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Summary
The aim of this paper is to express in a correct manner the radiation conditions in terms of Floquet waves in an
infinite anisotropic periodically multilayered medium. These waves are linear combinations of the classical plane waves
propagating in each layer of the medium and are defined by the eigen vectors of the transfer matrix of the unit cell of the
medium, termed "period". As the propagation reference of each Floquet wave is only known at each interface separating
two successive periods (stroboscopic effect), the correspondingpseudo Floquet wave number which thus can be defined
just gives an apparent propagation direction and not the effective propagation direction of a propagative Floquet wave.
The propagation direction for each propagative Floquet wave is given by the sign of its normal power flux, involving
its corresponding eigen vector. The problem is first analysed in isotropic periodically multilayered media with normal
incidence and then extended to anisotropic periodically multilayered media.

PACS no. 43.20.Fn, 43.35.Cg

1. Introduction

Ultrasonic propagation through multilayered media has be-
come a subject of intensive study in the last few years. Gener-
ally speaking, multilayered media are made up by the stack-
ing of distinct anisotropic media. Here, we are interested in
anisotropic periodically multilayered media, bounded by a
first layer which is contiguous to some fluid continuous half
space. Such media are composed of an anisotropic multilay-
ered medium cell, called "period" or "superlayer", which is P
times repeated. These media are now studied by use of propa-
gator matrices [1, 2, 3, 4, 5]: the transfer matrix of one period
can be found from the boundary conditions at each interface
separating two successive layers. It allows the displacement
and stress vector at the interface separating two successive
periods (i.e. a period interface) to be expressed as a function
of that at the previous period interface. The transfer matrix
eigen vectors lead to the Floquet waves. These waves are lin-
ear combinations of the classical plane waves propagating in
each layer of the multilayered medium [6, 7, 8, 9, 10, 11, 12].
Though they are not plane waves in general, these particular
solutions play the role of plane waves for infinite periodi-
cally multilayered media: any solution may be expressed as
a linear combination of these waves. This permits to go from
one period interface to another one by means of a diagonal
matrix. As an extensive background has already been done in
previous papers [13, 14, 15, 16, 17], we will not do it again.
Nevertheless, it is worth mentioning the main contributions
to the study of the propagation direction of the Floquet waves
(see section 2.3).

The aim of the paper is to express in a correct manner the
radiation conditions for Floquet waves in a infinite periodi-
cally multilayered medium, in order to solve the reflection-
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transmission problem of a periodically semi-infinite strati-
fied structure. Many studies deal with a wave propagation
in a direction parallel to the layers (see [12] and references
contained therein). In this case, by using continuum mixture
equations, the composite medium is replaced by a homoge-
neous, yet dispersive medium. In the case of this paper, the
discontinuous character of the structure is conserved at any
scale (except for the low frequency domain of homogenisa-
tion), and the waves we consider here partly propagate in the
direction perpendicular to the layers. In this case, the phys-
ical feature of the radiation condition is not obvious, since
the bulk waves are indefinitely reflected on the interfaces as
they propagate far and far in the medium.

Section 2 recalls the basic problem of radiation condi-
tions for homogeneous media and sets the problem for mul-
tilayered media. The purpose of section 3 is to show in the
simplest case of one-dimensional medium how to write the
correct radiation condition. Finally, the calculus is extended
to the case of general anisotropic periodically multilayered
media in section 4.

2. The basic problem of radiation conditions for
multilayered media

Since Sommerfeld’s work, it is well known that the solu-
tion of monochromatic propagation problems in (partly) un-
bounded media involves extra conditions at infinity. These
conditions express the fact that the elementary solutions
(monopoles or plane waves) which are involved in the inte-
gral representation of the field do propagate towards infinity,
so excluding any reflection in the boundlessness directions.
We focus here on the radiation conditions for plane waves
since these waves are the basic concept in the case of multi-
layered media. Subsequently, the harmonic time dependence
convention will bee+i!t.
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2.1. The homogeneous case

When the unbounded space region is a homogeneous
medium, there is no real difficulty in writing the expected
radiation condition since the plane waves propagate in the
medium at infinity. The problem then reduces to sort out the
progressive plane waves which may be considered as propa-
gating towards infinity, among all the possible waves.

In the case of an absorbing material, the amplitude of the
generalised progressive plane waves decreases in the direc-
tion they propagate and a simple argument of boundedness
gives the actual condition. If there is no absorption, the ar-
gument may be a little more subtle since the wave amplitude
phase has to be examined. For an isotropic medium, the ra-
diation condition is classically based on the direction of the
wave vector. In fact, in this simple case, phase velocity di-
rection and energy velocity direction are the same.

However, in the anisotropic case, these two directions are
different in general and the choice must be done between
either looking at the phase velocity direction or studying the
propagation direction of the plane wave energy (Poynting
vector or group velocity) [18, 19, 20]. It is clear that this last
point of view is the right one. For example, let us consider the
case of the reflection- transmission at the interface separating
two distinct semi-infinite media, one of which is anisotropic.
Then it may be shown that for some configurations, a radi-
ation condition based on the wave vector would lead to a
reflection coefficient with a magnitude greater than one. In
particular, this situation occurs when the slowness surfaces
of the anisotropic medium present inflexion points [21, 22].

2.2. The case of a stratified medium

When the medium which extends to infinity is no longer ho-
mogeneous, writing a consistent radiation condition becomes
a real problem which may have no solution. Indeed, the scat-
tering of waves by the inhomogeneities prevents progressive
plane waves from existing in the medium, even at infinity.

