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The high sound pressure exerted on the payload during the launch of space vehicles can jeopardize its structural 
integrity. Given space and weight restrictions, designing fairing noise protection systems is not easy and the 
number of alternatives is limited, especially for small launchers. This work proposes the design of an acoustic 
protection based on an simultaneous increase of insulation and absorption in the system tailored to the payload 
fairing of a space launcher. To this end, the use of a panel made of Helmholtz resonators is investigated. The panel 
presents a deep subwavelength thickness, as well as a highly efficient acoustic protection (90% of absorption and 
13 dB of Transmission Loss) over the frequency range of interest. The panel is designed by considering a reciprocal 
and non mirror symmetric transmission problem and the acoustic incidence from both sides of the panel. A high 
Transmission Loss in the frequency range of interest is then obtained when considering an incidence coming 
from the outside of the payload fairing, whereas the quasi-perfect absorption of acoustic waves is observed in the 
case where the incidence comes from the inside of the fairing. The panels are subsequently prototyped and their 
performance is experimentally evaluated. Measurements are correlated and discussed in view of the theoretical 
and numerical predictions. This mitigation approach sets a new trajectory for innovative noise reduction in small-

scale space launchers.
1. Introduction

Since the first launch of the Sputnik launch system in 1957, launch-

ers have dramatically increased their reliability and efficiency in terms 
of payload capacity, cost-effectiveness, and reusability [1]. However, 
the detrimental effect induced by the dynamic environment that a satel-

lite endures during its journey to orbit has not changed much over since 
then. In this context, the vibroacoustic load specification that a space-

craft must be able to withstand is one of the most strict requisites in the 
design and manufacturing stages [2,3].

Vibroacoustic loads are generated during lift-off and atmospheric 
flight of space launchers [4]. Noise levels reached during lift-off are 
higher than during the flight due to the intense pressure waves gener-

ated by the rocket engines [5]. The engine exhaust jet produces a strong, 
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supersonic regime that is reflected from the launch pad towards the 
launch vehicle, producing acoustic loads on the payload fairing (PLF) 
[6]. These acoustic loads can then reduce the structural integrity of the 
PLF and the payload itself.

The payload sent into space usually contains fragile components 
whose functionality may be affected when subjected to medium or high 
amplitudes vibrations [2]. In addition, certain structures that are part 
of almost any payload, such as solar arrays, antennas or panels to sup-

port equipment, have high surface-to-thickness ratios, which, together 
with their increasingly lower density, make them susceptible to a strong 
vibroacoustic coupling with the driving sound field [7,8].

Regardless of the strategies that spacecraft manufacturers use to re-

duce vibroacoustic coupling and improve its structural stability, launch 
vehicle manufacturers must also develop systems that reduce as much 
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as possible the sound field to which this payload will be subjected. This 
reduction will result in not only a better integrity of the payload but 
also can contribute to reduce costs and improve competitiveness [3].

The noise inside the PLF can be reduced in two ways: either by in-

creasing its acoustic insulation or reducing the noise level inside it by 
using sound absorbent elements [9,10]. Improving PLF insulation is of-

ten ruled out, as structural and weight-reduction aspects often take pri-

ority. Nevertheless, the use of structural dampers, sometimes combined 
with sound absorbers, has been studied [11]. To effectively attenuate 
the sound field inside the PLF, the integration of sound absorbing el-

ements becomes crucial. The two elements commonly used for sound 
absorption are acoustic blankets and Helmholtz resonators (HRs).

Acoustic blankets are sound proofing devices consisting in a porous 
material enclosed by fabric that are directly attached to the PLF struc-

ture. The sound pressure is dissipated though viscothermal processes 
when propagating through the blanket. Also, the attachment of the 
blankets to the PLF increases its vibration damping, which reduces the 
acoustic transmission through it [12–14]. Although they usually have 
low density and thickness, which is a great advantage, their absorption 
capacity usually increases with density up to a certain threshold while 
the lower cut-off frequency is proportional to their thickness. The thick-

ness of such systems typically ranges from 2.5 cm to 10 cm and their 
absorption efficiency is becoming important above 800 Hz. As a result, 
they are less effective for both attenuating and absorbing the noise at 
lower frequencies corresponding to the first acoustic modes inside the 
PLF.

A possible substitute for acoustic blankets are micro-perforated pan-

els [15]. This element consists of a rigid surface whose perforations 
(typically circular holes or slits) are distributed periodically. The sound 
attenuation is due to viscous friction and thermal conduction in the in-

ner air of the perforations. These systems can compete with acoustic 
blankets in terms of weight and space constraints. Their solid materi-

als make them easy to maintain and avoid debris that acoustic blankets 
generally produce inside the PLF. They can be modelled as an associ-

ation of resonators sharing the same cavity [16], offering some design 
flexibility. Micro-perforated panels can be easily integrated into the PLF 
structure so that no space is lost and minimum mass is added. These so-

lutions can offer almost 6 dB of noise reduction at 400 Hz and about 12 
dB at 2 kHz [17].

Acoustic resonators possess a great absorption in their working fre-

quency band, which is usually narrow; resonator configurations can be 
designed so that the thickness required to work at low frequencies is, 
contrary to the case of blanckets, much smaller than the wavelength of 
the working frequency, i.e., they are deep subwavelength. These char-

acteristics make them a good option for the attenuation of the main 
modes inside the fairing [18–20]. The incorporation of these acoustic 
resonators within the core of the fairing structure prevents the loss of 
useful cargo volume [21–23]. The association of resonators tuned at dif-

ferent frequencies makes it possible to widen the working bandwidth of 
the absorbing element [24,25]. Optimisation algorithms also help to im-

prove the performance of resonator assemblies or solutions combining 
resonators and acoustic blankets [26].

The acoustic field inside the PLF depends on the payload and its 
spatial distribution within the fairing. One attenuation strategy that can 
take this aspect into account and be adapted to any launch configuration 
is using active noise control systems. The controls can be carried out in 
the structural [27,28] or acoustic field [29]. However, active noise con-

trol systems require more space and mass addition than passive ones. 
Their implementation is moreover much more complex. They are there-

fore not currently considered to be an effective mitigation solution for 
aerospace applications.

In the last decade, new techniques for designing resonators have 
emerged. These techniques showed that the perfect absorption of an 
incident acoustic wave can be reached with resonators by balancing the 
energy leakage from the resonators with their intrinsic losses at the res-
2

onant frequencies. [30–32]. In the case of transmission problems, two 
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Fig. 1. VEGA launch picture taken on 2018 in Kourou.

