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I. INTRODUCTION

This work was initially motivated by the design problem
connected with the determination of the optimal profile of a
continuous and/or discontinuous spatial distribution of the
material/geometric properties of porous materials for the ab-
sorption of sound. Porous materials �foam� suffer from a lack
of absorption particularly at low frequency, when compared
to its value at higher frequency, and for normal incidence.
The usual way to solve this problem is by multi-layering.1–3

The purpose of the present article is to investigate an alter-
native to multi-layering by embedding a periodic set of in-
clusions, whose size is not small compared with the wave-
length, in an otherwise macroscopically-homogeneous
porous plate whose thickness and weight are relatively small
�i.e., the principal constraints in the design of acoustic ab-
sorbing materials�.

Acoustic wave propagation in porous materials was
mainly studied in order to deal with sound absorption, mate-
rial property characterization, etc. Homogeneous porous ma-
terials are well described by the first work of Biot4,5 and later
contributions.6–8 On the other hand, the equation that de-
scribes acoustic wave propagation in a macroscopically-
inhomogeneous rigid-frame porous medium was only re-
cently derived in Ref. 9 from the alternative formulation of
Biot’s theory.5 The latter equation could eventually offer an
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alternative to multi-layering in the sense that it can be ap-
plied to the design of �e.g., functionally gradient� rigid-frame
media with continuously-varying properties.

The influence of the addition of a volumic heterogeneity
on absorption and transmission of porous plates was previ-
ously studied by means of the homogenization procedure. In
Ref. 10, the authors considered the reflection of a plane
acoustic wave by a porous plate that presents a periodic set
of pits oriented along the direction of propagation. The me-
dium is homogenized, generalized expressions for the com-
plex bulk modulus and dynamic permeability of double-
porosity media are presented, and its behavior is described in
Ref. 11. This leads to a drastic increase in the absorption
coefficient at low frequency. In Ref. 12, the authors consid-
ered the transmission of an acoustic wave through a porous
medium in which a set of randomly-arranged metallic rods is
embedded. This medium is converted, by a procedure called
ISA�, into an equivalent homogeneous medium, which ex-
hibits decreased transmission and increased absorption.
Herein, the diffraction of a plane wave by a porous plate in
which is embedded a periodic set of porous or high-contrast
�Neumann type condition� inclusions is studied with the help
of the so-called multipole-method.13–15 The field scattered by
the inclusions is fully accounted-for so that a complete de-
scription of the effects, in terms of increase in the absorption,
is made possible.

Periodic arrangements of either surface irregularities or
volume heterogeneities usually lead to energy entrapment ei-
ther at the surface or inside the structure, this being strongly
linked to mode excitation and to an increase in the absorp-
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tion coefficient �first noticed by Wood and partially ex-
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plained by Cutler17�. The particular properties of such struc-
tures have been studied in mechanics, with application to
composite materials,18–20 in optics initially motivated by the
collection of solar energy21,22 with applications to photonic
crystals,23,24 in electromagnetics with application to so-called
left-handed materials,25 and in geophysics for the study of
the “city-site” effect.26,27 The properties of such structures
are now studied to create band-gaps for elastic or acoustic
waves �phononic/sonic crystals28–30�, and have been used for
the design of sound absorbing or porous materials.31–34

II. FORMULATION OF THE PROBLEM

A. Description of the configuration

Both the incident plane acoustic wave and the plate are
assumed to be invariant with respect to the Cartesian coordi-
nate x3. A sagittal x1−x2 plane view of the two-dimensional
scattering problem is given in Fig. 1.

Before the introduction of the cylindrical inclusions, the
plate is made of a porous material �e.g., a foam� which is
modeled �by homogenization� as a �macroscopically-
homogeneous� equivalent fluid M�1�. Another equivalent
fluid medium M�2� occupies each cylindrical inclusion. In the
sagittal plane, the jth cylinder is the circular disk ��2�j��. Two
subspaces ��1�� are also created, respectively, corresponding
to the upper and lower parts of the plate containing the in-
clusions. The host medium M�0� occupying the two half
spaces ��0�� is air. Thus, the plate is macroscopically-
inhomogeneous, the heterogeneity being periodic in the x1

direction with period d.
The upper and lower flat, mutually-parallel boundaries

of the plate are �a and �b in the sagittal plane. The x2 coor-
dinates of these lines are a and b, the thickness L of the plate
being L=a−b. The circular boundary of ��2�j�� is ��j�. The
center of the j=0 disk is at the origin O of the laboratory
system Ox1x2x3. The union of ��0+� and ��0−� is denoted by
��0�.

The wavevector ki of the incident plane wave lies in the
sagittal plane and the angle of incidence is �i measured coun-
terclockwise from the positive x1 axis.

