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The goal of planar nearfield acoustical holography �NAH� is to recover the sound field at the sound
source from pressure measurements made close to the source plane. The theory requires the pressure
to be measured over a complete plane. Because experimentation consists of acquiring only a finite
measurement aperture of the pressure field, it naturally causes erroneous values in the reconstructed
field. Wavelet preprocessing applied to the pressure measurements in the nearfield provides a
solution to lessen the effects due to the truncation of the hologram. The approach is based on a
multiresolution analysis of the field from different wave number bands followed by selective spatial
filtering of effects highlighted by the first analysis. Experimental results show the relevance of the
method by comparison to standard NAH involving exponential filtering in the wave number
domain. The computation of objective indicators based on distance measurements between wave
number spectra and comparisons between patterns composed of relevant features drawn from
experimental data are proposed to give objective criteria to prove the viability of the method. ©
2005 Acoustical Society of America. �DOI: 10.1121/1.1945469�

PACS number�s�: 43.60.Sx, 43.60.Hj, 43.60.Pt �EGW� Pages: 851–860
I. INTRODUCTION

The aim of planar nearfield acoustical holography
�NAH� is to reconstruct the sound field at the sound source
from pressure measurements made close to the source plane.
These measurements are carried out using an array of micro-
phones or a single microphone moving across a finite size
grid when the acoustic noise is stationary. Thus holography
is applied to a truncated acoustic measurement field, which
causes erroneous values in the reconstructed pressure field.
Indeed, the discontinuity in the acquired pressure field in-
creases the distortions of the usual reconstruction procedure
due to the exponential amplification of the evanescent waves
in the wave number spectrum. The goal of our study is to
lessen the effects of the truncation of the hologram in planar
NAH. A wavelet method is used for this purpose. Full details
of the approach are given in the first part of the paper. In the
second part, some indicators are proposed to compare results
obtained by standard NAH and by NAH coupled with the
wavelet preprocessing. The aim of this part is to prove the
relevance of the method discussed, from objective criteria
computed from the wave number spectra involved.

Several authors have already worked on the lessening of
truncation effects. A weighting window is proposed1 but it
has the disadvantage of adding distortions when the gradient
of the rebuilt pressure field is to be used to calculate the
acoustical and structural intensity. Some authors have ap-
plied regularization approaches to NAH problems, based on
the singular value decomposition �SVD� of the matrix which
relates the normal velocity of the vibrating surface to the
hologram pressure on the measurement plane.2–4 Williams, in
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particular, presented a comparative study of regularization
methods such as the Tikhonov procedure, the Landweber it-
eration, and the conjugate gradient approach.5 In his applica-
tion, he underlined the fact that the Veronesi filter,6 or expo-
nential filter, provided the best results, even in comparison
with a modified Tikhonov approach, improving the results
given by the three tested methods. That is why the approach
using wavelet processing, presented in the paper, is com-
pared to NAH with the use of the Veronesi filter as a regu-
larization tool. The advantages of these regularization meth-
ods are that they process automatically and can be used for
planar, cylindrical, and spherical geometries. Tikhonov regu-
larizations in conjunction with a parameter-choice method
�L-curve criterion or the generalized cross-validation method
�GCV�� are also successfully used for reconstructing acoustic
sources using the inverse boundary element method �IBEM�7

or, more recently, hybrid NAH based on a modified Helm-
holtz equation least-squares �HELS� method.8 Another ap-
proach consisted in reconstructing the pressure field of the
source plane over an area larger than the small region, or
“patch,” where the pressure was measured.9,10 The starting
point of the method is the measurement plane, i.e., the holo-
gram, extended by zero-padding to the size needed for the
pressure field of the source plane. The idea is to reconstruct
the pressure field on the source plane and then to propagate
the latter to the measurement plane. The central part, whose
dimension is the same as that of the patch, is replaced by the
hologram and the process reiterates until the field propagated
is similar to the hologram. The method seems to give inter-
esting results even though it needs many iterations. Other
techniques which accurately calculate the spatial derivatives
in the wave number domain11,12 cannot be employed in back-
ward propagation because they limit the width or modify the

