB49H38]6=:.,>mc~� 9 <29

a�9:A�9:5mi,k29l��38]6=:.,>mc~� 9GQ;��+� .,061
L

1 � Av∩ a �O? ��k63 eM\�.,k2>L3D.,k6389GB �Ci,029ja \ ��> �NB4B4c�B49jK ?�+�a#9j3D]2=:.,>mc~� 9F<69F-/k2A �40$��\�9:> �79�3
<29b1�.,021�B4k2>m92��k29

L
1 � Av

� � e6+ � 0 9���9�3;.,0V1:.`�y�79�021:9 \ ��>O1�.`� \2B4=�389:>2��?)� 9�0 k2029jA ��5m9b<29
Rn +� BC.,>D5

L
n(Av) =

∫

R
n
χAv

(x)dx =

∫

R
n−1

(∫

R.v

χAv
(x1, ..., xn)dxn

)
dx1...dxn−1

9:0 k63 �4B �C5 ��0h3LBC9b38]2=�.,>Dc"�79j<69F-/k2A �40$�w+� .,061
L

n(Av) =

∫

R
n−1

L
1(Av ∩ L(x1, ..., xn−1))dx1...dxn−1

.;: L(x1, ..., xn−1)
9:5 3 k2069G<6>D.`�@389j\ ��> ��B4BCc:BC9bK ? 9�3Y\ �N5D5 �N0�3Y\ �N> (x1, ..., xn−1)

+
� +�af� �N5D5D9�>m3 �4.,0z� ���,� � \2B � � k692��k29

grad f(x) =

(
∂f

∂x1
(x), ...,

∂f

∂xn

(x)

)

9�Z �C5m389H\�.,k2>L\2>m9:5L� k69F38.�k63 x +

 + � .,0h38>m.,025)�����40h3D9:0 ��0h3 � k69 Dvf(x) = v.grad f(x) \�.�k2>O\2>m9:5L� k69b38.,k63 Z �n��5D5m9:> 3 �4.�0�I;��+� .`�@3 ζ ∈ C∞

0 (Rn) �n�C9 C∞ K 5mk2\2\�.,>m3Y1�.`�7\$��1�3���+� BC.,>D5 ∫

R
n

f(x + tv) − f(x)

t
ζ(x)dx = −

∫

R
n
f(x)

ζ(x) − ζ(x − tv)

t
dx

C >��25 � 3 � 1
k

�2.�0��
|f(x + v

k
) − f(x)
1
k

ζ(x)| ≤ Lip(f)|v||ζ(x)|

9�3 
 ? 
 � �,+ � 9H\2BCk25 ζ 9�5m3Y< ��065
L1 + � .�021��/<
� ��\2>mc:5;B49b3D]2=:.�>Dc~� 9H<29H1:.,0h?�9:>Di�9:021�9 <2.`�y�406=:9��6.,0

� 8
∫

R
n
Dvf(x)ζ(x)dx = −

∫

R
n
f(x)Dvζ(x)dx = −

n∑

i=1

vi

∫

R
n
f(x)

∂ζ

∂xi

(x)dx

=

n∑

i=1

vi

∫

R
n

∂f

∂xi

(x)ζ(x)dx =

∫

R
n
(v.grad f(x))ζ(x)dx

9:0 k63 �CB �C5 ��0h3HB49M38]6=:.,>mc~� 97<297-/k2A$�C0$�'9�3F\ ��>��40h38=�i,> � 3 �4.�0 \$��>F\$��>m3 �49:5 � � k25m3 �CX/=�9V< �N025FBC9M\ ��> � �
i,> ��\2]29FI)+gf6+

�`�




O.`�y�79'B��g=�i]��B �@38= 9�5m3�?,=�> �CX2=:9 \�.,k6>#3D.,k63 ζ ∈ C∞
0 (Rn) �
.�0 � Dvf(x) = v.grad f(x) \2>D9�5 ��k29

\ ��> 38.,k)3	� � k25 3 �CX21q�N3 �4.,0 <29H1�9F>m=:5Dk6BC3�� 35821�[ � 02029 Z)9 I;� +