B. Wave equations

Total pressure, wavenumber, and wave speed are desig-
nated by the generic symbols p, k, and c respectively, with

�j� �j� �j� � �j�
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FIG. 1. Sagittal plane representation of the configuration of plane wave
solicitation of a d-periodic porous fluid-like plate with fluid-like inclusions
�of radius R�.
p= p , k=k =� /c in ��j�, j=0 ,1 ,2 .
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Rather than solve directly for the pressure p�x , t� �with
x= �x1 ,x2��, p̃�x ,�� is preferred, related to p�x , t� by the Fou-
rier transform p�x , t�=�−�

� p̃�x ,��e−i�td�. Henceforth, the �
is dropped in p̃�x ,�� so as to designate the latter by p̃�x�.

The effective compressibility and density of medium
M�1�, linked to the sound speed through c�1�=�1 / �K�1���1��,
are8,9

1

K�1� =
	P0


�	 − �	 − 1��1 + i
�c

Pr�
G�Pr���−1� ,

��1� =
� f��



�1 + i

�c

�
F���� , �1�

wherein �c=�
 /� f�� is the Biot characteristic frequency, 	
is the specific heat ratio, P0 is the atmospheric pressure, Pr is
the Prandtl number, � f is the density of the fluid in the �in-
terconnected� pores, 
 is the porosity, �� is the tortuosity,
and � is the flow resistivity. The correction functions G�Pr��
�Ref. 35� and F��� �Ref. 6� are given by

G�Pr�� =�1 − 4i
� f��

2

�2
2��2Pr� ,

F��� =�1 − 4i
� f��

2

�2
2�2� , �2�

wherein  is the viscosity of the fluid, �� is the thermal
characteristic length, and � is the viscous characteristic
length.

The incident wave propagates in ��0+� and is expressed

by p̃i�x�=Aiei�k1
i x1−k2

i �x2−a��, wherein k1
i =−k�0� cos �i, k2

i

=k�0� sin �i, and Ai=Ai��� is the signal spectrum.
The particular feature of the problem is the transverse

periodicity of � j�Z��2�j��. The plane wave nature of the in-
cident wave and the periodic nature of � j�Z��2�j�� imply the
Floquet relation

p̃�x1 + nd,x2� = p̃�x1,x2�eik1
i nd, ∀ n � Z . �3�

Consequently, it suffices to determine the field in the central
cell of the plate which includes the disk ��2�0�� in order to
obtain the fields, via the Floquet relation, in the other cells.
Henceforth, the simplified notation is adopted: ��2�ª��2�0��,

�ª���0��, and p̃�2�= p̃�2�0��.

C. Boundary and radiation conditions

Since M�0� and M�1� are fluid-like, the pressure and the
normal velocity are continuous across the interfaces �a and
�b:

p̃�0+��x� − p̃�1��x� = 0, ∀ x � �a,

�np̃�0+��x�/��0� − �np̃�1��x�/��1� = 0, ∀ x � �a,

˜ �0−� ˜ �1�
p �x� − p �x� = 0, ∀ x � �b,
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�np̃�0−��x�/��0� − �np̃�1��x�/��0� = 0, ∀ x � �b, �4�

wherein n denotes the generic unit vector normal to a bound-
ary and �n designates the operator �n=n ·�.

Since M�1� and M�2� are fluid-like, the pressure and nor-
mal velocity are continuous across the interface �:

p̃�2��x� − p̃�1��x� = 0, ∀ x � � ,

�np̃�2��x�/��2� − �np̃�1��x�/��1� = 0, ∀ x � � . �5�

When the contrast between the media M�1� and M�2� is high,
i.e., high-contrast inclusions, the latter can be approximated
as infinitely rigid. In this case, the boundary conditions
across the interface � no longer depend on the fields inside
the inclusions, i.e., on the internal geometry of ��2� and on
the material characteristics of M�2� �except its rigid behav-
ior�, and reduce to Neumann type boundary conditions:

�np̃�1��x� = 0, ∀ x � � . �6�

The uniqueness of the solution to the forward-scattering
problem is assured by the radiation conditions:

p̃�0+��x� − p̃i�x� 	 outgoing waves, ∀ x → � ,

p̃�0−��x� 	 outgoing waves, ∀ x → � . �7�

III. FIELD REPRESENTATIONS IN Ω
†0±

‡

, Ω
†2‡, AND

Ω
†1±

‡

Separation of variables, the radiation conditions, and the
Floquet relation lead to the following representations:

p̃�0+��x� = 

p�Z

�Aie−ik2p
�0��x2−a��p0 + Rpeik2p

�0��x2−a��eik1px1, �8�

p̃�0−��x� = 

p�Z

Tpei�k1px1−k2p
�0��x2−b��, �9�

wherein Rp and Tp are, respectively, the reflection and trans-
mission coefficients of the plane wave indiced by p, �p0

the Kronecker symbol, k1p=k1
i +2p� /d, and k2p

�0�

=��k�0��2− �k1p�2, with Re�k2p
�0���0 and Im�k2p

�0���0 for �
�0.