shape of the k spectrum.
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The approach discussed in the paper does not belong to
regularization-based methods but involves multiresolution
decomposition of the acoustical field. The aim of this analy-
sis is to highlight truncation effects that appear at different
resolutions. Once the effects have been located, they are se-
lectively filtered. To our knowledge, El Khoury and Nouals
were the first to propose this two-step method.13 The stages
of the method are as follows: multiresolution analysis and
selective spatial filtering are described in Sec. III. The selec-
tive spatial filtering we proposed is, in particular, different
from the Hamming window used by El Khoury and
Nouals.13 The wavelet processing is also presented from a
wave number point of view: each decomposition of the
acoustic field at one resolution involves specific wave num-
ber filtering, highlighted in Sec. III. Section IV describes the
results obtained using the proposed wavelet method to ex-
perimentally reconstruct acoustic fields very near the source
plane. The experimental configuration tested here involves a
three-monopole point source plane that has already been
tested successfully on simulated cases.14 Several figures, il-
lustrating back-propagated acoustic fields, are also displayed
to compare results obtained from standard NAH and from
NAH coupled with wavelet preprocessing. Because it is
sometimes difficult to make visual comparisons of process-
ing results in acoustic imaging, we propose in Sec. V to use
objective indicators to prove the relevance of the wavelet
method for NAH. First the wave number spectra resulting
from standard NAH and from wavelet processing are com-
pared to a reference spectrum through the computation of a
similarity indicator between the spectra, which is based on
distance measurements. The smallest distance gives the most
relevant spectrum. Second, a pattern recognition approach is
used: several features are extracted from the wave number
spectra to create a pattern which may be then represented by
a point in the feature space. Each method gives a pattern
whose location in the feature space is compared to that of a
reference pattern. The closer the pattern is to the reference,
the more relevant the source reconstruction. As the steps of
the proposed method are illustrated all along the paper by
images of the experimental acoustic fields, the paper starts in
Sec. II with a description of the experiment and explains the

FIG. 1. The experiment with three loudspeakers in a vertical plane and a sq
this frame, 10 cm from the source plane, is the starting point of the study. T
reference field intended to be reconstructed from the image in the center us
principle of the study.
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II. DESCRIPTION OF THE STUDY AND THE
EXPERIMENT

The experimental configuration for the holographic mea-
surements consisted of three stationary loudspeakers excited
in a vertical plane �Fig. 1�. Two of them were close to each
other. The pressure was measured 10 cm from the source
plane on a square grid of 28�28 points. The scan was con-
ducted in an automated point-by-point fashion using a single
microphone. The complex pressure was retrieved from the
phase relations between the acquired acoustic signals and the
excitation signal. The step size in both x and y directions was
�L=6.7 cm, providing an overall scan dimension of 1.8
�1.8 m2. The study focuses on a smaller surface of 16
�16 points located at the center of this area �see the black
square frame in the picture in Fig. 1�. This region, which
measured 1.0�1.0 m2, was chosen so that the highest loud-
speaker was very near its border, resulting in unsatisfactory
values in the reconstruction processing. The wavelength and
the wave number of the stationary sources being studied are
respectively �=0.85 m and k0=2� /�=7.4 rad m−1 at the
frequency of 400 Hz. The aim of our experiment is to recon-
struct an acoustic field 1 cm from the source plane, from the
acquired acoustic field 10 cm from the loudspeaker plane.
From the experiment shown on the left in Fig. 1, the 16
�16-point pressure field in the center, acquired 10 cm from
the sources, is back-propagated 1 cm from the source plane
using NAH. The pressure field resulting from the method
discussed in the paper is expected to be similar to the refer-
ence one on the right directly acquired 1 cm from the source
plane. These fields, as throughout the paper, are interpolated
on a 64�64 grid using the Shannon interpolation from the
computed fields on a 16�16 grid, giving sharper images.