When the wave length is much longer than the charac-
teristic length of the inhomogeneity, the difficulty may be
bypassed: for low frequency wave propagation, the inhomo-
geneous medium may be replaced by an equivalent homoge-
neous medium for which progressive plane waves do exist
again and may be used to express radiation conditions.

Apart from the validity domain of homogenisation, there
is no general method to express te radiation condition in the
infinite medium. The difficulty is clearly enlightened in the
case of an infinite plane multilayered medium. Indeed, at each
interface separating two successive layers, any progressive
plane wave undergoes a reflection effect, so that forwards and
backwards progressive waves are simultaneously present in
the layers at more and more far-off distances. If the layered
medium does not follow a particular law for the stacking
of the layers, then writing a radiation condition becomes
an unsolvable problem. Indeed, the monochromatic hypoth-
esis assumes that a transient propagation phenomenon has
evolved for an infinite time. In the present case, no final sit-
uation may be reached by a transient wave since as long as it
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Figure 1. Geometry of the infinite periodically anisotropic multilay-
ered medium.

propagates towards infinity, the wave front encounters new
and new structural configurations.

2.3. The case of an infinite periodically multilayered
medium

Fortunately, when an infinite multilayered medium presents
a periodic law for the order of its layers, it will be seen
subsequently that it is possible to express radiation conditions
(see Figure 1 for the geometry of the medium). Same way as
in the general case of an infinite multilayered medium (see
section 2.2), no progressive wave is available at infinity and
other basic solutions have to be found in order to express
radiation condition. These basic solutions are the so-called
Floquet waves which are particular arrangements of forward
and backward plane waves in each layer.

Floquet waves are the eigen solutions of the transfer matrix
� of the unit cell of the periodic medium. For such solutions,
the physical field variables are simultaneously multiplied by
the same number� (the relevant eigen value) when they are
compared upon a distance equal to the length h of the period
in the direction normal to the layers. In general, the eigen
values of the matrix� are different so that the Floquet waves
are independent solutions. As a consequence, for a given
incidence, the general solution in the multilayered medium
may be expressed as a linear combination of these eigen
solutions. A propagative Floquet wave is obtained when the
eigen value is complex with its magnitude equal to one. In
this case, it may be interesting to write this eigen value in the
form:

� = e�i'; (1)

where' appears as a common phase change in the ampli-
tudes of the physical field variables. When the eigen value
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does not have its magnitude equal to one, the associated Flo-
quet wave is said to be inhomogeneous, as a generalisation of
the so-called inhomogeneous plane waves. The Floquet wave
form leads to interpret the behavior of periodically multilay-
ered media as mechanical filters [2, 23, 24, 25]: the system
does not allow Floquet waves propagation for frequencies in
stopping bands (for a fixed incident angle) or for angles in
stopping bands (for a fixed frequency), though it allows it
for others. These bands correspond to the case where all the
Floquet waves are inhomogeneous.

In order to write the radiation conditions in an infinite
periodically multilayered medium, it is essential to be able
to determine the propagation direction of the Floquet waves.
It is very easy to know the decreasing direction of inho-
mogeneous Floquet waves, since it is found that half of the
Floquet waves have their amplitude which increases expo-
nentially. Then, a simple argument of boundedness of the
solution leads to the choice of Floquet waves the amplitude
of which tends to zero: this is the case when the magnitude
of the eigen value is less than one as it will be seen in section
3.3.1. On the other hand, in the case of propagative Floquet
waves (magnitude of the eigen value equal to one), the def-
inition of the propagation direction is not a so simple task
and the radiation condition can not be deduced from a sin-
gle boundedness argument (see section 3.3.2). In this case,
for the corresponding eigen solution, the physical variables
undergo simultaneously a same change in the phase of their
amplitude upon a distance h normal to the layers. The pe-
riodically multilayered medium could be thus considered as
a homogeneous medium in which the Floquet waves would
propagate. By analogy with homogeneous media, it is tempt-
ing to define a pseudo Floquet wave number in the direction
normal to the layers, by using the phase variation across
each period, and to determine the propagation direction from
the sign of this pseudo Floquet wave number. The pseudo
Floquet wave number� can be defined such that:

' = �h; (2)

whereh is the thickness of one period. Hence, using equation
(1):

� = e�i�h: (3)

However, note that the phase reference comes from a dis-
crete information, namely the field values at the interfaces
separating two successive periods: so it is not a continuous
concept. Moreover, the definition itself of the phase shift'
is subjected to some indeterminacy, since its value is known
only within some additive constant equal to an integer num-
ber times2�. As a consequence, phase data are too poor
to allow the definition of an effective propagation direction.
Therefore, it is not possible to determine the propagation di-
rection of the Floquet wave by examining the pseudo Floquet
wave vector. It happens that several authors [11, 24, 26] did
not see the restrictive side of this stroboscopic effect. The
situation is identical if one wants to determine if a wheel
turns clockwise or anticlockwise, just by flashing it peri-
odically. More inspection is necessary to determine the ac-
tual propagation direction of propagative Floquet waves. For

fluid or isotropic layers, some authors [4, 5, 27, 28] have
bypassed the difficulty by introducing a small absorption in
the medium. In this case, the eigen values of the transfer
matrix are complex but their magnitude is no longer equal
to one. The corresponding Floquet waves are thus always
inhomogeneous. As mentioned above, the decreasing direc-
tion is easily found and permits the radiation conditions to be
written. For propagative Floquet waves, the key was briefly
given by Rousseau and Gatignol [6, 8] for two fluids, and,
afterwards, for isotropic layers in a superlayer: the sign of the
normal power flux of each propagative Floquet wave gives
its propagation direction.