The field in the central inclusion, with �r= �r ,���, takes
the form

p̃�2��r� = 

l�Z

ClJl�k�2�r�eil�, �10�

wherein Jl is the lth order Bessel function and Cl are the
coefficients of the field scattered inside the cylinder of the
unit cell.

It is convenient to use Cartesian coordinates �x1 ,x2� to
write the field representation in ��1��. The latter takes the
form of the sum �by use of the superposition principle� of the
field diffracted by the inclusions and the diffracted field in
the plate.34 Because of the periodic nature of the configura-
tion, the diffracted field in the plate can be written in Carte-

sian coordinates as
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p̃�1���x� = 

p�Z

�fp
�1�−e−ik2p

�1�x2 + fp
�1�+eik2p

�1�x2�eik1px1

+ 

p�Z



l�Z

BlKpl
�ei�k1px1�k2p

�1�x2�, �11�

where fp
�1�� accounts for the diffracted field by the plate, Bl

are the coefficients of the field scattered by the cylinder of
the unit cell, the signs + and � correspond to x2�R and
x2� �−R�, respectively, and Kpm

� =2�−i�me�im�p /dk2p
1 , with �p

such that k�1�ei�p =k1p+ ik2p
�1�.13,15

IV. THE REFLECTED AND TRANSMITTED FIELDS

The method of resolution of the problem is described in
Appendix A. Once Eq. �A7� is solved for Bl, ∀l�Z, expres-
sions for Rp and Tp depending on Bl, ∀l�Z, are derived
from the linear system �A1�:

RP =
2Aii sin�k2

�1�iL�����0�i�2 − ���1�i�2�
D0

i + 

p�Z



l�Z

8�− il�Bl

dk2p
�1�

�
�p

�1��− i�p
�0� sin�l�p + k2p

�1�b� − �p
�1� cos�l�p + k2p

�1�b��
Dp

,

TP =
− Ai4��1�i��0�i

D0
i + 


p�Z


l�Z

8�− il�Bl

dk2p
�1�

�
�p

�1��i�p
�0� sin�l�p + k2p

�1�a� − �p
�1� cos�l�p + k2p

�1�a��
Dp

, �12�

with

Dp = 2i sin�k2p
�1�L����p

�0��2 + ��p
�1��2� − 4�p

�0��p
�1� cos�k2p

�1�L� ,

�13�

and D0
i =D0. Introducing the latter equation into Eqs. �8� and

�9� leads to the expression of the pressure field in ��0��. In
particular, the latter fields �and also in ��1��, are the sum of
�i� the field in absence of the inclusions �whose expressions
are the same as those in Ref. 36� and �ii� the field due to the
presence of the inclusions. The latter field, when compared
with the Green’s function as calculated in Ref. 36 in the case
of a line source located in the plate without inclusions, takes
the form of the field radiated by induced periodic sources
located on �. The latter do not add energy to the system, but
rather entail a redistribution of the energy in the frequency
range of the solicitation and allow the presence of evanescent
waves in the ambient media whereby it is possible to excite
modes.

Both the method of resolution �including the numerical
recipes, Appendix B� and field expression were validated
with the help of the authors’ finite-element code37 in the case
of a dissipative plate in which a number of dissipative inclu-
sions are embedded, large enough for the situation in the
central part of the configuration to be very close to that de-
scribed by the multipole method in the case of an infinite

number of inclusions.

Groby et al.: Porous plate with periodic inclusions 687



V. MODAL ANALYSIS

A. Modal analysis in the absence of inclusions

In the absence of inclusions, the coefficients of the field
scattered by the inclusions vanish �Bl=0, ∀ l�Z� and all
the unknowns that are indexed by p reduce to their value for
p=0. The problem reduces to the determination of R
=Rp�p0, T=Tp�p0, f �1�−= fp

�1�−�p0, and f �1�+= fp
�1�+�p0 from the

corresponding linear system �A1�.
The natural modes of the configuration are obtained by

turning off the excitation �i.e., Ai=0�. The resulting matrix
equation possesses a non-trivial solution only if the determi-
nant of the matrix vanishes, i.e.,

D0
i = 2i����0�i�2 + ���1�i�2�sin�k2

�1�iL�

− 4��1�i��0�i cos�k2
�1�iL� = 0, �14�

whose roots take the form of a couple �k1
� ,��, defining the

wavenumbers and natural frequencies of the modes of the
configuration. For a non-dissipative medium in the plate, k1

�

and � are both real. In the case of interest here, the medium
filling the plate is dissipative so that k1

� is complex. Each
mode of the configuration occurs at a wavenumber corre-
sponding to the real part of k1

�, to which an attenuation cor-
responding to the imaginary part of k1

� is associated.
Figure 2 depicts the real and the imaginary parts of the

solution c����=� / �k1
�� of Eq. �14� with the mechanical and

geometrical characteristics used in Sec. VII A. The solution
is normalized by c�0� defining c̄����=c���� /c�0�. The proce-
dure used to solve the dispersion relation latter is based on
the one already employed in Ref. 38. For a fixed frequency,
the dispersion relation can have more than one root c̄����.
They are identified in the following by c̄�n�

