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Analytical formulation of fundamental
problems in acoustics in fluid media:
the fundamental laws

Chapter 3

Well-posed acoustic problem

KThe three fundamental equations
+ Acoustical motion

B ';%ﬁ 1) inertia of the system — ===p
—Z22 7) elasticity of the system e==p
L (compressibility)

~

Propagation
equation

PFD: Euler equation

Lo
divvs0: mass
conservation law

+ Nature of the coefficient of compressibility
3) "behavior" law —)

adiabatic transformations,
relation between p and p (and s)

® Boundaries of the domain

+ Spatial domain
v" boundary conditions
v" Sommerfeld condition

¢ Time domain
v initial conditions

+ ®  Energy conservation law
®  Sources

Thermomechanical parameters and variables (1/2)

® Thermodynamic parameters of a fluid medium
+ Properties of the fluid medium

V' density Pe
v "static" pressure Pe
v temperature Te

+ Nature of the fluid medium
v shear viscosity coefficient of the fluid

thermal expansion coefficient (at constant pressure)
coefficient of thermal pressure variation (isochoric) B
coefficients of adiabatic and isothermal compressibility s = x+/y

I
V" bulk viscosity coefficient n

v coefficient of thermal conductivity A

v heat capacities per unit of mass C. C,

v ratio of specific heats y=C,C,
v o

v

v

All these parameters depend on the point r Tand on the time t

If the parameters of the fluid do not depend of the point and of the time,
subscript "E" ===p subscript "0"

Thermomechanical parameters and variables (2/2)

® Fundamental variables (instantaneous difference)

v’ acoustic pressure  p(F;t)
v density p(F;t)
v particle velocity ~ v(7;t) we==p particle displacement E(F:t)
v’ entropy s(F;t)
v’ temperature (F;t)

Variations around a reference state "E" :
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homogeneous fluid, the characteristics of time (S)

which do not depend on time

Elementary variation - Instantaneous difference

® Elementary variation
F(t+dt) |

dF= dltiTO[F(Hdt)— F(t)]

AF

F(®)

® |Instantaneous difference, at any given time, from a given origin F¢

H(0)= 17 dF=F(0)-Fe(0)

Application: FE

p(Fit)= [ dP =Py (Fit)-Pe(F;1)

Subsequent hypotheses in the course

® Homogeneous fluid, the characteristics of which do not depend of time

p(Fit)=Pe (F:t)- Py
p(r;t)= pm(r - po _ fuidatres
U(T;t)=V o (F:1)-
s(Fit)=S (Fit)- S,
() =T (Bt)- T,
® Viscosity of the fluid medium and thermal conductivity are neglected
==) v shear viscosity coefficient n
v bulk viscosity coefficient n neglected
v coefficient of thermal conductivity A

N\

because acoustical transformations are (quasi) adiabatic
® Linear acoustics

v~ small variations around an origin state
==) v equations limited to the 1st order of the acoustic quantities
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Thermodynamic state of a fluid (1/2)

® Equations of state
f (Ptot'vtot!Ttot)= 0

Example: Eq. of perfect gases (PG)
0z constant of PG

R
temperature Prot Vet _ﬁTlol =0
™

pressure
volume per unit of mass: V,,=1/p, molar mass

® Bivariance of the fluid medium: 2 independent thermodynamic variables

Cy 1 ¢ C,-
= dS;=——|dP, ———d o dS =t dT -t rdP
im Tot Prot ﬁ{ I “ Prot Xs fm} o Tot Tm Tiot Prot B “
ressure
entropy pressure density temperature P
%s = xrly=- (@ VIoP) IV
® Adiabatic transformations: no heat exchanges —

8 Q=T d Sy ==>

1 )
= dPy=—"-dpy ie

tot s

adiabatic velocity

Thermodynamic state of a fluid (2/2)

