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Introduction

This paper is concerned with integral lattices, i.e. finitely generated
free abelian groups together with a positive definite integral bilinear form.
Among integral lattices, unimodular ones play a very central role. A uni-
modular lattice is equal to its dual, and the theta series of even unimodu-
lar lattices are modular forms for the full modular group. Recently, H.-G.
Quebbemann introduced the notion of modular lattice, i.e. a lattice which
is similar to its dual (see [14]). The theta series of a modular lattice is a
modular form for the group Γ0(`) (for some integer `) which is a subgroup of
the full modular group, and is also an eigenform of the Fricke operator (see
[14]). H.-G. Quebbemann also observed that if a lattice satisfies a stronger
condition (he called such a lattice a strongly modular lattice), then its theta
series is also an eigenform for the Atkin-Lehner involutions. This led to a
definition of analytic extremality for modular and strongly modular lattices
(see [17] or [8] for a survey).

An ideal lattice is an ideal of a number field K together with a bilin-
ear form satisfying an invariance relation (see [3], [5]). Ideal lattices corre-
spond bijectively to Arakelov divisors over OK (see [18]). We will investigate
here how to use ideal lattices in order to construct modular lattices (similar
attempts can be found in [1], [4]). This will lead to the definition of an
Arakelov-modular lattice on a CM-field K (see Section 1).

After giving some definitions, notation and basic facts in Sections 1 and
2, we will consider in Section 3 the CM-fields which contain an Arakelov-
modular lattice. We will show that any Arakelov-modular lattice over a
cyclotomic field is strongly modular (see Corollary 3.6). Then, fixing an
integer `, we will characterise all cyclotomic fields in which there exists an
Arakelov-modular lattice of level ` (see Propositions 3.7 and 3.8 for the trace
type case, and Proposition 3.13 or Theorem 3.14 for the general case). In
Section 4, for a given CM-field K and a given Arakelov-modular lattice over
K, we will give all the Arakelov-modular lattices of the same level which
can be constructed over K (see Proposition 4.2). The last section contains
some examples of modular lattices whose similarity is induced by the action
of the Galois group of a Galois extension.

The authors gratefully acknowledge support from the Swiss National Science Funda-
tion, grant No 200021-101918/1.
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1. Definitions and notation

1.1. Modular lattices. A lattice is a pair (L, b), where L is a free Z-module
of finite rank, and b : LR × LR → R is a definite positive symmetric bilinear
form (with LR = L⊗ZR). We often write L instead of (L, b). Let L∗ = {x ∈
LR : b(x, L) ⊆ Z} be the dual lattice of L. The lattice (L, b) is called integral
(resp. unimodular) if L ⊆ L∗ (resp. if L = L∗). We say that a lattice (L, b)
is even if this lattice is integral and if b(x, x) is even for all x ∈ L.

From now on, lattice will mean even lattice. Let a be a positive constant.
The lattice aL will denote the rescaled lattice (L, ab). Let ` be a positive
integer, and let m be a divisor of `. We will say that m is an exact divisor
of ` (notation : m||`) if ` = mm′, where m and m′ are coprime integers. For
any exact divisor m of `, we define L∗m = 1

mL ∩ L
∗.

Definition 1.1. A lattice (L, b) is said to be `-modular (or modular of level
`) if the lattices L and `(L∗) are isomorphic.

A lattice (L, b) is said to be strongly modular if L ∼= m(L∗m) for all m||`.

1.2. Ideal lattices. LetK be a CM-field and F be the maximal real subfield
of K. Let OK denote the ring of integers of K. An ideal lattice is a lattice
(I, b), where I is a fractional OK-ideal and b : I × I → R is such that
b(λx, y) = b(x, λy) for all x, y ∈ I and for all λ ∈ OK . This definition is
equivalent to saying that there exists a totally positive α ∈ FR(= F ⊗ R)
such that b(x, y) = Tr(αxy) (cf. [5], Proposition 1). An ideal lattice (I, b)
satisfying b(x, y) = Tr(αxy) will be denoted (I, α). From now on, we will
only deal with ideal lattices (I, α) which are integral and where α ∈ F .

Recall that the dual lattice of an ideal lattice (I, α) is I∗ = α−1D−1K I
−1

,
where DK is the different of K/Q. If 2 does not ramify in K/F , then any
integral ideal lattice over K is even (see [6], Proposition 3.1). The reader
can refer to [3] and [5] to learn about basic facts concerning ideal lattices.

Let (I, α) and (I ′, α′) be two ideal lattices. We say that these two lattices
are Arakelov-equivalent, and we write (I, α) ∼=A (I ′, α′), if there exists β ∈
K× such that I ′ = βI and α′ = (ββ)

−1
α. Notice that two ideal lattices are

Arakelov-equivalent if and only if the corresponding Arakelov divisors are
in the same class in the Arakelov class group (see [18], sections 2 and 4).

Definition 1.2. Let (I, α) be an ideal lattice over K. We say that (I, α)
is Arakelov-modular of level ` if (I, α) ∼=A (I∗, `α). Moreover, if (I, α) ∼=A

(I∗m,mα) for all m||`, the lattice (I, α) is said to be strongly Arakelov-
modular of level `.

It is easy to see that Arakelov-modular lattices (resp. strongly Arakelov-
modular lattices) are modular (resp. strongly modular).

2. Good divisors in cyclotomic fields

In this section, we introduce the notion of good divisor which will be
needed in the sequel. Let K be a CM-field, and F be the maximal totally
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real subfield of K. Throughout this section, we will suppose that at most
one finite prime is ramified in K/F (K/F ramifies of course at all the infinite
primes).

Proposition 2.1. Let p ∈ Z be a prime number which does not ramify in
K/Q. Then p is a norm of K/F if and only if the prime ideals P of K
above p satisfy P 6= P.

