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ABSTRACT
We employ the Baker–Campbell–Hausdorff formula to derive closed-form expressions for the effective properties, including emergent Willis
coupling, of a one-dimensional heterogeneous poroelastic medium consisting of a periodically repeating two-layer unit-cell. In contrast to
the elastic and fluidic analogs, the Willis coupling of this periodic poroelastic medium does not vanish in the low-frequency limit. However,
the effective wavenumber and impedance of this asymmetric lamellar material demonstrate symmetric reflection and absorption behavior
that is indicative of symmetric structures in the low-frequency limit due to the effect of Darcy’s law on the dynamic effective density, which
is inversely proportional to frequency. These closed-form expressions are validated against results obtained by direct numerical evaluation.
The scattering coefficients, particularly the two reflection coefficients for incidence from either side of a finite length asymmetric structure,
are different at non-zero frequencies but still in the metamaterial limit and are correct when the Willis coupling is included. The results show
that asymmetry in poroelastic layers results in direction-dependent absorption coefficients, one of which could be optimized based on layer
properties and asymmetry factors. As a consequence, the frequency range of validity of these scattering coefficients is wider when the Willis
coupling matrix is accounted for than in its absence. This work paves the way for better control of elastic and acoustic waves in multiphase
materials by considering poroelastic behavior.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0194467

I. INTRODUCTION

Materials whose dynamic response is described by constitutive
relations that couple the stress-strain behavior to the conserva-
tion of momentum expression have come to be known as “Willis
materials” in reference to the seminal work by John Willis in his
efforts to homogenize the dynamic response of heterogeneous elastic
materials.1–3 Since Willis’ original work in the 1980s, the eponymous
materials have received increased attention, particularly since their
recent experimental demonstration.4–6 The Willis coupling para-
meter is directional and couples the potential and kinetic energy
in the conservation relations,7 therefore enhancing the ability of
materials with this coupling to control waves in (meta)materials
compared to conventional materials that do not exhibit such cou-
pling. Initially described in the context of elastodynamics,1,8,9 Willis

coupling has been explored in the context of waves in elastic
beam structures,6,10 airborne acoustic waves,4,5,11 piezoelectric sys-
tems,12 and water waves13 and has been shown to enable direction-
dependent and unidirectional absorption in acoustic14,15 and flex-
ural wave systems.16 To the authors’ knowledge, Willis coupling
has not yet been considered in poroelastic systems, which have
broad applicability in acoustic and elastic wave control. The present
article aims to fill this gap by investigating one-dimensional (1D)
acoustic wave phenomena in heterogeneous poroelastic media with
subwavelength asymmetry.

Multilayered poroelastic materials are often used in trans-
portation and building industries to reduce noise levels, where the
layered structure can be designed to improve sound absorption.17

The present study considers a simple poroelastic unit-cell composed
of two poroelastic layers of infinite lateral extent. This minimalist
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configuration has previously been considered to study bandgap for-
mation in periodic poroelastic systems.18 Although relying on two
solid phases with an interpenetrating fluid phase (with the saturat-
ing fluid being the same in both layers in practice), the resulting
response is different from what would be expected of three phase
(or multiphase) materials19,20 because the two solid phases are not
mixed and are not connected to both unit-cell interfaces. Poroe-
lastic materials possess two main features: (i) they support two
compressional waves, a “fast” and “slow” wave, and one shear wave
due to the interconnected bi-material frame-pore structure of these
materials; and (ii) the propagation of these waves requires that one
account for (thermo)-viscous losses, which originate from Darcy’s
law.21–23 Due to the fact that we only consider normal incidence
and isotropic materials, only two coupled compressional waves are
anticipated for this configuration. The complex interaction between
the wave predominantly carried by the solid phase and the fluid
phases is evidenced in this work. The system is modeled using a
transfer matrix approach by casting the dynamical equations of
poroelasticity in matrix form and considering the case where the
thickness of each layer is much less than the wavelength of propagat-
ing waves via the Baker–Campbell–Hausdorff (BCH) formula.24–26

The resulting closed-form expressions provide relationships for the
effective material properties that arise from the first- and second-
order terms, which result in effective constitutive relations of the
Willis form. The BCH formula is perfectly suited to our minimal-
ist system, whose modeling relies on transfer matrices that only
involve matrix exponentials. In addition, it avoids tedious calcu-
lations involving matrices of rank greater than two when Padé’s
approximation of the exponential matrix is employed.27 The closed-
form expression derived here highlights not only the strong coupling
between displacements and stresses and their first-order spatial
derivatives but also sheds further light on the problem of rela-
tive permeability of a two-phase flow28–32 and Gedeon streaming in
thermoacoustics.33,34

In this paper, we show that Willis coupling does not vanish at
low frequency in the presence of viscous losses because of Darcy’s
law in each layer of the bi-layered structure. Nevertheless, asymme-
try in acoustic reflection and absorption behavior vanishes in the
quasi-static limit, consistent with expectations of scattering behav-
ior in the long-wavelength limit. The closed-form expressions of the
effective properties are validated numerically. The scattering coeffi-
cients of a finite thickness structure clearly demonstrate the need to
consider Willis coupling to correctly model the direction-dependent
reflection and absorption coefficients, as well as a widening of the
bandwidth of model validity when Willis coupling is accounted for
compared with coefficients based on the first-order homogenization
theory.

