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Summary
The method of passive re-emission under Kirchhoff approximation is used in this paper in order to solve the
problem of the interaction of a monochromatic ultrasonic bounded beam (emitted by a plane transducer) with a
bi-dimensional structure fluid/solid/solid which includes a plane defect located at the plane interface separating
the two solids (assumed to be isotropic). The ultrasonic beam is decomposed into plane waves, using Fourier
transforms. The presence of both the interfaces and the defect produces successive reflections. In order to take into
account all the corresponding fields, an iterative method has been implemented. At each iteration, the problem
of the scattering by the defect is processed with the passive re- emission method, the data on the defect being
calculated under Kirchhoff approximation (in good agreement with the Geometrical Theory of Diffraction for
a defect located in a fluid medium); the transmission through the interfaces is performed for plane waves, the
scattered field being expressed using Fourier integrals. This iterative method gives a more accurate solution
than the global one, namely the passive re-emission principle under Kirchhoff approximation straightforwardly
applied on the whole system of the structure. Numerical results are given (cartographies and cuts of the pressure
field in the fluid), which show -i) the effect of the defect on the field which propagates in the structure, -ii) the
convergence rate of the iterative process as a function of the incident angle, -iii) the changes in the field depending
on the location of the defect.

PACS no. 43.20.-f, 43.20.El, 43.20.Fn, 43.35.-c, 43.35.Cg, 43.35.Zc

1. Introduction

Multilayered media such as composite structures are in-
creasingly used in industries due to their mechanical prop-
erties for a given weight. Different kind of defects (cracks,
delaminations, ...) can appear during the production pro-
cess and during the entire life of the structure, and their
detection is crucial. In the general framework of ultra-
sonic non destructive testing, modeling the interaction of
an ultrasonic bounded beam with a finite size heterogene-
ity set in a structure is a difficult task [1]. The scattering
of ultrasonic waves by a crack located near or on the free
surface of a structure has been studied by several authors
[2, 3, 4, 5, 6, 7]. As far as heterogeneities at interfaces
are concerned, the first contributions for solid/solid inter-
faces are dedicated to two-dimensional geometries and to
incident plane waves: Boström [8] and Chevalier et al. [9]
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for incident SH-waves, Wang et al. [10] for layered media
and Qu [11] for the in-plane case. Previously, Srivastava
et al. [12] gave a solution for a tri-dimensional configu-
ration with a longitudinal wave at normal incidence. In
1991, Boström et al. [13, 14] used the integral equation
method to solve the problem of scattering of a plane wave
by a tridimensional defect in fluid media. The bonding be-
tween two media is also the subject of numerous studies,
especially in multilayered media, from both a theoretical
and an experimental point of view. Among these studies,
notably, Baltazar et al. [15, 16, 17] and Rokhlin et al. [18]
widely investigated the characterization of adhesive layers
and the evaluation of interface behaviors. More recently,
Shkerdin et al. [19] investigated the case of the interaction
of Lamb modes with delaminations between two isotropic
absorbing materials, using a modal decomposition.

Most of these contributions are concerned with incident
plane waves, with integral equation techniques to solve
the scattering problem, leading therefore to intricate anal-
ysis. The present work aims at studying the interaction be-
tween an incident beam with an internal finite defect, us-
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ing the plane wave Fourier decomposition. The analysis of
the wave scattering from defect is simplified by introduc-
ing the Kirchhoff approximation. The method is presented
here for a very simple “academic” situation in order to em-
phasize clearly its advantages (compared to the numerical
methods currently in use): rapidity (less than one minute
for obtaining the acoustic field in a spatial domain, even
for the highest frequency range), tractability (no huge ma-
trices like in a finite element method), and possibility to
extent the method to multiple defects and to several inter-
faces.

More precisely, the aim of this paper is to study, us-
ing Kirchhoff approximation and an iterative method, the
interaction of a monochromatic ultrasonic bounded beam
with a fluid / isotropic solid / isotropic solid structure in-
cluding a finite length defect, and to obtain the reflected
and transmitted fields (Figure 1). The fluid medium la-
belled “0” and the solid labelled “2” set respectively above
and below the solid layer labelled “1” are semi-infinite.
The geometry of the problem is a two-dimensional one.
The sagittal plane is denoted (O, x, z), the z-axis being
perpendicular to the interfaces (denoted I and II), and θ
is the angle between the z-axis and the acoustic axis of the
emitting transducer (diameter 2a, frequency f = ω/(2π)).
The solid layer 1 (thickness denoted h1) and the semi-
infinite solid 2 are perfectly bonded all along their com-
mon interface II, except on a 2L-length delamination-type
defect.

The decomposition of bounded beams into monochro-
matic plane waves, used in order to describe their interac-
tion with plane layered structures, is first briefly described
in section 1, and then it is shown how acoustic field car-
tographies may be easily obtained. The general principle
of Kirchhoff approximation is then explained in section 2
from considering the elementary problem of the interac-
tion of a plane wave with an interface including a finite
size defect. Finally in section 3, the implementation of
the iterative method under Kirchhoff approximation is per-
formed on a fluid/solid/solid structure (Figure 1), and sev-
eral specific results are presented.

Nomenclature of subscripts and superscripts

Superscripts:
(i): infinite defect on interface.
(h): healthy interface.
(k): Kirchhoff approximation.
(s): scattered field under Kirchhoff approximation.
n: number of iteration (number of times that the field
comes across the defect).

Subscripts:
e: emitter.
a: waves propagating towards z > 0.
b: waves propagating towards z < 0.
x, z: component on x, z-axis.
inc: incident field (in fluid medium 0).
α: considered medium, α = 0, 1, 2.
η: η = L for longitudinal (pressure) wave and η = T for
transversal (shear) wave.

Figure 1. Geometry of the problem.

Examples:
u

(s)
1b : scattered field propagating towards z<0 in medium 1.
u

(h)
1za: z-component of the field u

(h)
1a , i.e. the field propa-

gating towards z > 0 in medium 1 for a structure with
a healthy surface.
u

2(k)
1b : 2nd iteration of the approximated field (under Kirch-

hoff approximation) propagating towards z < 0 in me-
dium 1.
u

1(i)
2zaT

: z-component of the field u
1(i)
2aT

, i.e. the first itera-
tion of the transversal field propagating towards z > 0 in
medium 2 for a structure with an infinite defect.