Proof. Assume that all prime ideals P above p satisfy P 6= P. Assume first
that K/F is unramified at all finite primes. In that case, we will show that
p is a local norm at each prime. Actually, since p is totally positive, it is a
local norm at the infinite primes. If q is a prime ideal of F relatively prime
to p, then p is a unit at q. But the extension KQ/Fq is unramified so p is
a local norm at Q. If p is a prime ideal of F above p, then [KP : Fp] = 1

since P 6= P. Therefore p is a local norm at each prime, and the Hasse
Norm theorem gives us that p is a norm of K/F . Assume now that K/F is
ramified at one prime. It only remains to check whether p is a local norm
at the ramified finite prime, but this is given by the Hilbert reciprocity law.

Conversely, take P a prime ideal over p such that P = P. Let NKP/FP
:

KP → FP be the local norm at P and UP be the group of units of FP. Then

KP/FP is unramified of degree 2, hence NKP/FP
(K×P) = UP(K×P)

2
, where

(K×P)
2

= {x2 : x ∈ K×P}. Since the extension KP/Qp is unramified, p is a

prime element in KP and does not belong to UP(K×P)
2
. Therefore p is not

a norm of K/F . This concludes the proof. �

From now on K will be a cyclotomic field, K = Q(ζn), where ζn is a
primitive nth root of unity. In this case, F = Q(ζn + ζ−1n ). We can assume
that n is odd or 4|n. The cyclotomic field K satisfies the assumptions we
made at the beginning of this section, but there is a condition easier to check
in this case.

Proposition 2.2. Let p be a prime number not dividing n. Let f = fK/Q
be the residue class degree of p in K/Q (i.e. f = min{f ′ : pf ′ ≡ 1 mod n}).
Then p is a norm of K/F if and only if one of the following is true :

(1) f is odd,

(2) f is even and p
f
2 6≡ −1 mod n.

Proof. We can apply Proposition 2.1, so this last proposition is equivalent to
checking whether the canonical involution is in the decomposition group of P
over Q. Recall that this decomposition group is defined as {σ ∈ Gal(K/Q) :
Pσ = P}, we call it DP. The prime P is not ramified in K/Q because p 6 |n,
so DP is cyclic generated by the Frobenius element σP. Recall that the

canonical involution acts on ζn as ζn = ζ−1n . The only element of order 2 of

DP is σ
f
2
P when f is even, and DP does not contain any element of order 2

when f is odd. Therefore p is not a norm of K/F if and only if f is even
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and

ζp
f
2

n = σ
f
2
P(ζn) = ζ−1n

if and only if f is even and p
f
2 ≡ −1 mod n. Hence the proposition is

proved. �

We next introduce the notion of good divisor. Let K = Q(ζn) be a
cyclotomic field (n 6≡ 2 mod 4), and p be a prime number dividing n.

Definition 2.3. Let p be a prime number dividing n and let K = Q(ζn).
The prime p is a good divisor of n if the different DK of K/Q can be written
DK = IJJ , where J is a K-ideal over p and I is an ideal relatively prime
to p.

An integer m is good for n if all the primes dividing m are good divisors
of n.

Proposition 2.4. Let p be a prime number dividing n. Write n = prn′,
where p and n′ are relatively prime.

(1) If p is odd, then p is a good divisor of n if and only if p is a norm of
Q(ζn′)/Q(ζn′ + ζ−1n′ ).

(2) If p = 2, then p is always a good divisor of n.

Proof. Let K ′ = Q(ζn′) and F ′ = Q(ζn′ + ζ−1n′ ). If p is a norm of K ′/F ′,
then p is a good divisor of n. Conversely, assume p is odd, and p is a good
divisor of n. Let P be an ideal of K above p and denote vP the valuation

at P. We have vP(DK) = pr−1(pr − r − 1), so if we write DK = IJJ ,

then vP(JJ ) = pr−1(pr − r − 1) is odd. Therefore P 6= P and P′ 6= P′,
if P′ = P ∩K ′, since P is totally ramified in K/K ′. Hence p is a norm of
K ′/F ′.

Assume now p = 2, so r ≥ 2. If q is a prime ideal of Q(ζ2r) above 2,

then we can write DQ(ζ2r ) = q2
r−2(r−1)q2

r−2(r−1). Since DK = DQ(ζ2r )DK′ ,
we find that 2 is a good divisor of n. This completes the proof. �

Corollary 2.5. Let p be an odd prime number dividing n. Write n = prn′,
where gcd(p, n′) = 1. Let f = min{f ′ : pf

′ ≡ 1 mod n′}. Then p is a good
divisor of n if and only if one of the following is true :

(1) f is odd,

(2) f is even and p
f
2 6≡ −1 mod n′.

3. Existence results

The aim of this section is to give existence conditions of Arakelov-modular
lattices on a CM-field K. We keep the notations of section 1.

Proposition 3.1. There exists an Arakelov-modular lattice (I, α) of level
` over K if and only if ` is a norm of K/F and if there exists a fractional
ideal a of K such that α−1λD−1K = aa, where ` = λλ, λ ∈ K.
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Proof. Let DK be the different of K/Q. Recall that the dual lattice of

(I, α) is (I∗, α), where I∗ = α−1D−1K I
−1

. Assume first that the lattice
(I, α) is Arakelov-modular of level `. Take β ∈ K∗ such that (I, α) =

(βI∗, `α(ββ)
−1

). Hence ` = ββ, and βOK = αIIDK . If we let a = I and
λ = β, then these are the conditions required.

Conversely, take an ideal a and an element λ ∈ K∗ satisfying the condi-
tions of the proposition. Let’s show that the ideal lattice (a, α) is Arakelov-
modular. Notice first that we have (a∗, `α) = (λ−1a, λλα), so it remains to
prove that (a, α) is integral. Note then that λ is an integer. This follows
from the equality λOK = αDKaa which implies that for all prime ideal P
of K, we have vP(λ) = vP(λ). So vP(λ) = 1

2vP(`) ≥ 0 for all finite prime P

of K, and λ is an integer. This implies that a = λa∗ ⊆ a∗, i.e. that (a, α) is
integral. �

The next result asserts that we can restrict ourselves to finding Arakelov-
modular lattices of level ` where ` is a square-free integer.