II. CONSTITUTIVE RELATIONS OF POROELASTICITY
Consider the case of one-dimensional wave propagation in a

poroelastic medium using the alternative formulation proposed by
Biot in 1962.23 Assuming an implicit time dependence e−iωt, the
pressure field in the fluid p, the total normal stress σxx, the elastic
displacement u, and the relative displacement between the fluid and
elastic frame w = ϕ(U − u), with ϕ representing the porosity and

U representing the fluid displacement, all satisfy the following set
of first order equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ω2ρ̃w + ω2ρfu = −
∂P̄
∂x

,

ω2ρfw + ω2ρu = −∂σxx

∂x
,

P̄ =M
∂w
∂x
+ αM

∂u
∂x

,

σxx = αM
∂w
∂x
+ (KG +

4N
3
)∂u
∂x

.

(1)

In these relations, ρ̃ is a complex and frequency-dependent den-
sity arising from Darcy’s law that accounts for viscous losses;35

ρf is the density of the saturating fluid; ρ = ϕρf + (1 − ϕ)ρs is the
volume averaged effective density of the poroelastic medium, with
ρs representing the density of the elastic solid phase; M is an
additional elastic parameter related to the coupling of relative fluid-
frame motion to the local stress; α is an elastic coupling coefficient;
KG is the saturated (or “un-drained”) bulk modulus; and N is the
dry shear modulus. The expressions of these coefficients in terms
of K̃ (the complex and frequency-dependent bulk modulus of the
fluid phase that accounts for the thermal losses36), Kb (the bulk
modulus of the bulk material), and Ks (the bulk modulus of the
solid phase), as well as that of the complex and frequency-dependent
density, ρ̃, are provided in Appendix A. Note that we have defined
P̄ = −p to be consistent with the sign convention of normal
stress.37–39 This system of equations can be cast in the following
matrix form:

∂

∂x
W =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 −ω2ρ̃ −ω2ρf

0 0 −ω2ρf −ω2ρ
C̄f −αC̄ 0 0
−αC̄ C̄ 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

W = [0 −ω2ρ
C 0

] = AW,

(2)
where W = {P̄ , σxx, w, u}T is the state vector; 0 is a 2 × 2 matrix,
the elements of which are 0; ρ is a density matrix; C is the com-
pliance matrix; and A is the propagator matrix. The compressibil-
ities (i.e., compliances) C̄f = (KG + 4N

3 )/(M(KG + 4N
3 ) − α

2M2) and
C̄ = 1/((KG + 4N

3 ) − α
2M) are introduced for conciseness and

clearly exhibit a strong coupling between the solid and the fluid
phases. The compliance matrix was previously introduced37–39 to
ease the static homogenization of poroelastic medium. Using this
formulation, C̄ reduces to 1/(KG + 4N

3 ) when the fluid phase van-
ishes, and C̄f reduces to 1/M when the skeleton is motionless or
vanishes. The solution of the system Eq. (2), which relates the state
vector at x = l to the state vector at x = 0 via the transfer matrix T l, is

W(l) = T lW(0) = expm(Al)W(0), (3)

where expm(Al) is the matrix exponential of Al.

III. THE EFFECTIVE PROPERTIES OF A TWO-LAYER
LAMELLA

We now assume the two-layer poroelastic lamellar material
depicted in Fig. 1(a). The lamellar system consists of the d-periodic
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repetition of a layer of thickness l1 with a propagator matrix A1 and
a layer of thickness l2 with a propagator matrix A2, where d = l1 + l2.
The state vectors at both sides of the unit cell are related via the total
transfer matrix Td, which is the multiplication of the transfer matri-
ces of these two layers, i.e., Td = expm(A2l2)expm(A1l1). This total
transfer matrix is then simply expm(Aed), where Ae is the effective
propagation matrix of this two-layer lamellar unit-cell that contains
the effective properties. As a result, the two-layer lamellar (com-
posite) poroelastic material must yield an effective medium where
the field variables satisfy the following first-order matrix propagator
equation:

∂

∂x
W = AeW. (4)

We note that the state vector in the effective medium,
W = {P̄ , σxx, w, u}T, is composed of the same field variables
as the individual layers, and therefore, the propagation in the
effective medium is that in a poroelastic medium, although it is
shown below that the effective properties may differ from those
of a conventional poroelastic medium if the layered structure is
asymmetric.

The resulting identity for the propagator matrix of the two-
layer system is then

expm(Aed) = expm(A2l2)expm(A1l1), (5)

the solution of which is provided by the Baker–Campbell–Hausdorff
(BCH) formula.24,25 The lowest order terms of this series are

Aed = A2l2 + A1l1 +
1
2
[A2l2, A1l1] + ⋅ ⋅ ⋅ (6)

where [A2l2, A1l1] = A2l2A1l1 − A1l1A2l2. The first term, A2l2 + A1l1,
provides first-order homogenization effective properties, while the
second term, [A2l2, A1l1]/2, provides the additional second-order
terms. These terms are only non-zero if A2l2A1l1 ≠ A1l1A2l2 and
will be shown to be indicative of non-zero Willis coupling of the
effective poroelastic medium. Keeping terms in second order in the
expansion of the BCH formula and writing Ae in matrix form yields

Ae ≈ [
χe −ω2ρe
Ce −χT

e
], (7)

with

ρe =

⎡⎢⎢⎢⎢⎢⎢⎣

( ρ̃1l1 + ρ̃2l2
d

) (ρf1 l1 + ρf2 l2
d

)