The wavelet method,13–15 which is both space and fre-
quency selective, involves modifying the acquired acoustic
pressure field before solving the holography inverse problem
�NAH� as shown by the synopsis in Fig. 2. The method dif-
fers from the standard one in that it does not apply any fil-
tering in the wave number spectrum after the Fourier trans-
form. However, there is no denying that the wavelet
preprocessing itself filters the data in the wave number do-
main. The aim of the next section is to explain how the
acquired pressure field is modified by the wavelet method

frame is shown left. The 16�16 pressure field A0 �center�, measured from
essure field directly acquired 1 cm from the source plane on the right is the
AH with the wavelet preprocessing.
uare
he pr
and in particular how its wave number spectrum is affected.
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III. A WAVELET PREPROCESSING METHOD

A. Principle

The first stage is based on a multiresolution analysis16 of
the acquired pressure field 10 cm from the source plane. It
provides subimages highlighting different characteristics of
the pressure field according to a given resolution, in particu-
lar the edges caused by the finite size of the acoustic field.
The main advantage of decomposition �which is used in data
compression with MPEG video compression standards� is
that the image studied may be reconstructed from the subim-
ages, using a simple algorithm involving zero insertion and
summation.

The second stage of the method is based on selective
spatial filtering of the edges highlighted by the multiresolu-
tion analysis. The spatial filter is a �-modified function
which was devoted to pattern recognition applications17 as a
model of class membership function. Here it is applied to the
subimages. Then the resulting subimages are added, yielding
a modified pressure field to be used as an input of the holog-
raphy algorithm.

B. Multiresolution analysis

In this part, multiresolution analysis is essentially pre-
sented in a physical sense as a filter bank analysis without
J. Acoust. Soc. Am., Vol. 118, No. 2, August 2005 J.-H
the theory of wavelet bases which is reported in detail in the
literature.16,18 The method consists in analyzing a signal or
an image at several resolutions. First it focuses on details,
then it gives increasingly coarse approximations of the signal
studied.

The decomposition of 1-D signals at one resolution in-
volves a high-pass filter and a low-pass filter to separate the
input signals into two components: an approximate and a
detailed signal. At the first resolution, for 1-D signals
sampled at frequency fe, the high-pass filter extracts details
in the �fe /4 , fe /2� band and the low-pass filter gives an ap-
proximation in the �0, fe /4� band. At the second resolution
and so on, this two-step processing is reiterated on the ap-
proximation given from the previous resolution. At resolu-
tion j, the high-pass filter extracts details in the
�fe /2 j+1 , fe /2 j� band and the low-pass filter gives an approxi-
mation in the �0, fe /2 j+1� band.

For images, the approach is similar except that the filters
operate on the lines and the columns, involving four filtering
operations instead of two. In this way, the first resolution
wavelet analysis of A0, the acquired pressure field 10 cm
from the source plane, yields the four subimages A1, H1, V1,
and D1 of Fig. 3 such that

FIG. 2. Synopsis of the wavelet-based
method and the standard holography.
2D FT denotes the two-dimensional
Fourier transform and 2D FT−1 its in-
verse.

FIG. 3. Resulting acoustic fields
�magnitude� without detail top left
�A1�, with the horizontal edges top
right �H1�, the vertical edges bottom
left �V1�, and the corners bottom right
�D1� from a one-level multiresolution
analysis of the acquired radiated field
�A0� in Fig. 1. The analysis is based on
a Daubechies wavelet with eight van-
ishing moments.
. Thomas and J.-C. Pascal: Wavelet in acoustical holography 853