� ���, n�N. An
important remark is that the dispersion relation cannot vanish
when the incident wave takes the form of a plane wave
because Re�k1

���k�0� for Eq. �14� to be true, whereas
k1

i � �−k�0� ,k�0�� in the case of an incident plane �bulk� wave.
In the absence of the inclusions, no modes of the configura-
tion can be excited when a plane �bulk� wave strikes the
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FIG. 2. �a� Real part and �b� imaginary part of the roots of the dispersion
relation of a L=10�10−3 m thick porous plate: �¯ �c̄����, �—� c̄�0�, and �-
- -� c̄�1����. Modified modes of the plate and the associated attenuation for
period d=10�10−3 m are pointed out by a dot.
plate.
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B. Modal analysis with inclusions

For the plate with periodic inclusions, the problem re-
duces to the resolution of the linear system �A7�. As previ-
ously, the natural modes of the configuration are obtained by
turning off the excitation, embodied in the vector VF. The
resulting equation possesses a non-trivial solution only if the
determinant of the matrix vanishes:

det�I − VS − V�Q − P�� = 0. �15�

A procedure, called the partition method, for solving this
equation, is not easy to apply because the off-diagonal ele-
ments of the matrix are not small compared to the diagonal
elements. Even at low frequency �i.e., Re�k�1��R�1�, Bj

=Bj
�2�� �k�1�R�2+O��k�1�R�2� for j= �−1,0 ,1�, so that at least

three terms should be taken into account.
An iterative scheme can be employed to solve Eq. �A7�

and obtain an approximate dispersion relation. This equation
is re-written in the form �1−VlMll�Bl=VlFl

+Vl
m�ZMlmBm�1−�ml�, ∀l�Z. The iterative procedure for
solving this linear set of equations is

Bl
�0� =

VlFl

1 − VlMll
,

Bl
�n� =

Vl�Fl + 

m�Z

MlmBm
�n−1��1 − �ml��

1 − VlMll
, �16�

from which it becomes apparent that the solution Bl
�n�, to any

order of approximation, is expressed as a fraction, the de-
nominator of which Dl �not depending on the order of ap-
proximation� can become small for certain couples �k1p ,��
so as to make Bl

�n�, and �possibly� the field large.
When this happens, a natural mode of the configuration,

comprising the inclusions and the plate, is excited, this tak-
ing the form of a resonance with respect to Bl

�n�, i.e., with
respect to a plane wave component of the field in the plate
relative to the inclusions. As Bl

�n� is related to fp
�1�+, fp

�1�−, Tp,
and Rp, the structural resonance manifests itself for the same
�k1p ,�� in the fields of the plate and in the air.

The approximate dispersion relation

Dl = 1 − VlS0 + 

p�Z

�Qllp − Pllp�� = 0, �17�

is the sum of a term linked to the grating embodied in 1
−VlS0 with a term linked to the plate embodied in
−Vl
p�Z�Qllp− Pllp�, whose expressions are give in Eq. �A4�.
This can be interpreted as a perturbation of the dispersion
relation of the gratings by the presence of the plate.

From Eq. �A6�, it is clear that if media M�1� and M�2�

have properties that are close �i.e., ��1����2� and c�1��c�2��,
then the approximate dispersion relation Dl=0 is never sat-
isfied because Vl�0 �and so Dl�1�. The contrast between
the medium M�1� and M�2� has to be large for the approxi-
mate dispersion relation to be satisfied. The zeroth order term
of the Schlömilch series S0 can be re-written39 in the form
2 /d
p�Z1 /k2p

�1� �additional constants are neglected�. Introduc-
ing this into Eq. �17�, together with the expression of Qllp
and Pllp, gives
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Dl = 1 − Vl 

p�Z

1

k2p
�1�dDp

Nlp

= 0, ∀ l � Z . �18�

wherein

Nlp = 4 cos�k2p
�1��a + b� + 2l�p����p

�0��2 − ��p
�1��2�

− 4 cos�k2p
�1�L����p

�0��2 + ��p
�1��2�

+ 4i�p
�0��p

�1� sin�k2p
�1�L� .

It is then convenient, for the clarity of the explanations,
to consider �i� M�1� and M�2� to be non-dissipative media
�i.e., medium M�1� and M�2� are perfect fluids� and �ii� the
low frequency approximation of Rl �valid when k�1�R�1�.
The latter hypothesis ensures that the Vl reduce to V0=
−i� /4� �K�1�−K�2�� /K�1�=−i� /4�v0 and V�1=−i� /4
� ���1�−��2�� / ���1�+��2��=−i� /4�v�1. Equation �18� then
reduces to

Dl = 1 − 

p�Z

�vl

4ik2p
�1�dDp

Nlp

= 0, l = 0, � 1. �19�

By referring to the work of Cutler,17 the latter relation should
be satisfied for k2p