(ρf1 l1 + ρf2 l2
d

) (ρ1l1 + ρ2l2
d

)

⎤⎥⎥⎥⎥⎥⎥⎦

, Ce =

⎡⎢⎢⎢⎢⎢⎢⎣

C̄f1 l1 + C̄f2 l2
d

−α1C̄1l1 + α2C̄2l2
d

−α1C̄1l1 + α2C̄2l2
d

C̄1l1 + C̄2l2
d

⎤⎥⎥⎥⎥⎥⎥⎦

,

χe =
ω2l1l2

2d
[ρ̃1C̄f2 − ρ̃2C̄f1 + ρf2α1C̄1 − ρf1α2C̄2 ρ̃2α1C̄1 − ρ̃1α2C̄2 + ρf1 C̄2 − ρf2 C̄1

ρ2α1C̄1 − ρ1α2C̄2 + ρf1 C̄f2 − ρf2 C̄f1 ρf2α1C̄1 − ρf1α2C̄2 + ρ1C̄2 − ρ2C̄1
],

(8)

where the two layers are assumed to be saturated by different flu-
ids of respective densities ρf1 and ρf2 . This is impossible, in practice,
without introducing an impermeable layer between the layers, and
we therefore only consider the case ρf1 = ρf2 = ρf. For this case,
the leading order effective properties are the average values of the
corresponding properties for a periodic two-layer poroelastic
medium, that is

C̄fe =
C̄f1 l1 + C̄f2 l2

d
, αeC̄e =

α1C̄1l1 + α2C̄2l2
d

, C̄e =
C̄1l1 + C̄2l2

d
,

ρ̃e =
ρ̃1l1 + ρ̃2l2

d
, ρfe =

ρf1 l1 + ρf2 l2
d

= ρf and ρe =
ρ1l1 + ρ2l2

d
.

(9)

Note that calculations only involving these first-order homog-
enized effective parameters, i.e., in the absence of asymmetry in
the second order expansion of the BCH formula, which can be
found throughout the literature (cf. Berryman37), are denoted by
the superscript H in what follows. In practice, α1 = α2 = 1, when the
poroelastic materials are saturated by a light fluid such as the air
(see Appendix A), which yields αe = αeC̄e/C̄e = 1. The elements of
the stiffness matrix, αeMe, Me, and KGe + 4Ne/3, representing the

coupling and elastic moduli of the poroelastic medium, can be
obtained by simply inverting the effective compliance matrix Ce,

C−1
e =
⎡⎢⎢⎢⎢⎣

Me αeMe

αeMe KGe +
4Ne

3

⎤⎥⎥⎥⎥⎦
= 1

C̄feC̄e − α2
e C̄2

e
[ C̄e αeC̄e

αeC̄e C̄fe
], (10)

which again clearly exhibits strong coupling between the elastic and
fluid phases of both layers.

In the second order, the BCH formula directly provides two
2 × 2 diagonal matrices, χe and −χT

e , where the fact that the lower
diagonal is the negative transpose of the upper diagonal is a conse-
quence of reciprocity. In addition, note that this is due to the use of
P̄ = −p instead of p to represent the state variable for pressure. As
a result, P̄ has the same sign as normal stress, rather than the usual
definition of pressure. If written with p, the off-diagonal terms of
these two matrices are swapped (related to the transpose) but not
of opposite signs. The elements of χe are differences in mass density
and compressibility products alternated between the two different
layers in a similar way as was previously shown for asymmetric lay-
ered structures.26,40 Furthermore, due to poroelasticity, they are also
functions of the contrast of the product of the poroelastic coupling
factors, αi, and combinations of mass density and compressibility.
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FIG. 1. Sketch of the two-layer poroelastic unit-cell (a), of another, but identical,
two-layer poroelastic unit-cell comprising three layers (b), and of the scattering
problem (b).

These additional terms arise due to the strong coupling between
the elastic and fluid phases in the poroelastic layers. As suggested
in Refs. 7 and 9, these two matrices may be divided by −iω, i.e.,
ψe = χe/(−iω), to make the time derivatives u̇ and ẇ of u and
w, i.e., the elastic material velocity and fluid-elastic relative veloc-
ity, appear. We introduce the normal strain vector ε = ∂u/∂x with
u = {w, u}T, which is composed of the elastic displacement and the
relative displacement between the fluid and the elastic frame, such
that the associated velocity vector is given by v = u̇. We then define
the stress vector σ = {P̄ , σxx}T , which is composed of the negative
of the pressure and the total normal stress, and introduce π as
the momentum density such that π̇ = ∂σ/∂x. Equations (4) and (7)
take the form (see Appendix B)

⎧⎪⎪⎨⎪⎪⎩

σ = C−1
e ε + Sev,

π= ST
e ε + ρev,

(11)

where Se = ψeC−1
e is the Willis coupling as introduced in the original

works of Willis.1–3

This form is assumed causal,7 and it becomes clear that the ele-
ments of ψe are linear functions of the frequency in the absence of
losses [see Eq. (8)] and, thus, should vanish at low frequency. In
other words, an asymmetric system effectively behaves as a sym-
metric system at low frequency. The viscothermal losses make the
story different when poroelastic/porous materials are considered.
For example, the low frequency limit of the effective density of the
fluid phase reads as iη/ωκ0, where η is the dynamic viscosity and κ0 is
the viscous permeability, due to Darcy’s law (see Appendix C). One
may, therefore, anticipate that some elements of the Willis coupling
matrix ψe will tend to a constant, non-zero value at low frequency
as ω→ 0, which differs from Willis coupling coefficients in purely
acoustic and elastic media.7,8,40