Proposition 3.2. Let K be a CM-field, and ` be an integer. Assume there
is an Arakelov-modular lattice (I, α) of level ` over K. Write ` = `1`

2
2,

where `1 is square-free. Then the rescaled lattice (I, `−12 α) is integral and is
an Arakelov-modular lattice of level `1.

Proof. Let I∗ be the dual of (I, α). Then `2I∗ is the dual lattice of (I, `−12 α).

Take λ ∈ OK such that λλ = ` and (I, α) = (λI∗, (λλ)−1`α). Define λ1 =
λ/`2. Then λ1λ1 = `1 and λ1`2α

−1D−1K = II. Proposition 3.1 completes

the proof because it tells us that the lattice (I, `−12 α) is Arakelov-modular
of level `1. �

From now on, ` will always denote a square-free integer. We state now
a result similar as the one in Proposition 3.1 concerning strongly Arakelov-
modular lattices.

Proposition 3.3. Let K be a CM-field and let ` be a square-free integer.
Let (I, α) be an Arakelov-modular lattice of level ` over K. Let λ ∈ OK
be such that λI∗ = I and λλ = `. Assume that for each m||`, there is an
integer βm ∈ OK such that :

(1) βmβm = m,
(2) βmβ`/m = λ.

Then the lattice (I, α) is strongly Arakelov-modular of level ` over K.

Proof. Let m||`, and let J = I∗m. We have J = I∗ ∩
(
1
mI
)

=
(
λ−1I

)
∩(

1
mI
)
. Hence J = I

(
λ−1OK ∩m−1OK

)
= I(λOK +mOK)−1. However,

since βm and β`/m are relatively prime, we have λOK+mOK = βmβ`/mOK+

βmβmOK = βmOK . Finally, we check that J = Iβ−1m and (I, α) =
(βmJ , (βmβm)−1mα). This equality shows that (I, α) ∼=A (I∗m,mα) and
thus completes the proof. �
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Assume the condition of Proposition 3.1. Take an ideal a of K such that
λOK = αaaDK . The ideal λOK is therefore invariant under the canonical
involution. Hence u = λ/λ is a unit for which all real and complex embedings
have norm 1, i.e. u is a root of unity. Let n be the order of u. Assume first
that n 6≡ 0 mod 4. In this case, either u or −u is a square in O×K (in fact,

if u is of odd order, then u = un+1 = v2 with v = u
n+1
2 , whereas if u is of

even order, then −u is of odd order). Hence either ` or −` is then a square
in K, and any prime dividing ` must ramify with an even ramification index
in the extension K/Q. Assume now that n ≡ 0 mod 4. As previously, we
can remove the part which is prime to 2 in n. Therefore we have just proved
the following :

Proposition 3.4. Let K be a CM field. Assume that (I, α) is an Arakelov-
modular lattice of level `. Then there exists λ ∈ K and a 2r-th root of unity
ζ ∈ K such that :

· λ2 = ζ`,
· λI∗ = I.

Remark 3.5. In particular, if
√
−1 6∈ K, we must have either

√
` ∈ K, or√

−` ∈ K.

Corollary 3.6. Every Arakelov-modular lattice of level ` over a cyclotomic
field is strongly Arakelov-modular.

Proof. Let K be a cyclotomic field and let (I, α) be an Arakelov-modular
lattice of level ` over K. Let λ be such that λ2 = ε`, with ε ∈ {±1,±i}
(here, i =

√
−1). Proposition 3.4 tells us that λI∗ = I. Define β` = λ. By

Proposition 3.4, all the primes dividing ` must ramify in K, so for each m||`,
either m or −m must be a square in K if m is odd, and either im or −im
must be a square if m is even. Moreover, we can choose a family (βm)m||` of

integers of K such that β2m = ie(m)m for some e(m) ∈ Z and such that this
family satisfies the second condition of Proposition 3.3. Therefore the lattice
(I, α) is strongly Arakelov-modular, and the proposition is proved. �

Assume now that K = Q(ζn) is a cyclotomic field in which all the primes
dividing ` ramify. Let λ ∈ K be such that λ2 = ε` (where ε ∈ {±1,±i}).

Our first result concerns the existence of Arakelov-modular lattices of
trace type over cyclotomic fields. Define `1, `2 ∈ Z in the following way :

· ` = `1`2,
· if n is odd or divisible by 8, let `1 be the product of the primes

dividing ` congruent to 1 modulo 4,
· if n ≡ 4 mod 8, let `2 be the product of the primes dividing ` con-

gruent to 3 modulo 4.

We also define n′ as the greatest divisor of n prime to ` (recall that we are
assuming ` to be square-free).
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Proposition 3.7. With the above assumptions, there exists an Arakelov-
modular lattice of level ` and of trace type over K = Q(ζn) if and only if the
three following conditions are satisfied :

(i) ` divides n,
(ii) `1 and n′ are good for n and

(iii) if `1 is even, 2 is a norm of Q(ζn
4
)/Q(ζn

4
+ ζ−1n

4
).

This last proposition generalizes Propositions 5 and 6 of [4].

Proof. For a prime ideal P in K, vP will denote the valuation at P. Let
(I, 1) be an Arakelov-modular lattice of level ` of K. By Proposition 3.4,
all the primes dividing ` ramify in K/Q, so `|n. Take λ ∈ K such that

(I, 1) = (λI∗, (λλ)
−1
`). We can assume that λ2 = ε`, with ε ∈ {±1,±i}.