Table 1

Acoustic noise spectrum under 
the VEGA fairing during lift-off 
in octave bands and the overall 
SPL value [5].

Octave band (Hz) SPL (dB)

31.5 112

63 123

125 126

250 135

500 138

1000 127

2000 120

OASPL 140.3

possibilities can be used: 𝑖) non mirror detuned arrays of resonators 
[33–35] or 𝑖𝑖) degenerate resonators [36,37]. In both cases, the critical 
coupling condition ensures the balance between the energy leakage and 
the intrinsic losses of the resonator.

In this work, a noise control treatment for a fairing based on res-

onators with mquasi-perfect absorption has been designed. The de-

sign techniques used allow the calculation of the acoustic transmission 
through the PLF and have been combined with optimisation algorithms 
for the best treatment design. The prototype is designed to be attached 
to the inner side of the fairing shell. In this way, resonators with a dou-

ble use (inner sound absorption and insulation) are developed and a 
solution is obtained that makes the most of the performances of this 
type of device. The optimisation process also considers the thickness of 
the solution so that the resulting resonator will take up as little space 
(thickness) as possible inside the fairing.

The level of noise reduction offered by the solution under use condi-

tions can only be determined experimentally by testing the real configu-

ration. Instead, the performance of the solution has been estimated using 
a numerical model that accounts for the two contributions to noise re-

duction (transmission loss and sound absorption) and by measuring the 
performance of panel of resonators of reduced size.

2. Case study

The reduction of the acoustic load inside the payload fairing of the 
VEGA rocket [5] is addressed. The payload fairing is manufactured by 
Beyond Gravity and has a diameter of 2.60 m and a height of 7.88 m [5]. 
During lift-off, the payload is subject to acoustic loads due to the engine 
plume impingement on the launch pad as seen in Fig. 1. The envelope 
spectrum of Sound Pressure Level (SPL) inside the fairing for lift-off is 

shown in Table 1.
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Fig. 2. VEGA fairing acoustic insulation determined from flight measurements.

This case was analysed under a European Space Agency (ESA) pro-

gram to develop a sound reduction system applicable to the VEGA 
rocket. Based on information provided by ESA, Fig. 2 shows the acous-

tic insulation computed as the difference between the mean value of 
the measurements by external microphones and the mean value of the 
measurements by the internal microphones. It is shown in dB relative to 
its minimum and the dimensionless frequency 𝑓∕𝑓𝑡 where 𝑓𝑡 is the fre-

quency for minimum insulation and it is therefore the target frequency 
for the design of the acoustic solution. This value is the target frequency 
for the design of the quasi-perfect absorption solution.

3. Design of the resonator

In this work, the acoustic protection of the fairing is operated by 
an array of HRs embedded in a panel that can be attached to the fair-

ing. On the one hand, this configuration, as shown in Fig. 3b, is not 
mirror symmetric. On the other hand, we consider the system recipro-

cal, i.e. working in the linear regime. In this situation, the transmission 
coefficient 𝑇 has the same value independently of the incidence an-

gle. However, for normal incidence, there are two reflection coefficients 
𝑅+ and 𝑅− depending on the incidence direction. This kind of sys-

tems are well analysed in the literature for the authors of this article 
in Refs. [30,33–35]. In fact, the eigenvalues of the scattering matrix 
of the system are the following: 𝑇 + (𝑅+𝑅−)1∕2 and 𝑇 − (𝑅+𝑅−)1∕2. If 
both eigenvalues of the system are zero, this means that the outgoing 
waves will have zero amplitude if the system is radiated with the cor-

responding eigenvector [30,33–35]. To have zero eigenvalues, we need 
𝑇 = 0 and either 𝑅+ or 𝑅− equal to zero. This means that, only unidi-

rectional perfect absorption can be obtained as described. The problem 
considered in this article consists in reducing the sound level inside the 
fairing. Therefore, for the design strategy, we select 𝑇 = 0 and 𝑅− = 0, 
so the absorption coefficient inside the fairing will be 1. Therefore, the 
physical mechanism exploited in this work is the unidirectional perfect 
absorption, applied to the case of the VEGA rocket.”

Given that there is only one target frequency and the small diame-

ter of the launcher considered, a single resonator design is considered. 
The HR panel is then made up of identical HRs with a thickness of 1 cm. 
For the design, both acoustic transmission and absorption are taken into 
account. The studied structure, therefore, is formed by the fairing sand-

wich plate (Fig. 3a) and, attached to it, a set of resonators connected to 
the interior cavity by a slit as shown in Fig. 3b.

3.1. Vibro-acoustic modelling

The sound transmission through the fairing structure is modelled 
using the Transfer Matrix Method (TMM) [31,33,38]. The material as-

sumes an infinite length along the 𝑥1 direction, with different properties 
in the (𝑥2, 𝑥3) plane (see Fig. 3a). Since the solid properties remain the 
same along the 𝑥1 direction, it is possible to consider it as a periodic rep-

etition of a unit cell of length 𝑑1 along this direction. This assumption 
allows to decompose all the quantities in the solid into Bloch waves and 
3

then account for the coupling between the structure and the HR panel.
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Fig. 3. (a) fairing shell structure, (b) HR panel plus fairing.

The geometry considered in the system allows considering plane 
wave propagation [39]. In this way, the sound pressure and normal 
acoustic flow velocity on both sides of the system are related using 
TMM. The change in the different cross-sections is considered by in-

cluding radiation correction lengths. The visco-thermal losses of the 
air filling each HR and slit are also taken into account by consider-

ing complex, frequency-dependent density and bulk modulus [40]. The 
resonant panel is described as an equivalent fluid system and the vibroa-

coustic coupling between the panel and the fairing structure is ensured 
by considering the continuity of the normal velocity between both sys-

tems. Details of the analytical model can be found in Appendix A. This 
vibro-acoustic problem allows considering any incidence angle, so dif-

fuse scattering coefficients can be calculated.

3.2. Optimisation method

In order to obtain a quasi-perfect absorption at 𝑓𝑡 by the resonant 
panel, the analytical model described in Sec. 3.1 is combined with an 
optimisation algorithm applied to the resonator geometry.

