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The propagation of long-wavelength sound in the presence of a metasurface made by arranging

acoustic resonators periodically upon or slightly above an impervious substrate is studied. The

method of two-scale asymptotic homogenization is used to derive effective boundary conditions,

which account for both the surface corrugation and the low-frequency resonance. This method is

applied to periodic arrays of resonators of any shape operating in the long-wavelength regime. The

approach relies on the existence of a locally periodic boundary layer developed in the vicinity of

the metasurface, where strong near-field interactions of the resonators with each other and with the

substrate take place. These local effects give rise to an effective surface admittance supplemented

by nonlocal contributions from the simple and double gradients of the pressure at the surface.

These phenomena are illustrated for the periodic array of cylindrical Helmholtz resonators with an

extended inner duct. Effects of the centre-to-centre spacing and orientation of the resonators’ open-

ing on the nonlocality and apparent resonance frequency are studied. The model could be used to

design metasurfaces with specific effective boundary conditions required for particular applica-

tions. Published by AIP Publishing. https://doi.org/10.1063/1.5011385

I. INTRODUCTION

Structured surfaces made of two-dimensional (2-D) peri-

odic arrangements of resonators have attracted substantial

interest recently as they provide light-weight and low-invasive

solutions to control wavefields. When the wavelength around

the resonance is significantly longer than the spatial period of

the array, these structured surfaces can be referred to as

“metasurfaces.” The ability of metasurfaces to control wave-

fields has already been demonstrated in many domains of

physics, such as electromagnetism,1 elastodynamics,2 and

acoustics.3,4 Meanwhile, the development of equivalent con-

tinuum models to describe and characterise metasurfaces has

become a central issue from both the theoretical and computa-

tional points of view. A common phenomenological approach

to the characterisation of a metasurface interior to the

unbounded space (“transmit-arrays” or meta-screens) is to

consider it as an effective layer of subwavelength thickness.

Assuming that the behaviour of the effective layer complies

with standard continuum theories, such as an effective fluid

model in acoustics,5,6 its presumed that effective properties

(density and bulk modulus in acoustics) are usually retrieved

numerically or experimentally from the fields specularly

reflected from and transmitted through the metasurface when

it is submitted to a normally incident plane wave.7 However,

the exact physical reasons relating these effective properties

to the surface microstructure can be difficult to identify.

Moreover, such procedures can be less straightforward for a

“reflect-array,” that is a metasurface backed by a substrate

impervious to transmission, since only the reflection coeffi-

cient is available in that case.

In this work, an analytical approach to the description,

characterisation, and design of the acoustic resonant metasur-

face arranged against an impervious substrate is presented. It

relies on the theory of two-scale asymptotic homogenisation8,9

to determine the macroscopic description of the metasurface,

that is the definition of the effective fields, the equations gov-

erning them, and the effective constitutive parameters. This is

possible if the condition of scale separation � ¼ ‘=L < 1 is

satisfied, where ‘ is the characteristic size of the metasurface

unit cell and L is the characteristic length of the macroscopic

wave. While this method was initially formulated to describe

heterogeneous bulk media,8,9 it has been adapted since to deal

with the problem of structured surfaces by means of boundary

layer (BL) formulations.10–14 Recently, such a formulation

has been applied to the present problem,4 with a description

limited to the leading order of the asymptotic expansions. It

was demonstrated that the metasurface can be described by an

effective surface admittance of the local reaction with parame-

ters explicitly upscaled from the microstructures. In practice,

this description is all the more reliable that the scale parameter

� is considerably less than unity, which has been demonstrated

experimentally.4 However, when the metasurface is corru-

gated, for instance, when resonators are arranged upon the

substrate rather than buried in it, the effects of roughness can

become noticeable15 when the wavelength L is not very large

compared to the microstructure size ‘ (but still with � < 1)

similar to Rayleigh scattering in 3-D media.16 Also, discrep-

ancies in the value of the resonance frequency have been

observed between the theoretical model and experiments,

which become more significant as the scale parameter �
approaches unity.4 This effect is attributed to near-field inter-

actions between the resonators in the array which modify thea)Electronic mail: logan.schwan@gmail.com
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so called “end correction.” To account for these effects, the

method of two-scale asymptotic homogenisation offers the

possibility to improve the leading order description with cor-

rectors by considering higher order terms in the asymptotic

expansions. This approach, first applied to the description of

heterogeneous bulk media,16–18 has also been used for struc-

tured surfaces10–14,19–22 and leads to nonlocal boundary condi-

tions. Here, the approach is applied to the case of the

corrugated resonant metasurface to formulate the effective

nonlocal boundary conditions emerging from the combined

effects of corrugation and surface resonance. In Sec. II, the

homogenisation model for the metasurface is presented, where

the macroscopic description is derived up to the first corrector

and nonlocal boundary conditions are formulated. In Sec. III,

the periodic array of slotted cylinders arranged above a rigid

substrate is studied as an example. In particular, the influence

of the strong near-field interactions of the resonators with

each other and with the substrate on the macroscopic proper-

ties is illustrated.

II. BOUNDARY LAYER HOMOGENISATION MODEL

The propagation of airborne low frequency sound in the

presence of the corrugated resonant metasurface under ambi-

ent conditions is studied, with the atmospheric pressure P0,

the adiabatic constant c, the bulk modulus B0 ¼ cP0, the den-

sity q0, and the sound speed c ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
B0=q0

p
. The metasurface

consists of 2-D R-periodic arrangement of linear acoustic

resonators above the plane surface Cs having the unit normal

vector ns directed into air (see Fig. 1). The impervious sub-

strate Cs is not necessarily rigid, but its rheology is supposed

to comply with the R-periodicity. The resonator above the

reference period R has the boundary Cr with the unit normal

vector nr directed into air. For the sake of generality, it is

positioned slightly above the surface Cs, but the model will

allow Cs and Cr to be connected. The analysis is performed

in the linear harmonic regime with the implicit time factor

e�ixt. In this system, the pressure p and particle velocity v

satisfy the equations of momentum and mass conservation

ixq0v ¼ gradðpÞ and ixp ¼ B0divðvÞ; (1)

along with Sommerfeld radiation conditions away from the

metasurface, and the following boundary conditions at the

surface Cr and Cs of the resonators and substrate:

v � ns ¼RsðpÞ � ns at Cs; v � nr ¼RrðpÞ � nr at Cr: (2)