Using the fact that I∗ = D−1K I
−1

, we find that λOK = DKII. Let P be
a prime ideal of K dividing `1 and let p be the prime of Z under P. If p
is odd, then vP(λ) = 1

2vP(`), but p ≡ 1 mod 4, hence vP(p) ≡ 0 mod 4,

and vP(λ) ≡ 0 mod 2. In this case, vP(DK) is odd, and vP(λD−1K ) is also

odd. If p = 2, then n ≡ 4 mod 8 and vP(λ) = 1. Since vP(D−1K ) is even,

vP(λD−1K ) is also odd. If P is a prime dividing n′, then vP(λ) = 0, and
vP(DK) is odd (unless P is above 2, but in this case 2 is a good divisor of

n). So when P is a prime ideal dividing `1n
′, vP(λD−1K ) is odd. Hence we

must have vP(I) 6= vP(I), i.e. P 6= P. This shows that `1n
′ must be good

for n and that 2 must be a norm of Q(ζn
4
)/Q(ζn

4
+ ζ−1n

4
) whenever 2|` and

n ≡ 4 mod 8.
Conversely, finding an Arakelov-modular lattice of level ` and of trace

type over K is equivalent to finding a decomposition λD−1K = II, where
λ2 = ε` (ε ∈ {±1,±i}). Such a decomposition is possible if and only if
vP(λD−1K ) is even whenever P = P. If possible, take a prime ideal P such

that vP(λD−1K ) is odd and P = P. The hypothesis on ` and on `1n
′ implies

that P divides n and P does not divide `1n
′. So P must divide `2. Let p be

a prime of Z under P, and assume first that p is odd. Then p ≡ 3 mod 4
and vP(λ) = 1

2vP(`) is odd. Moreover vP(D−1K ) is also odd, and vP(λD−1K )
is even, which leads to a contradiction. Assume now that p = 2. In this
case, vP(λ) is even because we are assuming that 8|n, and vP(DK)−1 is also

even, which contradicts the fact that vP(λD−1K ) is odd. This completes the
proof. �

We can rewrite the preceding proposition in the following way. For an
integer n and a prime number p, we define np to be the greatest integer
dividing n prime to p, and we define fp = [Z[ζnp ]/P : Z/p], where P is any
prime ideal of Z[ζnp ] above p.

Proposition 3.8. Let n be an integer and ` be a square-free integer dividing
n. There exists an Arakelov-modular lattice of level ` and of trace type over
Q(ζn) if and only if the three following conditions are satisfied :
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(i) for all p|`, p ≡ 1 mod 4, we have either fp is odd or p
fp
2 6≡ −1

mod np,

(ii) for all p|n, p 6 |`, we have either p = 2, or fp is odd or p
fp
2 6≡ −1

mod np,

(iii) if ` is even and n ≡ 4 mod 8, then we have either f2 is odd or 2
f2
2 6≡

−1 mod n2.

In particular, we can apply the preceding proposition to the unimodular
case, by taking ` = 1.

Corollary 3.9. There exists a unimodular lattice of trace type over Q(ζn)

if and only if for all p|n, we have either p = 2, or fp is odd or p
fp
2 6≡ −1

mod np.

Example 3.10. Let K = Q(ζ21) be the cyclotomic field generated by a 21st

root of unity. Let ` = 3. With the notations of Proposition 3.7, we have
`1 = 1 and n′ = 7. We see that 7 ≡ 1 mod 3, so 7 is a good divisor of 21.
Moreover, 1 is a good divisor of any integer. Hence according to Proposition
3.7 there exists an Arakelov-modular lattice of level 3 and of trace type
over K which is 12-dimensional. A computation in PARI/GP shows that
the Arakelov-modular lattice obtained in this way is of minimum 4, and is
therefore extremal. Since the class number of K is one, this is the only
Arakelov-modular lattice of level 3 in K (cf Propostion 4.2). This lattice is
the Coxeter-Todd lattice because it is the only extremal 3-modular lattice
in dimension 12. Note that this construction is given in [6].

Example 3.11. Let K = Q(ζ28) be the cyclotomic field generated by a
28th root of unity. Let ` = 14. 2 is a norm of Q(ζ7)/Q(ζ7 + ζ−17 ) and 7
is a good divisor of 28, so Proposition 3.7 gives us an Arakelov-modular
lattice of level 14 and of trace type over K which is 12-dimensional. A
computation in PARI/GP shows that this lattice is of minimum 8, therefore
it is an extremal lattice. Since the class number of K is one, there is only one
Arakelov-modular lattice of level 14 in K (cf Propostion 4.2). This lattice
is the lattice L2(7)×D8 given on p.64 of [11].

Example 3.12. Let K = Q(ζ40) be the cyclotomic field generated by a
40th root of unity and let ` = 2. We can also apply Proposition 3.7 to
get a 2-modular lattice of trace type over K which is 16-dimensional. A
computation in PARI/GP shows that this lattice is of minimum 4, and is
therefore an extremal lattice. Since the class number of K is one, there is
only one Arakelov-modular lattice of level 2 in K (cf Propostion 4.2). This
is the Barnes-Wall lattice BW16 (see Theorem 4 of [14]).

Proposition 3.7 gives the list of all cyclotomic fields in which there exists
an Arakelov-modular lattice of trace type. We now want to give the list of all
cyclotomic fields in which there exists an Arakelov-modular lattice. First of
all, notice that Lemma 2 of [4] gives all the cyclotomic fields generated by a
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pr-th root of unity (with p prime) in which there exists an Arakelov-modular
lattice (cf. Theorem 3.15). So consider a cyclotomic field K whose extension
K/F is unramified at the finite primes. We have K = Q(ζn), where n is odd
or divisible by 4 and where n is not a prime power. Moreover, the maximal
real subfield of K is F = Q(ζn + ζ−1n ) and K/F is unramified at the finite

primes. For a divisor d of n, we define ζd = ζ
n
d
n . The different of K/Q is

then

DK = n
∏

p|n,p prime

(1− ζp)−1OK .

For a divisor d of n, define γd ∈ F to be :

γd =

{
(1− ζd)(1− ζn)−

n
d , if n

d is odd,

(1− ζd)(1− ζn)−
n
d ζ

n
4
n , otherwise.

We see that for a prime p|n, the ideal (1 − ζp)OK comes from the ideal
of F generated by γp, hence DK = DF = n

∏
p|n γ

−1
p OK . Denote ρ the

homomorphism from (Z/nZ)∗ to the embeddings of K into R defined by

ρ(k)(ζn) = exp

(
2ikπ

n

)
.