The scattering properties of the complete system, including the fair-

ing sandwich structure and the HR panel, depend on the geometrical 
parameters of the resonator panel. To find the best configuration for the 
target frequency, an optimisation method is used. Sequential Quadratic 
Programming (SQP) [41] is used in Matlab [42]. A single resonator is 
considered whose geometry is depicted in Fig. 4. The resonators panel 
thickness is fixed to 𝑤𝑐2 = 1 cm to ensure a thin noise reduction solution 
compatible with the fairing reduced space availability.

Therefore, the input parameters are limited to the geometric dimen-

sions of the resonator in the (𝑥1, 𝑥3) plane. The optimization problem 
is carried out assuming a diffuse field at the target angular frequency 
𝜔𝑡 = 2𝜋𝑓𝑡 where all possible incidence angles are taken into account. In 
this case the cost function is

𝑒(ℎ1, ℎ3,𝑤𝑛, 𝑙𝑛,𝑤𝑐,2,𝑤𝑐,3, 𝑙𝑐) =

= 1 −
∫ 𝜋∕2
𝜃=0 𝛼−(𝜔𝑡, 𝜃) sin(𝜃) cos(𝜃)𝑑𝜃

∫ 𝜋∕2
𝜃=0 sin(𝜃) cos(𝜃)𝑑𝜃

(1)

where 𝜃 is the incidence angle and 𝛼− the absorption coefficient if we 
consider an incidence from the side of the resonant panel. 𝛼−(𝜔𝑡, 𝜃) is 
calculated by using the analytical model described in the Appendix A.

The acoustic coefficients of the optimised design are shown in Fig. 5. 
The absorption coefficient is maximum at 0.99𝑓𝑡 with a value of 0.94 for 
normal incidence and 0.96 for diffuse field. The Transmission Loss max-

ima are slightly shifted to higher frequencies with maximum values of 
171 dB at 1.05𝑓𝑡 for normal incidence and 166 dB at 1.03𝑓𝑡 for diffuse 
field. Note that a typical porous material analyzed under the assump-
tions of the Delany-Bazely model with the same thickness and a flow 
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Fig. 4. Geometry of the HR considered for the optimisation.

Fig. 5. Analytical a) absorption coefficient and b) Transmission Loss in normal 
incidence (black solid line) and diffuse field (blue dotted line). (For interpreta-

tion of the colours in the figure(s), the reader is referred to the web version of 
this article.)

resistivity value of 80 kPa⋅s⋅m−2 would have an absorption coefficient 
value of about 0.12 at the working frequency at it will be mostly trans-

parent to sound.

3.3. Experimental validation

To determine experimentally the absorption and reflection coeffi-

cients of the resonator an HR panel is manufactured and tested in an 
impedance tube. The panel was made by additive manufacturing us-

ing a ProX SLA printer with Accura 60 due to its low surface roughness 
properties compared to other 3D printing techniques such as Fused Fil-

ament Fabrication or Fused Deposition Modelling. The Computer-Aided 
Design (CAD) of this panel and the fabricated sample are depicted in 
Fig. 6.

The absorption and reflection coefficients are measured in an 
4

impedance tube with an anechoic termination for frequency below the 
Aerospace Science and Technology 155 (2024) 109592

Fig. 6. HR panel sample for measuring the absorption and reflection coefficients 
in an impedance tube: (a) CAD design. (b) actual panel.

Fig. 7. HR panel absorption and reflection coefficients as determined by the 
analytical model and measured in the impedance tube.

cut-off frequency, that is 2.75 times the target frequency 𝑓𝑡 , ensuring 
the plane wave assumption around the target frequency. The test was 
carried out for several overall levels from 103 dB to 120 dB with the 
absorption curves showing negligible differences with the same trend 
expected for higher values.

Two pairs of calibrated G.R.A.S. microphones, one on each side of the 
sample, was used to measure the pressure levels for a 100 dB swept sine 
load over the frequency range of 0.25𝑓𝑡 −5𝑓𝑡. The comparison between 
the experimental and the numerical results is shown in Fig. 7.

4. Numerical model

4.1. Numerical model of the PLF

Two numerical models are used for the vibroacoustic analysis of the 
VEGA PLF. For the frequency range of interest (centred in 𝑓𝑡), Boundary 
Element and Finite Element models (BEM and FEM) [43,44] are devel-

oped in VAOne [45]. The external acoustic domain is simulated with an 
unbounded BEM domain including the acoustic load composed of a set 
of fifty plane waves distributed evenly in the space and with different 
incidence angles. The internal acoustic domain is modelled by means 
of a FEM domain with 687955 three-dimensional elements, depicted in 
Fig. 8b.

The fairing structure is modelled by means of 86556 two-dimensional 
elements with a simplified structural definition. The total mass and 
thickness of the PLF structure are approximately 400 kg and 20 mm, 
respectively. The structure is also considered to be a sandwich panel 
comprising a 16 mm thick HexWeb® CR III 1/8-5056-.002 honeycomb 
core between two 2 mm thick CFRP skins composed of M55J. Damping 
frequency laws are used considering the experimental data available 
to ensure that the results obtained by the model resemble the actual 
measurements.

Results for the relative SPL on the external and internal microphone 
locations are shown in Fig. 9 to show the consistency between the nu-

merical model and the fairing lift-off measurements. Moreover, a com-

parison of the experimental and the numerical fairing acoustic insulation 

is depicted in Fig. 10. It can be seen that, the numerical models devel-
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Fig. 8. Details of the fairing vibroacoustic model.

Fig. 9. Test and numerical comparison: (a) Surface SPL outside the fairing. (b) 
Surface SPL inside the fairing.

oped capture the trend of the magnitudes and match the experimental 
results at the target frequency 𝑓𝑡 . The good agreement assures that the 
numerical models developed are adequate for assessing the quasi-perfect 
5

absorption solution for the actual fairing at this frequency.
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Fig. 10. VEGA fairing acoustic isolation determined experimentally and numer-

ically.

Fig. 11. Impedance tube modelled by two FEM fluids, one on each side of the 
analysed sample.

4.2. Implementation of the mitigation solution

The effect of the resonator proposed has been simulated by means of 
a simplified system with equivalent structural and acoustic behaviour. 
More information regarding the methodology to develop a medium with 
equivalent structural and acoustic behaviour for the HR panel is ex-

plained in [46]. The mechanical behaviour is modelled by a FEM plate 
using anisotropic elastic equivalent parameters. These parameters are 
used to define a flat plate whose most relevant eigenfrequencies are 
tuned to match the relevant eigenfrequencies of the detailed model.