It should be noted that, in the present case of propagative
Floquet waves, this discrepancy between energy velocity and
phase velocity has nothing to do with any anisotropic effect
(see section 2.1): the observation may be displayed on the
simple case of one-dimensional periodic media. For these
simple periodic structures, it may be shown that once out
of two, the energetic propagation direction is opposed to the
propagation direction that would have been deduced from
the study of the pseudo Floquet wave number’s sign.

It should be noted that the same problem would be en-
countered in various types of periodically structures. As an
example, in the case of periodically layered piezoelectric
media, the only difference would be the order of the transfer
matrix which would be changed from(6 � 6) to (8 � 8)
due to the presence of extra two variables form the electric
field [29]. In the case of periodic wave guides, Bradley [30]
refers to Bloch wave functions and points out that the Bloch
wave number (equivalent to the pseudo Floquet wave num-
ber) is multivalued and he does not propose a solution to the
problem, except in the case of the uniform wave guide limit.

3. Floquet waves strobe effect in infinite isotropic
periodically multilayered media

In order to understand why the sign of the real part of the
pseudo Floquet wave vector does not give the Floquet wave
propagation direction, let us now consider the case of normal
incidence propagation in a periodic medium composed with
the reproduction of two isotropic layers. Most of the results
presented in this section have been given by Rousseau and
Gatignol [6, 8] and afterwards by Moukemaha [9]. However,
it seems interesting to us to emphasise some aspects of Flo-
quet wave physical properties and to develop some results
which were just briefly mentioned by these authors.

3.1. Period transfer matrix and Floquet waves

Let us consider a semi infinite fluid 0 in contact with a semi-
infinite stratified medium, atx3 = 0 (see Figure 2). The
stratified medium is a periodically multilayered medium, re-
production of an infinite number of unit cells, termed "peri-
ods", each one made by the stacking of two distinct isotropic
media numbered 1 and 2. As the wave in the fluid 0 prop-
agates with normal incidence, the transmitted waves in the
stratified medium are longitudinal waves.
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Figure 2. Geometry of the periodic medium composed of two
isotropic layers. Normal incidence.
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Define:V0,V1,V2: Velocity of the longitudinal wave prop-
agating in medium 0, 1 or 2.Z0,Z1,Z2: Acoustic impedance
of medium 0, 1 or 2.h1, h2: Thickness of the layers 1 and 2
with h = h1 + h2. �1, �2: Flight time in layers 1 and 2 with
�1 = h1=V1 and�2 = h2=V2. !: Natural angular frequency
of the incident wave (harmonic time dependence convention
e+i!t). zp: co-ordinate with respect to thex3-axis of the in-
terface separating periodp from the next periodp+ 1, with
zp+1 = zp + h andz0 = 0. The corresponding interface
will be termed "period interface".

Let us define the state vectorWp atx3 = zp by:

Wp =

�
wp

Tp

�
; (4)

wherewp andTp are the normal displacement and stress at
x3 = zp.

The use of the boundary conditions, at the interface sepa-
rating two successive layers, i.e. equalling stresses and dis-
placements, leads to expressWp+1 at zp+1 as a function of

Wp atzp, by means of a matricial relation (see corresponding
calculus in Appendix A1):

Wp+1 = �Wp; (5)

where� is the period transfer matrix. In the simple case
considered in this section,� is a (2�2) matrix.

As a consequence, whatever the state vectorWp at zp,
the state vectorWp+1 at the next period interfacezp+1 can
be deduced from the matricial relation (5). Among all the
possible state vectorsWp, some are particular: these vectors
are the eigen vectors(�)V of the matrix� and define the
Floquet waves. They are such that:

�V = �V : (6)

Here, as the matrix� is of the 2nd-order, there are two eigen
values(1)� and(2)� such that:

(1)V = (1)� (1)V and (2)V = (2)� (2)V : (7)

As a consequence, if the state vector is proportional to the
particular state vector(�)V (� = 1; 2) atzp, the state vector at
the next period interfacezp+1 will be obtained from equation
(5), withV instead ofW :

(�)Vp+1 = �
(�)Vp; (8)

which reads, using equation (6):

(�)Vp+1 = (�)� (�)Vp: (9)

This is summarised in Figure 3.
Since the eigen values of the transfer matrix are distinct,

the eigen vectors of the matrix are independent. As a conse-
quence, the Floquet waves are independent solutions so that,
for any solution, the state vectorWp atzp may be expressed
as a linear combination of the eigen vectors(1)V and(2)V :

Wp = (1)Fp (1)V + (2)Fp (2)V ; (10)

with
�
(1)Fp; (2)Fp

�
2 C2;

and by omitting thee+i!t factor.
According to equations (5), (7) and (9), it is possible to

obtain:

Wp+1= �Wp= (1)Fp (1)� (1)V + (2)Fp (2)� (2)V : (11)

By identification with equation (9) with(p + 1) in place of
p, the Floquet amplitudes at the period interfacezp+1 are
deduced from those at the previous period interfacezp by the
following relation:

(�)Fp+1 = (�)� (�)Fp; � = 1; 2: (12)

Step by step, it is possible to obtain:

(�)Fp =
�
(�)�

�p (�)F0; � = 1; 2: (13)

Hence, using equations (10) and (13):

Wp = (1)F0
�
(1)�

�p (1)V + (2)F0
�
(2)�

�p (2)V : (14)
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When(�)� is written in the following form:

(�)� = e�i
(�)'; (15)

with (�)' a linear function of the thickness of a period,Wp

can be seen as the solution of a differential equation with
constant coefficients, which is a very simple application of
Floquet’s theorem (see Appendix A2).