A0 = A1 + H1 + V1 + D1. �1�

The analysis highlights different components of the acoustic
field as shown by analyzing wavelet processing in the wave
number domain. Indeed, a j-resolution analysis of an acous-
tic field leads to filtering in the wave number space known as
k space �see bottom part in Fig. 4�:

�i� in the �0,kmax /2 j� band in both directions kx and ky

to obtain the approximation Aj �kx and ky are re-
spectively wave numbers in x and y directions�,

�ii� in the �0,kmax /2 j� band in the kx direction and in the
�kmax /2 j ,kmax /2 j−1� band in the ky direction to obtain
image Hj highlighting the horizontal edges due to
high-pass filtering on the vertical axis,

�iii� in the �kmax /2 j ,kmax /2 j−1� band in the kx direction
and in the �0,kmax /2 j� band in the ky direction to

FIG. 4. Multiresolution analysis at level 2 from a wave number spectrum
point of view: the original image A0 is decomposed into seven subimages
H1, V1, D1, A2, H2, V2, and D2 using high-pass filtering �hi� and low-pass
filtering �lo� horizontally �subscript x� or vertically �subscript y�. The whole
wave number domain of the acoustic field A0, represented by a square of
size kmax, is divided into several areas, each of them corresponding to a
specific wave number band.

FIG. 5. Two-dimensional �-modified functions ��=0.3,�=0.2� to selectiv
direction in the middle, and corners in both directions with a polar form on

Fig. 3 yielding the fields H1f, V1f, and D1f of Fig. 6.
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obtain image Vj highlighting the vertical edges due
to high-pass filtering on the horizontal axis,

�iv� in the �kmax /2 j ,kmax /2 j−1� band in both directions kx

and ky to obtain image Dj providing the details,

with kmax=� /�L, the wave number limit due to space sam-
pling �L.

In this approach, filtering is done on the lines, then on
the columns or both on the lines and the columns �see top
part in Fig. 4� while standard holography uses a unique cir-
cular filter that retains only wave numbers smaller than a k
space cutoff kc.

Figure 3 shows that features due to hologram truncation
are spatially localized near the boundaries of the radiated
field �see in particular the dark horizontal lines on image H1

and the dark vertical lines on image V1�. Note that multireso-
lution analysis is performed using Daubechies wavelets com-
puted from finite impulse responses of filters with 16 coeffi-
cients given in Ref. 16.

C. Selective spatial filtering

The aim is to remove the features due to the finite aper-
ture of the antenna, emphasized by multiresolution analysis.
Several standard windows �Hamming, Kaiser,…� can be
used at this stage, but they generally have the disadvantage
of reducing the area of the acquired acoustic field. Thus a
two-dimensional �-modified function �m shown in Fig. 5
and defined in 1-D by Eq. �2� is used: its shape is easily
adjustable by changing two parameters � and �. � sets the
length of the top of the function and � its slope:

�m�x,�,�� = 2�1 −
x2 − �

�
�2

if
�

2
+ � � x2 � � + � ,

1 − 2
�x2 − ��2

�2 if � � x2 �
�

2
+ � ,

1 if 0 � x2 � � ,

0 otherwise. �2�

The �-modified functions of Fig. 5 are applied to the
subimages provided by multiresolution analysis to filter the
horizontal edges in the y direction, the vertical edges in the x
direction, and the corners in both directions with a polar
shape. Only the approximate subimage remains unchanged.

lter horizontal edges in the y direction on the left, vertical edges in the x
ght. The filters are respectively applied to acoustic fields H1, V1, and D1 of
ely fi
the ri
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The three acoustic fields H1f, V1f, and D1f, which result from
selective spatial filtering near the borders of the antenna, are
shown in Fig. 6. The strong edges have been removed, high-
lighting components that were masked before the selective
filtering.