For the acoustic behaviour a VAOne Area Isolator 2x2 [45] is inserted 
between the fairing structure and the internal FEM cavity. This element 
is a locally reacting impedance model relating the acoustic pressure and 
velocity on both sides of an element at a given location (i.e., the HR 
panel). The acoustic impedance matrix of the system is obtained directly 
from the results of the acoustic design. The area isolator is defined from 
the 𝑍11, 𝑍12, 𝑍21 and 𝑍22 such as{

𝑝𝑠

𝑝𝑓

}
=

[
𝑍11 𝑍12
𝑍21 𝑍22

]{
𝑣𝑠

𝑣𝑓

}
(2)

where 𝑝𝑠 and 𝑝𝑓 are the pressures on the HR panel face next to the fair-

ing structure and on the opposite one in contact with the internal fluid, 
respectively, and 𝑣𝑠 and 𝑣𝑓 are the corresponding velocities. Therefore, 
the impedance boundary condition can model the transmission coeffi-

cient and the absorption coefficient as the system has intrinsic losses.

To validate the 2x2 Area Isolator as an interaction element between a 
FEM structural domain and a FEM acoustic domain, the impedance tube 
is modelled by means of two FE acoustic cavities separated by a struc-

tural element as depicted in Fig. 11. Two pressure sensors are included 
on each side to apply the Two Microphone Method. Additionally, a fur-

ther structural element is included at the left end of the tube, which only 
has rigid body modes in the frequency analysis range. This element is 
excited by a point force in the direction of the impedance tube to serve 
as the system load.

Fig. 12 shows the absorption, reflection and transmission coefficients 
compared to the analytical values. The numerical simulation of the FEM 
impedance tube yields highly accurate results for the absorption and 
reflection coefficient. The results indicate that the FEM model for the 

interior acoustic domain, coupled with the 2x2 area isolator to account 
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Fig. 12. Test and numerical comparison acoustic coefficients: (a) Absorption. 
(b) Reflection. (c) Transmission.

for the acoustic characteristics of the HR panel, is valid to represent the 
resonators in the fairing model.

4.3. Target parameters

Acoustic loads inside the PLF determine the environmental load re-

quirements for payloads. Therefore, the acoustic load inside the fairing 
volume is the target parameter since it represents the acoustic field that 
payloads must endure. Two quantities are considered: a) the mean av-

erage of the SPL at a longitudinal path (parallel to the launcher axis) 
located at 0.4 m from the fairing centre (Fig. 13), and b) the mean av-

erage of the SPL in the whole fairing volume.

The mean SPL along the longitudinal path is of interest since it is 
placed alongside the usual location of payloads in the fairing, that are 
installed in the payload adapter. This work assumes an empty fairing 
so conclusions obtained can be considered independent of the payload 
(it must be kept in mind that every payload configuration within the 
PLF will produce a different acoustic field distribution). Therefore, the 
mean SPL of the whole volume is studied as an estimator of the overall 
acoustic performances of the solution and the axial values an indicator 
6

of space variabilities.
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Fig. 13. SPL location, black solid circles, for the analysis of the acoustic field 
close to the payload.

The performance of the noise reduction system will be assessed by 
comparing these two parameters between the reference fairing and the 
fairing with the noise reduction system.

5. Results & discussion

This section presents numerical results of three different models. The 
first model considers the fairing structure as derived from the available 
information that resembles the actual fairing insulation (see Fig. 10), 
that is set as reference. The second model includes the noise reduction 
system on the whole internal face. This model takes only into account 
the mechanical behaviour with anisotropic elastic equivalent properties 
(see Sec. 4.2). The third model includes both the mechanical and acous-

tic behaviour of the HR panel.

The fairing surface is assumed to be fully covered by the HR panel 
to provide an upper limit to the effect of the noise reduction system 
on the acoustic field inside the fairing. The sound pressure levels in 
the whole volume of the fairing are computed for the three models in 
1/24th-octave bands and in 1/3rd-octave bands.

5.1. Longitudinal path

The relative mean SPL along the longitudinal path is depicted in 
Fig. 14 for the three models.

Fig. 14 shows that the structural modification of the fairing structure 
due to the addition of the HR panel reduces notably the SPL at low 
frequencies and it has a lesser impact at higher frequencies. In particular, 
the SPL is reduced by 4 dB in the 1/3rd-octave band centred in 𝑓𝑡.

The effect of the acoustic performance of the resonators leads to a 
decrease of SPL close to the target frequency, reaching 26 dB at 1.05𝑓𝑡

in narrow band and 13.1 dB at the 1/3rd-octave band centred in 𝑓𝑡 . This 
SPL attenuation is also observed at the next 1/3rd-octave band, where 
the HR absorption is still significant. The frequency for the minimum 
SPL value matches the frequency for the maximum Transmission Loss 
from the analytical model (Section 3.2).

5.2. Volume mean

As stated in Section 4.3, the mean SPL of the whole fairing volume is 
used to assess the acoustic performance of the noise reduction solution.

The mean SPL inside the fairing is calculated for the three models. 
Results in narrow bands (1/24th-octave bands) and wide bands (1/3rd-

octave bands) are depicted in Fig. 15. The mean SPL of the reference 
model (black solid line) shows a maximum at the target frequency, as it 
corresponds to the maximum SPL value as expected from the acoustic 
isolation results in Fig. 10.

As for the SPL at the longitudinal path (Fig. 14), results for the whole 
volume mean (Fig. 15) show that the structural modification of the fair-

ing structure modifies the acoustic field mainly at low frequencies while 
the acoustic contribution of HR panel contributes to the attenuation 
around 𝑓𝑡. In particular, at 1.05𝑓𝑡 the relative SPL is decreased by 4.6 dB 
due to the structural contribution of the panel, and by 16.7 dB due to 
the acoustic one. In the case where the relative SPL is represented in 

1/3rd-octave bands, the decreases are 3.9 dB and 13.5 dB, respectively.
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Fig. 14. SPL at the longitudinal path of the fairing for the reference model (black 
solid), and the model including the mechanical behaviour of the noise reduc-

tion panel (blue dashed) and the model including both mechanical and acoustic 
behaviour (red dotted): (a) in 1/24th-octave bands. (b) in 1/3rd-octave bands.

Fig. 15. Mean SPL inside the fairing for the reference model (black solid, and 
the model including the mechanical behaviour of the noise reduction panel (blue 
dashed) and the model including both mechanical and acoustic behaviour (red 

Fig. 16. Expected SPL during lift-off with and without the designed solution.