3.2. Period transfer matrix eigen values

The eigen values of� are the same as those of any similar
matrix of� . Let us define the period transfer matrix� of the
amplitudes such that:

Ap+1 = �Ap; (16)

whereAp is the displacement amplitude vector such that:

Ap =

�
(1)ap

(2)ap

�
; (17)

with (1)ap and(2)ap the displacement amplitudes of the clas-
sical longitudinal plane waves propagating up and down in
the first layer of the periodp. Their phase origin reference is
taken atx3 = zp�1.
� and� are similar matrices, both period transfer matri-

ces, related by the following relation:

� =
�
B1

��1

�B1; (18)

In the particular case we are interested in,� has the following
form [6, 8, 9]:

� =

�
� 


� ��

�
; (19)

where� denotes the complex conjugate. The expressions of
�, 
 andB1 are given in Appendix A1.

It can be shown [6, 8, 9] that the eigen values of the transfer
matrix�, which are identical to those of the� matrix, are
solutions of the following equation:

�2 � 2<e(�)�+ 1 = 0; (20)

which gives
(�)� = <e(�)�

p
<e(�)2 � 1; � = 1; 2: (21)

The corresponding eigen vectors of� are:

(�)� =

�



(�)�� �

�
; � = 1; 2; (22)

and are related to the eigen vectors of� by the relation:

(�)V = B1(�)�: � = 1; 2; (23)

From equation (A12) given in the Appendix, according to the
variations of� as a function of the natural frequency!, four
zones in the complex plane [6, 9] can be defined (see Figure
4, with Z1 = 4:8MRayl, h1 = 0:13mm,V1 = 3000m/s,
Z2 = 3MRayl, h2 = 0:013mm andV2 = 2500m/s, rep-
resentative values for carbon/epoxy). In zones I and II, the
eigen values(1)� and(2)� have unit magnitude and are com-
plexe conjugates: the Floquet waves are thus propagative. In
zones III and IV, the eigen values(1)� and(2)� are real and
reciprocal: the Floquet waves are thus evanescent.
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z
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Figure 4. Representation of� in the complex plane, when the fre-
quency varies from 0 to 50 MHz.

3.3. Strobe effect of Floquet waves

In each layer, there are two classical plane waves: one propa-
gates in thex3 > 0 direction, and the other propagates in the
opposite direction. As the Floquet waves are a linear combi-
nation of these two plane waves, the linear combination being
different according to the layer, it is not possible, a priori,
to assign a propagation direction to the Floquet waves. In-
deed, from the wave propagation point of view, the multiple
reflections on each interface do not give any information on
the propagation direction. In the case of evanescent Floquet
waves, the radiation condition is very easy to write (see sec-
tion 3.3.1). But, in the case of propagative Floquet waves, the
normal power flux of each Floquet wave has to be calculated
(see section 3.3.2)

3.3.1. The case of evanescent Floquet waves

Take(1)� and(2)� such thatj(1)�j < 1 andj(2)�j > 1.
From equation (12) it can be seen that at each interface

separating two successive superlayers, the amplitude(1)F0

is multiplied by (1)� of magnitude less than one: thus, the
amplitude of this Floquet wave decreases in an exponential
way in the directionx3 > 0. On the contrary, the ampli-
tude (2)F0 is multiplied by (2)� of magnitude greater than
one: thus, the amplitude of this Floquet wave increases in
an exponential way in the directionx3 > 0. Therefore, the
radiation condition consists in keeping the Floquet wave for
which the amplitude decreases at infinity, that is to say such
that j(1)�j < 1.

3.3.2. The case of propagative Floquet waves

We have seen in section 3.1 that for a Floquet wave, the
state vector at the period interfacezp+1 is obtained by a
simple multiplication of the state vector at the previous period
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interfacezp:

(�)Vp+1 = (�)� (�)Vp; � = 1; 2; (24)

where here,(�)� is complex with magnitude equal to one.
As the two interfaces are separated by distanceh, by anal-

ogy with the propagation in homogeneous media, a pseudo
Floquet wave number vector(�)� can thus be defined by the
following relation:

(�)� = e�i
(�)�h; � = 1; 2: (25)

(�)� is not determined from equation (25) in only one way.
Indeed,

(�)� = �
arg

�
(�)�

�
modulo2�

h
: (26)

The authors quoted below have fixed(�)� by taking

�� � arg((�)�) � +�:

Through this convention, they consider that a Floquet wave
(�) propagates in the directionx3 > 0 when (�)� > 0,
whereas it propagates in the opposite direction when(�)� <
0. However, one must be conscious of the conventional as-
pect of this definition since(�)� would have different signs
for different choices. Thus, due to the indeterminacy on the
value of(�)�, it is illusory to try to define a phase velocity.
Indeed, if(�)� > 0, the corresponding Floquet wave would
propagate in thex3 > 0 direction, but only in reference to
points A and B, at each interface separating two successive
superlayers (see Figure 5). In fact, it should be noticed that
the multiplying factor between the state vector at a distancex
from point A and the state vector at the point A can not be said

to be equal toe�i
(�)�x. In other words, in general, if an eigen

value of the transfer matrix� of a superlayer ise�i
(�)�h, the

eigen value of the transfer matrix� x is not e�i
(�)�x. This

constitutes the strobe effect of Floquet waves propagation.
Here, the phase information is adiscrete and not continuous

information. As mentioned in the Introduction, the situation
is the same as determining if a wheel turns clockwise or anti-
clockwise, just by flashing it periodically. As a consequence,
the sign of the pseudo Floquet wave number vector(�)� just
gives an apparent propagation direction and not the effective
propagation direction. This is the reason why condition (27),
first given in [24] and later in [26], is not correct to express
the radiation condition in a semi infinite medium:

<e
�
(�)�

�
> 0, arg

�
(�)�

�
< 0,

=m
�
(�)�

�
<e
�
(�)�

� < 0: (27)

Note here that due to the harmonic time dependence con-
ventione+i!t, equation (27) is slightly different in reference
[24] and [26].