These three selectively filtered acoustic fields are then
added to the approximation top left in Fig. 3 to give a new

acoustic field Â1 intended to be used as an input of the ho-
lography process �top left in Fig. 6�:

Â1 = A1 + H1f + V1f + D1f . �3�

Figure 7 shows the wave number representation of the
acquired pressure field 10 cm from the source plane �A0� and

the modified field resulting from the wavelet processing �Â1�
to be presented to the NAH procedure. The modified acoustic

field Â1 results from a single resolution analysis. If wavelet
preprocessing is performed at resolution j, the modified

acoustic field Âj involves 3j+1 subimages, 3j of which are
spatially filtered, such that

Âj = Aj + �
i=1

j

�Hif + Vif + Dif� . �4�
J. Acoust. Soc. Am., Vol. 118, No. 2, August 2005 J.-H
IV. RESULTS FROM RECONSTRUCTED ACOUSTIC
FIELDS

The back-propagation algorithm of standard NAH is run
on either the acquired acoustic field 10 cm from the source
plane or the modified pressure field of Eq. �4� resulting from
the wavelet preprocessing. Figure 8 shows the reconstructed
spatial acoustic fields 1 cm from the source plane from dif-
ferent configurations. Standard holography was investigated
through the use of two filters in the wave number domain:
the one proposed by Veronesi and Maynard6 �also mentioned
by Williams5�, whose taper follows an exponential shape,
and the one given by Li et al.,19 derived from Veronesi’s
filter. The former is designed to eliminate too many propa-
gative wave number components in the case of a weak slope
at the break point. The two filters are tested with two cutoff
wave numbers. The wavelet processing was performed for
three resolutions, 1, 2, and 3. The influence of the size of the
acquisition grid is also investigated. Whereas wavelet pre-
processing always involves 16�16 pressure fields, standard
holography is experimented on both 16�16 and 28�28
acoustic fields. Each calculation is made on a 32�32 grid.
Indeed, the acquired fields are extended to 32�32 points by

FIG. 6. Results �magnitude� of the fil-
tering of the three detailed fields
�H1 ,V1 ,D1� in Fig. 3 by the
�-modified functions in Fig. 5 for
horizontal edges top right �H1f�, verti-
cal edges bottom left �V1f�, and cor-
ners bottom right �D1f�. The modulus
of the modified acoustic field resulting
from the addition of A1, H1f, V1f, and
D1f is top left.

FIG. 7. K space representation �mag-
nitude� of the acquired pressure field
10 cm from the source plane on the
left and the modified field resulting
from the wavelet processing on the
right.
. Thomas and J.-C. Pascal: Wavelet in acoustical holography 855



zero-padding corresponding to a 2.07�2.07 m2 zone. How-
ever, the area of interest remains the 16�16 grid of dimen-
sion 1.0�1.0 m2 shown in Fig. 8.

Finally, 14 reconstructed acoustic fields 1 cm from the
source plane are shown:

�i� the reference acoustic field directly acquired 1 cm
from the source plane,

�ii� the basic spatial field reconstructed from the acquired
pressure field with no processing in k space,

�iii� eight spatial fields computed from the acquired pres-
sure field 10 cm from the source plane and lessened
by Veronesi or Li filtering with two different cutoff
wave numbers kc1

=0.6kmax or kc2
=0.8kmax, and

FIG. 8. Magnitudes of the reconstructed acoustic fields 1 cm from the sou
plane. Each acoustic field obtained from standard NAH or wavelet processin
the source plane. Each acoustic field is 1.0�1.0 m2.
�iv� four spatial fields computed from the modified ac-

856 J. Acoust. Soc. Am., Vol. 118, No. 2, August 2005
quired pressure with a one-level, two-level, two-level
with no spatial filtering of details, and three-level
wavelet decomposition.