�1�Dp /Nlp pure imaginary and close to zero.
Because k�1��k�0� for the authors’ application, the first con-
dition �i.e., k2p

�1�Dp /Nlp pure imaginary� is obtained for �k1p�
� �k�0� ,k�1�� �Nlp and k2p

�1� are real and Dp is pure imaginary in
the non-dissipative case�. The second condition �i.e.,
k2p

�1�Dp /Nlp=0� can then be satisfied only if Dp=0, i.e., when
k1p=k1

�, or if k2p
�1�=0, i.e., when k1p=k�1�. The latter modes are

Rayleigh–Wood modes of the grating �associated with the
condition k2p

�1�=0� and corresponds to the bounds �k1p�=k�1�

defined by the first condition. They can also be hardly ex-
cited, especially by a normally incident plane wave. The
other modes are neither modes of the plate nor Rayleigh–
Wood modes of the grating but modes of the plate together
with the grating of inclusions. They satisfy the relation Dp

=0 and correspond to evanescent waves in the ambient fluid
and propagative wave in the plate. The structure of these
modes is close to the one of the modes of the plate without
inclusions. They are called modified plate modes. To each nth
mode c̄�n�

� of the plate corresponds an infinite number of
�n , p� modified plate modes c̄�n,p�

� .
Figure 2 depicts, in the case of the rigid-frame porous

�lossy� plate with inclusions, the real and imaginary parts of
the solution c�n,p�

� ���=� /k�n,p�
� normalized by c�0� employing

the mechanical characteristics of Sec. VII A, for d=10
�10−3 m. c̄�n,p�

� ��� corresponds to the intersection of c̄n
����

as depicted in Sec. IV with c̄p���=� / �k1pc�0��. k1p being real,
the associated attenuation corresponds to Im�c̄n

����� at the
frequency c̄n

���� and Re�c̄p���� intersect. The modified plate
mode can now be excited by an incident plane �bulk� wave,
because of the summation over the index p, which allows the
existence of evanescent waves in ��0��. When a modified
plate mode is excited, the structure of the associated waves
allow the entrapment of a part of the energy inside the plate

and thus to an increase in the absorption.
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VI. EVALUATION OF THE REFLECTION,
TRANSMISSION, AND ABSORPTION COEFFICIENTS

The developed form of the conservation of energy rela-
tion is

1 = A + R + T , �20�

where A, R, and T are the absorption, hemispherical reflec-
tion, and hemispherical transmission coefficients, respec-
tively. The latter two coefficients are defined by

R = 

p�Z

Re�k2p
�0���Rp����2

k2
�0�i�Ai�2

= 

p=p̄−

p̄+

k2p
�0��Rp����2

k2
�0�i�Ai�2 ,

T = 

p�Z

Re�k2p
�0���Tp����2

k2
�0�i�Ai�

= 

p=p̄−

p̄+

k2p
�0��Tp����2

k2
�0�i�Ai�

, �21�

wherein p̄ is such that �k1
i +2��p̄� �1� /d�2� �k�0��2� �k1

i

+2�p̄� /d�2 and the expressions of Rp and Tp are given in
Eq. �12�, while A involves non-vanishing surface integrals
on �a, �b, and � because of viscous effects. Because of the
previous argument and because of the complicated shape of
��1� over which some integration should be carried on for the
evaluation of the absorption of the porous material itself, A
will be calculated by A=1−R−T.

VII. NUMERICAL RESULTS AND DISCUSSION

The ambient and saturating fluids are air ���0�=� f

=1.213 kg m−3, c�0�=�	P0 /�0, with P0=1.01325�105 Pa
and 	=1.4, =1.839�10−5 kg m−1 s−1�. The inclusions are
either occupied by melamine-foam �which defines the so-
called type 1 sample� or with an acoustically-hard material
�for which a Neumann condition prevails on � and which
defines the so-called type 2 sample�. The latter condition is
easily encountered for acoustic waves that propagate in rigid-
frame porous plate containing inclusions made out of a ma-
terial whose characteristic impedance is very large compared
to that of the porous medium, the latter being very close to
the characteristic impedance of the air medium; any elastic
materials, such as metals or acrylic plastics, are suitable. Fur-
thermore, the domain �2 does not have to be completely
filled with such a material in order for the Neumann bound-
ary condition to prevail; elastic tubes are an example of such
inclusions. In practice, this enables the configuration to be
lightweight.