Condition (28), given afterwards in [11], by noticing that
if �� � arg((�)�) � +� then the imaginary part of(�)�
has the same sign as its argument, is not correct either:

<e
�
(�)�

�
> 0, arg

�
(�)�

�
< 0, =m

�
(�)�

�
< 0: (28)

We will see in section 3.4 that conditions (27) and (28) lead
to a reflection coefficient of magnitude greater than one.

As mentioned in [6, 8, 9], the right radiation condition is
given by the positive sign of the normal power flux of the
relevant propagative Floquet wave. This power flux can be
calculated by the following relation:

F3 = �
1

4
i!
�
� Tw� + T �w

�
; (29)

wherew andT are the normal displacement and stress.
As far as the Floquet wave(�) is concerned, these dis-

placement and stress are given by the particular state vector
(�)V which is the eigen vector, defined by equations (22) and
(23).

Finally, the normal power flux of each propagative Floquet
wave(�) can be expressed [6, 8] as:

F3 = Z1!
2

�
<e
�
� (�)��

�
� 1

�
: (30)

In zone I (see Figure 4), the Floquet wave which cor-
responds toF3 > 0 is associated to the eigen value
(1)� = <e(�) + i

p
1� [<e(�)]2. In zone II, this is

(2)� = <e(�)�i
p

1� [<e(�)]2. The corresponding calcu-
lus are detailed in Appendixes A3 and A4. It should be noted
that the use of condition (28) would lead to choose(2)� in
both zones I and II.

3.4. Reflection coefficient

Let us note�+ the eigen value associated to the Floquet wave
which propagates(F3 > 0), or decreases in the direction
x3 > 0. The reflection coefficientR in fluid 0 on the semi-
infinite two-layered periodic structure can be expressed by
the following relation [6, 8, 9]:

R =
r01
 + �+ � �


 + r01(�+ � �)
; (31)
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Figure 6. Magnitude of the reflection coefficient using the radiation
condition given by the normal power flux.

wherer01 is the reflection coefficient of the fluid 0 / medium 1
interface:

r01 =
Z1 � Z0

Z1 + Z0

: (32)

The calculus have been performed with the same medium
properties as in Figure 4:Z1 = 4:8MRayl,h1 = 0:13mm,
V1 = 3000m/s,Z2 = 3MRayl, h2 = 0:013mm andV2 =
2500m/s. The fluid 0 is water withZ0 = 1:48MRayl and
V0 = 1480m/s.

The reflection coefficient (see its magnitude in Figure 6)
has been calculated by using, for propagative Floquet waves,
the radiation condition given by the normal power flux. The
magnitude is always less than or equal to one, and stopping
bands can be observed. The comparison of this coefficient
with the coefficient calculated using radiation condition (27)
is shown in Figure 7. It appears clearly that when the two
curves do not coincide, the reflection coefficient is much
greater than one and may tend to infinity. The use of radiation
condition (28) leads to the same conclusions (see Figure 8).
In this case, it can be observed that the calculus is correct
once out of two.

4. Radiation conditions in an infinite anisotropic
periodically multilayered medium

We have just seen for a very simple configuration how the
radiation condition has to be handled in the case of prop-
agative Floquet waves. The aim of this section is to extend
this method to infinite anisotropic periodically multilayered
media.

4.1. Background on transfer matrices

Let us now consider a semi-infinite periodically multilay-
ered medium which is a reproduction of an infinite number
of "periods", each one made up by the stacking ofQ distinct

Figure 7. Comparison of the moduli of the reflection coefficient.
Full line: calculus using the radiation condition given by the normal
power flux ; dotted line: calculus using radiation condition (27).

Figure 8. Comparison of the moduli of the reflection coefficient.
Full line: calculus using the radiation condition given by the normal
power flux ; dotted line: calculus using radiation condition (28).

elastic anisotropic media (see Figure 1). Each layer of the
period may have any thickness. Medium 0 above the peri-
odically multilayered medium is semi-infinite. The study of
the acoustic propagation of waves which are generated by an
oblique incident wave propagating in medium 0 with a prop-
agation vector contained in the(x1x3) plane, as defined in
Figure 1, has been carried out in previous works [13, 14, 15]:
therefore, we will not explain it again with much details but
we will restrict to give the keys to understand what follows.