Every field has to be compared to the reference one at
the bottom left of Fig. 8: the basic field obtained with no
processing demonstrates the necessity to operate filtering in
the wave number spectrum. The effects of Veronesi and Li
filtering with the same cutoff wave number appear fairly
similar: this is a known fact when the slope at the break point
is steep. Acoustic fields computed from an extended area
�28�28� logically do not exhibit distortion effects even if
the sources are not as dark as those of the reference. By
contrast, standard holography applied to a 16�16 grid leads

ane obtained from the acquired pressure field 10 cm from the loudspeaker
be compared to the reference one, bottom left, directly acquired 1 cm from
rce pl
g can
to truncation effects at the edges, the sharpness of which
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depends on the cutoff wave number. The cutoff wave number
kc1

is more satisfactory than kc2
. Except for the third level

decomposition, the fields resulting from the wavelet prepro-
cessing give the best results: indeed, the three acoustic
sources appear quite clearly and they are more confined and
intense. The distortions due to the truncation of the antenna
are smaller at level 2, compared to level 1. However, two
dark spots can be seen on an equidistant line from the two up
sources �see wavelet level two KW2

in Fig. 8�. These two
points are due to overfiltering in the �kmax /4 ,kmax /2� band.
Indeed, the acoustic field back-propagated 1 cm from the
sources, resulting from the method presented, when no detail
filtering at level 2 is applied, does not reveal the spots �see
wavelet level 2 KW2d

in Fig. 8�.

V. EVALUATION OF THE VIABILITY OF THE METHOD

A. Introduction

Since the previous discussion was based on visual com-
parisons and since the acoustic fields resulting from the
wavelet approach seem to show some background noise in
Fig. 8, the conclusions may be arguable. In order to evaluate
the viability of the wavelet method objectively, some indica-
tors are necessary. We decided to compute the indicators on
the wave number spectra �k spectra� taken before backward
propagation which lead to the resulting spatial fields in Fig.
8. Indeed, the backpropagation algorithm is computed in the
wave number domain for both standard holography and the
wavelet approach �see Fig. 2�. Furthermore, the k spectrum
provides a powerful representation of the physics underlying
the acoustic radiation of the sources of noise: the k spectrum
separates the evanescent waves and the plane waves and
highlights the directions of the plane waves radiated on the
measurement plane.20 The k spectrum is also used to com-
pute acoustical velocity and, then, sound intensity.

That is why each k spectrum computed 10 cm from the
source plane �yielding the reconstructed spatial acoustic
fields 1 cm from the source plane �reported in Fig. 8�� is
compared to the reference k spectrum KR. This k spectrum is
the two-dimensional Fourier transform of the pressure field
directly acquired 1 cm from the source plane on a 16�16
grid, propagated by calculation at 10 cm. However, the vi-
sual comparison of the wave number spectra to the reference
is not very clear, justifying why the spectra are not reported
in the paper. Table I summarizes the notation and the char-
acteristics of the wave number spectra K’s. For the standard
method, the first subscript denotes the type of the filter �V for
Veronesi, L for Li� and the number denotes the cutoff wave
number 1 for kc1

, 2 for kc2
. A capital L may appear when

acquisition is made with a 28�28 “large” grid. For instance,
KVL1

denotes Veronesi filtering with the cutoff wave number
kc1

from a 28�28 grid extended to 32�32 by zero-padding.
For the wavelet processing, the first subscript is W and the
number indicates the level of the decomposition.

Two indicators are proposed for comparing these k spec-
tra objectively: the first is based on similarity measurements
between two wave number spectra, the second provides a
relevant representation plane for the spectra where they are

easy to compare.
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B. Criteria for characterization