2. Interaction of an ultrasonic beam with
homogeneous plane interfaces

The implementation of Kirchhoff approximation, with a
bounded beam as an incident field, needs first of all to
solve some elementary problems: the decomposition of
the bounded beam into monochromatic plane waves (sec-
tion 2.1), the interaction of a plane wave with a homoge-
neous plane interface separating two isotropic solid me-
dia with various boundary conditions (section 2.2), and,
finally, the interaction of the bounded beam with plane in-
terfaces (section 2.3). The method used here to compute
the Fourier integrals which lead to cartographies of the
acoustic fields, is particularly fast because i tavoids many
constraints of the FFT algorithm (see section 2.3.3).

2.1. Principle of the decomposition of a monochro-
matic beam into plane waves

The principle of the decomposition of a monochromatic
beam into plane waves (or angular spectrum decomposi-
tion), based on the linearity of the field equations, is a very
well-known principle which can be applied to a scalar or a
vectorial field function [20, 21, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31, 32, 33, 34]. Here, the incident displacement
field u0inc is built, at any pointM (xe, ze) of the half-space
ze > 0, as a superposition (with the parameter kxe ) of all
the plane and evanescent waves (the exp(−iωt) factor be-
ing omitted):
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u0inc(xe, ze) =
+∞

−∞
Ae(kxe )

k0(kxe )
k0

(1)

· exp i(kxexe + k0zeze) dkxe ,

where Ae(kxe ) is the amplitude of each plane wave and
where (kxe , 0, k0xe ) are the components of the correspond-
ing wave vector k0 in the fluid 0 (angular frequency ω)
in the coordinate system Re = (Oe, xe, ye, ze) linked to
the emitting transducer (Figure 1). These components are
such as (dispersion relation)

(kxe )
2 + (k0ze )

2 = ||k0||2 = (k0)2 = (ω/V0)2, (2)

where V0 is the speed of the waves propagating in the fluid
0. The determination of k0ze , as a function of kxe , is chosen
in order to ensure the radiation condition of the field in the
half-space considered.

The z-component of particle displacement u0ze,inc(xe, 0)
in the fluid, normal to the front face of the emitting trans-
ducer, is supposed to be known, and can arise from exper-
imental results or from an analytical expression. For of a
Gaussian beam, it takes the following form,

u0ze,inc(xe, 0) = U0 exp − (xe/a)2 , (3)

where a is the nominal radius of the emitter.
Using equation (1), the displacement u0ze,inc(xe, 0) can

be written as

u0ze,inc(xe, 0) =
+∞

−∞
Ae(kxe )

k0ze

k0
exp ikxexe dkxe , (4)

which permits, by means of an inverse Fourier transform,
to obtain the angular spectrum

Ae(kxe )
k0ze

k0
= (5)

1
2π

+∞

−∞
u0ze,inc(xe, 0) exp − ikxexe dxe,

and thus the amplitude Ae(kxe ) of each incident plane
wave which is therefore known. The incident displacement
field u0inc can thus be determined in the whole half-space
through the calculation of Fourier integral (1).

It should be noted that the phases of the complex ampli-
tudes Ae(kxe ) determined by equation (5) are referenced
at the point Oe.

2.2. Interaction of a plane wave with a homogeneous
plane interface: boundary conditions and reflec-
tion/transmission problem

2.2.1. Plane waves in an isotropic elastic medium
The formalism used here to describe the propagation in an
isotropic elastic medium (denoted by the subscript α) is
the classical one [35, 36]. In particular, the displacement
vector U αη of each plane wave (η) has the following form:

U αη (x, z; t) = Xαη P αη exp i kxx + kαzη − ωt , (6)

Xαη and P αη being respectively the amplitude and the po-
larization vector of the wave (η), where η = L and η = T

respectively for longitudinal (pressure) wave and transver-
sal (shear) waves, and where X = A for waves which
propagate (or decrease) in the direction z > 0 and X = B
for those which propagate (or decrease) in the direction
z < 0.

Using the Hooke law in the isotropic solid medium α,
the stress vector T αη (associated to the normal ez to the
interfaces) of each plane wave (η) has the following form:

T αη = Tαxzηex + Tαzzηez, (7)

where the components of the stress tensor are given by

Tαxzη = µα
∂Uαxη

∂z
+
∂Uαzη

∂x
, (8a)

Tαzzη = λα + 2µα
∂Uαzη

∂z
+ λα

∂Uαxη

∂x
, (8b)

with λα and µα the Lamé coefficients of the isotropic
medium α.

It will be subsequently useful to identify in each me-
dium the waves which propagate (or decrease) in the di-
rection z > 0 (denoted “a”) and those which propagate
(or decrease) in the direction z < 0 (denoted “b”). This
(classical) identification can be summarized as

field “a”, η = L, T (9a)
kαzη > 0 for propagative waves,
kαzη > 0 for evanescent waves,

field “b”, η = L, T (9b)
kαzη < 0 for propagative waves,
kαzη < 0 for evanescent waves,

with kαzη = ikαzη when the waves are evanescent.

2.2.2. Boundary conditions, including bonding condi-
tions

In the following, a homogeneous interface or part of an
interface, means that the physical conditions to be satisfied
on both sides of the surface separating two media (here,
the healthy interface or the finite defect) do not depend on
the coordinate(s) along it. In practice, it is assumed that the
internal interface between solids 1 and 2 fulfills a perfect
adhesion between the two media, whereas the finite defect
yields a delamination or a partial bonding (with constant
characteristics of the glue).

For a perfect (rigid) bonding between the two solids 1
and 2 at the plane interface II (see Figure 1), the boundary
conditions express the continuity of the displacement and
stress vectors (associated to the normal ez to the interface),
i.e.

U 1(x, z = ζ2; t) = U 2(x, z = ζ2; t), ∀x, z = ζ2,∀t, (10a)

T 1(x, z = ζ2; t) = T 2(x, z = ζ2; t), ∀x, z = ζ2,∀t. (10b)

Conditions (10) are those involved in the preliminary
problem solved for a healthy interface II (see section
4.1.2).
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For a total delamination on the interface II, the boundary
conditions express that the stress vector vanishes, i.e.

T 1(x, z = ζ2; t) = 0, z = ζ2,∀t, (11a)

T 2(x, z = ζ2; t) = 0, z = ζ2,∀t, (11b)

for all the values of x corresponding to points on the de-
fect.

Intermediate (elastic) bonding between solid media 1
and 2 at the interface II can also be considered, using the
boundary conditions introduced in 1990 by Pilarski et al.
[37] and widely used from that time.