LetWp be the state vector at the period interfacex3 = zp,
made up of the three components of the displacement vector
~up and the three components(T p

33
; T

p
23
; T

p
13
) of the stress

vector applied to a surface parallel to the interfaces. Further-
more, letAp be the(6 � 1) column vector containing the
displacement amplitude(�)ap of the six classical plane waves
propagating in the first layer of the periodp(1 � � � 6).
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Namely, the state vector is written such that:

Wp =


up
1
; up

2
; up

3
; T p

33
; T p

23
; T p

13

�T
; (33)

and the amplitude vector such that:

Ap =


(1)ap; (2)ap; (3)ap; (4)ap; (5)ap; (6)ap

�T
; (34)

whereT denotes the transpose operation.
The(6� 6) period transfer matrix� for amplitudes vec-

tors as defined in [13] and [14], allows the displacement
amplitudes of the classical plane waves in the first layer of
the period(p + 1) to be expressed as a function of those
in the first layer of the previous period p, by means of the
following matricial relation, already written in section 3.2:

Ap+1 = �Ap: (35)

In the same way, equation (5) which expresses the matricial
relation between the state vectorWp+1 at the period interface
zp+1 and the state vectorWp at the previous period interface
zp remains:

Wp+1 = �Wp; (36)

where� is here of the 6-th order.
It has been seen in section 3.2 that� is related to� by the

following relation:

� =
�
B1

��1

�B1; (37)

whereB1 is here a(6 � 6) matrix which depends only on
the incident wave and on the characteristics of the medium
constituting theq = 1 layer.B1 is defined in reference [14].

4.2. Calculus of the normal power flux of each Floquet
wave

In the same way as in equation (10), section 3.1, the state vec-
torWp atzp can be expressed on the Floquet wave basis as a
linear combination of the six eigen vectors(�)V , 1 � � � 6:

Wp =

6X
�=1

(�)Fp (�)V : (38)

It should be noted that thee�i(k1x1�!t) factor has been
omitted in equation (38),k1 being the projection of the wave
vector of the incident wave on thex1-axis.

As explained in section 3.1, each eigen vector(�)V is a
particular state vectorWp (see equation (33) for the position
of each element in the state vector matrix). As a consequence,
in the following expression of the normal power flux [31]
using Einstein’s convention,

F3 = �
1

4
i!
�
� T3ju

�

j + T �

3juj
�
; (39)

uj , j = 1; 2; 3, correspond to the first three components of
Wp or (�)V andT3j , j = 1; 2; 3 to the last three compo-
nents ofWp or (�)V . Therefore, for each Floquet wave(�),
equation (39) can be written as:

F3 = �
1

4
i!
�
� (�)V6

(�)V�
1
+ (�)V�

6

(�)V1

� (�)V5
(�)V�

2
+ (�)V�

5

(�)V2 (40)

� (�)V4
(�)V�

3
+ (�)V�

4

(�)V3

�
:

Note that if� and# are respectively the eigenvector matrices
of the period transfer matrix of amplitudes� and of the
period matrix of stress-displacement� , they are related by
the following relation:

� = B1#; (41)

� and� being similar matrices as a consequence of equation
(37).

In short, the period transfer matrix of amplitudes� is
first calculated. Then, its eigen values and its eigen vector
matrix are numerically calculated. Next, the eigen vector
matrix of the period transfer matrix of stress-displacement�

is calculated by means of equation (41). Each column(�)V

of this eigen vector matrix corresponds to the state vector
Wp of the Floquet wave associated to the eigen value(�)�.
Finally, the normal power flux of the Floquet wave(�) is
numerically evaluated by means of equation (40).

4.3. Radiation conditions and reflection coefficients for
semi-infinite anisotropic periodically multilayered
media

In the case of the reflection and transmission problem at the
interface separating the fluid and the semi-infinite stratified
medium, radiation conditions have to be written. In the same
way as in section 3.3, in the case of propagative Floquet
waves, the pseudo Floquet wave number associated to each
propagative Floquet wave gives only an apparent propagation
direction. The correct radiation condition is given by the
energy propagation direction of each propagative Floquet
wave.

� In the case of propagative Floquet waves,j(�)�j = 1,
and the radiation condition is given by the choice of the
Floquet wave with:

(�)F3 > 0: (42)

� In the case of inhomogeneous Floquet waves,j(�)�j 6= 1,
and the radiation condition is simply given by the choice:

j(�)�j < 1: (43)

The validity of these radiation conditions is brought to the
fore by calculating reflection coefficients.

By applying conditions (42) or (43), it is possible to choose
the three Floquet waves which propagate or decrease in the
x3 > 0 direction and then to obtain the displacement and
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Table I. Elastic constants in GPa for a carbon/epoxy medium from
reference [33] when the sixth-order symmetryA6 axis is parallel to
the(Ox3) axis.

c11 c12 c13 c33 c44 � (kg/m3)

13.7 7.1 6.7 126 5.8 1577

stress vectorW0 at the first interface atx3 = z0, which
amounts to expressing the radiation condition:

W0 =

6X
�=1

(�)F0+ (�)V+; (44)

where (�)F0+ and (�)V+, (� = 1; 2; 3), are respectively
the amplitudes and the eigen vectors associated to each of
these three Floquet waves. Note that the Floquet amplitudes
are referenced atx3 = z0. It is then possible, by use of
the boundary conditions at the first interface, to calculate
the reflection coefficients. As a result of the good choice
of radiation condition, the calculated reflection coefficient
appears with a magnitude less or equal to one.

The calculus is performed on a medium made up
with stacked identical hexagonal layers of carbon/epoxy,
each one 45� rotated with respect to the previous one
(0�/45�/90�/135� medium). Each layer of this composite
plate is 0.12 mm thick. The elastic constants used in the
model are those determined by Hosten and Castaings [32, 33]
(see Table I). The volumetric mass of each layer is equal
to 1577 kg/m3. The semi-infinite medium above the mul-
tilayered medium is water: the volumetric mass is equal to
1000 kg/m3 and the velocity of the longitudinal wave is equal
to 1480m/s. The reflection coefficient which magnitude is
presented in Figure 9a) has been calculated for a frequency
equal to 3 MHz. It is possible to see on Figure 9b) that the
stopping bands correspond to Floquet waves which are all
inhomogeneous. Note that around 35�, one Floquet wave is
propagative. Though the corresponding magnitude of the re-
flection coefficient on Figure 9a) seems to be equal to one, it
is less than one.