A straightforward computation gives
(1)

ρ(k)(γd) =

{
2−

n
d
+1(−1)

3d−3n
2d sin

(
πk
d

)
sin
(
πk
n

)−n
d , if n

d is odd,

2−
n
d
+1(−1)

kd+3d−3n
2d sin

(
πk
d

)
sin
(
πk
n

)−n
d , otherwise (for d 6= 2).

Let ` be a square-free integer dividing n. Let λ ∈ K be such that λ2 = ε`,
with ε ∈ {±1,±i}. Define `1, `2 and n′ as in Proposition 3.7. We will say
that a prime p|n is bad for (n, `) if either p|`1n′ and p is not a good divisor
of n, or `1 is even and 2 is not a norm of Q(ζn

4
)/Q(ζn

4
+ ζ−1n

4
). Denote

nbad =
∏
pr, where p goes through the bad prime divisors for (n, `), and

where n/nbad is relatively prime to nbad. According to Proposition 3.7,
nbad is the largest divisor of n which prevents the existence of an Arakelov-
modular lattice of level ` and of trace type over Q(ζn). However if we define
δ to be

δ =

{ ∏
p bad γp , if nbad is odd,

γ4
∏
p bad, p 6=2 γp , otherwise,

then there exists an ideal I of K = Q(ζn) such that λnbadδ
−1D−1K = II (see

the proof of Proposition 3.7). Therefore if we can find a unit u having the
same signature as δ, there will exists an Arakelov-modular lattice of level `
over K. In fact, we have the following :

Proposition 3.13. Write δOF = pe11 · · · perr and λDK = Qa1
1 · · ·Qas

s (where
the pi’s are prime OF -ideals and the Qi’s are prime OK-ideals). With the
above notation, the following conditions are equivalent.

(i) There exists an Arakelov-modular lattice of level ` over K = Q(ζn).
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(ii)
∑
ei ≡ 0 mod 2.

(iii)
∑
ai ≡ 0 mod 2.

Proof. The conditions (ii) and (iii) are equivalent because all the pj ’s di-

viding δOF are inert in K/F and λD−1K nbadII = δOK . So the equivalence

follows from the fact that nbad is a square in K an that vP(II)+vP(II) ≡ 0
mod 2.

Assume now (i), and let (J , α) be an Arakelov-modular lattice of level
` over K. Let λ ∈ K be such that λ2 = ε`, with ε ∈ {±1,±i}. Using an
argument similar to the proof of Proposition 3.7, we see that there exists an
ideal I of K such that nbadδ

−1λD−1K = II. The lattice (J , α) is Arakelov-

modular so α−1λD−1K = JJ (see Remark 3.5). Let IF denote the group of
ideals of F . Let ΨK/F be the Artin map :

ΨK/F : IF −→ Gal(K/F ) = {±1}, p 7→
{
−1 , if p is inert in K/F
1 , otherwise.

The extension K/F is ramified at all the infinite primes, and unramified at

the finite primes, so class field theory tells us that δOF = 1
nbad

αJ I−1J I−1∩
OF is in the kernel of the Artin map ΨK/F . But by the definition of δ, for all
the prime ideals p dividing δOF , vp(δ) is odd and p is inert in the extension
K/F . So there must be an even number of distinct prime ideals dividing δ,
and condition (ii) holds.

Assume now (ii), so that δOF is in the kernel of the Artin map. Using
an argument similar to the proof of Proposition 3.7, we see that there exists
an ideal I of K such that nbadδ

−1λD−1K = II. By class field theory, there
exists a totally positive element α ∈ F and an ideal J of K such that δOF =
αJJ ∩ OF (in fact, no finite prime ramifies in K/F , hence NK/F (J ) =

JJ ∩ OF for all ideals J of K). Therefore, nbadα
−1λD−1K = IJ IJ , and

Proposition 4.1 tells us that the lattice (IJ , n−1badα) is an Arakelov-modular
lattice of level `. This completes the proof. �

We are now interested in giving a more comprehensible condition equiv-
alent to the conditions of Proposition 3.13. Recall that we have

(2) DK = n
∏
p|n

γ−1p OK , and λ =

 u
∏
p|` γ

p−1
2

p , if ` is odd,

uγ4
∏
p|`, p odd γ

p−1
2

p , otherwise,

for some unit u ∈ OK . Assume first that n = prqs where p, q are odd primes
(this discussion also applies to the case n = 4qs, where we must replace

γp with γ4). For a prime ideal P of K, we have vP(γp) = pp
r−1

(resp.
vP(γ4) = 1) is odd. So

∑
P|p vP(γp) has the parity of the number of distinct

prime ideals dividing p. Hence our aim is to know the parity of the number
of distinct prime ideals above p. In fact, it is also the parity of the number
of prime ideals of Q(ζq) above p. Therefore, we can assume that s = 1. Let

fp = min{f : pf ≡ 1 mod q}. The number of prime ideals in Q(ζq) above p
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is gp = q−1
fp

. Suppose that
(
p
q

)
= 1 (

(
p
q

)
is the Legendre symbol of p and

q). Then p is a square modulo q and fp| q−12 . So gp = q−1
fp

= 2 · q−12fp
is even.

Suppose now that
(
p
q

)
= −1. Using the fact that (Z/q)× is cyclic, we see

that gp = q−1
fp

is odd. Therefore, for n = prqs, we have :

(3)
∑
P|p

vP(γp) ≡

 0 mod 2 , if
(
p
q

)
= 1,

1 mod 2 , if
(
p
q

)
= −1,

where the sum is taken on the prime ideals of Q(ζn) above p.
Assume now that n = 2rqs. For a prime ideal P above 2, vP(γ4) is odd

if and only if r=2, and vP(γ2) is always even. If r ≥ 3, the exponent of

(Z/2r)× is 2r−2, hence gq = 2r−1

fq
is even. So

∑
Q|q vQ(γq) is even in this

case. Now if r = 2, the number of prime ideals in Q(i) above q is even if
and only if q ≡ 1 mod 4, and the number of prime ideals in Q(ζqs) above 2

is even if and only if
(
2
q

)
= 1 (this is formula (3) for p = 2).