In Eq. (2), Rs and Rr are linear operators describing the

velocity distribution prescribed by the substrate and the reso-

nator at the boundaries Cs and Cr in response to the pressure

p acting on them. The operators Rs and Rr are generalised

response functions which incorporate the phenomena taking

place inside the resonators and the substrate. In this sub-

structuring approach, Rs describes the linear dependence of

the velocity v at one point x of the surface Cs on the value of

the pressure p at any other point x0 of Cs, whileRr provides

such a description for the surface Cr. Hence, RsðpÞ can be

written in the form

RsðpÞðx 2 CrÞ ¼
ð

x02Cs

R̂sðx; x0;xÞpðx0;xÞ dx0; (3)

where R̂s is the R-periodic kernel ofRs. An equation simi-

lar to (3) holds for Rr with the kernel R̂r and integration

over Cr. Here, it is assumed that (i) the modelling of the reso-

nators’ and substrate’s response has been already performed,

that is R̂s and R̂r are known; and (ii) the resulting effective

conditions given by Eq. (2) can be used in the homogenisa-

tion procedure that follows.

A. Boundary layer homogenisation procedure

The problem stated in Eqs. (1) and (2) is studied for fre-

quencies x close to the resonance frequency xo of the reso-

nators, and sufficiently low for the condition of scale

separation � ¼ ‘=L < 1 to be satisfied. Here, ‘ is the charac-

teristic size of both the period R and the resonators in the

direction defined by the vector ns, and L ¼ Oðc=xÞ is the

characteristic length of the macroscopic wavefield. This

introduces two scales in the system: the macro-scale OðLÞ
related to the Long-Wavelength (LW) field and the micro-

scaleOð‘Þ related to the metasurface array.

When subjected to a LW excitation, the metasurface pro-

duces locally R-periodic perturbations in the vicinity of the

surface Cs that vanish some distance away from it. This situa-

tion corresponds to a Boundary Layer (BL) problem, which is

studied here in the framework of the two-scale asymptotic

homogenisation (performed in the tangential directions) cou-

pled with the method of matched asymptotic expansion (in the

normal direction), as proposed by Nguetseng and Sanchez-

Palencia10 and used in other studies.14,21

First, two space variables are introduced: the usual posi-

tion vector x for the macroscopic description, and the auxil-

iary vector of stretched coordinates y ¼ ��1x to describe the

surface microstructures. Here, the Cartesian coordinate

FIG. 1. Illustration of the homogenisation method. (a) Upscaling the bound-

ary layer produced by the array of resonators above the substrate, the meta-

surface is described in terms of effective boundary conditions for the long-

wavelength fields. (b) Unit cell used for homogenisation.
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system ðO; e1; e2; e3Þ is used, where the origin O belongs to

the substrate Cs, the vectors ðe1; e2Þ are in the plane Cs, and

e3 ¼ e1 � e2 ¼ ns (see Fig. 1). Using the Einstein convention

of implicit summation on repeated indexes, the space varia-

bles read x ¼ xjej and y ¼ yjej with j 2 1; 2; 3f g. Their tan-

gential components xS ¼ x1e1 þ x2e2 and yS ¼ y1e1 þ y2e2

are also defined.

Second, the fields p and v are expanded asymptotically

in powers of the scale parameter � as follows. Away from the

metasurface, the fields p and v experience LW variations

only, and their asymptotic expansions involve LW fields

ðPðnÞ;VðnÞÞ that depend only on x, where the bracketed

superscripts indicate the order of the terms

p ¼ Pð0ÞðxÞ þ �Pð1ÞðxÞ þ �2 � � � ;
v ¼ Vð0ÞðxÞ þ �Vð1ÞðxÞ þ �2 � � � :

�
(4)

In the vicinity of the surface, however, the problem is some-

what different, due to the presence of the resonators which

induce locally R-periodic perturbations. According to two-

scale asymptotic homogenisation,8,10 the pressure p and par-

ticle velocity v in the boundary layer are set to depend on

xS; yS, and y3 to describe their macroscopic variations in the

tangential directions, their local R-periodicity close to the

surface, and their local fluctuations in the normal direction,

respectively. Hence, their asymptotic expansions close to the

metasurface involve the BL fields ðpðnÞ; vðnÞÞ as follows:

p ¼ pð0ÞðxS; yS; y3Þ þ �pð1ÞðxS; yS; y3Þ þ �2 � � � ;
v ¼ vð0ÞðxS; yS; y3Þ þ �vð1ÞðxS; yS; y3Þ þ �2 � � � :

(
(5)

Since ðpðnÞ; vðnÞÞ are assumed R-periodic over yS, it will be

useful to consider the column of air C ¼ R� ½0;1� contain-

ing the points with yS that belong to the two-dimensional

period R and y3 takes the values in ½0;1� [see Fig. 1(b)].

The cross-sections of C located at y3 ¼ 0 and y3 ¼ 1 are

denoted R0 and R1, respectively.

Third, the use of the two-scale spatial description modi-

fies the differential operators so that r ¼ rx away from the

metasurface, and r ¼ rS
x þ ��1ry in the boundary layer

region, where rx; rS
x, and ry are the del operators with

respect to x; xS, and y, respectively. The governing equations

(1) and (2) need to be re-written accordingly. Substituting

Eq. (4) into (1), and collecting terms of equal powers of �,
the LW fields ðPðnÞ;VðnÞÞ are found to satisfy the following

equations of momentum and mass conservation:

8n � 0; ixq0VðnÞ ¼ gradxðPðnÞÞ; (6a)

8n � 0; ixPðnÞ=B0 ¼ divxðVðnÞÞ: (6b)

Similarly, substitution of Eq. (5) into (1) leads to the fol-

lowing equations for the BL fields ðpðnÞ; vðnÞÞ with n 2 0; 1f g:

gradyðpð0ÞÞ ¼ 0; (7a)

divyðvð0ÞÞ ¼ 0; (7b)

ixq0vð0Þ ¼ gradS
xðpð0ÞÞ þ gradyðpð1ÞÞ; (7c)

ixpð0Þ=B0 ¼ divS
xðvð0ÞÞ þ divyðvð1ÞÞ: (7d)

As for the boundary conditions (2), it is important to

note that the response functions as defined in Eq. (3) for

the substrate and the resonators depend spatially on the

variable of micro-description y only, since no macroscopic

modulation of their rheology is considered here. For this

reason, the dependence of the response functions on the

space variable y is recalled by a subscript as Rs
y and Rr

y.