5. Conclusion

The aim of this paper was to define the propagation direction
of Floquet waves and to express in a correct way the radiation
conditions. These Floquet waves propagate or decrease in the
periodically multilayered medium and are particular propa-
gation modes of the infinite periodically medium. Floquet
waves are linear combinations of the classical plane waves
which propagate or decrease in each layer of the multilay-
ered medium. Any stress and displacement state vector at an
interface separating two successive periods can be deduced
from the one at the previous period interface by means of a
matricial relation, involving the period transfer matrix. Flo-
quet waves are associated to the eigen vectors of this matrix

degree
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Figure 9. Infinite 0�/45�/90�/135� medium;f = 3MHz. a) Mag-
nitude of the reflection coefficient in water. b) Number of inhomo-
geneous Floquet waves as a funtion of the incidence angle.

which are particular state vectors. For these particular solu-
tions, the passage from one period interface to another one is
then possible by a simple multiplication of the eigen vector
by the corresponding eigen value of the matrix.

By analogy with the propagation of classical plane waves
in homogeneous media, the propagation of the Floquet waves
can be interpreted as propagation in a medium "equivalent"
to the stratified medium. However, the notion of "equivalent"
medium can only be understood in the literal sense for the
low frequency domain of homogenisation. Apart from this
case, this notion is only an image, related to the interpretation
of the Floquet eigen values, from period to period. Moreover,
this interpretation must not let forget that, even if the Floquet
waves are defined in the whole stratified medium, they are
only characterised from interface to interface, i.e. in a discrete
way. As a consequence, there occurs a spatial strobe effect.

An illustration of this problem is given when one tries
to define a pseudo Floquet wave number, using the phase
variation across each period. As the propagation of the cor-
responding Floquet wave is only referenced at each interface
separating two successive periods, the sign of the real part
of the pseudo Floquet wave number gives only an apparent
propagation direction and not the effective propagation di-
rection of the propagative Floquet wave. As a consequence,
the only possibility to define a propagation direction with a
physical meaning is to consider the sign of the normal power
flux of each Floquet wave.

To sum up, whereas the radiation condition for inhomo-
geneous Floquet waves is very easy to write (by keeping
only the waves for which the magnitude of the correspond-
ing eigen value is less than one), in the case of propagative
Floquet waves, the radiation condition needs to depart from
the consideration of the pseudo Floquet wave number and to
turn towards an energy criterion. However, a few authors did
propose to deduce the propagation direction from the study of
the pseudo Floquet wave number sign. It is the main purpose
of the present work to show that this is the wrong choice,
when compared to the correct propagation direction deduced
from energetic considerations. In order to clarify this point,
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we first considered the simple case of the propagation at nor-
mal incidence in isotropic periodically multilayered media,
each period being made up of two layers. The calculus of a
reflection coefficient using the correct radiation condition has
been compared with the one using the apparent propagation
direction. With an energetic criterion, the magnitude of the
reflection coefficient keeps equal or less than one, whereas it
may tend to infinity with a pseudo wave number criterion. Fi-
nally the study has been extended to anisotropic periodically
multilayered media.

Appendix

A1. Obtention of the period transfer matrix in the case
of a two layers periodic medium [6, 8, 9]

Generally speaking, in the normal incidence case, the normal
displacement and stress in thenth layer composed of the
mediumq, q = 1; 2, are given by:

wn =
�
(1)ane

�ikq(x3��n�1)

� (2)ane
ikq(x3��n�1)

�
e i!t; (A1)

Tn = �i!Zq

�
(1)ane

�ikq(x3��n�1)

+ (2)ane
ikq(x3��n�1)

�
e i!t; (A2)

wherekq = !=Vq andZq are respectively the wave number
and the acoustic impedance of mediumq. �n�1 is the co-
ordinate with respect to thex3-axis of the upper interface of
thenth layer (see Figure 2).

At x3 = �n, the displacement-stress vector can be written
such that:�

wn

Tn

�
�n

= BqHq

�
(1)an
(1)an

�
e i!t; (A3)

whereBq andHq have the following form:

Bq =

�
1 �1

�i!Zq �i!Zq

�
; (A4)

and

Hq =

�
e�ikqhq 0

0 e+ikqhq

�
: (A5)

If n is an odd number, thenq = 1. The use of the continuity of
normal displacement and stress atx3 = �n and atx3 = �n+1

provides a relationship between the displacement amplitudes
of the plane waves in then-th layer and those in the(n+2)-th
layer:

�
(1)an+2

(2)an+2

�
= �

�
(1)an
(2)an

�
; (A6)

with

� =
�
B1

��1

B2H2
�
B2
��1

B1H1: (A7)

Same way as for the amplitudes, a relationship may be found
between the displacement-stress vector atx3 = �n�1 and
that atx3 = �n+1:

�
wn+2

Tn+2

�
�n+2

= �

�
wn

Tn

�
�n�1

; (A8)

with

� = B2H2
�
B2
��1

B1H1
�
B1

��1

: (A9)

� and� are similar matrices, both period transfer matrices,
related by the following relation:

� =
�
B1
��1

�B1: (A10)

With no difficulty, it can be found that� has the following
form [6, 8, 9]:

� =

�
� 

�� 
�

�
; (A11)

where� denotes the complex conjugate, with

� =
h
cos(!�2)� iS12 sin(!�2)

i
e�i!�1 ; (A12)


 = �iD12 sin(!�2)e
+i!�1 ; (A13)

��� � 

� = 1; (A14)

S12 =
1

2

�
Z1

Z2

+
Z2

Z1

�
; (A15)

D12 =
1

2

�
Z1

Z2

�
Z2

Z1

�
: (A16)

Note that expressions (A12) and (A13) are slightly different
from those of reference [6] because of the harmonic time
dependence which is heree+i!t.