To investigate this unique response of asymmetric porous
media further, let us assume that the skeletons of the two poroelastic
media are motionless. The relative velocity between fluid and elastic
phases, ẇ, then reduces to the volume flux of the fluid phase V = ϕU̇,
and the state vector reduces to Wef = ⟨p, V ⟩, where the exponent ef

refers to equivalent fluid. In this limit, the constitutive equations
become [see Appendix D and Eq. (4)]

∂

∂x
Wef = iω[−ψ

ef
e ρ̃ef

e

C̄ef
fe ψef

e
]Wef = Aef

e Wef, (12)

with ψef
e = iωl1l2(ρ̃1C̃f2 − ρ̃2C̃f1)/d, ρ̃ef

e = (ρ̃1l1 + ρ̃2l2)/d, and
C̄ef

fe = (C̄f1l1 + C̄f2l2)/d. These expressions are derived from the
expressions of the terms Ae(1, 1), Ae(1, 3), and Ae(3, 1) in Eq. (7)
and are found in accordance with those found in Refs. 26 and 40.
The low-frequency limit of these expressions reads as

lim
ω→0

ψef
e =
−l1l2η

dP0
( ϕ2

κ01
− ϕ1

κ02
),

lim
ω→0

ρ̃ef
e =

iη
dω
( l1
κ01
+ l2
κ02
),

lim
ω→0

C̄ef
fe =

1
dP0
(ϕ1l1 + ϕ2l2),

(13)

where ϕj and κ0j represent the porosity and viscous per-
meability of the jth layer, and P0 is the ambient pressure.
Notably, the low-frequency limit of ψef

e is a non-zero real-
valued constant, implying that the Willis coupling does not

vanish. Nevertheless, the wavenumber kef
e = ω

√
ρ̃ef

e C̄ef
fe + (ψef

e )
2

approaches kH
e ≈ ω

√
ρ̃ef

e C̄ef
fe as ω→ 0, and the characteristic

impedance Z±e = ρ̃ef
e /(
√
ρ̃ef

e C̄ef
fe + (ψef

e )
2 ∓ ψef

e ) approaches ZH
e = Z+e

= Z−e ≈
√
ρ̃ef

e /C̄ef
fe in the same low frequency limit. This occurs

because the product ρ̃ef
e C̄ef

f e ∝ ω−1 while ψef
e approaches a constant

value in the low frequency limit, as shown in Eq. (13). This intrigu-
ing result shows that asymmetric laminates of poroelastic materials
that have viscothermal losses will demonstrate behavior indicative
of a symmetric system in the low frequency/long wavelength limit,
despite the fact that the Willis coupling parameter does not vanish as
ω→ 0. This result, together with the approach proposed by Cacheux
et al.,31 should make it possible to extend Darcy’s law to two-phase
flows. The existence of a non-vanishing Willis coupling term in the
low frequency limit implies that time-varying flow induces not only
a pressure gradient as described by the conservation of momentum
in a conventional material, but that there is an additional contribu-
tion to the pressure gradient that arises due to a temporal variation of
the local pressure. This implies that time-varying pressure will lead
to non-uniform strain fields. This strain gradient due to temporal
variation in pressure leads to a gradient of the flow in addition to the
volume change associated with the pressure-volume strain relation.
In other words, an externally imposed spatially uniform but time-
varying pressure field leads to a directional, time-varying volume
flux. This first term has an impact on Darcy’s law.

More generally, the non-vanishing Willis coupling terms in a
poroelastic medium with a moving skeleton imply that time-varying
flow will contribute to changes in momentum as with a conventional
material, but also that it will induce gradients in the fluid pressure
and elastic normal stress. In turn, the spatial derivatives of relative
displacement and solid displacement are proportional to the rela-
tive velocity between the fluid and the elastic frame in the case of
an asymmetric poroelastic lamina. In other words, stress induces
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a spatial variation of the fluid and solid displacements in the pres-
ence of asymmetric permeability, which in-turn leads to flow whose
direction depends on the microscale asymmetry.

To provide a complete analysis of this system for the case of
an infinitely repeating bi-layer material, we assume that the unit-
cell of the two-layer poroelastic lamellar material is translated along
the x-axis as shown in Fig. 1(b). This lamellar system is identical

to that previously analyzed from a bulk point of view. Nevertheless,
the modification of the choice of unit cell yields a d-periodic repeti-
tion of two layers of thicknesses l′1 and l′′1 such that l1 = l′1 + l′′1 with a
propagator matrix A1 located on both sides of a layer of thickness l2
with a propagator matrix A2, where d = l1 + l2. The effective proper-
ties of this specific N = 3-layer system (see Appendix E) are those in
Eq. (9) at the first-order and

χe =
ω2l2(l′1 − l′′1 )

2d
[ρ̃1C̄f2 − ρ̃2C̄f1 + ρf2α1C̄1 − ρf1α2C̄2 ρ̃2α1C̄1 − ρ̃1α2C̄2 + ρf1 C̄2 − ρf2 C̄1