In the situation considered in this paper, conditions (11)
are associated to defects of finite extent (on the interface
II). But, in order to solve the preliminary problem these
conditions (11) are extended all along interface II (infinite
defect on interface II, see section 4),

2.2.3. Reflection/transmission problem for plane waves
Generally speaking, the interaction of an oblique inci-
dent monochromatic plane wave (angular frequency ω)
polarized in the plane (O, x, z) and propagating in this
plane, with a plane interface separating two isotropic semi-
infinite media 1 and 2 generates two waves in each solid
α (α = 1, 2): a longitudinal and a transversal vertical
wave (labeled respectively by η = L and η = T ), with
associated wave numbers denoted respectively kαL and
kαT . Given the properties of the incident (longitudinal or
transversal vertical) wave (especially its displacement am-
plitude), the boundary conditions (10) or (11) lead to four
equations with four unknowns Xαη (α = 1, 2, ηL, T ).

2.3. Interaction of a bounded beam with a plane
layered structure

2.3.1. Change of coordinate system
Once the bounded incident field u0,inc has been decom-
posed into monochromatic plane waves, at any point
M (xe, ze), ze > 0, in the coordinate system Re (see sec-
tion 2.1), it is useful to change the coordinate system
in order to study the interaction of each monochromatic
plane wave with the structure. The new coordinate system
R = (Oe, x, y, z) has its plane z = 0 parallel to the inter-
face I and located at a distance ζ1 from it, and is deduced
from Re by a rotation of angle θ around the y-axis (θ be-
ing the incident angle of the acoustic beam, see Figure 1).
The coordinates of a given pointM in this new coordinate
system are denotedM (x, 0, z) and the components of each
wave vector k0 are denoted (kx, 0, k0z), where the compo-
nent kx has no subscript associated to a medium, because,
due to the boundary conditions written for any given x,
this component is the same in each medium. These com-
ponents depend on kxe through the dispersion equation (2)
and through the usual relations,

kx = kxe cos θ + k0ze sin θ, (12a)

k0z = −kxe sin θ + k0ze cos θ. (12b)

It should be noted that the invariance of the dot product

k0 ·OeM = kxexe + k0zeze = kxx + k0zz (13)

leads to the following expression for the incident particle
displacement u0,inc in the fluid 0, in the coordinate sys-
tem R

u0,inc(x, z) =
+∞

−∞
Ae(kxe )

k0xe

k0
(14)

· exp i kxx + k0zz dkxe ,

i.e.

u0,inc(x, z) =
+∞

−∞
Ae(kxe )

k0xe

k0
(15)

· exp ik0z z − ζ1 exp ikxx dkxe ,

with

Ae(kxe ) = Ae(kxe ) exp ik0zζ1 . (16)

It is worth noting that, as it has been mentioned just af-
ter equation (5), the amplitudes Ae(kxe ) are referenced at
the point Oe. In the same way, the amplitudes Ae(kxe ) are
referenced at the point O (see Figure 1).

2.3.2. Interaction of the incident beam with a healthy
structure fluid 0/solid 1/solid 2

The aim of this Section is to show, for a healthy structure,
how it is possible to reconstruct the different displacement
fields in each medium, using a global method involving
Fourier transforms. However, it would have been also pos-
sible to use an iterative method, such as that used in sec-
tion 4 in the frame of Kirchhoff approximation. In the case
of a healthy structure, it may be shown that the succes-
sive displacement fields in the fluid, corresponding to the
successive reflections on each interface, constitute a con-
vergent geometric series: at each step, the magnitude of
outgoing field in the fluid is smaller than that of the out-
going field at the previous step, and thus, because the ra-
tio between these fields is the same at each step, the total
field is the sum of a convergent geometric series and this
sum is equal to the solution obtained by the present global
method.

The interaction of each monochromatic plane wave of
the incident beam with the structure fluid 0/solid 1/solid
2 (Figure 1) can then be classically studied by writing
the boundary conditions at each interface, which leads to
seven scalar equations written as follows (using notations
defined in section 2.2.2):
– three equations coming from the continuity of the z-
component of the displacement vector U and from the
continuity of the stress vector T at interface I (fluid 0/solid
1), namely

U0z(x, z = ζ1; t) = U1z(x, z = ζ1; t), ∀x, z = ζ1,∀t, (17a)

T 0(x, z = ζ1; t) = T 1(x, z = ζ1; t), ∀x, z = ζ1,∀t, (17b)

– four equations coming from the boundary conditions
(10) or (11) at interface II (solid 1 / solid 2), whether this
interface is healthy or not (with an infinite defect).

Seven unknown amplitudes are solutions of these seven
boundary conditions: the amplitude B0 of the wave re-
flected in fluid 0, the four amplitudes A1L, A1T , B1L, B1T ,
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Figure 2. The reflection/transmission problem for each plane
wave constituting the incident beam.

of the waves propagating or decreasing in solid layer 1,
and the two amplitudesA2L,A2T , of the waves transmitted
in solid 2 (figure 2), where a radiation condition is applied.

It should be noted that, the phases of the displacement
amplitudes of each wave are referenced at the interface
from which they are generated: the amplitudesAe,B0,A1L

and A1T are referenced at the point O , whereas the ampli-
tudes B1L, B1T , A2L and A2T are referenced at point O
(see Figure 2).

The reflected field in fluid 0 can then be reconstructed,
taking the form of a Fourier integral as

u0,b(x, z) =
+∞

−∞
R0Ae(kxe )P 0b (18)

· exp i kxx − k0z z − ζ1 dkxe ,

where P 0b and R0 are respectively the polarization vector
of the reflected wave in fluid 0 and the reflection coefficient
obtained from the resolution of the 7th-order linear system
above-mentioned (R0 = B0/Ae).

Similar equations can be written for the fields in the
solids 1 and 2,

u1(x, z) =
η=L,T

+∞

−∞
A1ηP 1aη (19)

· exp ik1zη z − ζ1 + B1ηP 1bη

· exp − ik1zη z − ζ2 exp ikxx dkxe

and

u2(x, z) =
η=L,T

+∞

−∞
A2ηP 2aη (20)

· exp ik2zη z − ζ2 exp ikxx dkxe ,

the amplitudes A1η , B1η and A2η , η = L, T , being deduced
from the previous linear system of seven equations.

2.3.3. Implementation of the method

This Section aims at giving some explanations about the
computation method used in order to easily visualize the
acoustic fields in the different media either in the form of
cartographies linked to the structure (i.e. linked to the co-
ordinate system (O, x, z)), or through cuts of the acoustic
fields in a plane parallel to the structure (thus for a given

Table I. Characteristics of each medium of the structure, where
k0a and kαηa, η = L, T , α = 0, 1, 2 are respectively the adi-
mensional wave numbers for pressure waves in fluid 0 and for
longitudinal (η = L) and shear (η = T ) waves in solid α. The
radius of the emitter, the thickness of layer 1 and the density of
each medium α are respectively denoted a, h1 and ρα .