2 Y 1

PotX1 ProtXs

® Adiabatic transformations

adiabatic velocity
v case of linear acoustics
Prot Pt
— 7 ~constant=—"— = j APy =— J dp
PtotXT PEXT Pe PeXT pe

i.e Pt —Pe S (Pmt_PE)
\ ;) PEXT
p P

v case of linear acoustics + homogeneous fluid medium which does not depend on time

PE=Py = p=

P
Pokt adiabatic velocity of sound

~344,8 m/sintheair

Types of sources (1/3): bulk sources

® force sources ®  volume velocity sources  q(F;t)
velocity flow  per
unit of mass
F(F; t) molecules
. added or

fluctuating ) removed

force per unit of

mass

®  heat source

h(F;t)

N quantity of heat
«/f per unit of mass
&4 and per unit of
time

Adiabatic phenomenon

instantt, _— N 3 instant t, + @
3V >0 8P <0 81<0

Trin= -T
‘:max min max
P With sources:
kS
i/ heat source
h T . ; .
min Outside sources:
Tmax
! Tmin
28 %
sssetesssetetaretetatotes Seteereene?

m

Source effect

instant t, instant t, + M@

5V >0 8P <0 81<
Toax D wemmd Tin™ “Tnax
P N -
T BV<0  5psp 81>0
the particle restores Energy exchanged
more energy (in the " between the particle
form of work) than it and the source, in
T has received the form of work
7 (force, velocity flow) or
/.‘\/ - . heat
A2 the particle g
" T Thiin less energy:(in'the
iform of work) than it
hasrestored
L \Y%

LE

Principle diagram of the effect of a heat source

. expanded particle
compressed particle

- T (e

> Particle in a state of minimal » Absorbs less acoustic
volume, maximal acoustic energy during the
pressure, maximal temperature compression  than it
» Outside positive introduction of restores  during  the

heat (consecutive increase of its expansion
internal energy and of its » Increase of the acoustical
pressure) energy by conversion of
heat energy into acoustic

'& energy

A mean for realizing this process is to maintain a static temperature gradient,

which is high enough, and to predict the phase relation between the acoustic

pressure and the displacement such that the preceding schematic situation be
realized (in its principle).

> Particle in a state of maximal
volume, minimal acoustic
pressure, minimal temperature