The medium M�1� is characterized by 
=0.96, ��

=1.07, �=273�10−6 m, ��=672�10−6 m, and �
=2843 N s m−4, while the melamine-foam is characterized
by 
=0.99, ��=1.001, �=150�10−6 m, ��=250
�10−6 m, and �=12�103 N s m−4. Melamine foam is
more absorptive than the polyurethane foam that occupies
the plate, but, on the whole, their mechanical characteristics

i
are rather close. The incident angle is � =� /2.
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A. Numerical results for an ultrasonic wave incident
on a rigid-frame porous plate with a periodic
distribution of inclusions

First, an infinite layer 1�10−2 m thick and filled with a
polymer foam M�1� is considered. Figure 3 depicts the ab-
sorption coefficients for type 1, while Fig. 4 depicts the
hemispherical reflection, hemispherical transmission, and ab-
sorption coefficients for type 2 samples when the radius of
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FIG. 3. Absorption coefficients for various center-to center distances and for
type 1 samples.
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FIG. 4. Hemispherical transmission coefficients �a�, hemispherical reflection
coefficients �b�, and absorption coefficients �c� for various center-to-center

distances and for type 2 samples.
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the inclusions is equal to R=2.5�10−3 m and the center-to-
center distance between inclusion varies from d=1
�10−2 m to d=2.5�10−2 m.

For weak contrast type inclusions, no substantial modi-
fications of the hemispherical reflection, transmission, and
absorption are noticed. As shown in Sec. VI, when a periodic
set of weak contrast inclusions is added to the plate, the
dispersion relation cannot vanish so that no modes of the
configuration can be excited. The absorption coefficient in-
creases slowly when d decreases while the transmission de-
creases. The reflection coefficient is practically unmodified
by the addition of the periodic set of inclusions. The small
increase in the absorption coefficient is due to the fact that a
dissipative plate is partially filled with a more dissipative
medium, the acoustical properties of the whole configuration
being modified in proportion to the ratio of the volume of
M�2� to that of M�1�.

The results are completely different for large contrast
type 2 inclusions for which substantial modifications of the
hemispherical reflection, transmission, and absorption are
encountered. For frequencies higher than a frequency offset,
which depends on the center-to-center distance between in-
clusions, the hemispherical transmission coefficient de-
creases substantially, this being associated with an increase
in the absorption coefficient. On the contrary, the hemi-
spherical reflection coefficient increases, but less than the
decrease in the hemispherical transmission coefficient. The
latter seems to be mainly due to the first reflection �in terms
of the time domain reflection� on the inclusion when propa-
gative waves are preponderant in the system. Both the hemi-
spherical reflection and transmission coefficient spectra ex-
hibit minima at the same frequencies, at which the
absorption coefficient is maximal.

The frequency offset and the maxima of the absorption
coefficient �corresponding to minima of the hemispherical
reflection and transmission� are linked to, and explained by,
the excitation of the modified plate mode. The frequency
offset corresponds to the excitation of the first modified plate
mode of the configuration. This frequency is also dependent
on the thickness of the plate, on the mechanical characteris-
tics of the material that fills the plate, and on the periodicity
of the grating. The larger the d is, the smaller the frequency
offset is. Below this frequency, no particular modification of
the absorption is noticed because waves in the ambient fluid
are mainly propagative. Beyond this frequency, evanescent
waves in the ambient fluid, associated with modified plate
mode excitation, are involved and cause an entrapment of the
energy inside the plate, this leading to an increase in the
absorption coefficient. This is particularly noticeable for the
maxima of the absorption �minima of the hemispherical re-
flection and transmission� coefficients that are located at the
higher modified plate mode natural frequencies. For these
frequencies, evanescent waves in the ambient fluid are pre-
ponderant and cause an important entrapment of the energy
inside the plate.

For a fixed frequency beyond the offset, the increase in
the absorption coefficient is dependent �Fig. 3� on the period
of the gratings with fixed inclusion radius �large for a small

period and small for a large period� and dependent �Fig. 5�
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¯

on the radius of the gratings for a fixed period �large for a
large radius and small for a small radius�. This means that
the sought-for increase in the absorption is strongly linked to
the determination of the configuration that allows an optimal
excitation of modified plate modes. Increasing the period for
fixed radius inclusions, or decreasing the radius of the inclu-
sion for a fixed period, both reduce the impact of the inclu-
sions on the global response of the configuration and thus
lessen the possibility of modified plate mode excitation. The
increase in the absorption coefficient appears to follow the
ratio radius over period �r /d�.

B. Use of periodic set of high-contrast inclusions for
the absorption of audible sound

From the results of Sec. VII A, it can be inferred �i� that
the addition of a periodic set of high-contrast inclusions to a
rigid-frame porous plate induces an increase in the absorp-
tion of the latter for frequencies that are equal or higher than
the natural frequency of the first modified plate mode of the
configuration and �ii� that the increase in the absorption is all
the greater the larger is r /d. The audible frequency range
extends from 15–20 Hz to 16–23 kHz. The natural frequency
of the first modified plate mode is attained approximately for
c�1,1�= ���1,1�d� / �2�c�0���0.95 for normal incident plane
waves. The frequency offset is proportional to 1 /d. The
lower is the frequency offset, i.e., the lower the resonance
frequency of the first modified plate mode, the larger must be
the distance that separates adjacent inclusions. The configu-
ration �thickness of the plate, periodicity, and radius� will
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also be larger for the absorption of audible sound than it is
for ultrasound. For example, to increase the absorption coef-
ficient for frequencies that are higher than 4000 Hz, d must
be chosen such that d�0.95c�0� /��1,1��81.2�10−3 m. d
=80�10−3 m is considered hereafter. When compared to
the periodicity used in Sec. VII A, d is multiplied by a factor
of 8. Two cases are also considered hereafter: R=25
�10−3 m and R=20�10−3 m. In practice, the design of
acoustical absorbing materials is submitted to constraints in
terms of weight and size. The thickness of the plate is thus
chosen to be L=60�10−3 m, which corresponds to a radius
over the plate thickness ratio �R /L=25 /60�0.41� larger
than for the ultrasonic case �R /L=2.5 /10�0.25�.