 + � .`�@3 (vk)k∈N

k2029H5mk$�C3D9G<69:025m9F< �N025 ∂ � �pe)� ����+ � .��49:0h3'8
Ak = {x ∈ Rn/Dvk

f(x), grad f(x) existent et Dvk
f(x) = vk.grad f(x)}

A =
⋂

k∈N

Ak

� BC.,>D5
L

n(Rn \ A) � e)+ � 0 9 � 9�3��
L

n(Rn \ A) = L
n(Ac) = L

n(
⋃

k∈N

Ac
k) ≤

∞∑

k=0

L
n(Ac

k) = 0

� .,0h3D>D.,025���k29G\�.�k2> 38.,k)3 ZY��\2\ �N>m389�0 ��0h3 K � �6[ 9�5m3Y<$� � =�>D9:0h3 � ��A2BC9b9:0 Zz�n��5D5m9:>m3 �4.,0 f=� +� .`�@3OZ ∈ � X6Z)=B��? ∈ ∂ � �pe)� � �O9�3;3 ∈ R
06.,0�0 k6B + � .N38.,025�8

Q(x, v, t) =
f(x + tv) − f(x)

t
− v.grad f(x)

� BC.,>D5L\�.,k2> 3D.,k63L?S� ∈ ∂ � �we)� � ���
|Q(x, v, t) − Q(x, v′, t)| ≤ Lip(f)|v − v′| + |grad f(x)||v − v′|

≤ (1 +
√

n)Lip(f)|v − v′| (∗)� .`�@3 ε � e X6Z)=�+ C 0 � 8
∂B(0, 1) ⊆

⋃

k∈N

B(vk, ε)

63�N>Y1�.`� \ ��1~�@38=b<69 ∂ � �we)� � �/�$�4B 9 Z �45m3D9 � ∈ N 389�B\� k69

∂B(0, 1) ⊆
N⋃

k=0

B(vk, ε)

� .,061 5 � ? ∈ ∂ � �we)� � �/� |v − vk| ≤ ε \�.,k2> �Nk1� .`�C025 k20 � ∈ {0, ..., N} + � ���45���k25D5 � Z ∈ Ak\�.,k2> 3D.,k63 �S��<2.,021��9� Z � vk
� 3/���7k2029 B � �y�C3895��k ��06< 3 389�02< ?,9�>D5Hel9�3bB �7B � �y�C3D9j9:5 3j0�k2B4BC9���\�.,k6>

38.�k63���+� .,021y�4B 9�Z �45 389 δ = δ(x, ε) � e 389�Bf��k2975 �%e�� 
 3 
 � δ � ��B4.�>D5 
 �9� Z � vk
� 3�� 
 ≤ ε �����B� \�.�k2>

38.�k63�� ∈ {0, ..., N} +� �C025 � \�.,k6>;3D.,k63L? ∈ ∂ � �we7� � �/�$�4B�9�Z �45 389 � ∈ {0, ..., N} 389�B\��k29
|Q(x, v, t)| ≤ |Q(x, vk, t)| + |Q(x, v, t) − Q(x, vk, t)| ≤ ε(1 + (1 +

√
n)Lip(f))

5 �#e�� 
 3 
 � δ �$�
?�9:1GB49�5��C02=:i`��B �@38=:52���B�O9�3{���	�B� +
O9:1"��5 �4i,0 �CX/9���k29
� � Z � ? � 3/�O3D9:02< ?,9:>m5 e ��k ��06< 3;389�02<�?,9:>m5 e7�$�402<6=:\�9:02< � ��� 9:0h3;<29j?�+� .`�@3r< ∈ Rn ��< 6= Z�+ C 0�=:1:> �C34< � Z � 3m? �i� ?�9:1 
 ? 
 � ���23 � 
 < �wZ 
 + � BC.,>D5
f(y) − f(x) − gradf(x).(y − x) = f(x + tv) − f(x) − tv.grad f(x) = o(t) = o(|y − x|)