> Gives heat outside Q>0
(consecutive decrease of its
internal energy and of its
pressure)
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Types of sources (2/3): surface sources Types of sources (3/3)
®  Loudspeakers on the walls f(f; t) - bulk sources
proportional to div Iﬁalq or gh
- force sources v' music instruments on a
- volume velocity sources stage
- heat sources v' aerodynamic sources
source S v’ acoustic gyrometer...
@)
2
/////,//4 3
®  Vibrating surface
downgtream surface sources g
upstream (subsequently volume velocity sources) \ Ny
FI v loudspeakerson awall
\ v’ vibrating surface
) - v machinein a shop
) Vo
f(7;1) and d(7;t) are non local sources (non "punctual”)
Translation of inertia: Euler equation (1/4)
2 TR . X3 ® Fundamental Relation of Dynamics
: B st Ry for resultants
. e = 3 o) BN
http: /. kettering.edu/~dr ussell/Demos/demos htmi = -
Nttp://www.kettering.edu Ir U emos/aemos.htmi Xl X2 [ m(ext_)uy')=d(ﬂylf%o)‘ v W}
1) inertia of the system =) PFD: Euler equation o
> .
2) elasticity of the system ==> S;;Ie:ﬁvgﬁom X T
(compressibility) ® Dynamic resultant [H(UVIQ‘EO):JJJ Pt :;;Dt dgf/}
® Nature of the compressibility coefficient
g - -
3) "behavior" law == adiabatic transformations, ®  Resultant of external forces Rext—7)=Foo +Fs
relation between p and p (and s)
bulk force
surface force
== T7 = summation of the  external dF=p Fd¥"
forces applied on the volume d¥ _ o
A combination of these three fundamental equations permits to obtain = I K= fj —P(fit)ide
the propagation equation J%Pmt FAd7 | force per unit of mass :
Translation of inertia: Euler equation (2/4) Translation of inertia: Euler equation (3/4)
® Surface forces ®  Surface forces, follow-up
Summation of all the external forces d fs = fs dsapplied on the elementary surfaces d 91 (x X5, X a?t)' 8, =— P dx,dx,dx, .
of the little piece, of small volume d¥ ' X1
force per unit of area - oP
dRs (xl,xz,xg;t)-éXz =——dx,dx,dx,
0X,
- s = Py (XX X0, X55t) dX,dX I R e P
Prot(Xy Xp Xg5t) dX,dxg By —ee I oKX 0% X X3, T) OX,0Xg €5 dRs (X1, X0, x531) B, =5y, dxadxadx,
3
- e 4 dfs(><1+dx1,><2,x3;t)-éX & . o arad ,
df5(><1,x2,x3,t)-exl x 23 1 - dgts(xl,xz,x3,t)=—gradedxldxzdx3=—gradedJ7/
}—11_,
X, = —gradP,,, 7"
Xy X, +dx, -[ ) JIJ'y ’ “
=) dRs (xl,xz,x3;t)~éxl = [Pmt (xl,xz,xs;t)— P ot ()(1+dx1,x2,x3;t)]dx2dx3 \Ostrogradsky (or Gauss) theorem
6 Plct
=———dx,dx,dx;. -
ox, | XadXzdXa F;” —P(fit)ido
z
and so on for the other faces of the elementary cube (fluid particle)
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Translation of inertia: Euler equation (4/4)

® Fundamental Relation of
Dynamics for resultants

E—grad o dv, .
JJJ (p 1ot F—grad Pmt) d7" = Jjj P ot d ot g
k4 P t
ie J’J"[ [P tot l_:f@ Pt —Prot d(\;;ot] d7 =0, v 7
7

dvmt
dt
Euler equation with sources

dv = . ov — =~ =
= | Pyt T;: rad P, I.e [P tot a;m TP tor (grad Vtot)‘vto( =—gradP,, }

Euler equation outside sources

[g?(exmuv):a(oz’//%o), v JV}

g . v, = S
=p o F—grad Ptm] I.e [P tot T?*P tot [grad th]'vmt =P F—grad Pm:]

=) [P tot

Translation of compressibility: mass conservation law (1/6)

® Elongation of an extensible line

M N ‘
X7 AX  SX+A X I particle displacement:
A\ L B
| E(¥)=Mm'
M E(X+A X)N' ?
o | S
T I
N gx) | -
X+E(X) 7 X + A X+ E(X+A X)
E(X+AX) - E(X) + A X
relative variation length of ; ; ; .
the litdle piece MN: strain (elongation per unit of length):
[e(x+ax)-g(x)+ax]-ax _Ag fim E(x+Ax)—g(x) _dg
AX AX AX>0 AX dx

Translation of compressibility: mass conservation law (2/6)

® Interpretation of the divergence of the particle velocity vector

K Z—A

deformation assumed without

X shearin
b| |7 M b
c
M a Xy

V=abc

V'R V(408 /0X, +8E, /0%, +0E5/0X;)

relative variation of volume

\%

g=vdt

elementary displacement of
point M during time dt

Translation of compressibility: mass conservation law (3/6)

®  Volume velocity source

more molecules

oy 9d7
)= :
: aFt)="5- ©

flow rate per unit of mass

other outside source

/& 4 d9 <%0 JQ qd 7 volume of fluid

introduced in the
° elementary volume d¥”
per unit of time

neighboring particle little elementary volume d 7~

Translation of compressibility: mass conservation law (4/6)
®  Mass conservation law

dMeontained _ 4 Mintroduced
dt dt

v Mass introduced by an exterior source in the volume % per unit of time
other outside source