Fluid 0 k0a = 100

Solid 1 k1La = 40, k1T a = 80, ρ0/ρ1 = 0.4, h1/a = 0.5

Solid 2 k2La = 30, k2T a = 70, ρ0/ρ2 = 0.3

z). In these computations, it appears easier to use the space
variables (x, z) in the exponential factors of the different
Fourier integrals and to choose a set of values for the pa-
rameter x (eventually with a constant step sampling), and
to use either a single value for z (for a cut) or a set of val-
ues for z (possibly with a constant step sampling) for a
cartography. All these Fourier integrals have the form

I =
+∞

−∞
R(kx)A(kxe ) exp i kxx + kzz dkxe , (21)

where kx and kz are functions of kxe .
Instead of using a Fast Fourier Transform (FFT) algo-

rithm in order to calculate the integral (21), it is much eas-
ier to calculate it straightforwardly, using a simple classi-
cal trapezoid method, on the basis of the initial sampling
used for kxe (and using the invariance of the dot product
k0 · OeM mentioned in section 2.3.1.). Note that the use
of the FFT algorithm would need to change the integra-
tion variable from kxe into kx, with the introduction of a
Jacobian and an interpolation technique in order to calcu-
late the relevant values of the amplitudes . Moreover, due
to the factorization properties of the exponential function,
a matrix computation, using for example MATLAB® or
SCILAB softwares, permits to calculate all the Fourier in-
tegrals by trapezoid method in a single step. Note also that
there is no constraint linking the integration variable and
the space variable (where the field is calculated), neither
for the values, nor for the sampling.

2.4. Results for a healthy fluid/solid/solid structure

The modulus of the complex component Tαzz (α = 0, 1, 2)
on the z-axis of the stress vector is shown via two car-
tographies (Figures 3), when an incident beam (adimen-
sional frequency k0a = 100) interacts with the structure
fluid 0/solid 1/solid 2. These stresses are normalized by
the incident pressure Pinc at the centre of the emitter (note
that the stress T0zz in fluid 0 corresponds to the opposite
of the pressure). The adimensional characteristics of each
medium are given in Table I, and the structure is assumed
to be healthy.

For both cartographies, the interferences in fluid 0 are
due to the interaction of the incident field with the re-
flected field. On the other hand, the nodes and antinodes
which can be observed at θ = 9◦ in Figure 3a) in solid 2
can be explained by the presence of both longitudinal and
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(b)

(a)

Figure 3. Cartographies of the modulus of the normalized stress
Tαzz/Pinc (α = 0, 1, 2) for a healthy structure fluid 0/solid 1/solid
2. The characteristics of each medium are given in Table I.
a) θ = 9◦, b) θ = 23◦.

transversal waves which interact (the incidence is subcriti-
cal for these two types of waves). At an incidence θ = 23◦

slightly superior to the first critical angle for the interface
fluid 0/solid 1 (Figure 3b), the successive reflections in
layer 1 are highlighted by the presence of re- transmitted
fields in fluid 0 and in solid 2. In particular, variations of
amplitudes can be observed in solid 2 for the successive
re-transmitted fields; these variations can be explained by
constructive or destructive interferences between longitu-
dinal and transversal waves in layer 1.

3. Kirchhoff approximation: Re-emission
principle for the interaction of a plane
wave with a finite size defect located on
an interface

In section 4, the problem of the interaction between an in-
cident bounded acoustic field and a plane interface with a
finite defect will be solved, through the iterative procedure,
using the re-emission principle, under Kirchhoff approxi-
mation.

The present section aims at explaining this principle
when the simple case of a plane (monochromatic) incident
wave is considered (the solution for an incident beam may

then be deduced by superposition principle and Fourier in-
tegrals).

A plane wave, longitudinal or transversal, is assumed
to propagate in solid 1 and to be incident on the interface
(II), separating two elastic solids 1 and 2, both solids being
considered as semi-infinite at this stage (Figure 1).

The interface (II) presents perfect bonding conditions
(satisfying continuity conditions 10) everywhere except
on the defect. The defect is described by other homo-
geneous boundary conditions, for example a complete
debonding condition (see equation 11). As above-men-
tioned in section 2.2.2, “homogeneous” means that these
conditions do not depend on the position all along the fi-
nite defect.

Since the exact analytical solution of the problem of in-
teraction between an incident plane wave and an interface
with a finite defect is not available, an approximate solu-
tion through Kirchhoff approximation is derived below.

Kirchhoff approximation may be well understood by us-
ing the concept that may be called the “re-emission prin-
ciple” [38]. This principle is a consequence of the unique-
ness of the solution for the problem of radiation in semi-
infinite spaces.

Let us denote u1a the incident (plane wave) field in solid
1, represented here by its displacement vector. The inter-
action of this field with interface (II), with the finite de-
fect, yields a reflected field u1b in solid 1 and a transmitted
field u2a in solid 2. As above-mentioned in section 2.2.1,
the subscripts a and b mean that the field u1b satisfies an
appropriate radiation condition in solid 1 towards the neg-
ative values of z, whereas the field u2a satisfies a radiation
condition in solid 2 towards the positive values of z.

Of course, the exact expressions of the fields u1b and
u2a are not known. But, for example, if the values of u1b

are known only on the interface (II), then, using these val-
ues as some emission data associated with the appropriate
radiation condition in solid 1 towards z < 0, we would
recover the solution u1b in the whole semi-infinite space
1. This point results from the uniqueness of the solution
of the radiation problem in a half-space when a conve-
nient parameter describing the field (displacement, stress
part. . . ) is known on the limiting plane.

The same result holds for the determination of the field
u2a in the whole half-space 2 if its values are partially
given on the interface (II).

Now, let us assume that the values of u1b are known
on the interface (II) only in an approximate way. Then,
one may expect that solving the corresponding radiation
problem in the half-space 1 will lead to an approximate
solution of u1b in the whole half-space.

The idea of Kirchhoff approximation is to obtain such
approximate data on the interface (II) in the following
way.
i) First we solve the interaction problem of the incident
field u1a with the interface (II) in the case of no defect,
when the boundary conditions (10) are valid all along the
interface. This problem will be solved easily for a plane
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wave, which leads to an exact solution u
(h)
1b in the solid 1

(the superscript “h” stands for “healthy” interface).
ii) Secondly, we consider the same interaction problem for
the interface (II) all along which we apply the boundary
conditions (11) that are valid on the finite defect. Thus we
consider the interface (II) as an “infinite” defect and we
get the solution u

(i)
1b in the half-space 1 (the superscript “i”

stands for “infinite defect” interface).
iii) We define the approximate data on the interface (II),
leading to Kirchhoff approximation, by assigning to u1b

the values of u(h)
1b outside of the defect, and the values of

u
(i)
1b on the finite defect.
It appears at once that such an approximation consists in

ignoring a part of the diffraction effects at the extremities
of the finite defect, since the diffraction phenomenon alter,
really speaking, the fields u(h)

1b and u
(i)
1b in the neighborhood

of the extremities of the defect.
With these Kirchhoff approximate data on the inter-

face (II), the radiation problem in the half-space 1 may
be solved by a plane wave decomposition, using spatial
Fourier integrals, in the same way asthe incident beam has
been computed (section 2.1).