\�.,k2>r<l3D9:02< �N0�3Y?,9�>D5LZz�p1~��> δ 029G<2=�\�9�02< \$��5;<29j?�� +� .,061H[ 9:5 3 < � ��=:>D9�0h3 � �NA2B49b5mk2> � +
�

��I



�rJ�� ��PAR7_��K`)cKg [ ^�[��+[
e	[\V�����[ [�RXTUPAR7_��f`�cZR7TUN?P �2cf` �2cf`7R7TU[\V
af�g.,A � 9�3j<29 1:9 \ �N> ��i,> ��\2]29F9:5 3j<29 � k65m3 �@X/9:> B�� �40h38=�i,> �N3 �4.,0�\ �N> \ ��> 3 �C9:5���k29 B�� .,0 �V9 � 9�1�38k6=:9

< ��065 B � <2=~� .,025 38> � 3 �4.�0 <2k 38]6=:.,>mc~� 9V<29 	 ��<29"���N1^]29:>�+ � 0t9���9�3 1�9:BCB49 � 1~� 029l>m9:5D\�9:1�389 \ �N5'�
\2> �4.,> � B49�5 ]=< \�.�38]2c�5D9�5l] ��A$�@38k29�B4BC9:5 <29 B�� �40h38=�i,> �NB49l<29 	 �49"����060 + � B;9�Z �45 389 k20 38]2=�.,>Dc"�79 \2B4k65
i,=�02=:> ��B�\�.�k2>LB�� �40h38=�i,> �NB49b<29Ga�9:A�9:5mi,k29 ��?�.`�4> � � ���/\ + ���`�)�2\6>D.,\�.,5 �@3 �C.,0 
 ��+� ��025%02.N38>D9O1q��5 �h.,0 �bk2029 [�.,061�3 �C.,0 ζ < ��025 C∞

0 (Rn) 9�3%k2029 [�.�021�3 �4.,0 f B �4\25m1^]$�C3D_~�C9:02029 <2.,0h3
B � <6=:> �@?,=�9F\ �N>L> ��\2\�.,> 3YK xi

∂f

∂xi

9 Z �C5m3D9G\6>D9:5L��k29 \ �N>m38.�k63;9�3Y9:5 3Y< ��025
L

∞ + C 0 � ��BC.,>D5�8
∫

R

∂f

∂xi

(x)ζ(x)dxi = −
∫

R
f(x)

∂ζ

∂xi

(x)dxi

$%!)�"�"! R x ���"� ζ *=(��)& C∞
0 (R) $�� f s � u &����-�"� ����$�� ��$+*-��� �4s ( *-,�./�"0�,�$9$ �;�t&��U$OuS.�$�&�v�#%$�u)(�./�U��#-�$��4$�&��r*=(��)&

L
∞ w ~ st��.�&+����( m

∫

R
f ′(x)ζ(x)dx = −

∫

R
f(x)ζ ′(x)dx

� =~� .,025 38> �N3 �C.,0 8� 0 9 � 9�3Y5D.`�@3 (jε)ε>0
k2029j[n���y�4BCB49Y>D=:i�k2B ��> �45 ��0h389�� �49jk2029j[n���y�4BCB49Y<29j[�.,021�3 �4.�025 389�B4B49�54��k29 8

i.jε ∈ C∞
0 (R)

ii.jε ≥ 0
iii.

∫
R jε(x)dx = 1

iv. supp(jε) = Bf (0, ε)

� .`�@3 Φ k2029 [�.,021�3 �4.,0 < ��065 C∞
0 (R) ?��NB ��0h3y�V< �N025Fk60"?,.`�C5 �C0 ��i,9M<2k 5Dk2\2\�.,> 3 <29 ζ +

C 0 \�.�5D9

fε = (Φf) ? jε
��k$��9:5 3�� �4025 � < ��025 C∞(R) + 
O.`��� 9 Φf ∈ L

1 � fε
389�02< ?�9:>m5 Φf < �N025

L
1 +� 9G\2B4k25 f ′

ε = (Φf)′ ? jε
1~��>58

fε(x + h) − fε(x)

h
=

∫

R
jε(y)