/<, - volume of fluid introduced in the
o) oy~ €lementary volume d</”per unit of
i do qd 7

time, by an exterior source

A of mass contained in the volume %/t = masse introduced in this volume / t

neighboring particle little elementary volumed
pd :mass of fluid introduced per unit of volume and per unit of time (kg.m=.s%)
Pdd?” : mass introduced in the volume d 7 per unit of time (kg.s™)

==) Mass introduced by the source in the % per unit of time

Translation of compressibility: mass conservation law (5/6)

v Masse of fluid introduced in the volume 9 through the fixed surface =, per unit of time

9 Mintroduced mingiduced = —JJ (Prot Viot)-ids + 4”4[ ProtddY”
D 7

mass of fluid introduced by _
the volume velocity source dt

input flux = opposite of the outward dm,

flux of  Prot Vior through =

dm; A = g @
= ‘ Ing‘:dufced == J ,” vyd'V(Ptot Vio)d?” + I,” Wptm q d“V}

v Masse of fluid contained in the volume 7 at the instant t

Mcontained = JJJ prot(Fi)d7”
P

===) Vvariation per unit of time

dMeontained _ OProt d
dt ot
Va

g J %

Fixed volume 7" crossed by the fluid
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Translation of compressibility: mass conservation law (6/6)
®  Mass conservation law

A of mass contained in the volume %/t = masse introduced in this volume / t

dMeontained _ 4 Mintroduced
dt dt

e J'JJ' md"f‘ =JJJ [~ div(pyy Vig )+ Poc A]d7, VY
| ot ,

) 0 . o o o

1.8 J'J'J {%‘[‘dlv(l:’mt Vtot)"'Ptotq]}d”}{ =0, vy
>

ap . _ . dp A
=) [T;ot"' div(pror Vior) = Prot QJ i.e [ d ;m +Piot IV Vg =gt 0

Mass conservation law with sources

0 . - . dpt
— %-ﬁ—dlv(pm Vtol)=0 1€ dt

Mass conservation law outside sources

Wit div(pe Vigr) = Prot iV Vi + Vg -grad pgy

Behavior law of a fluid: compressibility coefficient

® Outside heat sources: adiabatic transformations dSy,

2__ Y 1
PotXT ProtXs

adiabatic velocity

v case of linear acoustics + homogeneous fluid medium which does not depend on time

p=c2p  with Cco= |—
PoXT
® With a heat source Ty dS o = hdt
c (algebraic) quantity of heat
Sy =———|dPy T dp o introduced per unit of fluid mass,
Tiot Prat B Prot X1 per unit of time
or a=B% 1P d dp
c,=1c, 1 Pt _ X1 o Gy
P dt y dt C,

Adiabatic phenomenon (reminder)

instantt,

instant t, + @
3V <0

P>0 81>0

Tax Tmin™ ~Tmax

P 5 3V >0

With sources:

heat source
Outside sources:

§p<o 81<0

m

Non adiabatic phenomenon (dissipative effect)

3V <0 §P>0 d7>0
5 Heat exchanges
)
S\ between the
0\
RN H
BN considered
s, . ’
B33
B particleand its
SR neighborin
SEESEIEHON g g
BRI
essetisss e
BB
LR S0
BRI
(RLESILBILLL B
R R
isssetitorstisstetitorst tosetes
stetetotetetoreteteotet 255
s 85
LS. Sasoretes
SRR 33
O SISO IRERERINIDK
K R R I K IR RIS
e et s oo o setesssetesoseses
R R LR
RIS,
IR
KX R