Finally, assume that at least three distinct primes divide n. Let p be a
prime dividing n and write n = prnp, where (np, p) = 1. Let fp = min{f :

pf ≡ 1 mod np}. It is easy to see that the exponent of (Z/np)× divides
ϕ(np)

2 , hence fp divides
ϕ(np)

2 . So the number of distinct prime ideals of

Q(ζn) above p is gp =
ϕ(np)
fp

and is even. Hence, if at least three distinct

primes divide n, then for all prime p|n, we have :∑
P|p

vP(γp) ≡ 0 mod 2,

where the sum is taken on the prime ideals of Q(ζn) above p.
Proposition 3.13 can now be restated as follow :

Theorem 3.14. Let n be an integer such that n 6≡ 2 mod 4 and such that n
is not a prime power, and let ` be a square-free integer. Then there exists an
Arakelov-modular lattice of level ` over Q(ζn) if and only if ` ∈ Modular(n),
where Modular(n) is defined as follow (in the sequel, p and q are odd primes).

1. If n = 4qs, with q ≡ 1 mod 8, then Modular(n) = {1, 2, q, 2q}.
2. If n = 4qs, with q ≡ 3 mod 8, then Modular(n) = {2, q}.
3. If n = 4qs, with q ≡ 5 mod 8, then Modular(n) = {1, q}.
4. If n = 4qs, with q ≡ 7 mod 8, then Modular(n) = {q, 2q}.
5. If n = 2rqs with r ≥ 3, then Modular(n) = {1, 2, q, 2q}.
6. If n = prqs, with p ≡ q ≡ 1 mod 4, then Modular(n) = {1, p, q, pq}.
7. If n = prqs, with p ≡ 1 mod 4, q ≡ 3 mod 4 and

(
p
q

)
= 1, then

Modular(n) = {1, p, q, pq}.
8. If n = prqs, with p ≡ 1 mod 4, q ≡ 3 mod 4 and

(
p
q

)
= −1, then

Modular(n) = {1, p}.
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9. If n = prqs, with p ≡ q ≡ 3 mod 4 and
(
p
q

)
= 1, then Modular(n) =

{q, pq}.
10. If at least three distinct primes divide n, then Modular(n) consists of all

the square-free divisors of n.

Proof. This proposition follows from formula (2) and from the discussion
about the parity of the number of distinct prime ideals in Q(ζn) above a
given prime number p|n. �

In order to be complete, we will restate here the results corresponding to
the prime power case which can be found in [4], Lemma 2.

Theorem 3.15. Let n = pr be a prime power. Let ` be a square-free integer.
Then there exists an Arakelov-modular lattice of level ` over Q(ζn) if and
only if ` ∈ Modular(n), where Modular(n) is defined as follow.

1. If p ≡ 1 mod 4, then Modular(n) = ∅.
2. If p ≡ 3 mod 4, then Modular(n) = {p}.
3. If n = 4, then Modular(n) = {1}.
4. If n = 2r, r ≥ 3, then Modular(n) = {1, 2}.
Proof. In [4], Lemma 2, the point 1 is already shown. In [4], Proposition
1, an Arakelov-modular lattice of level p (denoted Lppr) is exhibited in the
field Q(ζpr) for p ≡ 3 mod 4 and for p = 2, r ≥ 3. Moreover, in Q(ζ2r), an
unimodular lattice can be constructed because the different of Q(ζ2r)/Q is
a square. Therefore it remains to prove that no unimodular lattice can be
constructed over Q(ζpr) for p ≡ 3 mod 4, and that there are no 2-modular
lattices over Q(i).

This can be shown as in [4], Lemma 2. If L = (I, α) is an ideal lattice over
Q(ζpr), then det(L) = NQ(ζpr )/Q(αI2) discQ(ζpr ). N(α) is a square (because

α is totally real) and discQ(ζpr ) is a square in the case pr = 4 (resp. is not

a square in the case p ≡ 3 mod 4. Therefore we can not have det(L) = 2
(resp. det(L) = 1) in the case pr = 4 (resp. p ≡ 3 mod 4). This concludes
the proof. �

If we apply Theorem 3.14 to ` = 1, we find as a particular case Theorem
1.1,I,c) of [2], namely :

Corollary 3.16. Assume that n is not a power of 2. Then there exists an
unimodular lattice over Q(ζn) if and only if at least two primes divide n and
ϕ(n) is divisible by 8.

The three following examples will illustrate Theorem 3.14.

Example 3.17. Let K = Q(ζ15) be the cyclotomic field generated by a
15 th root of unity. Theorem 3.14, 8. tells us that there exists an Arakelov-
modular lattice of level 5 over K. The different of K/Q is DK = 15δ−1OK ,
where δ = γ3γ5 is defined as before (in this case, both 3 and 5 are bad for
(15, 5)). We check that 5 = λ2, with λOK = γ25OK . Hence 15λδ−1D−1K =
γ5γ5OK .
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The sign of ρ(k)(δ) is the sign of − sin
(
πk
3

)
sin
(
πk
5

)
for 0 < k < 15.

Apply the results of section 4 of [2] (or use PARI/GP) to obtain a unit

u = − ζ215−ζ
−2
15

ζ15−ζ−1
15

such that the sign of ρ(k)(u) is the sign of ρ(k)(δ) for all

0 < k < 8, gcd(k, 15) = 1. Finally, we get an Arakelov-modular lattice
(I, α) of level 5, where α = 1

15uδ and I = γ5OK . This is the only Arakelov-
modular lattice of level 5 over K since hK = 1 (see Proposition 4.2). A
computation in PARI/GP tells us that this lattice is of minimum 4, and
is therefore an extremal lattice. This lattice is the same lattice as the one
constructed on p.16 of [17].

Example 3.18. Let K = Q(ζ35) be the cyclotomic field generated by a
35th root of unity. Theorem 3.14, 8. tells us that there exists an Arakelov-
modular lattice of level 5 over K. Both 5 and 7 are bad for (35, 5), so the
different of K/Q is DK = 35δ−1OK , where δ = γ7γ5 is defined as before.