The results of the mean SPL of the whole fairing volume are shown in 
Fig. 15. This value is considered as a better estimation of the effect of the 
noise reduction system as it takes into account the whole acoustic field 
and not a given location. Fig. 15 shows that the main frequency range 
of attenuation is located around the target frequency and that a large 
attenuation of the SPL can be obtained with the proposed design, with up 
to 13 dB in one-third octave bands. This is an upper limit as the HR panel 
cannot cover the whole PLF surface in an actual implementation. This is 
due to the fact that the PLF structure also comprises joint elements and 
ventilation holes that cannot be obstructed. The curvature of the fairing 
structure also increases at the top section, making the manufacturing 
and installation of the resonant structure more intricate.

5.3. Acoustic mitigation on VEGA acoustic spectrum

To illustrate the acoustic effect of the resonators, the approximation 
of the SPL inside the VEGA fairing during lift-off with and without the 
resonators is compared. Fig. 16 shows in solid red line the lift-off noise 
spectrum under the fairing as presented in Table 1, while the dashed 
black line represents the spectrum when the solution is implemented on 
the fairing.

The incorporation of the HR panel produces a noticeable reduction 
in acoustic loads within the 250 Hz and 500 Hz 1/3rd-octave bands, rep-

resenting the most significant levels. Consequently, while the HR design 
targeted optimal performance at a certain frequency 𝑓𝑡 , this mitigation 
effect also extends its influence to adjacent frequencies. Finally, the use 
ot the HR panel gives an overall SPL reduction of 4.7 dB.

6. Conclusions

This work proposes a noise reduction system based on waveguides 
loaded by HR as an efficient and reduced-volume solution for rocket 
PLFs. The system is applied to the Arianespace VEGA rocket and takes 
into account experimental results on the fairing acoustic isolation. The 
results show a clear minimum at a single frequency band. A single HR 
design is obtained by numerical optimization to maximize the acoustic 
absorption at a target frequency. Numerical and experimental results on 
an impedance tube show a good agreement. The maximum absorption 
coefficient is found at the expected frequency but the maximum TL is 
shifted to slightly higher frequencies. Numerical results on a represen-

tative FEM/BEM model of the VEGA fairing show that at the frequency 
of maximum TL noticeable reduction of the SPL is obtained, up to 13 dB 
(in 1/3rd-octave bands) for a configuration of full coverage of the fair-

ing internal surface. The actual improvement is expected to be lower 
since some of the fairing surface is not available for installing the noise 
reduction system.
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Appendix A. Vibro-acoustic modelling

A.1. Constitutive equations of orthotropic and isotropic solids

The equation of motion in an orthotropic solid of thickness 𝐿 un-

der plane stress conditions and with properties along the 𝑥2 direction 
different from those in the (𝑥1, 𝑥3) plane is

∇𝝈 = 𝜌
𝜕2𝐮
𝜕𝑡2

, (A.1)

with 𝝈 =
[
𝜎11 𝜎22 𝜎12

]T
being the stress tensor, 𝐮 =

[
𝑢1 𝑢2

]T
the displace-

ment vector where T is the transpose operator and 𝜌 thef density of the 
solid. By considering the solid as a periodic repetition of a unit cell of 
length 𝑑1 along the 𝑥1 axis, the stress tensor and the displacement vector 
can be written under the form of Bloch wave expansions

𝜎𝑖𝑗 =
∑
𝜇∈ℤ

𝜎
𝜇

𝑖𝑗
𝑒
−𝚤(𝑘𝜇

1 𝑥1+𝑘
𝜇

2 𝑥2), (A.2)

𝑢𝑖 =
∑
𝜇∈ℤ

𝑢
𝜇

𝑖
𝑒
−𝚤(𝑘𝜇

1 𝑥1+𝑘
𝜇

2 𝑥2), (A.3)

where 𝑘𝜇

1 = 𝑘1 + (2𝜋𝜇∕𝑑1), 𝑘
𝜇

2 =
√

𝑘2 − 𝑘
𝜇

1
2
, 𝑘 = 𝜔∕𝑐 its wavenumber 

and (𝑖, 𝑗) ∈ {1,2,3}. Introducing 𝜎̂ and 𝑢̂ as the Space Fourier Transform 
of 𝜎 and 𝑢, Eq. (A.1) can be written, by considering harmonic displace-

ments in the solid and by making use of the orthogonality property of 
the Space Fourier Transform, as⎧⎪⎪⎪⎨⎪⎪
−𝚤𝑘

𝜇

1 𝜎̂
𝜇

11 +
𝜕𝜎̂

𝜇

12
𝜕𝑥2

= −𝜌𝜔2𝑢̂𝜇

1 ,

−𝚤𝑘
𝜇

1 𝜎̂
𝜇

12 +
𝜕𝜎̂

𝜇

11
𝜕𝑥2

= −𝜌𝜔2𝑢̂𝜇

2 .

(A.4)

(A.5)
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The stress tensor 𝝈 is also related to the strain tensor 𝜀 of the solid by 
the generalised Hooke’s law such that

⎡⎢⎢⎣
𝜎̂

𝜇

11
𝜎̂

𝜇

22
𝜎̂

𝜇

12

⎤⎥⎥⎦ =𝐂
⎡⎢⎢⎣
𝜀̂

𝜇

11
𝜀̂

𝜇

22
𝜀̂

𝜇

12

⎤⎥⎥⎦ , (A.6)

where 𝐂 is the stiffness matrix whose terms depend only on the material 
properties of the solid and is expressed as:

𝐂 =
⎡⎢⎢⎣
𝐶11 𝐶12 0
𝐶21 𝐶22 0
0 0 𝐶33

⎤⎥⎥⎦ . (A.7)

Note that Eq. (A.6) makes use of the symmetry property of the stress and 
strain tensors (i.e. 𝜎̂𝜇

12 = 𝜎̂
𝜇

21 and 𝜀̂𝜇

12 = 𝜀̂
𝜇

21. As a consequence, 𝐂 is also 
symmetric (𝐶12 = 𝐶21). By using the relation between the deformations 

and the displacements in the solid 𝜀̂𝑚𝑛 =
1
2

(
𝜕𝑢̂𝑚

𝜕𝑥𝑛

+
𝜕𝑢̂𝑛

𝜕𝑥𝑚

)
in Eq. (A.6), 

and by applying the 2D Space Fourier Transform on the stress tensor 
and displacement vector, Eq. (A.6) becomes

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝜎̂
𝜇

11 = −𝚤𝑘
𝜇

1𝐶11𝑢̂
𝜇

1 +𝐶12
𝜕𝑢̂

𝜇

1
𝜕𝑥2

,

𝜎̂
𝜇

22 = −𝚤𝑘
𝜇

1𝐶12𝑢̂
𝜇

1 +𝐶22
𝜕𝑢̂

𝜇

1
𝜕𝑥2

,

𝜎̂
𝜇

12 =
𝐶33
2

(
𝜕𝑢̂

𝜇

1
𝜕𝑥2

− 𝚤𝑘
𝜇

1 𝑢̂
𝜇

2

)
.