ρ2α1C̄1 − ρ1α2C̄2 + ρf1 C̄f2 − ρf2 C̄f1 ρf2α1C̄1 − ρf1α2C̄2 + ρ1C̄2 − ρ2C̄1
]. (14)

at the second order. The Willis coupling is, therefore, a clear marker
of the asymmetry of the unit cell. It is maximum when either
l′1 = 0 or l′′1 = 0 and vanishes for a symmetric unit-cell, i.e., when
l′1 = l′′1 = l1/2. When the unit-cell becomes symmetric, the first-order
homogenization becomes also valid at the second order. The calcula-
tions denoted by the superscript H in what follows thus correspond
to this case at the second order. This asymmetry is clearly exhib-
ited when the scattering coefficients of a finite depth structure are
calculated.

IV. RESULTS AND DISCUSSION
Consider a poroelastic laminate structure composed of two

air-saturated poroelastic layers. The air is represented with the
usual properties: mass density ρf = 1.213 kg ⋅m−3, adiabatic constant
γ = 1.4, dynamic viscosity η = 1.839 × 10−5 Pa ⋅ s, Prandtl number
of Pr = 0.71, and adiabatic bulk modulus of γP0, where the atmo-
spheric pressure is P0 = 1.013 × 105 Pa. The parameters of the two
poroelastic layers are reported in Table I and are adapted from
Ref. 41. The layer thicknesses are l1 = l2 = 1 cm, such that d = l1 + l2
= 2 cm. Figure 2 depicts the effective parameters. The effective prop-
erties as calculated from Eqs. (8) and (9) are compared to those
as numerically calculated from logm(expm(A2l2)expm(A1l1))
= Anum

e d, where logm(B) is the matrix logarithm of B. The closed-
form expressions of the effective parameters are in excellent agree-
ment with those evaluated numerically up to ≈800 Hz. The real
parts of both ψe(1, 1) and ψe(1, 2) do not vanish at low frequency
and clearly possess a finite value. These two effective parameters
involve the complex and frequency dependent densities in the fluid
phase; see Eq. (8). The other two elements of the Willis coupling
matrix, which only depend on the densities of the saturating fluid

and of the effective poroelastic medium, vanish. This clearly shows
that Willis coupling does not vanish when viscothermal losses are
present. We note that around 1000 Hz, most of the closed form
expression effective properties strongly deviate from those that have
been evaluated numerically, most notably the compressibilities and
the elements of the Willis coupling matrix. Critically, we note that
the real part of the compliance C̄num

e changes sign, as does the imag-
inary part of the Willis coupling elements. The change in sign of
the imaginary part of the Willis coupling is not permitted by pas-
sivity,40 and thus, the effective properties are no longer valid. This
is primarily due to the effective properties of the fluid phase in the
poroelastic model. Of particular interest is the fact that the effective
elastic coupling coefficient αe deviates from 1 around this frequency
and becomes a complex parameter, indicating that assumptions
of the homogenization model are no longer valid beyond this
limit.

The invalidity of the effective properties is evidenced by the
dispersion relation depicted in Fig. 3(a). The real part of the normal-
ized effective wavenumber in the fluid phase is larger than 0.5 for
frequencies larger than ≈800 Hz in the case considered here, as evi-
denced by the gray region. In contrast, the real part of the normalized
effective wavenumber in the solid phase is still much smaller than
0.5 and, thus, much smaller than that of the fluid phase. This shows
that homogenization involving poroelastic material should provide
valid expressions both for the solid and the fluid phases at the same
time, although both are as strongly connected as one would antici-
pate due to the existence of poroelastic coupling. Figures 3(b)–3(d)
depict the scattering coefficients (the transmission and the reflection
coefficients for plane waves propagating in the +x or −x directions)
of a finite layered structure composed of 10 bi-phase unit-cells,
i.e., L = 10d, excited by an acoustic wave at normal incidence, as

TABLE I. Properties of the poroelastic media (adapted from Ref. 41).

ϕ τ∞
λ

(μm)
λ′

(μm) κ0 (m2) κ′0 (m2) Kb(1 + iζ) (kPa) ν ρs

M1 0.95 1.1 15 45 4.3786 × 10−10 5.2543 × 10−10 445.13 − i22.256 0.24 2520
M2 0.96 2.2 110 352 2.0433 × 10−9 2.4520 × 10−9 83.448 − i4.1724 0.21 925
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FIG. 2. Effective density ρ̃e (a), elastic coupling parameter αe (b), compressibilities C̄e (c), and C̄fe (d), as well as the four Willis coupling parameters ψe(1, 1) (e), ψe(1, 2)
(f), ψe(2, 1) (g), and ψe(2, 2) (h), are depicted in the function of the frequency. Blue and red curves and symbols represent the real and imaginary parts, respectively, of the
effective parameter. The solid curves correspond to the effective parameters evaluated numerically, the dotted curves (a)–(d) correspond to the first-order homogenization
parameters, and the crosses correspond to the homogenized properties obtained by including terms up to second-order in the BCH formula.