However, this Fourier transforms method will be di-
rectly applicable, from a mathematical point of view, if we
introduce an associated diffusion problem. The idea of the
diffusion problem is to consider that the required approxi-
mate solution u

(k)
1b , under Kirchhoff approximation, results

from a modification of the solution u
(h)
1b for the healthy in-

terface, due to the perturbation introduced by the finite de-
fect. We then write this Kirchhoff solution in the form

u
(k)
1b = u

(h)
1b + u

(s)
1b , (22)

where the field u
(s)
1b is the part of the field that is scattered

by the finite defect.
The scattered field u

(s)
1b is then obtained by solving the

radiation problem in the half-space 1 with the following
approximate data on the interface (II):

u
(s)
1b (x, z = ζ2) = 0 outside the defect, (23a)

u
(s)
1b (x, z = ζ2) = u

(i)
1b (x, z = ζ2) − u

(h)
1b (x, z = ζ2) (23b)

on the defect.

The method to solve this radiation problem is identical to
that used for a bounded emitter embedded in an infinite
baffle, as it has been introduced in section 2.1 for the inte-
gral representation of the incident beam.

Similar procedure may be performed for the approxi-
mate solution u

(k)
2a in half-space 2, using the scattered field

u
(s)
2a .
In order to estimate the validity range of the Kirch-

hoff approximation, a comparison with the results obtained
by the Geometrical Theory of Diffraction (GTD) [39, 40]
(which is itself a high frequency approximation) has been
performed in the case of the scattering of plane wave by a
rectilinear slit in an infinite fluid medium. The results are
in good agreement.

Figure 4. Successive steps of the iterative method. a) Step 0, b,c)
step 1, d) beginning of the second step.

4. Interaction between a bounded beam
and a plane layered structure with a
finite defect on an internal interface:
Iterative Kirchhoff approximation
method

This section aims at explaining the implementation of
Kirchhoff approximation method in the case of the inter-
action of a bounded beam with the structure fluid 0/solid
1/solid 2 which includes a finite-size defect located on in-
terface II. In this problem, two different effects have to be
taken into account: i) the diffraction of a field on a defect
located on an interface using Kirchhoff approximation, ii)
the transmission of a field through all the other healthy
interfaces of the structure. Under this approximation, the
method used here consists in considering separately effects
i) and ii), though the problem could be solved globally,
and then in implementing an iterative method, which is
presented in this section.

The implementation of this iterative method using dis-
placement fields is first given in section 4.1 and some re-
sults are presented in section 4.2.

4.1. Implementation of the iterative method

The consecutive steps of the iterative method are num-
bered from (0) to (n), step (0) corresponding to the trans-
mission through the first interface for the first time, and
subsequent numbers (p) corresponding to the interaction
with the defect for the p-th time.

The principle of the iterative method is applied to
monochromatic fields of displacements, decomposed into
plane waves (see section 2).

It is worth noting that, in order to be more concise, we
chose in this paper, to explicit only the reflection problem
in fluid 0, but similar expressions can be easily obtained
for the transmission problem in solid 2.

4.1.1. Step (0)

The incident field u0,inc is first decomposed into plane
waves using the procedure described in section 2.1 (see
also Figure 4a). The transmitted field u0

1a in solid 1 and
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the reflected field u0
0b can then be obtained (with notations

analogous to those used in equations 18 and 19):

u0
1a(x, z) =

η=L,T

+∞

−∞
A0

1η
(kxe )P 1aη (24)

· exp i kxx + k1zη z − ζ1 dkxe ,

and

u0
0b(x, z) =

+∞

−∞
B0

0 (kxe )P 0b (25)

· exp i kxx − k0z z − ζ1 dkxe ,

where the displacement amplitudes of the longitudinal and
transversal plane waves constituting the transmitted field
u0

1a are denoted respectively A0
1L and A0

1T , and where the
displacement amplitude in fluid 0 is denoted B0

0 . Note that
these amplitudes are deduced from the solving of a linear
system of three equations.

4.1.2. Step (1)

The following step (step 1) consists in studying the inter-
action of the field u0

1a with the interface II on which the
defect is located, considering again the two solid media 1
and 2 as both semi-infinite (see Figure 4b).

Solving the problem of the interaction of the transmit-
ted field u0

1a with a finite-size defect located on the inter-
face II, using Kirchhoff approximation, needs to solve two
preliminary problems of the interaction between the inci-
dent beam and the structure; the first one with the healthy
interface (problem (h)), the second one with an infinite in-
terface yielding the defect behavior (infinite defect, prob-
lem (i)). These problems are solved separately for each
plane wave of amplitude A0

1η
(kxe ) with η = L, T , which

generates waves of amplitudes B1(∗)
1η

(kxe ) propagating in

solid 1 towards z < 0 and waves of amplitudes A1(∗)
2η

(kxe )
propagating in solid 2 towards z > 0, with η = L, T and
(∗) = (h), (i).

Similarly to what has been done in section 3 (see equa-
tion 22), the scattered field u

1(s)
1b can be introduced for the

reflection problem, and its approximated values can be cal-
culated on interface II at z = ζ2. It should be noticed that
here, contrary to section 3, the calculation is not performed
for each plane wave, but straightforwardly for bounded
beams, in order to minimize computation time.

In other words, similarly to equations (23), the reemis-
sion data can be written as

u
1(s)
1b (x, z = ζ2) = 0 outside the defect, (26a)

u
1(s)
1b (x, z = ζ2) = u

1(i)
1b (x, z = ζ2) − u

1(h)
1b (x, z = ζ2) (26b)

on the defect,

where, using the notations of equation (19),

u
1(∗)
1b (x, z = ζ2) =

η=L,T

+∞

−∞
B

1(∗)
1η

(kxe )P 1bη (27)

· exp ikxx dkxe , (∗) = (h), (i).

It should be noted that it is useless to calculate integrals
(27) for abscissa x which do not belong to the definition
domain of the defect, since the scattered field is zero out-
side the defect (see equation 26a).