(A.8)

(A.9)

(A.10)

Analogously, Eq. (A.1) can be written as

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−𝚤𝑘1𝜎̂
𝜇

11 +
𝜕𝜎̂

𝜇

12
𝜕𝑥2

= −𝜌𝜔2𝑢̂𝜇

1 ,

−𝚤𝑘1𝜎̂
𝜇

12 +
𝜕𝜎̂

𝜇

22
𝜕𝑥2

= −𝜌𝜔2𝑢̂𝜇

2 .

(A.11)

(A.12)

In the case of isotropic materials, 𝐂 becomes diagonal. As a result, Eqs. 
(A.8) - (A.10) remain the same except that 𝐶12 = 𝐶21 = 0.

A.2. Transfer matrix method

A.2.1. Case of a mono-layered solid

The wave propagation through the solid is studied by means of the 
Transfer Matrix Method (TMM). This method relies on the definition of 
a space dependent state vectors 𝐖𝜇 for a given order 𝜇 of Bloch wave. 
𝐖𝜇 can be propagated along the 𝑥2 direction by using a transfer matrix 
𝐌𝜇 that provides linear relations between the components of 𝐖𝜇 at 
each fluid/solid interface (i.e. 𝑥2 = 0, 𝐿) such that

𝐖𝜇(𝑥1,0, 𝜃) =𝐌𝜇(𝜃)𝐖𝜇(𝑥1,𝐿, 𝜃). (A.13)

In order to compute the sound reflection and transmission coefficients 
of the solid, the state vector is defined in this case as

𝐖𝜇 =
[
𝜎

𝜇

12 𝜎
𝜇

22 𝑢
𝜇

1 𝑢
𝜇

2
]T

. (A.14)

The expression of 𝐌𝜇 in Eq. (A.19) can be inferred from Stroh formal-

ism, which presents the state vector as solution of a partial derivative 
equation at the first order. To obtain this equation, Eqs. (A.8) and (A.11)

are first combined in order to suppress 𝜎𝜇

11 such that

𝜕𝜎̂
𝜇

21 𝜇
𝜕𝑢̂

𝜇

2
[

2 ( 𝜇)2] 𝜇
𝜕𝑥2
− 𝚤𝑘1𝐶12

𝜕𝑥2
+ 𝜌𝜔 −𝐶11 𝑘1 𝑢̂1 = 0. (A.15)
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Equation (A.9), (A.10), (A.12) and (A.15) can then be written in a matrix 
form as

𝐁𝜇 𝜕

𝜕𝑥2
𝐖𝜇 +𝐃𝜇𝐖 = 𝟎, (A.16)

with

𝐁𝜇 =
⎡⎢⎢⎢⎣
1 0 0 −𝚤𝑘

𝜇

1𝐶12
0 1 0 0
0 0 𝐶33∕2 0
0 0 0 𝐶22

⎤⎥⎥⎥⎦ , (A.17)

𝐃𝜇 =

⎡⎢⎢⎢⎢⎣
0 0 𝜌𝜔2 −𝐶11

(
𝑘

𝜇

1
)2 0

−𝚤𝑘
𝜇

1 0 0 𝜌𝜔2

−1 0 0 −𝚤𝑘
𝜇

1𝐶33∕2
0 −1 −𝚤𝑘

𝜇

1𝐶12 0

.

⎤⎥⎥⎥⎥⎦
(A.18)

Equation (A.13) is solution of Eq. (A.16) with 𝐌𝜇(𝜃) = 𝑒𝐀
𝜇𝐿 and 𝐀𝜇 =

(𝐁𝜇)−1𝐃𝜇 .

A.3. Transfer matrix of the multi-layered material

In the case of a multi-layered material made of two isotropic lay-

ers of composite material and an orthotropic honeycomb structure in-

between, the total transfer matrix corresponds to the product of the 
transfer matrices of each layer such that

𝐖𝜇(𝑥1,0, 𝜃) =𝐌𝜇

𝑇
(𝜃,𝜙)𝐖𝜇(𝑥1,𝐿, 𝜃), (A.19)

where 𝐌𝜇

𝑇
=𝐌𝜇

𝑐 𝐌
𝜇

ℎ
𝐌𝜇

𝑐 is the total transfer matrix of the sandwich solid 
and 𝐌𝜇

𝑐 and 𝐌𝜇

ℎ
are the transfer matrices of the composite layers and 

the honeycomb structure, respectively. 𝐌𝜇
𝑐 and 𝐌𝜇

ℎ
are computed by 

applying the procedure presented in Appendix A.2.1 for each layer taken 
independently.

A.3.1. Transfer matrix of the resonant layer

The analytical model used to define the transfer matrix of the reso-

nant panel is well-known and is detailed in Refs. [33,47]. This method 
relates the sound pressure 𝑝𝑚 and the normal acoustic flow 𝑣𝑚 on both 
sides of the resonant panel of length 𝐿ℎ such that[

𝑝𝑚

𝑣𝑚

]
𝑥=0

= 𝐓
[

𝑝𝑚

𝑣𝑚

]
𝑥=𝐿ℎ

, (A.20)

where 𝐓 = 𝐌Δ𝑙𝑠𝑙𝑖𝑡
𝐌𝑠𝐌𝐻𝑅𝐌𝑠. 𝐌𝑠 is the transmission matrix through 

the slits of the panel and reads as

𝐌𝑠 =

[
cos(𝑘𝑠

𝐿ℎ

2 ) 𝑖𝑍𝑠 sin(𝑘𝑠
𝐿ℎ

2 )
𝑖

𝑍𝑠
sin(𝑘𝑠

𝐿ℎ

2 ) cos(𝑘𝑠
𝐿ℎ

2 )

]
. (A.21)

𝐌𝐻𝑅 is the transmission matrix of the resonator such that

𝐌𝐻𝑅 =
[

1 0
1∕𝑍𝐻𝑅 1

]
. (A.22)

Finally the matrix 𝐌Δ𝑙𝑠𝑙𝑖𝑡
represents the radiation correction of the slit 

to the free space and is expressed as

𝐌Δ𝑙𝑠𝑙𝑖𝑡
=

[
1 𝑍Δ𝑙𝑠𝑙𝑖𝑡

0 1

]
, (A.23)

where 𝑍Δ𝑙𝑠𝑙𝑖𝑡
= −𝑖𝜔Δ𝑙𝑠𝑙𝑖𝑡𝜌∕𝜙𝑡𝑆0 is the characteristic radiation impe-

dance with Δ𝑙𝑠𝑙𝑖𝑡 the end correction.