If zp denotes the co-ordinate with respect tox3-axis of
the interface separating periodp from the next periodp+1,
with zp+1 = zp + h andz0 = 0 (see Figure 1), equations
(A6) and (A8) can be written such that:

Ap+1 = �Ap; (A17)

and Wp+1 = �Wp; (A18)

where

Ap =

�
(1)ap

(2)ap

�
; (A19)

with (1)ap and(2)ap the displacement amplitudes of the clas-
sical longitudinal plane waves propagating up and down in
the first layer of the period p. Their phase origin reference is
taken atx3 = zp�1.

The state vectorWp atx3 = zp is defined by:

Wp =

�
wp

Tp

�
; (A20)

wherewp andTp are the normal displacement and stress at
x3 = zp.
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Figure A1. Position of� in the complex plane, in comparison with
the radius one circle, in the case of propagative Floquet waves.

A2. Floquet’s theorem

Floquet waves can be introduced by an extension of Floquet’s
theorem to the field equations governing the dynamic behav-
ior of a periodic continuousmedium, when they are written
in a matrix differential form. Originally, when the periodic
function contains a cosine term in the one-dimensional prob-
lem, the field equation can be written such as [23] :

@2u

@x2
+
�
a+ b cos(2x)

�
u = 0: (A21)

Floquet discovered that the general solution of the equation
could be written:

u = A1F (x)e�x +A2G(x)e��x: (A22)

In a three-dimensional problem, when the field equations are
written in a matrix differential form, an extension of Floquet’s
theorem (A21) leads to write the solutions in terms of an
exponential matrix, the eigen values of which are the Floquet
wave numbers. In the case we are interested in (see Figure 1),
the multilayered medium is not a periodically continuous
medium: the periodic function isconstant piece by piece,
which amounts to equalling b to zero in equation (A20), with
a depending on the layer medium. This equation becomes
a simple differential equation with constant coefficients, so
that, strictly speaking, Floquet’s theorem reduces in this case
to a very classical result.

A3. Calculus of the normal power flux of a propagative
Floquet wave

The normal power flux can be calculated by use of the fol-
lowing relation:

F3 = �
1

4
i!
�
� Tw� + T �w

�
; (A23)

wherew andT are the normal displacement and stress.
As far as the Floquet wave(�) is concerned, these dis-

placement and stress are given by the particular state vector

which is the eigen vector(�)V , defined by equations (22) and
(23). Hence,

w = 
 �
�
(�)�� �

�
; (A24)

T = �i!Z1

�

 + (�)�� �

�
: (A25)

With w andT from equation (A24) and (A25) and using
equation (A23), the normal power flux is thus given by:

F3 =
Z1

2
!2

�


� � ��� � (�)�(�)��

+ � (�)�� + �� (�)�
�
: (A26)

Taking equation (A14) into account and noticing that
j(�)�j = 1, one can finally obtain:

F3 = Z1!
2

�
<e
�
� (�)��

�
� 1

�
: (A27)

A4. Sign of the normal power flux of a propagative
Floquet wave

Let us note in this section� = �0 + i�00.
Propagative Floquet waves are associated to the eigen val-

ues (�)� = �0 � i
p
1� (�0)2 with j�0j < 1 It can also

be noted that, due to equation (A14),j�j � 1. As a con-
sequence, considering the radius one circle in the complex
plane,j�00j >

p
1� (�0)2 (see Figure A1).

The sign of the normal power flux defined by equation
(A27) is given by the sign of<e(� (�)��)� 1

� Let us consider the case of the Floquet wave associated to
(1)� = �0 + i

p
1� (�0)2.

<e
�
� (�)��

�
� 1 = (�0)2 + �00

p
1� (�0)2 � 1

=
p
1� (�0)2

h
�00 �

p
1� (�0)2

i
:

The sign of <e(� (�)��) � 1 is thus the sign of
�00 �

p
1� (�0)2.

{ If �00 < 0, which corresponds to zone II (see Figure 4),
this expression is always negative.

{ If �00 > 0, which corresponds to zone I (see Figure 4),
sincej�00j >

p
1� (�0)2, this expression is always

positive.
� Let us now consider the case of the Floquet wave associ-

ated to(2)� = �0 � i
p

1� (�0)2.

<e
�
� (�)��

�
� 1 = (�0)2 � �00

p
1� (�0)2 � 1

=
p
1� (�0)2

h
�00 +

p
1� (�0)2

i
:

The sign of<e(� (�)��)� 1 is thus the opposite sign of
�00 +

p
1� (�0)2.

{ If �00 < 0, which corresponds to zone II (see Figure 4),
sincej�00j >

p
1� (�0)2, this expression is always

negative and thus<e
�
� (�)��

�
� 1 is always positive.

{ If �00 > 0, which corresponds to zone I (see Fig-
ure 4), this expression is always positive and thus
<e
�
� (�)��

�
� 1 is always negative.
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Finally, in zone I (see Figure 4), the Floquet wave which
corresponds toF3 > 0 is associated to the eigen value(1)� =
<e(�)+i

p
1� [<e(�)]2. In zone II, this is(2)� = <e(�)�

i
p

1� [<e(�)]2.
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