Further, due to the symmetry in the boundary conditions

(2) on Cs and Cr, the overall boundary C ¼ R0 [ Cr in col-

umn C is defined, with the unit normal vector n such that

n ¼ ns at R0 and n ¼ nr at Cr. The response function Ry

over C is also defined, with Ry ¼Rs
y at Cs and Ry

¼Rr
y at Cr. With these notations, substitution of the

asymptotic expansions (5) into (2) yields

8n � 0; vðnÞ � n ¼RyðpðnÞÞ � n at C: (8)

Finally, asymptotic matching conditions for the LW and

BL fields are added according to which the inner limit (as

x3 ! 0) of the LW fields must match the outer limit (as

y3 !1) of the BL fields. The following matching condi-

tions are considered10,11,19 for the orders �0 and �1:

lim
y3!1

pð0ÞðxS; yÞ ¼ P
ð0Þ
0 ðxSÞ; (9a)

lim
y3!1

vð0ÞðxS; yÞ ¼ V
ð0Þ
0 ðxSÞ; (9b)

lim
y3!1

pð1ÞðxS; yÞ � y3

@Pð0Þ

@x3

ðxS; 0Þ

" #
¼ P

ð1Þ
0 ðxSÞ; (9c)

lim
y3!1

vð1ÞðxS; yÞ � y3

@Vð0Þ

@x3

ðxS; 0Þ

" #
¼ V

ð1Þ
0 ðxSÞ; (9d)

where P
ðnÞ
0 ðxSÞ ¼ PðnÞðxS; x3 ¼ 0Þ and V

ðnÞ
0 ðxSÞ ¼ VðnÞðxS; x3

¼ 0Þ are the LW pressure and particle velocity at the surface

Cs at the order �n. The aim of the homogenisation model is

now to upscale the boundary conditions (8) in order to pro-

vide effective boundary conditions for the LW fields.

B. Effective description at the leading order

Equation (7a) shows that the BL pressure pð0Þ is inde-

pendent from y: it is purely macroscopic and depends only

on xS. Using the matching condition (9a), it is found to be

equal to the LW pressure P
ð0Þ
0 at the surface

pð0ÞðxS; yÞ � pð0ÞðxSÞ � P
ð0Þ
0 : (10)

According to Eq. (7b), the BL flow is locally incompressible

at the leading order. Integrating this equation with respect to

y over the column C, using the divergence theorem, the

R-periodicity of vð0Þ, and the boundary condition (8), the fol-

lowing relation is found, involving the flux Q
ð0Þ
y produced by

the substrate and the resonator:

Qð0Þy ¼
ð

C
Ryðpð0ÞÞ � n dRy ¼

ð
R1

vð0Þ � e3 dRy: (11)

Combining Eq. (11) with the matching condition (9b), the

following equation of mass conservation is derived:
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ð
R1

vð0Þ � e3 dRy ¼ jRjye3 � Vð0Þ0 ¼ Qð0Þy ; (12)

where jRjy ¼
Ð
R1

dRy is the y-integrated surface area of the

period R. This means that the LW velocity V
ð0Þ
0 balances the

overall flux Q
ð0Þ
y produced at the surface, per unit area of the

period R. Moreover, using Eqs. (10)–(12), and the linearity

of the operator Ry, the flux Q
ð0Þ
y is related to the LW pres-

sure P
ð0Þ
0 to result in the effective boundary condition for the

LW field at the leading order

V
ð0Þ
0 � e3 ¼ �!P

ð0Þ
0 ; (13)

where the effective admittance ! of the local reaction is

! ¼ � 1

jRjy

ð
C
Ryð1Þ � n dRy: (14)

When the scale separation is sharp, the effective boundary

condition (13) is sufficiently accurate to describe the meta-

surface.4 However, to account for local effects related to the

strong near-field interactions between the microstructures,

the terms of order �1 need to be incorporated, which requires

to derive the BL pressure pð1Þ.

C. Evanescent fields and surface flow

The BL pressure pð1Þ is looked for in the form

pð1Þ ¼ P
ð1Þ
0 ðxSÞ þ y3

@Pð0Þ

@x3

����
ðxS;0Þ

þ p?ð1ÞðxS; yÞ; (15)

where p?ð1Þ is an evanescent field such that p?ð1Þ ! 0 as

y3 !1 according to the matching condition (9c). The fol-

lowing evanescent velocity field is also defined:

v?ð0ÞðxS; yÞ ¼ vð0ÞðxS; yÞ � V
ð0Þ
0 ; (16)

such that v?ð0Þ ! 0 as y3 !1, according to the matching

condition (9b). Combining Eqs. (15) and (16) with Eqs. (6a)

and (7c) of LW and BL momentum conservation, the follow-

ing equation of momentum conservation is derived for the

evanescent fields:

ixq0v?ð0Þ ¼ gradyðp?ð1ÞÞ: (17)

Now, accounting for conditions described by Eqs. (7b), (16),

(17), (8), and (13), the problem for the evanescent fields p?ð1Þ

and v?ð0Þ takes the form

divyðv?ð0ÞÞ ¼ 0; (18a)

ixq0v?ð0Þ ¼ gradyðp?ð1ÞÞ; (18b)

v?ð0Þ � n ¼ RyðPð0Þ0 Þ � V
ð0Þ
0

h i
� n at C; (18c)

lim
y3!1

v?ð0Þ � 0 and lim
y3!1

p?ð1Þ � 0; (18d)

v?ð0Þ and p?ð1ÞR� periodic over yS: (18e)