The sign of ρ(k)(δ) is the sign of − sin
(
πk
5

)
sin
(
πk
7

)
for 0 < k < 35. We

can use the results of [2] to find a unit

u = −ζ
3 − ζ−3

ζ − ζ−1
ζ9 − ζ−9

ζ − ζ−1
ζ11 − ζ−11

ζ − ζ−1
ζ12 − ζ−12

ζ − ζ−1
ζ13 − ζ−13

ζ − ζ−1

having the same signature as δ. Therefore we get an Arakelov-modular
lattice (I, α) of level 5, with α = 1

35uδ and I = γ5OK . The class number
of K is hK = 1, so there is exactly one Arakelov-modular lattice of level 5
over K (see Proposition 4.2). A computation under PARI/GP tells us that
this ideal lattice is of minimum 8, and is therefore extremal. This lattice is
the one given in p. 23 of [17].

Using the notation of Proposition 3.14, let P+
F be the set of ideals of

F generated by totally posistive elements and let cl+(F ) = IF /P
+
F be the

narrow class group of F . Let cl(K) = IK/PK be the class group of K. We
have a map

cl(K)→ cl+(F ), cl(I) 7→ cl(δNK/F (I)).

Proposition 3.13 tells us when the trivial class of cl+(F ) is in the image of
this map.

Example 3.19. Let K = Q(ζ56) be the cyclotomic field generated by a
56th root of unity. Theorem 3.14, 5. tells us that there exists an Arakelov-
modular lattice of level 2 over K. As 7 is bad for (56, 2), the different of
K/Q is DK = 7δ−1(QQ)8OK , where δ = γ7 is defined as before, and Q is a
prime ideal of OK above 2.

According to PARI/GP, there are no units of K having the same signature
as δ. However, we know that the trivial class of cl+(F ) is in the image of
the map defined above this example. The class group of K is of order 2 and
is generated by Q, therefore the ideal γ7QQ must be generated by a totally
positive element. In fact, this ideal is generated by the totally real element
γ7γ8, whose signature is given by formula (1), so all that remains is to find
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a suitable unit. This can be done using PARI/GP. In this way, we find a
2-modular lattice of dimension 24 and of minimum 4.

4. Classification results

Given a CM field K and an Arakelov-modular lattice over K, this section
deals with the problem of classifying all Arakelov-modular lattices which can
be constructed over K. As we will see, this is possible under the hypothesis
that at most one finite prime of F ramifies in K. Note that this is always
the case for cyclotomic fields.

First, we assume that there exists an Arakelov-modular lattice of level
` and of trace type over K. If the extension K/F is ramified on at most
one finite prime, then all Arakelov-modular lattices of level ` over K are
Arakelov-equivalent to a lattice of trace type. This is the aim of the next
Proposition :

Proposition 4.1. Assume that there is an Arakelov-modular lattice of level
` and of trace type (I, 1) in K and also assume K/F is ramified on at most
one finite prime. Let (J , α) be an Arakelov-modular lattice of level `. Then
there exists an ideal K of K such that (J , α) ∼=A (K, 1).

Proof. Assume first that no finite prime ramifies in the extension K/F . Let
λ ∈ K such that λI∗ = I and λJ ∗ = J (see Proposition 3.4). The first
equality implies that II = λD−1K , and the second one that αJJ = λD−1K .
Therefore we have

(4) αOK = (JJ )
−1II.

We can now check that α is a local norm of K/F at each prime, to deduce via
the Hasse norm Theorem that α is a global norm. Note that α is certainly
a local norm at each infinite prime since α is totally positive. Let P be a
finite prime of K. KP/FP is unramified, so if α is a unit at P, α is a norm
of KP/FP. If α is not a unit at P, equality (4) tells us that vP(α) is even

whenever P = P (i.e. whenever KP 6= FP), so α is also a norm at P. Hence

there exists δ ∈ K such that α = δδ. The ideal K = δJ gives rise to an ideal
lattice of trace type such that (K, 1) ∼=A (J , α). This completes the case in
which K/F is unramififed at the finite primes.

If only one finite prime Q ramifies in K/F , a similar proof will work if
we show that α is also a local norm at Q, and this is given by the Hilbert
reciprocity law. �

Suppose that at most one finite prime of F ramifies in K. If moreover
there exists an Arakelov-modular lattice of level ` overK, then we can explic-
itly describe all Arakelov-modular lattice of level ` which can be constructed
over K. This is the purpose of the next proposition.

In order to state the next proposition, we introduce cl(K) the ideal class
group of K, and we denote cl(K)τ the set of classes of cl(K) which contain
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an ideal fixed by Gal(K/F ). If J is an ideal of K, we write [J ] for its class
in the ideal class group of K.

Let AMK(`) be the set of classes of Arakelov-modular lattices of level `
over K modulo Arakelov-equivalence (cf Definition 1.2). The class of an
ideal lattice (I, α) in AMK(`) is denoted by [I, α]. Assume AMK(`) 6= ∅
and choose [I, α] ∈ AMK(`). Let Φ be the map

Φ : cl(K)/ cl(K)τ → AMK(`), [J ] 7→ [IJJ −1, α].

Proposition 4.2. With the above assumptions, Φ is bijective.

Proof. We first introduce a notation : for γ ∈ K, and for an ideal lattice
(J , β), we define γ · (J , β) = (γJ , (γγ)−1β). Recall that the lattices (J , β)
and γ · (J , β) are isometric.

First of all, define Φ̃ : cl(K) → AMK(`) as above. If J = βOK is a

principal ideal, then (IJJ −1, α) = (β/β) · (I, α), so Φ̃ is well defined. Let

(Ĩ, α̃) be an Arakelov-modular lattice of level ` over K. Let λ ∈ OK such

that λI∗ = I and λĨ∗ = Ĩ (see Proposition 3.4). A similar argument to the
one used in the proof of Proposition 4.1 gives that α̃ ∈ NK/F (K)α. Hence

by replacing (Ĩ, α̃) by γ · (Ĩ, α̃), where α̃ = γγα, we can reduce the problem

to the case α = α̃. We can now deduce that II = λα−1D−1K = ĨĨ. Thus

there exists an ideal J over K such that Ĩ = JJ −1I. This proves that the
map Φ̃ is surjective.