(Φf)(x − y + h) − (Φf)(x − y)

h
dy

9�3Y.,0Y� 8
|jε(y)

(Φf)(x − y + h) − (Φf)(x − y)

h
|

≤ jε(y)(|Φ(x − y + h)(f(x − y + h) − f(x − y))

h
|+ |f(x − y)(Φ(x − y + h) − Φ(x − y))

h
|)

≤ jε(y)(Lip(f)sup(|Φ|) + sup(|Φ′|)|f(x − y)|) ∈ L
1

63�N> B49 3D]2=:.�>Dc~� 9b<29 1:.,0h?,9�>Di,9�021:9H<2.����C02=:9b9�0l[n���45 ��0h3O3D9:02<2>m9j]l?,9�>D5;e)�).,0 .,A63 �49:0h3LBC9 >m=:5Dk6BC3�� 3
��0206.,021:=N+� 06X/0 1�.`�y�79 (Φf)′ 9�5m3Y< ��025 L

1 � f ′
ε
3D9:02<�?,9�>D5 (Φf)′ <$��025 L

1 +C 0�� �n�C0h38=:i�> �N3 �4.,0 \ �N>L\ ��>m3 �49�5��
?�9:1��40h38=�i,> �NB49j<29 	 �49~����020 ��8
∫

R
f ′

ε(x)ζ(x)dx = −
∫

R
fε(x)ζ ′(x)dx

�
f



a�9 �79"� A2>D9j<69G<6>D.`�@389b389�02<�?,9:>m5	8
∫

R
(Φf)(x)ζ ′(x)dx =

∫

R
f(x)ζ ′(x)dx

a�9 �79"� A2>D9j<69Gi`��k21^]29j389�02<�?,9:>m5{8
∫

R
(Φf)′(x)ζ(x)dx =

∫

R
(Φ′f)(x)ζ(x)dx +

∫

R
(Φf ′)(x)ζ(x)dx = 0 +

∫

R
f ′(x)ζ(x)dx

<
� .;: B�� =:i]��B �C3D= ?,.�k2B4k29N+
�

� U O�G,6"?�RP57U O

C 0;�B���C025 �3�7.,0h3D>D= ��k
� k2029M[�.,021�3 �4.,0 1�.,0h3 �C0 k69 \�9:k)353�38>m9M<2=:> �C? ��A2BC9 9:0���k21�k20 \�.`�C0�3:+
6}��>
1:.�0�3D>D9 9:0;� � .,k63 ��0h3FB��g]=< \�.�38]2c�5D9 ��[�.,021�3 �C.,0 B �4\65D1^]$�@38_~�C9:02069�� �p<2.�02179�0">m=:<2k$�C5 ��0h3GB � 1�B ��5m5D9 <29
[�.,021�3 �C.,025��/�NB � [�.,021�3 �C.,0 <29�? �C9:0h3%<2=�> �C? ��A6B49 \2>D9�5 ��k29;\ ��> 38.,k63��p<$� � =�>D9:0h3 � ��A2BC9 <$��025'B49 1q��5 <29 Rn ��+� ��065YBC9�� 3"�79 9:5D\6> �C3��2.,0�\�.,k2>D> ���C3 5�� �40h38=�>D9:5m5D9�> K k2069G1�B ��5m5D9H9:061:.,>m9G\6B4k25L\�9�3 �C389 <29j[�.,021�3 �4.,065
1:.�0�3 �40�k29�5{8�B49�5;[�.�021�3 �4.,025Y1:.�0�?�9�Z)9:5�+ � 0 9 � 9�3 1�9:B4BC9:5 � 1~��5m.,0h3bBC.)1~��B49"�79�0�3;B �4\25m1^]$�C3D_~�C9:02029�5��/<2.�021
<$� � =�>D9:0h3 � ��A2BC9:5 \2>m9:5L� k69"\ ��> 38.,k)3 + � � �45�9:0 \2B4k65 .�0 \�9:k63Y� .,0h38>m9:> ��k
� 9:B4BC9:5�5D.�0�3 <29�k)Z [�.`�C5
<$� � =�>D9:0h3 � ��A2BC9:5L\2>m9:5L� k69F\ �N>m38.�k63	�p1�[ + � I � ��+