Once the reemission data u
1(s)
1b (x, z = ζ2) are calcu-

lated on the defect, the latter behaves like a passive emit-
ter in a baffle and thus, the scattering problem may be
solved by a method similar to the decomposition of the
incident beam using Fourier integrals (see section 2.1).
As this decomposition is done here in an isotropic solid
medium, each plane wave can be either longitudinal or
transversal, their corresponding displacement amplitudes
being denoted respectively B1(s)

1L and B1(s)
1T for the propa-

gation in solid 1. It should be noted that, due to the fact
that the re-emission data are given on interface II, which
is parallel to x-axis, the plane wave decomposition is per-
formed through a Fourier Transform with respect to the x
variable, so that the obtained amplitudes depends directly
on kx (and no longer on kxe ). Therefore, the subsequent
integrations will be done using kx (instead of kxe ).

In other words, the propagation in solid 1 of the re-
emitted field can be written as (with notations analogous
to those used in equation 19):

u
1(s)
1b (x, z) =

η=L,T

+∞

−∞
B

1(s)
1η

P 1bη (28)

· exp − ik1zη z − ζ2 exp ikxx dkx,

which permits to deduce the amplitudes B1(s)
1η

(kx), simi-
larly to equation (5), through the inverse Fourier transform
system

η=L,T

B
1(s)
1η

(kx)P 1bη = (29)

1
2π

+∞

−∞
u

1(s)
1b (x, z = ζ2) exp − ikxx dx,

where this integral has its integration domain limited to the
defect, since the data are zero outside (equation 26). Equa-
tion (29) is a linear system of two equations (coming from
their projections on x- and z-axis) with the two unknowns
B

1(s)
1η

, η = L, T .

A similar reasoning leads to the scattered field u
1(s)
2a and

to expression of amplitudes A1(s)
2η

, η = L − T , in solid 2.

At this stage, the scattered field u
1(s)
1b is known in layer

1. Thus, the total interaction term u
1(k)
1b in layer 1 for step

1, under Kirchhoff approximation, can be written, for this
step 1, as the summation of the scattered field u

1(s)
1b and of

the field u
1(h)
1b in the healthy structure (see equation 22):

u
1(k)
1b = u

1(h)
1b + u

1(s)
1b . (30)

However, it should be noted that the Fourier integrals (27)
and (28) which express each term of the right hand side
of equation (30) are calculated using different integration
variables: kxe for u1(h)

1b and kx for u1(s)
1b .
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These Fourier transforms are now used in order to calcu-
late the interaction of each field with interface I. Each scat-
tered plane wave with amplitude B1(s)

1η
(kx) propagating in

solid 1 towards z < 0 is now an incident wave for interface
I between fluid 0 and solid 1, which generates “transmit-
ted” waves with amplitudes B1(s)

0 (kx) in fluid 0 and “re-
flected” waves with amplitudes A1(s)

1η
(kx) in solid 1 (see

Figure 4c). These amplitudes are deduced from the three
classical boundary conditions for plane waves at z = ζ1.
The same reasoning can be done for each “incident” plane
wave with amplitudes B1(h)

1η
(kxe ) coming from the prob-

lem for a healthy interface II, which generates waves of
amplitudes B1(h)

0 (kxe ) in fluid 0 and A1(h)
1η

(kxe ) in solid 1.

4.1.3. Step (2) and following steps

The field u
1(k)
1a can now be considered as an incident field

for interface II with the defect (see Figure 4d).
In the same way as for the calculation in the step 0 of

the wave amplitude A0
1η

(kxe ), each plane wave with am-

plitudes A1(s)
1η

(kx) and A1(h)
1η

(kxe ) interacts with interface II
including the finite-size defect. In the same manner as in
step 1 (see section 4.1.2), two preliminary problems have
to be solved in order to obtain the re-emission data on in-
terface II: the problem (h) for a healthy interface II and the
problem (i) with an infinite defect on interface II.
• The amplitudes of the waves generated by the problem

(h) (resp. (i)), when the scattered field with amplitudes
A

1(s)
1η

(kx) is the incident field on interface II, are respec-

tively denoted B2(h)(s)
1η

(kx) and B2(i)(s)
1η

(kx), where the
superscript “2” stands for “second step”.

• The amplitudes of the waves generated by the problem
(h) (resp. (i)), when the “healthy” field with amplitudes
A

1(h)
1η

(kxe ) is the incident field on interface II, are re-

spectively denoted B2(h)(h)
1η

(kxe ) and B2(i)(h)
1η

(kxe ), where
the superscript “2” stands for “second step”. It should
be noted that, here, these amplitudes depend on kxe .

Similarly to equations (26), but here for the second step,
the reemission data can be written as

u
2(s)
1b (x, z = ζ2) = 0 outside the defect, (31a)

u
2(s)
1b (x, z = ζ2) = u

2(i)
1b (x, z = ζ2) − u

2(h)
1b (x, z = ζ2) (31b)

on the defect,

where

u
2(∗)
1b (x, z = ζ2) = (32)

u
2(∗)(s)
1b (x, z = ζ2) + u

2(∗)(h)
1b (x, z = ζ2), (∗) = (h), (i),

and where, using the notations of equation (27),

u
2(∗)(h)
1b (x, z = ζ2) =

η=L,T

+∞

−∞
B

2(∗)(h)
1η

(kxe )P 1bη (33)

· exp ikxx dkxe ,

(∗) = (h), (i),
and

u
2(∗)(s)
1b (x, z = ζ2) =

η=L,T

+∞

−∞
B

2(∗)(s)
1η

(kxe )P 1bη (34)

· exp ikxx dkxe ,

(∗) = (h), (i).

Now, the re-emission data are calculated, and the scattered
field u

2(s)
1b can be calculated in the same manner as in the

previous step, using the decomposition into plane waves,
which permits to calculate the interaction with interface
I. A similar reasoning leads to the scattered field u

2(s)
2a in

solid 2. This ends step 2.
The calculation process for the next steps follows ex-

actly the same scheme as for the step 2.
It may be noted that in order to avoid, at each step, the

coexistence of amplitudes which depend on kx and on kxe ,
a Fourier transform on the interface II, from the variable
x to a new variable kx may be performed for the healthy
structure solution, since for a bounded beam, the values
of the field on the interface, as a function of x, admit a
Fourier Transform. However, this simplifying procedure
introduces some numerical error and it is preferable to ap-
ply it only after some steps of the iterative process. In the
results presented in section 4.2, it has been applied at the
second step only (see equation 40).