Consider now [J ] ∈ ker Φ̃. We have [IJJ −1, α] = [I, α], so the ideal

JJ −1 is generated by an element β ∈ K such that ββ = 1. We can
now apply Hilbert’s Theorem 90 to obtain an element γ ∈ K such that
γJ = γJ . This last equality gives that [J ] is in cl(K)τ , and concludes then
the proof. �

Thanks to Theorem 3.14, Proposition 4.2 can be applied to the case when
K is a cyclotomic field. This is shown in the two following examples.

Example 4.3. Let K = Q(ζ56) be the cyclotomic field generated by a 56th

root of unity. Let ` = 7 and apply Theorem 3.14, 5. to get an Arakelov-
modular lattice of trace type and of level 7 over K. The class number of
K is 2, so Proposition 4.2 tells us there are at most two Arakelov-modular
lattices of level 7 over K. In fact, a computation in PARI/GP gives two
Arakelov-modular lattices of level 7 over K, one of minimum 4 and the
other of minimum 8. Neither of them is extremal.

Example 4.4. Let K = Q(ζ80) be the cyclotomic field generated by a 80th

root of unity. Let ` = 2 and apply Theorem 3.14, 5. to get an Arakelov-
modular lattice of trace type and of level 2 over K. The class number of
K is 5, so Proposition 4.2 tells us there are at most five Arakelov-modular
lattices of level 2 over K. In fact, a computation in PARI/GP gives two
Arakelov-modular lattices of level 2 over K, one of minimum 4 and the
other of minimum 6, the second one is therefore extremal. A computation
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with the Bernd Souvignier isometry program (see [12]) gives that this lattice
is isomorphic to the lattice Q32.

5. Action of the Galois group : examples

In this section, we primarily give some examples for the case in which the
similarity is induced by the Galois group of K/Q.

Assume that K is a CM-field and K/Q is Galois. Let ` be an integer (not
assumed to be square-free). For any σ ∈ Gal(K/Q), the map x 7→ xσ is
an isometry from the ideal lattice (I, α) to (Iσ, ασ). Hence an ideal lattice
(I, α) whose class [I, α] belongs to the same Gal(K/Q)-orbit as [I∗, `α] is
`-modular.

Proposition 5.1. There exists an ideal lattice of trace type (I, 1) whose
class [I, 1] belongs to the same Gal(K/Q)-orbit as [I∗, `] if and only if there
exists an ideal a of K, a λ ∈ K and an automorphism σ ∈ Gal(K/Q) such
that ` = λλ, λaσ ⊆ a and λD−1K = aaσ.

Proof. If [I, 1] = [(I∗)σ, `σ], take λ ∈ K such that (I, 1) = (λ(I∗)σ, λλ`σ).
Then we get ` = λλ and λ(I∗)σ = I. We can now conclude using the identity

(I∗)σ = (D−1K I
−1

)
σ

= D−1K I
−σ

. Conversely, a straightforward computation
gives us that [a, 1] = [(a∗)σ, `], i.e. the lattice (a, 1) is `-modular. �

In fact, in the case of Proposition 5.1, ` need not be ramified in K/Q so
that Proposition 3.4 is not true for such ideal lattices. The following two
examples illustrate this fact.

Example 5.2. Let K be the cyclotomic field generated by a 40th root of
unity. There exists prime ideals P,Q of K and there exists an automorphism

σ ∈ Gal(K/Q) such that 3OK = PPσPPσ, 5OK = (QQ)
4
. The different

of K/Q is DK = 4(QQ)
3
. We want to construct a modular lattice of level 15

over K. If such a lattice exists, Proposition 3.7 tells us that this lattice would
not be Arakelov-modular over K. Since K has class number 1, there exists
λ3 ∈ K such that λ3OK = PPσ. We have λ3λ3 = 3u, where u is a totally
positive unit of K. By Proposition A.2 of [19], u = vv where v is a unit of
K. Hence we can assume that λ3λ3 = 3. Define λ = λ3

√
5, so that λOK =

PPσ(QQ)
2
. We can assume that Qσ = Q (by composing if necessary σ

with an element of DP − DQ, for instance ζ40 7→ ζ340). Hence λD−1K =

PP
σ
4−1(QQ)

−1
= IIσ, where I = P2−1Q−1. Proposition 5.1 gives the

existence of a 15-modular ideal lattice. A computation under PARI/GP
tells us that this lattice is of minimum 10, and is therefore extremal. A
computation with the Bernd Souvignier isometry program (see [12]) gives
that this lattice is isomorphic to the lattice [SL2(5) Y SL2(9)] given in
Theorem IV.1 of [9] (the Gram matrix can be found in [9], p.142).

Example 5.3. Let K be the cyclotomic field generated by a 40th root of
unity. We want to construct a 7-modular lattice over K. We have DK =
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4(QQ)
3

and 7OK = PPPσP
σ
, where P,Q are prime ideals ofK and 5OK =

(QQ)
4
. We can assume that Qσ = Q (by composing if necessary σ with

ζ40 7→ ζ740, which is an element of DP −DQ). Let λ be a generator of PPσ

(K is principal). By Proposition A.2 of [19], all totally positive units of F
are in NK/F (UK), where UK is the group of units of OK . Therefore we can

assume that λλ = 7. Let I = 1
2PQ−3, and apply Proposition 5.1 to get

a 7-modular ideal lattice over K. This lattice cannot be Arakelov-modular
over any cyclotomic field because 7 does not ramify in any cyclotomic field of
dimension 16 over Q. A computation in PARI/GP tells us that this lattice
is of minimum 6, and is therefore extremal. This lattice is the same lattice
as the one exhibited in [17], p21.
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