1. Similarity measurements

Thirteen wave number spectra KP with P in
�B ,L1 ,LL1 ,L2 ,LL2 ,V1 ,VL1 ,V2 ,VL2 ,W1 ,W2 ,W2d ,W3	 be-
fore backward propagation are compared to the reference KR

using several similarity measurements in the wave number
domain A, corresponding to the area covered by the array of
measurement points. It is assumed that the minimum dis-
tance is obtained by the most relevant wave number spec-
trum. The similarity measurements are computed using the
following distances, which Davy et al. used21 for compari-
sons between time-frequency representations:
Manhattan distance

d1�KP,KR� =


A

�KP�kx,ky� − KR�kx,ky��dkx dky , �5�

Euclidean distance

d2�KP,KR� = �


A

�KP�kx,ky� − KR�kx,ky��2 dkx dky1/2

,

�6�

Correlation distance

dcor�KP,KR�

=
�d2�KP,KR��2

��A�KP�kx,ky��2 dkx dky + ��A�KP�kx,ky��2 dkx dky
, �7�

Kolmogorov distance

dkol�KP
N,KR

N� =


A

�KP
N�kx,ky� − KR

N�kx,ky��dkx dky , �8�

Küllback distance

dkul�KP
N,KR

N� =


A

�KP
N�kx,ky� − KR

N�kx,ky��

� log
KP

N�kx,ky�
KR

N�kx,ky�
dkx dky , �9�

Matusita distance

dmat�KP
N,KR

N� = ���A��KP
N�kx,ky� − �KR

N�kx,ky��2 dkx dky ,

�10�

where the notation KP
N�kx ,ky� emphasizes the normalization

of the wave number spectrum:

KP
N�kx,ky� =

�KP�kx,ky��
��A�KP�kx,ky��dkx dky

. �11�

Figure 9 shows the results obtained from the six differ-
ent distance measurements defined above, between the refer-
ence and the studied wave number spectra. Full correspond-
ing numerical results have already been reported.22 Four
distances �d1, dkol, dkul, and dmat� give almost the same posi-
tions and seem to validate the visual inspection from Fig. 8.
Wave number spectra computed from a 28�28 grid are in

general more accurate than those computed from a 16�16
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grid. The spectra obtained by the wavelet preprocessing at
resolution 2 are the closest to the reference, whatever the
distance used. However, these distance measurements have
the disadvantage of comparing two images pixel by pixel.
Therefore they are very sensitive to the position of the pres-
sure field maxima.

2. A representative space for comparing k spectra

The aim of this approach is to associate a representative
pattern with each of the 14 k spectra in Table I. In pattern
recognition, a pattern is composed of d real numerical com-
ponents and may then be represented by a point in the feature
space Rd. Two patterns are similar if the distance between
them is short in the feature space. For the purposes of the
study, the patterns are composed of the marginal wave num-
ber distribution, extracted from a k spectrum, which gives
information about the relative positions of the wave num-
bers.

The marginal wave number distributions Ex�kx� and
Ey�ky�, respectively along kx and ky directions of the wave-
numbers KP�kx ,ky�, are defined as

Ex�kx� =
�A�KP�kx,ky��dky

��A�KP�kx,ky��dkx dky
, �12�

Ey�ky� =
�A�KP�kx,ky��dkx

��A�KP�kx,ky��dkx dky
. �13�

Figure 10 shows the marginal wave number distribution
along kx for several k spectra including the reference KR. In
comparison with KR, KW2

behaves well in �5, 20�, as does
KV1

in �32, 44�. Wave numbers seem to be overfiltered in �5,
10� with wavelet processing at level 3, and underfiltered in
�10, 30� at level 1. These effects are consistent with multi-
resolution analysis properties reported in Sec. III B. The im-
pression of accuracy given by the reconstructed acoustic field
1 cm from the sources from a second level multiresolution
analysis �Fig. 8� may be explained by the filtering operated
in the �5, 20� band.

In the study, the patterns are composed of 64 compo-

TABLE I. Review of the wave number spectra to compare. MAi means
multiresolution analysis of level i. KW2d

is different from KW2
by the fact that

the modified pressure field at resolution 2 is computed with no filtering of
the corners.