Synthesis of the three fundamental laws of acoustics

homogeneous fluid medium, independent
of time, at rest, linear acoustics

® \With sources

AV — = ) v o— ~
Pt dtut+grade:me Euler equation v pog—\t/+gradp=ch
%eriv( Vi) = mass conservation law @+ divv=
ot Prot Viot ) = Ptot d V | Bt Po =poq
equation
1 dpy %7 4P @ op 1 0p %Py
— =— Ll “behavior" law Se—b h
po dt y dt C, vlat c2at c,
with c2=—"
® Outside sources PoXt
Vit | = 3
Y [P dto APy =0 Euler equation

ap . _
v ot ;m +0iv(pyo; Vior) mass conservation law

equation

"behavior" law

Particle derivative (1/2)

®  Particle located by the point M

v" volume large enough for the hypothesis of continuous media to be
valid (great number of molecules in the particle)

v" volume small enough with respect to A so that the physical quantities

can be considered as (quasi) constant

® |agrange description

N
v" Variables linked to the considered particle: initial position a, and time t
==) v Follow of the evolution of the motion of one particle during time
t t

0

S - e
N —
a r

®  Euler description (used in classical acoustics)

v The variables are linked to the geometrical point ?(or at least with
==p infinitesimal displacement d ?}
v Follow of the evolution of a quantity at this geometrical point, during time

t
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Particle derivative (2/2)

particle derivative: derivative, with respect to time, of the quantity g linked to a particle
the motion of which is followed during the time dt

® scalar quantity g(F;t)
dg— ag dx +— 9 dx,+—— %9 dx +agdt
ox ox ot

d d d
dg_ag X1+6g Xz+ag X3+379

dg
dt ox, dt ox, dt ox, dt ot

i.e e a=(§ﬁj g)‘ Vit +

99
ot

d — 0
or =V, -grad+—
convectionterm ~ — (grad g)‘ Vot dt et g ot

®  vector quantity A(F;t)

dA_0Adx, oA dx, 0AdXs oA
dt  ox, dt odx, dt 9x,; dt ot

oA, 0A, OA,

0%y, 0X, 0X3
0A, O0A, O0A,

A
(grad A] Vit + n

ith |gradA|=
= 5 wit (g j 0%y, 0X, 0X3
=Vigegrad +22 0A; OA, 0A,

0%y, 0X, 0X3

dt
4
dt

- ) . .=
local derivative, at a given fixed point r

Propagation equation

® \With sources "Behavior" law

) o — - 8 fop 1ap apg
dlv(p —+gradp=p F) P 1dp_ h
* ot 0 ot ciot C,
- 2
a [0p — Q:iﬂ_ﬂ@
at( *+podivy= Poq) o’ clat’ ¢, ot
2
dlv(gradp)—ﬂ—po[d vF - %) )
0 - 9 5
— AP*%LE:PO divp,ﬂ,iﬂ
Ap cg ot ot C, ot

) .= 09 o oh
—f=p,|divE_2d_* 2N
with [ Po[ v ot C 0t] ‘

d'Alembertian operator denoted [

Helmholtz equation

® Complex representation

fit)=Ze[p(F;t)]
real part complex form

® Monochromatic field, angular frequency

p(F;t)=P(F;0)e™ Helmholtz equation
f F o2
2 ] (Fi0)=—F(F;0) with sources
P(F;0)=0 outside sources

® Decomposition of a signal into a summation of monochromatic signals

o0 o

ﬁ(?;t):j Bro)e do  ang ﬁ(f;m)zzij (e ot dt
o T)_

Fourier transform/ o Fourier transform/ t

P(F0)=TR[p(F1] and F(Fo)=TF,[f(rt) satisly Helmholtz equation

Velocity potential

® Definition | v(F;t)=grade(f;t) for any constant K (t)

® Propagation equation

a—+gradp s Pooy (gradnp)+gradp 0 = grad( a—+p] 0, v ()

0 . dK
=> o +P=Ky(t) vith pogi=Kalt)