4.1.4. End of the iterative process and final result
The upper order iteration corresponds to the n-th approx-
imate re-emitted field u

n(k)
0b , considering its pressure field

P
n(k)
0b in the fluid 0, which gets out the physical (x, z) do-

main numerically defined by the user, or it is given by the
condition which expresses that the quadratic mean value
of this pressure becomes less than a small value ε such
that

1

N PincP̄inc

N

r=1

P
n(k)
0b (xr, ζ)P̄

n(k)
0b (xr, ζ) < ε, (35)

where Pinc is the incident pressure at the centre of the emit-
ter (in order to normalize the pressure P n(k)

0b ), N is the
number of samples for describing the variable x, xr is the
r-th sample for x, X̄ is the complex conjugate of X, with
ζ = 0.75a (see Figure 1), ε being usually taken equal to
10−4. The number n of iterations clearly depends on the
incident angle of the acoustic beam and on the location of
the defect.

The final approximated reflected field in fluid 0 under
Kirchhoff approximation is then given by

u
(k)
0b = u0

0b +
n

p=1

u
p(k)
0b , (36)

with

u
p(k)
0b = u

p(h)
0b + u

p(s)
0b , p = 1, . . . , n, (37)

which yields

u
(k)
0b = u0

0b +
n

p=1

u
p(h)
0b +

n

p=1

u
p(s)
0b , (38)
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i.e.

u
(k)
0b = u

(h)
0b + u

(s)
0b . (39)

It should be noted that the field u
(s)
0b , which represents here

the sum of all the partial scattered fields at each step, may
be different from the scattered field which could be ob-
tained straightforwardly by a global method (see [38]). In
this latter method, parasite echoes could be produced on
the defect.

The reflected pressure fields P (∗)
0b in fluid 0, correspond-

ing to the problems for a healthy interface II [(∗) = (h)],
or for a defect on interface II either of infinite extent
[(∗) = (i)], or of finite extent [(∗) = (k)] under Kirch-
hoff approximation, are then given by

P
(∗)
0b (x, z) = −iρ0ωV0

+∞

−∞
B

(∗)
0 (kxe ) (40a)

· exp − ik0z z − ζ1 exp ikxx dkxe ,

(∗) = (h), (i),

P
(k)
0b (x, z) = −iρ0ωV0 (40b)

·
+∞

−∞
B0

0 (kxe ) exp − ik0z z − ζ1 exp ikxx dkxe

+
+∞

−∞
B

1(h)
0 (kxe ) exp − ik0z z − ζ1 exp ikxx dkxe

+
+∞

−∞
B

1(s)
0 (kxe ) exp − ik0z z − ζ1 exp ikxx dkx

+
+∞

−∞

N

p=2

B
p(k)
0 (kx) exp − ik0z z − ζ1

· exp ikxx dkx ,

with, similar to equation (37),

B
p(k)
0 = B

p(h)
0 + Bp(s)0 , p = 2, . . . , n. (40c)

Note that kx is the integration variable in the last two inte-
grals of equation (40b), whereas it is understood as a func-
tion of the integration variable kxe in the first two ones.

4.2. Results and comparisons between healthy and
non-healthy fluid/solid/solid structures

This section aims at providing some results for the same
structure as that studied in section 2.4 (Figure 3), but in-
cluding here a finite-size defect of length 2L (full delam-
inating), located on the interface II defined by d (see Fig-
ure 1). The adimensional characteristics of each medium
are given in Table I.

The cartographies present, like in section 2.4, the mod-
ulus of the normalized complex z-component Tαzz/Pinc
(α = 0, 1, 2) of the stress vector when an incident
beam (adimensional frequency k0a = 100) interacts with
the structure fluid 0/solid 1/solid 2. The cuts in fluid 0
show the normalized reflected pressure moduli |P (∗)

0b |/Pinc
(given by equation 40) in a plane parallel to the interfaces

(b)

(a)

Figure 5. Incident beam such that θ = 9◦. a) Cartography of the
modulus of the normalized stress Tαzz/Pinc (α = 0, 1, 2) for a
structure with a defect such that 2L/a = 9 and d/a = 1.25. b)
Modulus of the normalized reflected pressure |P (∗)

0b |/Pinc in fluid
0, for a cut at ζ/a = 0.75. Thin solid line (∗) = (h), dotted line
(∗) = (i) and thick solid line (∗) = (k).

(ζ/a = 0.75) as a function of x/a (see Figure 1): thin solid
line for an healthy interface II (∗) = (h), dotted line for an
infinite defect (∗) = (i) on interface II, and thick solid line
for a finite size defect (∗) = (k) on interface II.

4.2.1. Influence of the incidence and of the length of
the defect

The comparison between the cartography which corre-
sponds to a finite-size defect on interface II and θ = 9◦

(Figure 5a) and the cartography which corresponds to the
healthy structure in the same conditions (Figure 3a) show
that the transmission through the interface II by the field is
strongly modified by to the presence of the defect, which
causes more reflections in layer 1, and that a shadow re-
gion behind the defect is observed in solid 2. Moreover,
for a finite-length defect, diffraction effects appear on the
reflected pressure P (k)

0b (thick solid curve on Figure 5b).
As expected, this curve is closed to the thin solid curve
corresponding to the reflected pressure P (h)

0b as long as the
beam does not encounter the defect, and follows the dotted
curve corresponding to the reflected pressure P (i)

0b when the
beam encounters the defect. The differences between the
fields are significant enough to allow a good detection of
the defect.
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(b)

(a)

Figure 6. Incident beam such that θ = 12.82◦. a) Cartography of
the modulus of the normalized stress Tαzz/Pinc (α = 0, 1, 2) for
a structure with a defect such that 2L/a = 9 and d/a = 3.5. b)
Modulus of the normalized reflected pressure |P (∗)

0b |/Pinc in fluid
0, for a cut at ζ/a = 0.75. Thin solid line (∗) = (h), dotted line
(∗) = (i) and thick solid line (∗) = (k).

If a Lamb mode can propagate in the structure with an
infinite defect on interface II, and if the length of the defect
is long enough, it is also possible to create a Lamb mode
between interface I and the defect (Figures 6, θ = 12.82◦).
The propagation of a symmetric Lamb mode in the layer
1 and its re-radiation in fluid 0 can be observed on Fig-
ure 7a). Due to the length of the defect (2L = 9a), the
curves corresponding to the reflected pressures P (k)

0b and
P

(i)
0b (Figure 6b) are very close, except at the end of the

defect, where diffraction effects on the right edge of the
defect appear. The strong trough in the pressure profile is
a classical feature when a Rayleigh wave or a Lamb wave
is generated.

4.2.2. Convergence rate of the iterative process

This section aims at providing some explanations on the
convergence rate of the iterative method, complementary
to those already given in section 4.1.4. As explained in
that section, the successive iterations take place until the
n-th approximate re-emitted displacement field u

n(k)
0b in the

fluid 0 or the associated pressure gets out of the physical
(x, z) domain numerically defined by the user, or when
the n-th re-emitted quadratic mean value of the pressure
field becomes less than a small value ε (see equation 35).