Figure 6 depicts the real and imaginary parts of the roots
of the dispersion relation in the case of a L=60�10−3 m
thick plate filled with M�1� material. The modified plate mode
frequencies and associated attenuation are pinpointed in this
figure when d=80�10−3 m. The frequency of the first
modified plate mode is found to occur at ��1,1��4100 Hz.
Figure 7 depicts the absorption coefficients for type 2 inclu-
sions of radius R=25�10−3 m and R=20�10−3 m. The
absorption is larger in case of the larger radius for frequen-
cies higher than ��1,1��4100k Hz. The hemispherical reflec-
tion and transmission coefficients present minima associated
with maxima of the absorption coefficient at the resonance
frequencies of the modified plate modes of higher order. The
mechanism by the which the absorption is increased is the
one described in Sec. VII A �relative to ultrasonic solicita-
tion�.

VIII. CONCLUSION

It is shown that high-contrast, periodically-arranged,
macroscopic inclusions in a porous plate induce an increase
in the absorption coefficient, mainly associated with a de-
crease in the hemispherical transmission coefficient for fre-
quencies that are higher than a frequency offset. This effect
is due to the excitation of the modified plate modes. Ex-
pressed differently, the excitation of something similar to a
plate mode of the initial macroscopically-homogeneous plate
is enabled by the presence of the periodic set of inclusions.
The frequency offset of substantial modification of response
�with respect to that of the macroscopically-homogeneous
plate� corresponds to the frequency of the first modified plate
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mode of the configuration, while large absorption peaks are
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also encountered at the resonance frequencies of the higher
order modified plate modes. The type of waves �evanescent
in the half spaces above and below the plate, propagative
within the plate� associated with these modified plate modes
helps to understand why the periodic set of inclusions is
necessary for modal excitation and why energy is trapped in
the plate at resonance.

The natural frequencies of the modified plate modes
were evaluated by referring to the Cutler-modes of gratings
through an approximate dispersion relation.

The reflection coefficients were found to be of the same
order as those in the absence of inclusions for low-contrast
inclusions and to be higher than those in the absence of in-
clusions for high-contrast inclusions.

Further work should deal with the reduction in the hemi-
spherical reflection coefficient. A possible manner for reduc-
ing the latter is by acting on the surface geometry of the
plate. A first approach could consist in the addition of a ho-
mogenized layer of double porosity.10

APPENDIX A: DETERMINATION OF THE UNKNOWNS

1. Application of the continuity conditions
across the interfaces �a and �b

Applying successively �−d/2
d/2 ·dx1 to the continuity of the

pressure field and of the normal component of the velocity
across �a and �b, Eq. �4�, and making use of the orthogonal-
ity relation �−d/2

d/2 ei�k1n−k1l�x1dx1=d�nl , ∀ �l ,n��Z2, gives rise
to the system of linear equations

Ai�p0 + Rp − fp
�1�−e−ik2p

�1�a − fp
�1�+eik2p

�1�a − 

l�Z

BlKpl
+ eik2p

�1�a = 0,

�A1a�

− Ai�p
�0��p0 + Rp�p

�0� + fp
�1�−�p

�1�e−ik2p
�1�a − fp

�1�+�p
�1�eik2p

�1�a

− 

l�Z

BlKpl
+ �p

�1�eik2p
�1�a = 0, �A1b�

Tp − fp
�1�−e−ik2p

�1�b − fp
�1�+eik2p

�1�b − 

l�Z

BlKpl
− e−ik2p

�1�b = 0. �A1c�

− Tp�p
�0� + fp

�1�−�p
�1�e−ik2p

�1�b − fp
�1�+�p

�1�eik2p
�1�b

+ 

l�Z

BlKpl
− �p

�1�e−ik2p
�1�b = 0, �A1d�

for the resolution of Rp, Tp, and f �1�� in terms of Bm, ∀m
�Z and wherein �p

�i�=k2p
�i� /��i� and i=0� ,1.