0
- po£+p:0 -

op_10p

ot ciot
op -
—+pdivi=0
ot Po

® Helmholtz equation

Monochromatic field: o(F)=0(Fo)e™ ==>

/B Notation

Boundary problems for acoustics

® Bounded or infinite spatial domain

v" boundary conditions:
+ boundary materialized by a separation surface between two
media,
+ boundary described by the vibratory properties at the
interface between the considered medium and the wall
which constitutes the boundary.

v Sommerfeld condition: condition of decreasing, which cancel the
field at infinity (far from sources)
v" NB: the conditions concern p and/or ,p

® Time domain

v initial conditions
v NB: theinitial conditions concern p and op

Non linearised boundary conditions

® Perfectly rigid interface moving wall Z':

[vm(MeE;t)-ﬁ:W,o,(Mez;t)-ﬁ, vV MeX, V t}

fixed wall 2':

{V‘o.(iei;t)-ﬁﬂ, VY MeX, V t]

® |Interface separating two non viscous fluid media

fluid 2 equality of the normal components of the velocity:

fluid 1
L [ Vi, (R e Zit)- i =V, (R Zit)-1i, V MeX, V t}

equality of acoustic pressures:

[th(feZ;t):P,mZ(er;t), vV MeX, V t J
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Linearisation of boundary conditions

fluid 2

Keep only the 1st-order acoustic quantities leads to write the boundary
conditions for the fluctuating quantities on the surface, at its reference
position.

Usual boundary conditions (linear acoustics), homogeneous
fluid medium, independent of time, at rest (1/4)
® Perfectly rigid interface

moving wall 2':

fluid
[V(MeZ;t)ﬂ:v‘v(MeZ;t)ﬂ, vV MeZ, v t}
D e
w(M;t)
2 : perfectly
rigid wall
fixed wall 2

{ V(Fext)fi=0, vV Me3, Vv t }

a(v-ﬁ)Jr@=

E) ﬂ+m =0 =) P
. Poat gradp = 05t an

ap(Fex;t)

= =0,V MeX, V t} Neumann condition
n

~

Mathematical reminder

OM

X u
y= 0
Bz B0
X Xx=au;y=pu;z=yu
Let f(x,y,2) be a function and TV unit vector fija  gradfo,f
B o,f
By Blof

of _ot _of ox, of oy of oz

on  du 0x6u 6y0u dzdu
-~ 3T

Usual boundary conditions (linear acoustics), homogeneous
fluid medium, independent of time, at rest (2/4)
® Perfectly soft wall

field inside a duct opened on the infinite space
A%

{ p(fez;t)=0, ¥ MeZ, V t}

fluid 2, p, << p,

fieldin fluid 1 Dirichlet condition

® |[nterface separating two non viscous fluids

equality of the normal components of the velocity:

fluid 1 [ V,(feZit)i=v,(feXit)fi, v Mex, v t J

equality of acoustic pressures:

[ pi(feZit)=p,(fexit), V Mex, V t J

Usual boundary conditions (linear acoustics), homogeneous
fluid medium, independent of time, at rest (3/4)
® Wall with local reaction - Wall impedance notion

p(Mezit)=c% [V(Mex;t)fA], VMex, V't

fluid
p (M:t) . Linear operator (reflection function). BUT,
Z:wallwitha  this proportionality parameter between the
gt);ﬁ?:thr]r[g\r)v?{h acoustic pressure and the particle velocity
local rea’ction (impedance of the wall), is only defined for
one frequency, in the complex domain
fluid /
p (Mit)
A pMext)=%{[v(Mex;t)-Ww(Mext)]q },

3 : moving wall
with local
reaction

VMeX, Vvt

(M eZ;m):ig\M;m)[\:/(M eSi0)-W(M ez;w)]ﬁ ,VMeZ, 0 fixed}

o
o

wall impedance

Wall with fixed internal structure, with local reaction

® Boundary condition [ IS(M;o)):Z(M;(x))\:/(M;OJ)ﬂJ ()

n N : normal outward the considered medium
Z(M; o) =incoming normal for the material
or B(Mio)  with p(M;t)=P(M;w)e™ and ¥(M;t)=V(M;w)e ™!