� �



� OYOBA���A D
�"9"�49�>D5m3D> ��5m5�� ? ���@3��40h38>m.)<6k$�C3LB � [�.,021�3 �4.�0 5mk$�C? ��0h3D998

W (t) =

∞∑

n=0

ω−nHcos(ωnt)

.;: ω > 1 9�3 0 < H < 1 +
� 1~��.,0�? � \2B4k63���3;5�� �40h3D=:>D9�5D5m9:> KMB � [�.,021�3 �4.,0 8

f(x) =
∞∑

n=0

{10nx}
10n

��k$��9:BCB49 ��k65D5 ��9�5m3Y1:.�0�3 �40�k29H5Dk6> R �$�����45 <6=:> �@? ��A2B49j9�0��Nk21:k20 \�.`�40h3 +
� + � 0 9���9�3��#B � [�.�021�3 �4.,0 x 7→ {x} 9:5 3 1�.,0h3 �40�k29M5mk2>

R
� � � \�=:> �4. <$�t��k29���+ � 3���<297\6B4k25H\�.,k2>

38.�k63 n ∈ N
9�3;3D.,k63 x ∈ R

�/.�0 � 8
|{10nx}

10n
| ≤ 1

10n� .,061 f 9:5 3Y1:.,0h3 �C0�k29H5Dk2>
R
+

� �w+ � .`�C3 0 ≤ x < 1 +
� BC.,>D5 .,0 \�9:k63 =:1�> �4>m9 x 5D.�k25bB �M[�.,> � 9 x = 0, a1a2 . . . an . . . ����k$�@3D3D9

K � � .,k63D9:>;<29�5Y_�=:>m.,5;5 ��02=�1:9:5m5 ���C>D9N+ � 9:k)Z 1~��5;5D.,0h3 K < �45m3 �402i�k29:>28/5 � 0, an+1an+2 . . . ≤ 1
2
�i��BC.,>D5

{10nx} = 0, an+1an+2 . . . �/5 �C02.,0 {10nx} = 1 − 0, an+1an+2 . . . +

C 0 <6=�X/0$�@3 ��BC.,>D5bB �V5Dk �C389 (hm) <69 B ������0$�Cc:>D9F5Dk$�@? ��0h389 8 5 � am = 4 .,k 9 .,0 \�.�5D9 hm =
−10−m 9�3 hm = 10−m 5 �402.�0 + C 0 � ��BC.,>D5�8

f(x + hm) − f(x)

hm

=
+∞∑

n=0

±{10n(x ± 10−m)} − {10nx}
10n−m

=
+∞∑

n=0

bn,m

6�.,k6> n ≥ m � bn,m = 0 9�3;\�.,k2> n < m � bn,m = ±1 +
� .,061GB � 5D=�> �49j\6>D=:1�=:<29�0h389 9�5m3Y=:i`��B49HK

k20 9:0h3 �C9:>;\ ���C>L.,k � �7\$���4> 5mk$�C? ��0h3YB � \ �N> �C3D=j<29�� + � .,021G1:9G0
�g9�5m3 \ ��5Yk2029G5D=�> �49H1�.,0h?,9:>mi,9:0h3D9�+
O.`�y�79 B � 5mk$�C3D9 (hm) 9:5 3�k2029 5Dk �C389 1�.,0h?,9�>Di,9�0�3D9 ?�9:>m5�e)� .,0 9�0 <6=:<2k$�@3 ��k29 f 0
� 9:5 3�\ ��5
<2=�> �C? ��A6B49b9�0 x \�.,k6>;3D.,k63 x ∈ [0, 1[ �2<2.,061G\�.,k2>L3D.,k63 x ∈ R