Wave number
spectrum Grid Processing

Reference KR 16�16 no

KB 16�16 no

KL1
KLL1

16�16 28�28 Li �0.6 kmax�
KL2

KLL2
16�16 28�28 Li �0.8 kmax�

KV1
KVL1

16�16 28�28 Veronesi �0.6 kmax�
KV2

KVL2
16�16 28�28 Veronesi �0.8 kmax�

KW1
KW3

16�16 MA1 MA3

KW2
KW2d

16�16 MA2
nents, given by both distributions Ex and Ey �32 for each
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one�. Therefore the feature space is R64. It is obviously not
appropriate to represent the 14 patterns in the feature space.
Thus a principal component analysis �PCA� is performed on
the pattern set to reduce the dimension of the representation
space. It allows us to project the patterns on an orthogonal
basis with two axes obtained by linear combination of the
input features. This representation gives information about
the similarities between the wave number spectra studied.
The results are reported in Fig. 11. The projection made by
the PCA led to a loss of information of 22%, which is suffi-
cient to validate the representation.

Considering the PCA plane in Fig. 11, the marginal dis-
tribution seems to be a relevant feature. KW2

and KW2d
are

seen to behave very well: they are located near the reference.
The similarities between Veronesi and Li filtering and the
distance from KB and the other points may also be noticed.
The spectra computed from a large grid are the closest to the
reference. In conclusion, an examination of the projection in
the plane of the 14 patterns �see Fig. 11�, provided by the
wave number spectra studied, seems to give the same im-
pression as the visual analysis of the reconstructed acoustic
fields of Fig. 8. It confirms that the results obtained from the
wavelet preprocessing for resolution 2 appeared more accu-
rate than those given by standard holography with Veronesi
or Li filtering. Furthermore, the marginal wave number dis-
tribution is established as a relevant feature for characteriz-
ing wave number spectra.

VI. CONCLUSIONS

We have demonstrated the relevance of wavelet prepro-
cessing applied to the acquired pressure field in the nearfield
of stationary sources before back-propagation by standard
NAH. The method may also be used in a nonstationary con-
text. In this context, the constraint is based particularly on
the fact that the microphones of the array must operate si-

FIG. 9. Six distance measurements �Manhattan d1, Euclidean d2, Correlation
dcor, Kolmogorov dkol, Küllback dkul, Matusita dmat� between the reference
wave number spectrum KR and the spectra KB �dotted .�, KW3

���, KV2
�dotted ��, KW1

���, KV1
���, KVL1

���, and KW2d
���. For each distance

measurement, the longest distance is set to value 100. The distance mea-
surements involving KL1

, KL2
, and KW2

are not represented because they are
respectively close to those involving KV1

, KV2
, and KW2d

. It is the same for
the distance measurements involving KLL1

, KLL2
, and KVL2

that are similar to
the measurement concerning KVL1

.

multaneously.
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The wavelet method is to be considered as a preprocess-
ing routine which is appropriate to lessen the effects due to
the truncation of the hologram. It does not enter into compe-
tition with other methods working in the wave number do-
main, but rather in complement to these methods. From this
point of view, wavelet preprocessing could be used in con-
junction with regularization techniques; patch formulation, in
particular, because the wavelet technique does not take into
account the backward propagation distance and its influence
on evanescent waves. However, wavelet processing is par-
ticularly effective for reducing distortion due to the trunca-
tion of acoustic fields because it works selectively in space

FIG. 10. Marginal wave number distribution Ex�kx� in decibels for k-spectra
and KVL1

��� with zoom in on �5 30� on the right.

FIG. 11. Representative space for comparing patterns composed of wave
number marginal distribution, resulting from principal component analysis

�78% information kept�.
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and wave number domains. The methods of regularization
are, on the other hand, built from a noisy k spectrum model,
thus particularly effective in the case of measurement noise.

Furthermore, the pattern recognition approach we used
to compare the wavelet method to standard NAH demon-
strates the relevance of wave number marginal distribution
which provides an objective criterion to assess the viability
of wavelet preprocessing. Experimentation using this ap-
proach may well prove the relevance of any processing
method involving acoustic field images.
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