2. Application of the multipole method

Introducing the expressions of fp
�1�− and fp

�1�+ in terms of
Bl obtained from Eq. �A1� into Eq. �11� leads to an expres-
sion of p̃�1���x� in the Cartesian coordinate system in terms
of Bl, ∀l�Z. Central to the multipole method are the local
field expansion or multipole expansions around each
inclusion.13–15 Because p�r� satisfy a Helmholtz equation in-
side and outside the cylinder of the unit cell, in the vicinity
of the latter �i.e., ∀r�d−R�, p̃�1��r� can be written in the

form
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p̃�1��r� = 

l�Z

�BlHl
�1��k�1�r� + AlJl�k�1�r��eil�, �A2�

wherein Al are the coefficients of the locally incident field to
the central cylinder, Hl

�1� is the lth Hankel function of first
kind, and Jl is the lth bessel function. To proceed further, the
Cartesian form must be converted to the cylindrical har-
monic form by means of x1=r cos���, x2=r sin���, k1p

=k�1� cos��p�, and k2p
�1�=k�1� sin��p�, together with the identity

eikr cos��−�p�=
m�ZimJm�kr�eim��−�p�:

p̃�1��r� = 

l�Z

BlHl
�1��k�1�r� + � 


m�Z
MlmBm + Fl�Jl�k�1�r��eil�,

�A3�

with Mlm=Sl−m+
p�Z�Qlmp− Plmp�, Fl=
p�Z�Jlp
− Fp

�1�−

+Jlp
+ Fp

�1�+�, Jlp
�= ile�il�p, and wherein

Fp
�1�� = �2�p

�0��p
�0� � �p

�1�

Dp
�e�ik2p

�1�b�p0Ai,

Qlmp = 4�− i�m−l ��p
�0��2 − ��p

�1��2

dk2p
�1�Dp

� cos�k2p
�1��a + b� + �l

+ m��p� ,

Pln p = 4�− i�m−leik2p
�1�L ��p

�0� − �p
�1��2

dk2p
�1�Dp

cos��m − l��p� ,

Sl = 

j=1

�

Hl
�1��k�1�jd��eik1

i jd + �− 1�le−ik1
i jd� . �A4�

Sl is the Schlömilch series often referred to as a lattice sum,
and Dp as defined Eq. �13�.

Identifying Eq. �A2� with Eq. �A3�, it follows that

Al = 

m�Z

MlmBm + Fl. �A5�

At this point, the two equations �5� and �6� are accounted-for.
It is well-known that the coefficients of the scattered field Bl

and those of the locally incident field Al are linked by a
matrix relation �derived form the continuity conditions Eqs.
�5�� depending on the parameters of the cylinder only Bl

=VlAl, with

Vl =
	�1�J̇l���1��Jl���2�� − 	�2�J̇l���2��Jl���1��

	�2�J̇l���2��Hl
�1����1�� − 	�1�Ḣl

�1����1��Jl���2��
, �A6�

wherein 	�j�=k�j� /��j�, ��j�=k�j�R, j=0,1, and Żl�x�
=dZl�x� /dx. Denoting by B the infinite column matrix of
components Bl, Eq. �A5� together with Eq. �A6� may be
written in the matrix form

�I − VM�B = �I − VS − V�Q − P��B = VF , �A7�

with F the column matrix of lth element Fl, I the identity
matrix, V the diagonal matrix of component Vl, and S, Q,
and P three square matrices whose �l ,m�th elements are Sl−m,


p�ZQlmp, and 
p�ZPlmp, respectively.
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Remark. In the case of a Neumann type boundary con-
dition equation �5�, expression Eq. �A6� takes the form Vl

N

=−J̇l�k�1�R� / Ḣl
�1��k�1�R�.

APPENDIX B: NUMERICAL RECIPES

The infinite sum 
m�Z over the indices of the modal
representation of the diffracted field by a cylinder is trun-
cated as 
m=−M

M such that40 M =int�Re�4.05� �k�1�R�1/3

+k�1�R��+10.
On the other hand, the infinite sum 
p�Z over the indi-

ces of the k1p is found to depend on the frequency and on the
period of the grating. An empirical rule is employed, deter-
mined by performing a large number of numerical experi-
ments 
p=−P

P such that P=int�d /2��3 Re�k�1��−k1
i ��+5. In

the latter equations, int�a� represents the integer part of a.
Considering the foam plate without dissipation, k2

�1� is the last
vertical wave number to become purely imaginary when �p�
increases. The previous numerical rule also ensures that
k2p

�1�= i�2�k�1�� �nondissipative case� with an added security
term equal 5.

Finally, the infinite sum embedded in Sm−l in Eq. �A2�
�lattice sum� 
 j=1

� is found to be slowly convergent, particu-
larly in the absence of dissipation, and is found to be
strongly dependent on the indices m− l. A large literature
exists on this problem.41,42 Here, the fact that the medium
M�1� is dissipative greatly simplifies the evaluation of the
Schlömilch series. The superscript J in Sm−l

J identifies the
integer over which the sum is performed, i.e., 
 j=1

J . This sum
is carried out until the conditions �Re��Sm−l

J+1 −Sm−l
J � /Sm−l

J ��
�10−5 and �Im��Sm−l

J+1 −Sm−l
J � /Sm−l

J ���10−5 are reached.
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