+� B � X/0 <69F1�9F> ��\2\�.,>m3��2.,0e� 38> ��1:= ��5D.,k25 � ��\6B49�� BC9:5;5D.`�y� 9:5;\ ��> 3 �49�B4BC9:55� � k25 ��k
�gK7B��g9�0�3 �49�>
0%� <29�5;[�.�021�3 �4.,025L5mk$�C? ��0h3D9:558

fa(x) =
∞∑

k=0

ak{10kx}
10k

.;:�� 9�5m3;k20 >m=:9�B ��\2\ �N>m389�0 ��0h3;K B�� �C0h389:> ? ��B4BC9 � �;� �
e � + � � ��\2>mc:5LB � <2=~� .,025 38> �N3 �C.,0V\2>m=:1�=:<29�0�3D9�� fa9:5 3 1�.,0h3 �C0 k69 5mk2> R 9�3G<2=�> �C? ��A6B49 9:0���k21�k20"\�.`�C0�3:+ � 9M\2BCk25HB49 i,> ��\2]29M<29 fa
9�5m3Fk2029M1:.�k2>DA�9

<2.,0h3YB � < � � 9:025 �4.,0l[�> ��1�3 ��B49j9�5m3Y<2.,0206=:9G\ ��>LB � [�.�> � k2BC9 d = 1 + ln(a)
ln(10)

+
� k2>;B49�5L[�.,021�3 �4.,065L1:.,0h3 �C0�k29:5 �/02.,0 <2=:> �C? ��A2BC9:5L9�3Y<29HBC9:k2>L<$� �79�025 �C.,0l[�> �N1�3��NB49�� ?,.`�C> � 
 � +

� 




� 




� OYOBA���A �

a�9GA6k63��41~� 9:5m3Y<29 � k25 3 �@X/9:>;B49j\$��5D5 ��i,9H5Dk$�@? ��0h358
∫

R
n
Dvf(x)ζ(x)dx =

∫

R
n
(v.grad f(x))ζ(x)dx

\�.,k2> 38.�k63 ζ ∈ C∞
0 (Rn) � � � \2B �t��k29{8

Dvf(x) = v.grad f(x) \6>D9:5L��k29 \$��>m3D.,k63���5 ��1^]$��0h3@��k29 Dvf(x) 9�3 v.grad f(x) 5D.,0h3#B4. 1q�NB49~� 9:0h3�40h3D=:i,> ��A2B49�5:+6�.�k2>;1:9:B � .,0�> ��\2\�9:BCB492��k29G5 ��k ∈ L1
loc(R

n) B � <$�45 38> �4A2k63 �4.,0k��5D5m.)1"�4=:9GK k
� Tu
9�5m3Y<2=�X/0$�49H\ �N>�8

∀φ ∈ C∞
0 (Rn) < Tu, φ >=

∫

R
n
u(x)φ(x)dx

C 0�� ��BC.,>D5OB49b38]6=:.,>mc~� 9G5mk$�C? ��0h358
S �#����	 � �"!"���x ���"�A# ∈ L1

loc(R
n) w~ st��.�&	s ( *��t&��!./�!p�#7�!�����z(�&�&�������,�$ � #z$�&�� � #7s"st$�oO$�� �h(�� ��v�# $ *��t&���./�!p�#-�������)oK&��4$��A&�$�#7st$�jl$�� �K&��K#$�&��?� #7s"st$ruS.�$�&�v�# $4u)(�./�U��#-�hw

� =~� .,025 38> �N3 �C.,0 8� .`�@3 φ ∈ C∞
0 (Rn) 9�3 5m.`�C3�� B49j5mk2\2\�.,>m3Y<29 φ +

� B4.�>D5
| < Tu, φ > | ≤ (sup

K

|φ|)
∫

K

|u(x)|dx

� ��k�9:5 3 0�k2BCB49b\6>D9:5L��k29 \ �N>m38.�k63��$�CB 9:5 3Y1:B � �4>r��k29 Tu
9:5 3Y0 k6B4B49N+	 =�1~�C\2>D.-��k29~� 9:0h3��/5mk2\2\�.,5D.�025 Tu