A.4. Scattering problem with a layered material

Considering the problem depicted in Fig. 3b, the pressure field on 
both sides of the system can be expressed in the frequency domain as a 
9

Bloch wave decomposition of the field such that
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𝑝0 =
∑
𝜇∈ℤ

(
𝛿𝜇0𝑒

−𝚤𝑘
𝜇

2 𝑥2 +𝑅𝑆
𝜇
(𝜃)𝑒𝚤𝑘

𝜇

2 𝑥2
)

𝑒
−𝚤𝑘

𝜇

1 𝑥1 , 𝑥2 ≤ 0, (A.24)

𝑝𝐿𝑠+𝐿ℎ =
∑
𝜇∈ℤ

𝑇 𝐹
𝜇
(𝜃)𝑒𝚤𝑘

𝜇

2 (𝑥2−𝐿𝑠−𝐿ℎ)𝑒−𝚤𝑘
𝜇

1 𝑥1 , 𝑥2 ≥ 𝐿𝑠 +𝐿ℎ, (A.25)

where 𝐿𝑠 = ℎ𝑠1 + 2ℎ𝑠2 , and 𝑅𝑆
𝜇

and 𝑇 𝐹
𝜇

are the reflection and transmis-

sion coefficients of the sandwich panel and the resonant panel, respec-

tively. The pressure field at the interface between both panels also reads 
as

𝑝𝐿ℎ =
∑
𝜇∈ℤ

[
𝑅𝐹

𝜇
(𝜃) + 𝑇 𝑆

𝜇
(𝜃)

]
𝑒
−𝚤𝑘

𝜇

1 𝑥1 , 𝑥2 = 𝐿𝑠, (A.26)

where 𝑅𝐹
𝜇

and 𝑇 𝑆
𝜇

are the reflection and transmission coefficients of the 
resonant panel and the sandwich panel, respectively. The continuity of 
normal stresses and velocities between the sandwich panel, the resonant 
panel and the air fluid read as

𝜎̂
𝜇

12(0, 𝜃) = 𝜎̂
𝜇

12(𝐿𝑠, 𝜃) = 0, (A.27)

𝜎̂
𝜇

2 (0, 𝜃) = −(𝛿𝜇0 +𝑅𝑆
𝜇
(𝜃)), (A.28)

𝜎̂
𝜇

2 (𝐿ℎ, 𝜃) = −(𝑇 𝑆
𝜇
+𝑅𝐹

𝜇
)(𝜃), (A.29)

𝑣̂𝑠
2,𝜇(0, 𝜃) = 𝑣̂

𝑓

2,𝜇(0, 𝜃), (A.30)

𝑣̂𝑠
2,𝜇(𝐿𝑠, 𝜃) = 𝑣̂

𝑓

2,𝜇(𝐿𝑠, 𝜃), (A.31)

where 𝑣̂𝑠
2,𝜇 and 𝑣̂𝑓

2,𝜇 are the normal velocities in the sandwich and res-

onant panels, respectively. In particular, 𝑣̂𝑠
2,𝜇 and 𝑣̂𝑓

2,𝜇 can be expressed 
according to the normal displacement 𝑢̂𝜇

2 of the solid and the acoustic 
pressure, respectively. Therefore, the two last equations become

𝑢̂
𝜇

2 (0, 𝜃) =
−𝚤𝑘

𝜇

2
𝜔2𝜌

(1 −𝑅𝑆
𝜇
(𝜃)), (A.32)

𝑢̂
𝜇

2 (𝐿ℎ, 𝜃) =
−𝚤𝑘

𝜇

2
𝜔2𝜌

(𝑇 𝑆
𝜇
(𝜃) −𝑅𝐹

𝜇
(𝜃)(𝜃)). (A.33)

The state vector can therefore be written at both fluid-solid interfaces 
as,

𝐖𝜇(0, 𝜃) = 𝐒𝜇 +𝐋𝜇

0

⎡⎢⎢⎢⎢⎢⎣

𝑢̂
𝜇

1 (0, 𝜃)
𝑢̂

𝜇

1 (𝐿𝑠, 𝜃)
𝑅𝑆

𝜇
(𝜃)

𝑇 𝑆
𝜇
(𝜃)

𝑅𝐹
𝜇
(𝜃)

⎤⎥⎥⎥⎥⎥⎦
, (A.34)

𝐖𝜇(𝐿ℎ, 𝜃) = 𝐋𝜇

𝐿𝑠

⎡⎢⎢⎢⎢⎢⎣

𝑢̂
𝜇

1 (0, 𝜃)
𝑢̂

𝜇

1 (𝐿𝑠, 𝜃)
𝑅𝑆

𝜇
(𝜃)

𝑇 𝑆
𝜇
(𝜃)

𝑅𝐹
𝜇
(𝜃)

⎤⎥⎥⎥⎥⎥⎦
, (A.35)

with

𝐒𝜇 =

⎡⎢⎢⎢⎢⎣
0

−𝛿𝜇0
0

−𝚤𝑘
𝜇

2 𝛿𝜇0
𝜔2𝜌

⎤⎥⎥⎥⎥⎦
, (A.36)

𝐋𝜇

0 =

⎡⎢⎢⎢⎢⎣
0 0 0 0 0
0 0 −1 0 0
1 0 0 0 0

0 0
𝚤𝑘

𝜇

2
𝜔2𝜌

0 0

⎤⎥⎥⎥⎥⎦
, (A.37)