depicted in Fig. 1(c). The shaded regions indicate that second-
order homogenization is questionable in these frequency ranges.
These coefficients are evaluated following Appendix F. The scat-
tering coefficients, as calculated numerically and as calculated from

the second-order homogenization parameter procedure, are again in
good agreement up to ≈800 Hz. As shown by Figs. 3(c)–3(e), both
reflection coefficients R+ and R− are identical at low frequency and
become different at higher frequency, but within the limits of valid-
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FIG. 3. (a) Dispersion relations for the fast and slow waves for a L = 10d thick poroelastic layered structure whose properties provided in Table I. Scattering coefficients
provided in (b)–(d) depict the transmission coefficient and the two reflection coefficients for incidence from the right and left, respectively. Corresponding absolute values
of the scattering coefficients (e) and absorption coefficients (f) from the right and left, respectively. The solid curves correspond to the scattering coefficients evaluated
numerically, the dotted curves (a)–(f) correspond to those calculated when only the first-order homogenization parameters are accounted for, and the crosses correspond to
those calculated when the second-order homogenization parameters are included.

ity of the model due to layering asymmetry, which is a hallmark
of Willis coupling.5,14 This leads to direction-dependent absorption
coefficients at high frequencies, as evidenced in Fig. 3(f). Impor-
tantly, the scattering coefficients calculated using only the first-order
homogenization parameters exhibit identical reflection coefficients
regardless of the frequency range. This illustrates numerous impor-
tant points: (i) the need to take Willis coupling into account, (ii) that
asymmetric poroelastic structures behave like symmetric structures
in the long-wavelength limit despite the fact that some elements
of the Willis coupling matrix do not vanish when viscothermal
losses are present, and (iii) an extension of the frequency range

over which calculations are valid when the Willis coupling matrix
is taken into account compared to calculations carried out in its
absence.

V. CONCLUSION
The effective properties of a two-layer poroelastic unit-cell are

derived via the Baker–Campbell–Hausdorff formula. The compli-
ance matrix is more suitable than the stiffness matrix to derive the
closed-form expressions of the effective properties. The first term
of the Baker–Campbell–Hausdorff formula provides the effective
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density and compressibility in agreement with previous studies,
while the second term exactly provides the elements of the Willis
coupling matrix. The latter satisfies the reciprocity condition when
the opposite sign of the pressure is considered to be consistent
with the stress tensor. We show that the elements of the Willis
coupling matrix involving the complex and frequency dependent
densities of the fluid phases do not vanish at low frequency and
possess a real value at the static limit. This real value depends on
the porosity and permeability of the effective fluids the two-layer
lamella is composed of and originates from Darcy’s law. This offers
a new perspective on relative permeability and the extension of
Darcy’s law for two-phase flow. Viscothermal losses induce the real
value static limits of some Willis coupling elements, which appear
inconsistent with the fact that Willis coupling should vanish at low
frequency in an asymmetric and reciprocal material at first sight.
Although counter-intuitive, the response of an asymmetric layered
structure converges to that of a symmetric layered structure in the
long-wavelength limit despite the presence of non-vanishing Willis
coupling parameters. This is a result of Darcy’s law and the result-
ing dynamic effective density in a poroelastic limit where each of the
effective parameters couples the properties of the fluid and the solid
phases. The existence of two compressional waves further imposes
constraints on the value of the effective wavenumber in the fluid
phase (the largest of the two wavenumbers), i.e., Re(ke)d << 1. A
good indicator for the validity limit of the effective properties is
the deviation of αe from 1 when the two poroelastic layers are sat-
urated by a light fluid. The elements of the Willis coupling tensor
cannot be neglected when compared to the first-order homoge-
nization results, notably when the frequency increases. This mostly
translates into the fact that the two reflection and absorption coef-
ficients is different. They are correctly calculated when the Willis
coupling are accounted for which is not the case when only the
first-order homogenization results are used to evaluate the scattering
coefficients. The frequency range of validity of these scattering coef-
ficients is, therefore, wider when the Willis coupling matrix is taken
into account than in its absence. This work paves the way for the
engineering use of Willis materials to control waves in multiphase
materials.

ACKNOWLEDGMENTS
M.R.H. was supported in part by the Office of Naval Research

under Award N00014-23-1-2660.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

J.-P. Groby: Conceptualization (equal); Formal analysis (equal);
Funding acquisition (equal); Investigation (equal); Methodology
(equal); Validation (equal); Visualization (equal); Writing – original
draft (equal); Writing – review & editing (equal). M. R. Haber-
man: Conceptualization (equal); Formal analysis (equal); Funding
acquisition (equal); Investigation (equal); Methodology (equal); Val-
idation (equal); Writing – original draft (equal); Writing – review &
editing (equal).

DATA AVAILABILITY
The data that support the findings of this study are available

from the corresponding author upon reasonable request.

APPENDIX A: COMPLEX
AND FREQUENCY-DEPENDENT DENSITY, BULK
MODULUS, AND POROELASTIC PARAMETERS

The complex and frequency dependent density and bulk mod-
ulus of the fluid phase, which account, respectively, for the viscous
and thermal losses are as follows:35,36

ρ̃ = ρfτ∞
ϕ

⎛
⎜
⎝

1 + iηϕ
ωκ0ρfτ∞

¿
ÁÁÀ1 − i

ωρf

η
(2τ∞κ0

ϕΛ
)

2⎞
⎟
⎠

,

K̃ = γP0

ϕ

⎛
⎜
⎝
γ − (γ − 1)/

⎛
⎜
⎝

1 + iηϕ
ωκ′0ρf Pr

¿
ÁÁÀ1 − i

ωρf Pr
η
(2κ′0
ϕΛ
)

2⎞
⎟
⎠

⎞
⎟
⎠

−1

,

(A1)

where τ∞ is the tortuosity; Λ and Λ′ are, respectively, the viscous
and thermal characteristic lengths; κ0 and κ′0 are, respectively, the
viscous and thermal permeabilities; η is the dynamic viscosity; γ is
the heat capacity ratio; and P0 is the ambient pressure.