9�5m3��4<69:0h3 � � k69~� 9:0h3Y0 k6B4B49N+� .`�@3�� k20 1:.��7\ �N1�3��4061:B4k65L< ��025 Rn + C 0�? � � .,0h38>m9:>4��k29Gk
�/>D9�5m3D>D9~�C0h389GK�� �/9�5m3Y0�k2B4BC9�+� .`�C9:0h3 δ > 0 �/9�3Y5D.��C3�8
Kjδ = {x ∈ Rn/d(x, K) ≤ jδ}C 0 06.�389 u0

B � >D9�5m3D> �41�3 �C.,0�<29Hk K Kδ
9�3 ũ0

B � [�.�021�3 �4.,0 =�i]��B49HK u0
5Dk2> Kδ

9�3Y0 k6B4B49 � �4B4BC9:k2>m5:+� .`�@3 (jε)ε>0
k2029j[n���y�4BCB49Y>D=:i�k2B ��> �45 ��0h389�� �49jk2029j[n���y�4BCB49Y<29j[�.,021�3 �4.�025 389�B4B49�54��k29 8

i.jε ∈ C∞
0 (Rn)

ii.jε ≥ 0
iii.

∫
R

n jε(x)dx = 1
iv. supp(jε) = Bf (0, ε)

� BC.,>D5L.�0 � 8
uε = ũ0 ? jε ∈ C∞

0 (Rn)
� .`�@3 0 < ε < δ +%6�.,k6> x ∈ K 8

uε(x) =

∫

R
n
ũ0(y) jε(x − y)dy =

∫

|x−y|≤ε

ũ0(y) jε(x − y)dy

��Q



� .,061 y ∈ Kε ⊆ Kδ
+ � .,06198

uε(x) =

∫

Kδ

ũ0(y) jε(x − y)dy =

∫

Kδ

u0(y) jε(x − y)dy =

∫

Kδ

u(y) jε(x − y)dy = 0

� .,061G5 � x ∈ K � uε(x) � e)+

ũ0 ∈ L1(Rn) Kl5mk2\2\�.,>m3H1�.`� \ ��1�3:+ � .�021 uε
1:.,0h?�9:>Di�9 <$��025 L1(Rn) ?�9:>m5 ũ0

+ � 0 \ �N>m3 �C1:k2B �49�>��
B � >m9:5 38> �C1�3 �4.,0�<29 uε

K�� 1:.�0�?�9:>mi,9G?�9:>m5 B �M>m9:5 38> �C1�3 �4.,0 <29 ũ0
< ��025

L1(K) +
� .,061 8

lim
ε→0

∫

K

|ũ0(x) − uε(x)|dx = lim
ε→0

∫

K

|ũ0(x)|dx = lim
ε→0

∫

K

|u(x)|dx = 0

� � .;:�8 ∫

K

|u(x)|dx = 0

� .,061GB � >D9:5 38> �41�3 �4.,0 <69Gk K�� 9�5m3 0 k6B4B49 \2>D9�5 ��k29 \$��>m3D.,k63 +
�

� �
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� � �Ga�9���.,025Y<
� �N0 ��B < 5m9H[�.�021�3 �4.,02069:B4BC9
-/>D9�<29:> �41 	�� ����� 9�3 � =�B � ��� + � � �����

� I � � 9~��5Dk2>m9G3D]29:.�>L<Y��02< X/069G\6>D.,\�9:> 3 �49�5;.�[�[�k6021�3 �4.,025
aP�	�;>D9:061:9 
 + �g� � ��� 9�3 	 .,0 �NB4<�-O+ ��� 	�� � 6 �

� f �	
O.,k2>m5 <69����N3D]2=~���N3 � ��k29:5 5m\�=�1~� ��B49�5:+ 
 .,\�.�B4.,i`�C9 9�3 =�B4="�79�0�3D5;<
� �N0 ��B < 5m9�+
� + 	 � � � � � 
 + ����� 
�
 � � 6 � 9�3
	6+ C � C �
�

� � � � 0h38=�i,> �N3 �4.,0 +� 06<2>D= � 	 � � � � �
� 
 �	
O.,k2>mA�9�5 9�3Y<$� � 9:025 �4.,0l[�> ��1�3 ��B49


OB �Nk2<29 
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