® Projection on T of Euler equation [po E“\:/(M;t)]- fi= 7[@ ﬁ(M:t)] A

e poioV(Mo)i=-0,P(Mo) <«=> V(M) - L ahMe) ()
Po®
g;} — 0,p(M0)+i 2&;_‘“ PMio)=0 hence | 2, (M;o)+ik, f(M;o)P (Mi0) 0|
' ko :oo/c0
with surface admittance of the material, normalized by

the characteristic impedance of the fluid p,c,

b}~ B
)=

® Rigid wall (Neuman condition)

® Wall without reaction and without
dissipation (Dirichlet condition)
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Usual boundary conditions (linear acoustics), homogeneous
fluid medium, independent of time, at rest (4/4)

® Wall with local reaction - Wall impedance notion - follow-up
fluid

p (M;t)
WMt~

2 : moving wall with

g .
v(Mi) alocal reaction

[%Hkoﬁ(M;m)}f’(M;m): 0(M;0), VMeX, o given

A PoCo ; i
B(M;0)== surface admittance of the material
Z(M; )
U(M;w):—poiw\/:V(M;m)ﬂ
ko =a/c,

in time domain [8n+ik0B(M;t)*] p(M;t)=0(M;t) ; VMe® ; V>t

T~—
with ik oB(F;t)=TF,, ko BT 0)]

Well-posed acoustical problem

® Frequential (Fourier) domain

Helmholtz equation (A+k§)l3(M;m):—l3(M;m), VMe?

Boundary conditions {%Hkoﬁ(M;m)]f’(M;w): 0(M;0), VMeX, o given

Radiation conditions at infinite (eventually)

® Time domain

2 |a(Mt)— _f (M-
Propagation equation (A—éanjp(M,t)f—f (M;t), VMe? , Vit>t;

/‘A\/
Boundary conditions [8n+ikoﬁ(M;t)*] p(M;t)=0(M;t) ; VMes ; V>t

Initial conditions atﬁ(M;ti)=,5%(M;ti) ; ﬁ(M;ti)= Q(M;ti); VMe? ; t=t;
7

functions known in the whole domain 7/ at initial time t = t;

Total density of instantaneous acoustic energy (1/2)

® Density of energy = energy stored per unit of volume (E,qme g/ d7)

® Density of total acoustic energy

density of total Kineti densi potential
acoustic energy  KINEUC ENergy density oper o enity

® |Instantaneous kinetic energy density

£ _1 2 linear
e TP acoustics

Total density of instantaneous acoustic energy (2/2)
@ Instantaneous potential energy density
G

"current” state

state at rest _ "ongoing" state
Pt =Po+P i Pt =Po+p

Po. Po Pot=Po+P ; Pt =Po+P
v elementary volume: Vg =m /b
v elementary work received by the particle (stored energy):
SWy=-pdVy=-p d(m él/ptm)
potential energy because adiabatic transformations:  dU=8Wg+3Q¢ =8Wy

v potential energy density: variation of internal energy

. PPuw ([Ma| - ~ o0 1 1o o1
SW =8 Wy /Vy === = |= 5 FUWPrp)= = P = —<Pdlpo+p)=——=Bdp
My P ot Prot potp Potp
linear acoustics =) 6W=i5dﬁ 1 ..
_ Po — 5W~—Cgpdp
== “behavior" law: p=cip 2o PO
v instantaneous potential energy density: Ep:—oj pdp = 0P
PoJo 2p,

2
® Total density of instantaneous acoustic energy [ E,=E.+E,= %[Po 24 P ZJ }
PoCo

Energy conservation law (1/4)

During acoustic propagation
neighboring particles

s J o

stores energy and restoresit to
neighboring particles

The acoustic energy E, which is locally present in the particle (E; + E;)
thus results from an input and a loss of energy.