𝐋𝜇

𝐿ℎ
=

⎡⎢⎢⎢
0 0 0 0 0
0 0 0 −1 −1
0 1 0 0 0

−𝚤𝑘
𝜇

⎤⎥⎥⎥ . (A.38)
⎢⎣0 0 0 2
𝜔2𝜌

𝚤𝑘2
𝜔2𝜌

⎥⎦
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Equation (A.15) can then be rewritten as

(𝐌𝜇

𝑤𝑎𝑙𝑙
𝐋𝜇

𝐿𝑠
−𝐋𝜇

0 )

⎡⎢⎢⎢⎢⎢⎣

𝑢̂
𝜇

1 (0, 𝜃)
𝑢̂

𝜇

1 (𝐿𝑠, 𝜃)
𝑅𝑆

𝜇
(𝜃)

𝑇 𝑆
𝜇
(𝜃)

𝑅𝐹
𝜇
(𝜃)

⎤⎥⎥⎥⎥⎥⎦
= 𝐒𝜇. (A.39)

This represents a system with 5 unknowns and 4 equations and cannot 
be solved as is. To do that, we have to apply the boundary conditions at 
𝑥2 = 𝐿𝑠 and 𝑥2 = 𝐿𝑠 + 𝐿ℎ can be written by considering pressures and 
normal velocities continuity at both ends of each slit of the resonant 
panel. Since the normal mode of the slits along 𝑥1 is only considered 
here, the boundary conditions at 𝑥2 = 𝐿𝑠 and 𝑥2 = 𝐿𝑠 +𝐿ℎ can be writ-

ten as∑
𝜇∈ℤ

(𝑇 𝑆
𝜇
+𝑅𝐻

𝜇
)𝐼−

𝜇
= 𝑝̂𝑚(𝐿𝑠)ℎ𝑠, (A.40)

𝑑1𝑘
𝜈
2

𝜌𝜔
(𝑇 𝑆

𝜈
−𝑅𝐻

𝜈
) = 𝑣̂𝑚(𝐿𝑠)𝐼+

𝜈
(A.41)∑

𝜇∈ℤ
𝑇 𝐻

𝜇
𝐼−

𝜇
= 𝑝̂𝑚(𝐿𝑠 +𝐿ℎ)ℎ𝑠, (A.42)

𝑑1𝑘
𝜈
2

𝜌𝜔
𝑇 𝐻

𝜈
= 𝑣̂𝑚(𝐿𝑠 +𝐿ℎ)𝐼+

𝜈
, (A.43)

where,

𝐼±
𝜈
=

ℎ𝑠

∫
0

𝑒
±𝚤𝑘𝜈

1𝑥1𝑑𝑥1 = ℎ𝑠sinc(𝑘𝜈
1
ℎ𝑠

2
)𝑒±𝚤𝑘𝜈

1∕2. (A.44)

Now applying the transfer matrix method of the resonant layer, de-

scribed in Appendix A.3.1, we have:∑
𝜇∈ℤ

(𝑇 𝑆
𝜇
+𝑅𝐻

𝜇
)𝐼−

𝜇
= 𝑝̂𝑚(𝐿𝑠)ℎ𝑠, (A.45)

𝑑1𝑘
𝜈
2

𝜌𝜔
(𝑇 𝑆

𝜈
−𝑅𝐻

𝜈
) = 𝑣̂𝑚(𝐿𝑠)𝐼+

𝜈
(A.46)∑

𝜇∈ℤ
𝑇 𝐻

𝜇
𝐼−

𝜇
=

(
𝑇 𝑚
11𝑝̂

𝑚(𝐿𝑠) +𝑆𝑠𝑇
𝑚
12𝑣̂

𝑚(𝐿𝑠)
)
ℎ𝑠, (A.47)

𝑑1𝑘
𝜈
2

𝜌𝜔
𝑇 𝐻

𝜈
=

(
𝑇 𝑚
21

𝑆𝑠

𝑝̂𝑚(𝐿𝑠) + 𝑇 𝑚
22𝑣̂

𝑚(𝐿𝑠)
)

𝐼+
𝜈

, (A.48)

where 𝑆𝑠 = 𝑑1ℎ3 is the cross-sectional area. Finally, by substituting the 
expressions of 𝑝̂𝑚(𝐿𝑠) from Eq. (A.45) and 𝑣̂𝑚(𝐿𝑠) from Eq. (A.46) in the 
two last equations Eqs. (A.47) and (A.48) we obtain

𝑇 𝑚
11

∑
𝜇∈ℤ

(𝑇 𝑆
𝜇
+𝑅𝐻

𝜇
)𝐼−

𝜇
+

𝑘
𝜇

2𝑄1

𝐼+
𝜇

(𝑇 𝑆
𝜈
−𝑅𝐻

𝜈
) −

∑
𝜇∈ℤ

𝑇 𝐻
𝜇

𝐼−
𝜇
= 0, (A.49)

𝐼+
𝜈

𝑇 𝑚
21

𝑆𝑠ℎ𝑠

∑
𝜇∈ℤ

(𝑇 𝑆
𝜇
+𝑅𝐻

𝜇
)𝐼+

𝜇
+ 𝑘

𝜇

2𝑄2(𝑇 𝑆
𝜈
−𝑅𝐻

𝜈
) −

𝑘
𝜇

2𝑑1

𝜌𝜔
𝑇 𝐻

𝜈
= 0, (A.50)

where 𝑄1 =
ℎ𝑠𝑆𝑠𝑑1𝑇 𝑚

11
𝜌𝜔

and 𝑄2 =
𝑇 𝑚
22𝑆𝑖𝑛

𝑠 𝑑1
𝑆𝑜𝑢𝑡

𝑠 𝜌𝜔
. This equation system is not 

sufficient to compute the scattering coefficients 𝑅𝑆
𝜇

, 𝑇 𝑆
𝜇

, 𝑅𝐻
𝜇

and 𝑇 𝐻
𝜇

can then been computed by solving the equations system composed of 
Eqs. (A.49), (A.50) and (A.39). Once the complete system is solved, it is 
possible to compute the 𝑅𝑆 , 𝑇 𝑆 , 𝑅𝐻 and 𝑇 𝐻 as follows

|𝑅|2 = ∑
𝜇∈ℤ

Re(𝑘𝜇

2 )

𝑘02

|𝑅𝑆
𝜇
|2, (A.51)

and

|𝑇 |2 = ∑ Re(𝑘𝜇

2 ) |𝑇 𝐻 |2. (A.52)
10

𝜇∈ℤ 𝑘02
𝜇
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