Besides, according to the effective boundary condition (13)

and the LW momentum conservation (6a), the LW velocity

V
ð0Þ
0 at the surface can be written as

V
ð0Þ
0 ¼ �!P

ð0Þ
0 e3 þ

1

ixq0

gradS
xðP

ð0Þ
0 Þ: (19)

Now, the weak formulation of the problem (18) is considered

with p̂ as a test-field. Multiplying Eq. (18a) by p̂=jRjy and

y-integrating by parts over the column C, while considering

the R-periodicity and evanescence of the fields, the boundary

condition (18c), and Eq. (19), the following relation is found:

Eðp?ð1Þ; p̂Þ ¼ � ix
c
Fðp̂ÞPð0Þ0 � Gðp̂Þ � gradS

xðP
ð0Þ
0 Þ; (20)

where the symmetric definite positive operator Eðp?ð1Þ; p̂Þ
and the linear operators Fðp̂Þ and Gðp̂Þ read

Eðp?ð1Þ; p̂Þ ¼ 1

jRjy

ð
C
gradyp?ð1Þ � gradyp̂ dXy; (21a)

Fðp̂Þ ¼ q0c

jRjy

ð
C

p̂Ryð1Þ � n dCy � q0c!Gðp̂Þ � e3; (21b)

Gðp̂Þ ¼ � 1

jRjy

ð
C

p̂n dCy ¼
1

jRjy

ð
C
gradyp̂ dXy: (21c)

The divergence theorem and the R-periodicity and eva-

nescence condition for p̂ have been used to derive the second

expression of Gðp̂Þ in Eq. (21c). According to the Lax-

Milgram theorem, Eq. (20) entails the existence and unique-

ness of the solution for p?ð1Þ. This equation shows that the

field p?ð1Þ is forced linearly by the pressure P
ð0Þ
0 and the com-

ponents of its tangential gradient gradS
xðP

ð0Þ
0 Þ. Hence, it can

be written in the form

p?ð1ÞðxS; yÞ ¼ �
ix
c

d?ð1ÞP
ð0Þ
0 � b

?ð1Þ
S � gradS

xðP
ð0Þ
0 Þ; (22)

where d?ð1ÞðyÞ and b
?ð1Þ
S ðyÞ ¼ b

?ð1Þ
i ei with i 2 1; 2f g have the

dimension of a length and satisfy the cell problems

Eðd?ð1Þ; p̂Þ ¼ Fðp̂Þ; Eðb?ð1Þi ; p̂Þ ¼ Gðp̂Þ � ei: (23)

These cell problems are described in their strong formulation

in the Appendix. Interestingly, the one for b
?ð1Þ
S is similar to

that defining the diffusion tensor in the asymptotic homoge-

nisation of periodic porous media9,23 except that periodicity

conditions in the normal direction are replaced here by those

of rigid boundary at R0 and evanescence at R1. While b
?ð1Þ
S

is a purely geometrical and real-valued field, the field d?ð1Þ

can be complex-valued and depends on the frequency x due

to the frequency-dependent response function Ry. The field

d?ð1Þ is related to the local flux distribution [see Eq. (21b)],

while b
?ð1Þ
S is related to the corrugation, since Gðp̂Þ � ei ¼ 0

and hence b
?ð1Þ
S � 0 for a plane surface C. Using the symme-

try and positiveness of E, the following relations result from

the cell problems (23) for i; j 2 1; 2f g:

Eðd?ð1Þ; b?ð1Þi Þ ¼ Fðb
?ð1Þ
i Þ ¼ Gðd?ð1ÞÞ � ei; (24a)

Eðb?ð1Þi ; b
?ð1Þ
j Þ ¼ Gðb

?ð1Þ
j Þ � ei ¼ Gðb?ð1Þi Þ � ej; (24b)

Eðb?ð1Þi ; b
?ð1Þ
i Þ ¼ Gðb

?ð1Þ
i Þ � ei � 0: (24c)

Finally, the following vector field is defined, with

implicit summation over i 2 1; 2f g:

091712-4 Schwan et al. J. Appl. Phys. 123, 091712 (2018)



W
ð1Þ
S ðxSÞ ¼

1

jRjy

ð
C
v?ð0Þ � ei dXy

� �
ei: (25)

The field W
ð1Þ
S ðxSÞ represents the averaged tangential particle

velocity in the vicinity of the surface induced by the evanes-

cent fields. Hence, it will be referred to as surface flow in the

following. Combining Eq. (25) with (18b), (21c), and (22),

the surface flow W
ð1Þ
S reads

W
ð1Þ
S ðxSÞ ¼ �

D
ð1Þ
S

q0c
P
ð0Þ
0 �

B
ð1Þ
S

ixq0

gradS
xðP

ð0Þ
0 Þ; (26)

where the tangential vector D
ð1Þ
S and the 2� 2 tensor B

ð1Þ
S

have the following components, with i; j 2 1; 2f g:

D
ð1Þ
S ji ¼ Gðd?ð1ÞÞ � ei; B

ð1Þ
S jij ¼ Gðb

?ð1Þ
j Þ � ei: (27)

Due to the symmetry relations (24b) and (24c), the tensor BS

is symmetry definite positive. It is important to note here that

the surface flow W
ð1Þ
S ðxSÞ is a purely macroscopic field

which is distinct from the LW velocity V
ð0Þ
0 , yet forced by it.

It is worth recalling that W
ð1Þ
S ðxSÞ stems from the evanescent

fields in the boundary layer induced by the metasurface

micro-structures. Note also from Eq. (25) that W
ð1Þ
S ðxSÞ is of

the corrector order �1.