energy flux added and removed to the

D g
volume, permanently.

instantaneous flow of acoustic energy, per unit of area and per unit
of time (instantaneous power crossing the unit surface do, conveyed
by the acoustic wave)

elementary work provided by a particle travail to its neighboring during
time dt.

pv-do dt

Energy conservation law (2/4)

® Outside sources

ij” (E,+E, )47 :—U pv-fids

at)l) .

e

— opposite  of the outward

variation per unit of time of the h
. . . energy flux, per unit of
acoustic  energy  which s time

contained in the volume 7
_jjj div(pV)d”  (Ostrogradsky theorem)
o

(E0+Ep)+div(p\7)} d7 =0

%

—

\V(—\
2o

Energy conservation law outside
sources
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Energy conservation law (3/4)

® With sources

v divV:—iD—TJrq = v.gradp=div(pv)-pdivy =div(pv)+- 2P

—n2 s ot "

. dp_10p @po
—_— \‘/-gradpz[div(pv)Jr p @fiph*pﬂ "

- v o — - v — -
v V. Poaf\t/+gradp=p0F) =) po\‘/»aa—\: v-gradpj=p,V-F
o

oV L p dp «a
V-—+div(pV)+ —
= Po¥ 5 V() pcZ ot C,
1 ov? 1 op® - a
= + ——+div(pV)=p,V-F+—ph+
27051 T 2p0cl ot (P¥)=p, c,Phepa
2
2 1po\‘/2 P 5 +div(pV)=po V- F+-2ph+pq
at| 2 PoCh e C,
— -

ph—pq=p,V-F

E, E »

p

0E
ot

e . mdGEl s @ Energy conservation law with
+d|v(@)—p0vAF+c—pph+pq} SOUrCeS

Energy conservation law (4/4)
® |[ntegral balance

volume assumed to be fixed

5 J r

S
*Hj E,d7 =-H pv-ids + [pov-hlpmqudaﬂ
ot 7 b 9 Cp

-
variation per unit of \
time of the energy total  energy flow energy brought by the

contained  in  the incoming in the volume sources, per unit of
" . 7 per unit of time time
domain 7

Acoustic intensity vector (1/2)

REAL quantities

T.fidc : average quantity of acoustic energy
which travel through a unitaread o

: density vector of average acoustic power
flow, per unit of area(W.m2)

Acoustic intensity vector (2/2)

® Outside sources:
0E, . — — 0E, =
v Zagvdoo ie 2B g i ® L divp=0
ot ot t X

0E, . - 1
=) —— +divl=0
ot

R T
oE 3 0E
o gimd| P Cage=tim e, [T )-E,[-T) =0
ot toeT) 1 ot - towT| 2 2
2

Outside sources, the acoustic intensity
vector is of null divergence

g o —
v Po %ﬂ;rad p=0 ==  amplitude of p proportional to the amplitude of v

=) amplitude of D= pV proportional to the square of the amplitude of p
=== amplitude | of T proportional to pfms

== sound level: L =10log,(l/I)=20 10g15(p ;s /Ps)

Z0)

The average power of a source is independent
of its chosen surrounding surface Z'.

demonstration:
.vfm(S/zl)=H i-f,do e %"(5/22)=H i-i,do
bh 3,

power flow through (Z,+X,) which bounds
n, the closed volume 77, :

w cpu:H i-i,do +H T-(—ﬁz)dc/:o
2, 3,

acoustic intensity  (of null

— 9?"(5/21):90",(5/):2) divergence) outside the sources

Average power of a source (2/2)

® Particular case of an omnidirectional source (identical acoustic field in all
directions)

%(S):ijl(r)rdersinedw = I(r)rzﬁ[zdesined\u

—_— P.(S)=4nr?1(r)

— 1(r)

~  and p(r)oc% (spherical character)
r
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