The saturation modulus, the additional elastic parameter, and
the elastic coupling coefficient are

KG =
Ks − Kb + ϕKb( Ks

ϕK̃ − 1)
1 − ϕ − Kb

Ks
+ Ks

K̃

,

M = 1
α

Ks
+ ϕ( 1

ϕK̃ −
1

Ks
)

,

α = 1 − Kb

Ks
,

(A2)

where Ks and Kb are the bulk moduli of the elastic solid from which
the frame is made and of the frame, respectively. The latter equation
is usually referred to as the Gassmann equation.42 When the poroe-
lastic material is saturated by a light fluid such as the air, Kb/Ks ≪ 1,
and these equations reduce to KG = Kb + K̃, M = K̃, and α = 1.

APPENDIX B: MOMENT DENSITY AND CONSTITUTIVE
RELATIONS IN ONE-DIMENSIONAL ASYMMETRIC
POROELASTIC MEDIUM

Let us divide the state vector W in the one-dimensional asym-
metric poroelastic medium as W = {σ, u}T, with σ = {P̄ , σxx}T and
u = {w, u}T. Equations (4) and (7) then yield the expression,

∂

∂x
[σ

u
] = [−iωψe −ω2ρe

Ce iωψT
e
][σ

u
]. (B1)

The bottom two rows of Eq. (B1) then give
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σ = C−1
e

∂u
∂x
− iωC−1

e ψT
e u = C−1

e ε + Sev, (B2)

where ε = ∂u/∂x is the normal strain, v = −iωu is the velocity vector,
C−1

e is the stiffness matrix, and Se = C−1
e ψT

e is the usual Willis cou-
pling. Introducing the momentum density π = 1

−iω
∂σ
∂x , the first row

of Eq. (B1) together with Eq. (B2) becomes

π = ψeσ − iωρeu
= ψeC−1

e ε + ψeSev + ρev
≡ S̃eε + ρev, (B3)

because ψeC−1
e ψT

e is a higher-order term and S̃e = ψeC−1
e = ST

e
because the stiffness matrix is symmetric. This property is a direct
result of the causality of the system. Finally, the set of equations
describing wave propagation in the asymmetric poroelastic com-
posite takes a similar form as that provided initially in Ref. 1 and
reads as

⎧⎪⎪⎨⎪⎪⎩

σ = C−1
e ε + Sev,

π = ST
e ε + ρev,

(B4)

where Se = C−1
e ψT

e . Note that this form is perfectly equivalent to that
provided in Eq. (B1) when taking care of the higher-order terms. We
note that one may also define a dynamic density, ρs

e = ρe + ψeC−1
e ψT

e ,
that accounts for the higher order effects of Willis coupling. This
modified effective density can be understood as representing the
effective inertia when the dynamic normal strain is zero. This is
analogous to changes in effective stiffness and dielectric permittiv-
ity in piezoelectric media under open or short circuit conditions
(cf. Auld43), which have been shown to influence both dynamic stiff-
ness and density in asymmetric piezoelectric composites known as
electromomentum-coupled materials.12 Note that Pernas–Salomón
et al.12 showed that ρs

e → ρe while Willis coupling is non-negligible
in the long-wavelength limit [see Eq. (41) therein].

APPENDIX C: LOW FREQUENCY LIMIT OF THE
COMPLEX AND FREQUENCY DEPENDENT DENSITY
AND BULK MODULUS

The low frequency limit of the effective density and com-
pressibility (inverse of the bulk modulus) of the fluid phase
are

lim
ω→0

ρ̃ = ρfτ∞
ϕ
(1 + 2τ∞κ0

ϕΛ2 ) +
iη
ωκ0

,

lim
ω→0

C̃ = ϕ
γP0
(γ + i(γ − 1)ωPr κ′0ρf

ηϕ
).

(C1)

In the leading order, we have lim
ω→0

ρ̃ ∼ iη/ωk0 and lim
ω→0

C̃ ∼ ϕ/P0

APPENDIX D: MOMENT DENSITY AND CONSTITUTIVE
RELATION IN ONE-DIMENSIONAL ASYMMETRIC
POROELASTIC MEDIUM HAVING A RIGID FRAME

Consider the case where the elastic phase, i.e., the skeleton, is
motionless such that σ ≡ −p and u ≡ ϕU = U , and therefore, v ≡ ϕU̇
= V is the flow. We then have effective properties given by Ce ≡ C̄ef

e ,
ρe ≡ ρ̃

ef
e , and ψe ≡ ψ

ef
e , and Eq. (11) reduces to

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−p = 1
C̄ef

e

∂U

∂x
+ ψ

ef
e

C̄ef
e

V ,

π ≡ 1
iω

∂p
∂x
= ψ

ef
e

C̄ef
e

∂U

∂x
+ ρ̃ef

e V .
(D1)