D. Effective mass conservation at the corrector order �1

Now that the BL pressure is found, the effective bound-

ary conditions at the corrector order can be derived. First, the

particle velocity vð1Þ is looked for in the form

vð1Þ ¼ V
ð1Þ
0 ðxSÞ þ y3

@Vð0Þ

@x3

����
ðxS;0Þ

þ v?ð1ÞðxS; yÞ; (28)

where v?ð1Þ is an evanescent field such that v?ð1Þ ! 0 as

y3 !1 according to the matching condition (9b). Using

Eqs. (16) and (28), Eq. (7d) of BL mass conservation is mod-

ified as

divyðv?ð1ÞÞ þ divS
xðv?ð0ÞÞ ¼ 0: (29)

Equation (29) is y-integrated over the column C and the

result is divided by jRjy. Using the divergence theorem, the

R-periodicity and evanescence of v?ð1Þ, and the definition

(25) of W
ð1Þ
S , the following relation is derived:

divS
xðW

ð1Þ
S Þ ¼

1

jRjy

ð
C

v?ð1Þ � n dCy: (30)

After substitution of Eq. (28) into (30) and application of the

boundary condition (8) at the order �1, the equation of mass

conservation at the surface is obtained at the order �1

V
ð1Þ
0 � e3 þ zð1Þ � @Vð0Þ

@x3

ðxS; 0Þ

" #
þ divS

xðW
ð1Þ
S Þ ¼

Q
ð1Þ
y

jRjy
; (31)

where the corrector order flux Q
ð1Þ
y produced by the substrate

and resonator in C, and the vector zð1Þ read

Qð1Þy ¼
ð

C
Ryðpð1ÞÞ � n dCy; zð1Þ ¼

Ð
Cy3n dCy

jRjy
: (32)

Note that zð1Þ has the dimension of a length and has a non-zero

component only in the direction e3, that is, zð1Þ ¼ zð1Þe3. Now,

combining Eqs. (15), (22), and (32), and using the linearity of

Ry, the source term Q
ð1Þ
y =jRjy in Eq. (31) is found in the form

Q
ð1Þ
y

jRjy
¼ ðvð1Þ þ lð1Þ0 ÞP

ð0Þ
0 þ

A
ð1Þ
S

q0c
� gradS

xP
ð0Þ
0 � !P

ð1Þ
0 ; (33)

where the scalars vð1Þ and lð1Þ0 and the components of the

vector A
ð1Þ
S are defined as follows, with i 2 1; 2f g:

vð1Þ ¼ � ix
c

1

jRjy

ð
C
Ryðd?ð1ÞÞ � n dCy; (34a)

lð1Þ0 ¼ �
ix
c

q0c!
jRjy

ð
C
Ryðy3Þ � n dCy; (34b)

A
ð1Þ
S ji ¼ �

1

jRjy

ð
C
q0cRyðb?ð1Þi Þ � n dCy: (34c)

Equations (26), (31), and (33) provide the effective

description of the metasurface at the corrector order �1 and

are the main results of this section.

E. Discussion on the effective boundary conditions

Before recomposing the asymptotic expansions and re-

scaling the fields to the physical space, a discussion should be

made here about the nature of the homogenisation model. It

results in replacing the corrugated resonant metasurface by an

effective boundary condition for the LW field where the exact

description of the microstructures is no longer present and sur-

face properties are considered instead. In particular, it means

that the surface where the LW fields have to satisfy the effec-

tive boundary condition is not corrugated at the local scale but

is replaced by an equivalent smooth surface (see Fig. 1). This

raises the issue of the position of this equivalent surface. It is

obvious that it should be located in the vicinity of the metasur-

face, that is, at a height of the order of ‘ above the substrate

Cs. But positioning it at x3 ¼ 0 or x3 � ‘ would introduce a

phase-shift of the order of � ¼ ‘x=c in the results. In the

approximation of the leading order, the description is valid up

to the precision �, and such a phase shift is disregarded, as tes-

tified by the fact that the pressure is uniform over C at the

local scale [see Eq. (10)]. Hence, the knowledge of the exact

position of the equivalent surface is not required at the leading

order, as long as it remains in the vicinity of the metasurface.

However, when the homogenisation is performed up to the

corrector order, a phase-shift of the order of � is no longer

within the accuracy of the approximation and the location of

the equivalent surface where the effective boundary condi-

tions are applied must be specified. This issue regarding the

position of the equivalent surface has already been raised in

studies on corrugated substrates12,14 and is quite similar to the

issue of the thickness of the equivalent interface for 2-D

arrays of inclusions interior to the unbounded space.14,20,22

In the present model, the indication to position the equiv-

alent surface is in fact given by Eq. (31), wherein the first two

terms can be seen as the Taylor expansion of the normal com-

ponent of V at the elevation zð1Þ above the surface, in the

framework of the asymptotic expansions
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Vð1ÞðxS; 0Þ � e3 þ zð1Þ
@Vð0Þ � e3

@x3

����
ðxS;0Þ

¼ V
ð1Þ
ðxS;�zð1ÞÞ � e3: (35)

In other words, Eq. (31) of mass conservation does not con-

tain the normal component of the velocity calculated at the

elevation x3 ¼ 0 prescribed by the choice of the coordinate

system, but, instead, that at the elevation, x3 ¼ �zð1Þ. This

position in space represents an averaged height of the corru-

gation above the substrate and is independent from the

choice of the origin of the coordinate system. This quantity

is therefore intrinsic to the system, and indicates the position

of the equivalent surface. To formulate the boundary condi-

tions at elevation x3 ¼ �zð1Þ, the LW pressure must be

described there. Since Pð0Þ is uniform at the local scale [see

Eq. (10)], the pressure P
ð0Þ
0 can be replaced in the equations

by Pð0Þz ¼ Pð0ÞðxS; �z
ð1ÞÞ. However, using Taylor expansion,

the pressure Pð1Þz ¼ Pð1ÞðxS; �z
ð1ÞÞ is given by

Pð1Þz ¼ P
ð1Þ
0 þ zð1Þ

@Pð0Þ

@x3

����
ðxS;0Þ

; (36)

which leads to the modification of the coefficient lð1Þ0 by

lð1Þ ¼ � ix
c

q0c!
jRjy

ð
C
Ryðy3 � zð1ÞÞ � n dCy: (37)

Now, the leading order and the corrector order solutions for

the LW fields are summed together to provide the approxi-

mations for the macroscopic pressure and particle velocity,

that is, V ¼ Vð0Þ þ �Vð1Þ and P ¼ Pð0Þ þ �Pð1Þ. The effective

parameters identified in the homogenisation scheme are also

rescaled to the physical space, with, for instance, z ¼ �zð1Þ or

l ¼ �lð1Þ. This provides the following effective boundary

conditions for the LW fields at the metasurface, where

S ¼ Q=jRj:

V � e3 þ divS
xðWSÞ ¼ S at x3 ¼ z; (38a)

WSðxSÞ ¼ �
DS

q0c
Pjz �

BS

ixq0

gradS
xðPÞjz; (38b)

S ¼ �ð!� v� lÞPjz þ
AS

q0c
� gradS

xðPÞjz: (38c)

Equation (38a) states the effective mass conservation

where the source term S is related to the flux radiated from

the resonators and substrate and is balanced by two macro-

scopic fields: the normal component of the LW velocity V

and the divergence of the surface flow WS. Equation (38b)

provides the rheological relation for the surface flow WS,

where the last term, due to the tangential flow of air through

the surface corrugation, can be seen as the surface variant of

the Darcy Law.9 Equation (38c) provides the expression for

the source term S, forced by the LW surface pressure and its

tangential gradient. The three equations (38a)–(38c) can be

combined to provide the effective surface condition in the

form of a single equation

V � e3 ¼ �ð!� v� lÞPþ AS þ DS

q0c
� gradS

xðPÞ

þ BS

ixq0

: gradS
x gradS

xðPÞ
� �

at x3 ¼ z; (39)

where “:” is the tensor double contraction. Equation (39)

shows that the normal component of the velocity depends on

the simple and second gradients of the pressure at the sur-

face. Hence, the microstructural effects result in effective

nonlocal boundary conditions for the metasurface. Note that

other nonlocal effects induced by microstructures have been

reported for elastodynamic metasurfaces13 and for bulk

media,24–26 despite differences in the physical approaches to

describe them. The boundary condition described by Eq.

(39) is the final result of the homogenisation model.

III. APPLICATION

A. Motivation and description of the metasurface

The aim of this section is to describe the effects of the

boundary condition (39) on the sound reflection from the

metasurface and investigate the possibility to achieve the

total absorption of sound at the resonance frequency. For

this, the metasurface consisting of the array of cylindrical

Helmholtz resonators arranged periodically in the direction

e1 with the period size ‘ ¼ 42 mm, and positioned at the dis-

tance h ¼ 0:02‘ 	 0:8 mm above a rigid substrate is studied

[see Fig. 2(a)]. The resonators are supposed to be infinitely

long with their axes in the direction e2. In the plane ðe1; e3Þ,
they have the outer diameter 2r ¼ 29 mm and the opening

Ca of width e ¼ 1:5 mm oriented in the direction defined by

the angle a counted from e1. Each resonator consists of a

cylindrical inner cavity of diameter 2r0 ¼ 13:4 mm con-

nected to the outside via a duct of width e rolled around the

inner cavity [see Fig. 2(b)]. The relative positions of the

inner and outer apertures are defined by the angle b ¼ 227
.
The arc portion of the duct is positioned at an equal distance

from the boundary of the cavity and the outer boundary Cr of

the resonator. The inner walls of the resonators are assumed

rigid. Plane wave reflection from the metasurface is studied,

FIG. 2. (a) Periodic arrangement of cylindrical resonators above the rigid sub-

strate. (b) Geometry of a cylindrical Helmholtz resonator with an extended

inner duct. (c) Normalised admittance at the duct outside aperture of the

Helmholtz resonator considered in the study; the dots are FEM computation

points and the lines correspond to the Lorentzian form Eq. (42) with the param-

eters obtained by fitting the FEM results. In (c), the colour-map represents the

FEM results for the pressure amplitude inside the resonator in response to a

unit pressure Pa � 1 at the duct outside aperture at the resonance.
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with ðe1; e3Þ as the plane of incidence. Hence, the problem

can be solved in the two dimensional Cartesian coordinate

system ðe1; e3Þ. The reasons leading to the design are

explained in Sec. III C.

B. Model for the resonators and substrate

Since the substrate is rigid, the following relation holds:

Rs
yðpÞ � ns � 0. As for the Helmholtz resonator, its boundary

Cr is rigid, except for the opening Ca, which is sufficiently

small to make the following assumptions:27 (i) the radial par-

ticle velocity is uniform over the opening Ca, with the value

vo; and (ii) the velocity vo is related to the mean value hpi
¼ jCaj�1Ð

Ca
p dC of the pressure p acting at the opening Ca

by vo ¼ Yhpi, where Y is an admittance. Hence, the response

function of the overall surface C satisfies

Ry pð Þ � n ¼ YhpiPðyÞ at C; (40)

where PðyÞ is equal to 1 over Ca and 0 elsewhere on C.

Here, the admittance Y is computed numerically using the

Finite Element Method (FEM) by solving for the pressure pr

developing inside the resonator in response to unit pressure

Pa � 1 applied at the duct outside aperture Ca [see the inset

in Fig. 2(c)]. To do so, the Helmholtz equation,

divðgradprÞ þ x2ðqr=BrÞpr ¼ 0, is solved, where qr and Br

are the effective density and bulk modulus of air in the reso-

nator. In the inner cavity, viscous and thermal losses are

neglected4 and qr ¼ q0 and Br ¼ B0 there. In the narrow

duct, however, viscous and thermal effects are significant,

and the effective density and bulk modulus of air in the duct

are given by5,6

qr ¼
q0

1� Uðe=dvÞ
; Br ¼

B0

1þ ðc� 1ÞUðe=dtÞ
; (41)

where dv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�=ðq0xÞ

p
and dt ¼ dv=

ffiffiffiffiffi
Pr
p

are viscous and

thermal skin-depths, with � and Pr being the viscosity and the

Prandlt number of air, and where UðXÞ
¼ tanh X

ffiffiffiffiffiffi
�i
p	 


= X
ffiffiffiffiffiffi
�i
p	 


is a form function.5,6 In this FEM

simulation, the admittance Y is given by Y ¼ hgradðprÞ � nr=

ðixqrÞi, and the results are shown in Fig. 3(c). The following

Lorentzian form is assumed for it:

q0cY ¼ irx= x2
o � i2nx� x2

� �
; (42)

where the resonance frequency xo, the loss factor

n=xo � 1, and the parameter r are retrieved by fitting Eq.