(b)

(a)

Figure 7. Convergence of the iterative method, L = a. a)
Quadratic mean given by equation (26) as a function of the num-
ber n of iterations. Thin solid line with open circles θ = 0◦, d =
0. Thick solid line with closed diamonds θ = 9◦, d/a = 0.1584.
Dotted line with closed squares θ = 11◦, d/a = 0.1. b) Modulus
of the normalized reflected pressure |P (k)

0b |/Pinc under Kirchhoff
approximation in fluid 0, for a cut at ζ/a = 0.75, when θ = 9◦.
Thin solid line: 13 iterations, dotted line: 4 iterations, thick solid
line: 2 iterations.

Figure 7a shows the quadratic mean value of the pressure
given by the left hand side of equation (35) as a function of
the number of iterations, for the same structure, but with
three different incident angles: thin solid line with open
circles for θ = 0◦, thick solid line with closed diamonds
for θ = 9◦, and dotted line with closed squares for θ = 11◦.
The locations of the defect have been chosen in each case
such that the point O corresponding to the impact of the
incident beam axis on interface I (see Figure 1) be located
at the same abscissa than the centre of the defect. It can
be observed on Figure 7a that the convergence of the iter-
ative process is faster when θ = 11◦ and θ = 9◦ than when
θ = 0◦ because, for normal incidence, the acoustic field
oscillates between interfaces I and II, and the loss of en-
ergy is only due to the successive reflections on these inter-
faces. On the contrary, at incidences θ = 9◦ and θ = 11◦,
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there are of course successive reflections, but these reflec-
tions gradually shift the dominant values of the field out-
side of the computation window in the physical space. This
means that, for normal incidence, the convergence rate is
only due to the convergence rate of the geometric series
(see the beginning of section 2.2.2.), and for a non-normal
incidence, the convergence rate may result from the fact
that the field get out the computation window. Moreover,
it can be observed that the thick solid line corresponding
to θ = 9◦ presents an increase for the third iteration: this
is due to the fact that, at this step, the beam interacts com-
pletely with the defect, whereas at former steps, a part of
the beam did not encounter the defect.

Figure 7b presents the reflected fields P (k)
0b in fluid 0 for

2, 4 and 13 iterations, when θ = 9◦, showing that the con-
vergence is nearly reached after 4 iterations.

4.2.3. Influence of the location of the defect

Results presented on Figures 8 correspond to the same
configuration as that of Figure 5, except that the location of
the defect is translated along the interface II: d/a = 1.25
for Figure 5, d/a = 0.75 for Figure 8a, d/a = 1.75 for
Figure 8b, and d/a = 2.75 for Figure 8c (see Figure 1 for
the geometry and the definition of d).

When d/a = 2.75 (Figure 8c), the effect of the defect,
slightly visible, is only due to the diffraction coming from
the left edge of the defect. When d/a = 0.75 (Figure 8a),
the defect is clearly visible, the main part of the reflected
field P (k)

0b (thick solid line) is close to the field P (i)
0b (dotted

line), and the effects of the diffraction on both edges of the
defect appear clearly. When d/a = 1.75 (Figure 8b), the
amplitude of the reflected field P (k)

0b (thick solid line) co-
incides partially with the amplitude of the field P (h)

0b (thin
solid line) for the healthy structure, except where effects
of diffraction on the left edge of the defect appear (the
diffraction field coming from the right edge is slightly vis-
ible).

5. Conclusions

An iterative method, based upon both the decomposition
of the fields into plane waves and a “passive re-emission”
method under Kirchhoff approximation, has been devel-
oped in order to solve the problem of interaction between
an ultrasonic bounded beam, emitted by a plane trans-
ducer, and a defect located on the plane interface between
the two solids of a fluid / solid / solid structure.

A comparison between the results provided by this
method and by the Geometrical Theory of Diffraction
(both adequate in the high frequency range) for a defect
located in a fluid, shows a good agreement in a large fre-
quency range and for every incident angles of interest, to
estimate the validity of this new method.

The main advantage of the method is to reduce dras-
tically the time needed to provide cartographies of the
acoustic fields in the physical space (less than one minute

(c)

(b)

(a)

Figure 8. Modulus of the normalized reflected pressure |P (∗)
0b |

/Pinc in fluid 0. Thin solid line (∗) = (h), dotted line (∗) = (i)
and thick solid line (∗) = (k). θ = 9◦, ζ/a = 0.75, 2L/a = 2.5.
a) d/a = 0.75, b) d/a = 1.75, c) d/a = 2.75.

on a usual personal computer), which would be of inter-
est when treating complex situations as those usually com-
puted using finite element methods (current packages).

This improvement results mainly from using simple
classical trapezoid method associated to a matrix formal-
ism to calculate the spatial Fourier integrals, which avoids
constraints between the set of integration variables (wave
number components) and the spatial variables chosen for
the representation area in the physical space. It is then pos-
sible to very easily obtain acoustic field cartographies or
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cuts of the pressure in the external fluid along a plane par-
allel to the interfaces, showing more particularly the ef-
fects of the influence of the defect on the propagation of
the ultrasonic beam in the structure (in comparison with
the case of the healthy structure).

The iterative process used stops when the quadratic
mean value of the re-emitted pressure, for the running step,
is less than a prescribed small value. It has been shown
that the convergence rate of the method depends on the
incident angle of the beam: the convergence is slower for
normal or quasi-normal incidences. So, in this case, it may
be preferable to use a direct method for the computation of
the fields [38]. In contrast, the convergence may be faster
when the incident angle reaches any non vanishing values,
since after several iterations, the predominant values of the
pressure field are found outside of the representation area,
due to the successive reflections on the interfaces an on
the defect. It has been shown that in this case, the iterative
method is better adapted than a direct method.

A number of geometrical configurations have been stud-
ied. For rather long defects (delaminations), a Lamb wave
may be generated between the defect and the upper in-
terface. The location of the defect with respect to the im-
pact zone of the beam has a great influence on the pressure
pattern in the fluid. If the defect is near the impact zone,
the pressure field may be quite the same as for a structure
with an infinite delamination in the case of a narrow beam.
On the contrary, when the defect is far from the impact
zone, in the “downstream” direction, a number of succes-
sive reflections may be necessary to reach the defect in
this situation, a direct method would give a wrong result.
Between these two extreme cases, the pressure field val-
ues alternate between those obtained for the structure with
an infinite delamination and those obtained for the healthy
structure, with transition zones yielding diffraction effects
on the edges of the defect.
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