Multiplying the first line by −iωC̄ef
e and the second line by iω while

making use of the first line of Eq. (D1) leads to

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

iωC̄ef
e p = ∂V

∂x
− iωψef

e V ,

∂p
∂x

= iω
ψef

e

C̄ef
e

∂U

∂x
+ iωρ̃ef

e V

= iω
ψef

e

C̄ef
e
(−C̄ef

e p − ψef
e V ) + iωρ̃ef

e V

≡ −iωψef
e p + iωρ̃ef

e V ,

(D2)

again because (ψef
e )

2/C̄ef
e is a higher-order term, as noted in

Appendix B. The last set of equations can then be rewritten in
the form of those describing acoustic wave propagation in a one-
dimensional effective fluid with properties that couple pressure and
particle velocity due to subwavelength asymmetries,

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∂V

∂x
= iωψef

e V + iωCef
e p,

∂p
∂x
= −iωψef

e p + iωρ̃ef
e V ,

(D3)

which is identical to Eq. (12).

APPENDIX E: EFFECTIVE PROPERTIES
OF A N -LAYER LAMELLA

The lamellar system consists of a d-periodic repetition of N lay-
ers, as depicted in Fig. 4. The thickness of the n-th layer is ln, such
that d = ∑N

n=1 ln, and the propagator matrix of this layer is An. The
first two-orders of the BCH formula read as25

Aed =
N

∑
n=1

Anln +
1

∑
n=N−1

1
2
[

n+1

∑
m=N

Amlm, Anln] + ⋅ ⋅ ⋅ (E1)

FIG. 4. Sketch of the N-layer poroelastic unit-cell.
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which provide

ρe =
N

∑
n=1

ln
d
ρn =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

N

∑
n=1

ρ̃nln
d

N

∑
n=1

ρfn ln
d

N

∑
n=1

ρfn ln
d

N

∑
n=1

ρnln
d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Ce =
N

∑
n=1

ln
d

Cn =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

N

∑
n=1

C̄fn ln
d

N

∑
n=1

−αnC̄nln
d

N

∑
n=1

−αnC̄nln
d

N

∑
n=1

C̄nln
d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

χe(1, 1) = ω
2

2d

1

∑
n=N−1

(αnC̄nln
n+1

∑
m=N

ρfm lm − ρfn ln
n+1

∑
m=N

αmC̄mlm + ρ̃nln
n+1

∑
m=N

C̄fm lm − C̄fn ln
n+1

∑
m=N

ρ̃mlm),

χe(1, 2) = ω
2

2d

1

∑
n=N−1

(αnC̄nln
n+1

∑
m=N

ρ̃mlm − ρ̃nln
n+1

∑
m=N

αmC̄mlm + ρfn ln
n+1

∑
m=N

C̄mlm − C̄nln
n+1

∑
m=N

ρfm lm),

χe(2, 1) = ω
2

2d

1

∑
n=N−1

(αnC̄nln
n+1

∑
m=N

ρmlm − ρnln
n+1

∑
m=N

αmC̄mlm + ρfn ln
n+1

∑
m=N

C̄fm lm − C̄fn ln
n+1

∑
m=N

ρfm lm),

χe(2, 2) = ω
2

2d

1

∑
n=N−1

(αnC̄nln
n+1

∑
m=N

ρfm lm − ρfn ln
n+1

∑
m=N

αmC̄mlm + ρnln
n+1

∑
m=N

C̄mlm − C̄nln
n+1

∑
m=N

ρmlm).

(E2)

APPENDIX F: EVALUATION OF THE SCATTERING
COEFFICIENTS OF A POROELASTIC LAMELLA

Assume an asymmetric poroelastic layered medium of length
L excited with a normally incident plane wave; see Fig. 1(b). The
layered structure is composed of N unit-cells, each composed of two
poroelastic layers. The transfer matrix for the unit cell is given in
Eq. (3). When excited from the left hand side, the pressure on both
sides of the lamella is given by

p+(x) = e−ik(x−L) + R+eik(x−L)

p−(x) = Te−ikx.
(F1)

Imposing the boundary conditions, i.e., requiring continuity of pres-
sure, stress, displacement, and relative displacement at the interfaces
of both sides of the unit-cell, yields

W(L) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
−1
−ik
ω2ρf

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0
−1 0
ik
ω2ρf

−1

0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[ R+

u(L)] = S+ + L+[ R+

u(L)],

W(0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0
−1 0
−ik
ω2ρf

−1

0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[ T
u(0)] = L−[ T

u(0)],

(F2)

The state vectors at both sides of the lamella are then related via
the transfer matrix W(L) = [expm(A2l2)expm(A1l1)]N = TLW(0)
to give a solution of the system of the form

[TLL− − L+]

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

R+

u(0)
T

u(0)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

= S+. (F3)

In this latter equation, the left-most quantity is a block matrix of two
4 × 2 matrices, yielding a 4 × 4 matrix. Similarly, the state vectors on
both sides of the lamella take the following form when excited from
the right hand side:

W(L) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0
−1 0
ik
ω2ρf

−1

0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[ T
u(L)] = L′+[ T

u(L)],

W(0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
−1
ik
ω2ρf

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0
−1 0
−ik
ω2ρf

−1

0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[ R−

u(0)] = S− + L′−[ T
u(0)],

(F4)

and the solution to the system reads as

[−TLL′− L′+]

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

R−

u(0)
T

u(0)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

= TLS−. (F5)
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