(42) with the FEM results [see Fig. 2(c)]. This provides

xo=ð2pÞ 	 712:5 Hz, n=xo 	 3:1 %, and r=xo 	 1:71.

C. Effective parameters from the homogenisation
model

Now, the effective parameters involved in the boundary

conditions (39) can be computed. As the problem considered

is two-dimensional, only 7 scalar parameters are required:

the admittance coefficients !, v, and l, the e1-components

A1 ¼ AS � e1 and D1 ¼ DS � e1 of the vectors AS and DS, the

component B ¼ ðBS:e1Þ � e1 of the tensor BS, and the eleva-

tion z for the equivalent surface. Their expressions can be

found in Eqs. (14), (34a), (37), (34c), (27), and (32). Using

the response function given in Eq. (40), with the normalised

admittance given in Eq. (42) and the symmetry relation

given in Eq. (24a), these coefficients are derived in the form

q0c! ¼ �igx= x2
o � i2nx� x2

� �
; with g ¼ er=‘; (43a)

v ¼ ix!ðq0cYÞhg?i=c; with g? ¼ d?=ðq0cYÞ; (43b)

l ¼ ix!ðq0c!Þf=c; with f ¼ hx3 � zi; (43c)

A1 ¼ q0c!hb?1i ¼ �D1; (43d)

B ¼ Gðb?1Þ � e1; and z ¼ pr2=‘: (43e)

In Eq. (43b), the field g? is purely geometrical and real-

valued, since it satisfies the same equations (A2) as d? except

for the boundary condition (A2b), which becomes grady

ðg?ð1ÞÞ � n ¼ ð2e=‘Þe3 � n�PðyÞ at C. In Eq. (43c), the

length f corresponds to the mean distance between the equiv-

alent surface positioned at x3 ¼ z and the points of the aper-

ture Ca. It can approximated by f 	 hþ rð1þ sin aÞ � z
using the relation sin ðe=rÞ 	 e=r, where e=r � 1 is the

FIG. 3. Numerical solutions for the

evanescent fields b?1 and g?

¼ d?=ðq0cYÞ defined by Eqs. (A1) and

(A2), and analysis of the effective

parameters B and hg?i. (a) Dependence

of B on the resonator normalised diam-

eter 2r=‘ and elevation h=‘ above the

substrate. (b) Colour-maps of b?1 for

different values of 2r=‘ and h=‘. (c)

Dependence of hg?i on the normalised

elevation h=‘ and orientation angle a
of the resonator opening. (d) Colour-

maps of g? for different values of a
and h=‘.
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angular opening of the aperture Ca. In Eq. (43d), the relation

A1 ¼ �D1 implies that the simple gradient term in the effec-

tive boundary condition (39) is not present in the case stud-

ied here. This is due to the fact that the plane ðe2; e3Þ is a

plane of symmetry for the cell C when the whole boundary

of the Helmholtz resonator is supposed to be rigid: it leads to

the relation Gðb?1Þ � e3 ¼ 0 used in the computation of D1. In

Eq. (43e), the coefficient B has the dimension of a length. Its

expression is related to the field b?1 satisfying the cell prob-

lem described in Eq. (A1) which depends only on the corru-

gation. The length B appears in the effective boundary

condition (39), where it weights the term with the double

gradient of the pressure. Hence, the length B characterises, at

the macroscopic scale, the micro-corrugation of the surface,

and it will be referred to as the characteristic corrugation
length in what follows. It is worth mentioning also that the

position z of the equivalent surface given in Eq. (43e) is

independent from the elevation h of the resonators above the

rigid substrate. Finally, since vþ l ¼ Oð�!Þ, Taylor expan-

sion is performed to provide

q0cð!� v� lÞ 	 q0c!= 1þ ixq0cðYhg?i þ !fÞ=c½ �: (44)

Using the expressions (42) and (43a) for q0cY and q0c!, Eq.

(44) is transformed as

q0cð!� v� lÞ 	 �igx= x2
o � i2nx� ðjxÞ2

h i
; (45a)

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðhg?i=e� f=‘Þer=c

p
: (45b)

A comparison of Eq. (45) with (43a) shows that the

corrector vþ l changes the apparent resonance frequency

from xo to xo=j. The resonance frequency of the single
Helmholtz resonator above the rigid substrate is already

known to decrease as the opening of the resonator is ori-

ented towards the substrate.27 Here, the variations in the

resonance frequency are due to the strong near-field interac-

tions of all the resonators with each other and with the sub-

strate. It is important to note that the value of

q0cð!� v� lÞ at the frequency xo=j is equal to the same

value g=ð2nÞ as that of the leading order admittance q0c!
at the eigenfrequency xo. If, according to the leading order

calculations, the admittance matching with air, q0c! ¼ 1, is

achieved at the resonance frequency xo, accounting for the

correctors of order �1 preserves this condition, but it hap-

pens at the frequency xo=j.

The field b?1 is computed numerically solving the cell

problem (A1) by means of the FEM. To justify the design,

the calculations are performed for different cylinder radius r
and elevation h. That results in the characteristic corrugation

length B shown in Fig. 3(a). For a given elevation h, the

dependence of B on the normalised radius r=‘ is not monoto-

nous: its maximum value B=‘ 2 ½0:16; 0:24� is reached for

2r=‘ 2 ½0:69; 0:72�. The characteristic corrugation length B
is larger for cylinders upon the substrate, decreases sharply

as the elevation h increases [see the inset in Fig. 3(a)] and

reaches a stationary value for h=‘ � 0:3 approximately.

Colour-maps of the field b?1 are given in Fig. 3(b) for differ-

ent elevations h=‘ and at values of r=‘ for which B=‘ is

maximum. They confirm the fact that b?1 is confined to the

surface, consistently with the notion of evanescent fields.

While a strong interaction between the array and the sub-

strate occurs for cylinders close to the surface h! 0, the

field b?1 tends to remain confined in the vicinity of the array

and nearly vanishes at the substrate when the cylinders are

positioned further from it. In this case, the interaction of the

array with the substrate is very weak, which explains why

B=‘ reaches its stationary value.

The resonator diameter has been chosen to provide

2r=‘ 	 0:69, so that B=‘ is close to its maximum values

(which still depend on the elevation h) to enhance the effects

from the nonlocal contributions. Besides, the duct and cavity

of the resonator have been designed according to the follow-

ing constraints: (i) the scale parameter �o ¼ ‘xo=c at the

resonance is equal to 0:55 < 1 which is sufficiently close

to unity for the corrector term to have noticeable contribu-

tion, yet �2
o ¼ 0:3 so that terms of the second corrector

order remain small; and (ii) the admittance matching q0c!
¼ g=ð2nÞ ¼ 1 at the resonance frequency xo is achieved.

Then, the cell problem for the field g? is solved numerically

using the FEM. Its normalised mean value hg?i=e over the

duct outside aperture is computed for different elevations h
and orientation angles a of the opening [see Fig. 3(c)]. It

shows that the elevation h has nearly no effect on hg?i when

the aperture is turned away from the surface: hg?i=e reached

its minimum value 	0:89 for the orientation angle a ¼ 90
,
and varies only slightly over the range a 2 ½0; 180
� to reach

	1:4 at a ¼ 0 and a ¼ 180
. Conversely, the variations

of hg?i=e with the elevation h are very significant for

a 2 ½�180
; 0�, especially when the aperture is facing the

rigid substrate at a ¼ �90
. For that orientation angle,

hg?i=e reaches its maximum value: it tends to infinity as

h! 0, when radiation from the aperture is nearly impossi-

ble, and decreases sharply as the elevation h increases [see

the inset in Fig. 3(c)], to reach the stationary value hg?i=e
	 2:4 for the elevations h=‘ � 0:3 approximately. The

colour-maps of the field g? for different orientation angles a
and elevations h are provided in Fig. 3(d). They confirm that

the evanescent field g? remains confined to the surface. In

addition, it tends to remain mostly located between the inclu-

sions and the rigid backing for a 2 ½�180
; 0�.

D. Reflection from the metasurface

Finally, the reflection of the incident plane wave

eixðx1 sin h�ðx3�zÞ cos hÞ=c from the metasurface is studied, where

h is the angle of incidence counted from e3. The specularly

reflected wave is Reixðx1 sin hþðx3�zÞ cos hÞ=c, where R is the pres-

sure reflection coefficient. Using Eqs. (39) and (43), the

reflection coefficient reads

R ¼ cos h� K
cos hþ K

; K ¼ q0cð!� l� vÞ � ixB sin2h
c

: (46)

At normal incidence, h ¼ 0, the nonlocal contribution to the

boundary conditions vanishes and R tends to its usual expres-

sion for the surface with the admittance !� v� l. The
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perfect absorption R¼ 0 is achieved if h ¼ 0 and the critical

coupling condition q0cð!� v� lÞ ¼ 1 is satisfied.

Nonlocal contribution to the boundary conditions becomes

significant at oblique and grazing incidence. If the resonators

are replaced by rigid scatterers, then K ¼ �ixB sin2ðhÞ=c,

and the perfect reflection of the wave jRj ¼ 1 is achieved for

any angle h and frequency x. The perfect reflection jRj ¼ 1

is also achieved for any angle and frequency for lossless res-

onators (n ¼ 0). Nevertheless, a phase shift that depends on

h and x is induced in those two cases. The amplitude and

phase of R are plotted in Fig. 4 for h 2 f0
; 60
g and for the

opening orientation angles a ¼ 690
. The elevation h=‘
¼ 0:02 has been chosen. As expected from the design, the

perfect absorption of sound R¼ 0 is achieved at apparent res-

onance frequencies lower than xo (by 53 Hz for a ¼ �90
)
at normal incidence h ¼ 0. At the oblique incidence,

h ¼ 60
, the sound absorption is lower at the apparent fre-

quency, and an additional phase shift due to the nonlocal

contribution can be observed in the reflection coefficient,

even at frequencies away from the resonance.

IV. CONCLUSION

The present study showed that models of local reaction

for metasurfaces are valid when a sharp scale separation

exists between the sound wavelength and the characteristic

size of the surface lattice. However, when the scale separa-

tion is not sharp, nonlocal contributions to the effective

boundary conditions for the corrugated resonant metasurfa-

ces should be accounted for. The nonlocal effective bound-

ary conditions have been derived accounting for the

correctors in the two-scale asymptotic homogenisation anal-

ysis. The model developed here has been illustrated for the

2-D array of cylindrical Helmholtz resonators with an

extended duct, but the analytical results summarised in Eq.

(38) are valid for the 3-D geometry, for any resonators and

substrate the behaviour of which can be described by the lin-

ear response functions given by Eq. (3), and any LW field

satisfying the condition of scale separation. In particular, the

non-local contributions should lead to anisotropic effects in

3-D, since the effective nonlocal parameters are tensors. The

results are useful for the design of corrugated resonant meta-

surfaces, where the corrugation/radiation coupling could be

used to tune the resonance frequency and the type of

boundary conditions by simply changing the orientation of

the resonators. Obtaining effective boundary conditions for

metasurfaces with more complicated geometry of the ele-

mentary cell (when it contains several mistuned resonators

for instance) will be the next step in the work.
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APPENDIX: CELL PROBLEMS IN THEIR STRONG
FORMULATION

The strong formulation of the cell problems (23) reads

divyðgradyðb?ð1Þi Þ � eiÞ ¼ 0; (A1a)

ðgradyðb?ð1Þi Þ � eiÞ � n ¼ 0 at C; (A1b)

lim
y3!1

gradyðb?ð1Þi Þ � 0; (A1c)

lim
y3!1

b
?ð1Þ
i � 0 and b

?ð1Þ
i R� periodic over yS; (A1d)

divyðgradyðd?ð1ÞÞÞ ¼ 0; (A2a)

gradyðd?ð1ÞÞ � n ¼ �q0c Ryð1Þ þ !e3

� �
� n at C; (A2b)

lim
y3!1

gradyðd?ð1ÞÞ � 0; (A2c)

lim
y3!1

d?ð1Þ � 0 and d?ð1ÞR� periodic over y: (A2d)
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