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A frequency domain method dedicated to the analytic recovery of the four relevant parameters of
macroscopically homogeneous rigid frame porous materials, e.g., plastic foams, at the high
frequency range of the Johnson–Champoux–Allard model is developed and presented. The
reconstructions appeal to experimental data concerning time domain measurements of the ultrasonic
fields reflected and transmitted by a plate of the material at normal incidence. The effective density
and bulk modulus of the material are first reconstructed from the frequency domain reflection and
transmission coefficients. From the latter, the porosity, tortuosity, and thermal and viscous
characteristic lengths are recovered. In a sense, the method presented herein is quite similar in the
ultrasonic range, but also quite complementary, to the method developed by Panneton and Olny �J.
Acoust. Soc. Am. 119, 2027–2040 �2006�; 123, 814–824 �2008�� at low frequency, which appeal
to experimental data measured in an impedance tube.
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PACS number�s�: 43.35.Zc, 43.20.Jr, 43.20.Ye, 43.40.Sk �KVH� Pages: 764–772
I. INTRODUCTION

A rigid frame porous material is a porous material whose
frame is immobile. This assumption is not only conditioned
by the saturating fluid usually a light fluid such as air, but
also by the frequency of the acoustic solicitation. The fre-
quency band suitable for the rigid frame approximation is
bounded at high frequency by the diffusion limit, when the
wavelength is of the order of, or smaller than the pore size,
and at low frequency by the fluid-solid decoupling frequency
below which the skeleton may vibrate. These bounds depend
on the material properties, and so on its characteristics.

The equations of motion in a rigid frame porous mate-
rial, derived from Biot’s theory1,2 and in later publications,3–8

reduce to those of an equivalent fluid, with complex
frequency-dependent effective density and bulk modulus.
These later publications present semiphenomenological mod-
els that describe the viscous and thermal dissipations over
specific frequency ranges, assuming known the characteris-
tics of the saturating fluid, i.e., the viscosity �, the saturating
pressure P0, the specific heat ratio �, and density � f. Con-
cerning the viscous dissipation, the Johnson et al. model3

was made to fit the exact high- and low- �imaginary� fre-
quency limits of the effective density, while the Wilson7
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model was contrived to match the mid frequency range of
the latter. Concerning the thermal dissipation, the
Champoux–Allard model4 was developed to fit the exact
high frequency limits of the effective bulk modulus, while
the Wilson7 model was contrived to match the mid frequency
range of the latter. Inspired by the fact that the low frequency
development of the Champoux–Allard model is not exact,
Lafarge et al.6 proposed an alternative expression of the ef-
fective bulk modulus and introduce the static thermal perme-
ability. However, this parameter seems to be difficult to de-
termine, even at low frequency.6,9,10

Herein, the Johnson–Champoux–Allard model3,4

�JCAM� is considered, because high frequency measure-
ments are performed. The parameters involved in this model
are the porosity �, which is the ratio of the fluid volume to
the total sample volume; the tortuosity ��, which describes
the change in magnitude and direction of the fluid microv-
elocity due to curliness of the pores; the characteristic vis-
cous and thermal lengths � and ��, which relate to the ge-
ometry of the pores through the viscous and thermal losses;
and the flow resistivity �, which is the ratio of the fluid
viscosity � to the fluid permeability 	 f. The inverse problem
consists in recovering some or all of these five parameters
from measurements of the scattered fields, i.e., the reflected
and transmitted fields in the case of a rigid frame porous
plate.

Subsequent to the experimental apparatus of Beranek11

to determine the porosity �porosimeter�, or the flowmeter of
Brown and Bolt12 to determine the flow resistivity, several

methods have been developed to characterize macroscopi-
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cally homogeneous porous samples, or layered porous
samples. From ultrasonic measurements, methods developed
either in the frequency or in the time domain allow the de-
termination of the porosity,13 the tortuosity,14 the porosity
and tortuosity simultaneously,15 the viscous and thermal
characteristic lengths16 �using the Q
 method�, or the poros-
ity, tortuosity, and viscous characteristic length �the thermal
characteristic length being set to three times the viscous one�
simultaneously.17,18 Specific methods have been developed
for the characterization of highly absorbent porous materials,
based on the variation of the static pressure of the saturating
fluid,19 mainly for the determination of the viscous charac-
teristic length and the tortuosity. Recently, the simultaneous
reconstruction of the three profiles of porosity, tortuosity, and
viscous characteristic length of a macroscopically inhomoge-
neous rigid frame porous plate from simulated reflection co-
efficients for various angles of incidence was carried out20

through an optimization process.
A characteristic of these many studies and methods, par-

ticularly in the frequency domain, is the difference in sensi-
tivity of each parameter on the physical quantities. For ex-
ample, both the density and bulk modulus do not depend on
� in the asymptotic high frequency range. Moreover, most of
the methods for the simultaneous reconstruction of the pa-
rameters appeal to minimization techniques.18,19 On the other
hand, two analytic methods were developed9,10 appealing to
measurements in an impedance tube.21 The idea is first to
reconstruct the equivalent density and bulk modulus for vari-
ous frequencies from the measurement of the impedance and
the acoustic index of refraction and then to recover the pa-
rameters involved in several dissipation models mainly
through analytic inversion, but also after extrapolation if
needed. This leads to four equations at each frequency
formed by the real and imaginary parts of the effective den-
sity and bulk modulus. Concerning the JCAM, these meth-
ods enable the recovery of the tortuosity, viscous and thermal
characteristic lengths, and flow resistivity assuming the po-
rosity to be known. This assumption seems to be due to the
necessary use of the complex form of the complete JCAM,
which involves five parameters, for the correct modeling of
the phenomena in the frequency range considered therein.
For the number of to-be-reconstructed parameters to be
lower than or equal to the number of equations, a simplified
model should be used, for example, the asymptotic high fre-
quency one. In this ultrasonic frequency range, only four
parameters are relevant. Complete analytical recovery of the
latter is also enabled from the knowledge of the complex
density and bulk modulus. The low frequency bound of this
asymptotic regime is not clear and depends on the material,
but it can be assumed that for frequencies higher than 100
kHz, this regime is reached for most of the porous foams.
The high frequency bound is the diffusion limit, which is
related to some of the parameters to be reconstructed, par-
ticularly the characteristic length.22

The aim of this article is to present a simple, efficient,
and analytic frequency domain method for the simultaneous
recovery of the four parameters appealing to the high fre-
quency approximation of the JCAM, i.e., �, ��, �, and ��,

for a macroscopically homogeneous rigid frame porous plate
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saturated by air, i.e., �=1.839�10−5 m2 s−1, P0=1.013 25
�105 Pa, � f =1.213 kg m−3, and �=1.4, by means of ultra-
sonic measurements at normal incidence. This method can be
considered as complementary to those proposed in Refs. 9
and 10 for a complete analytical characterization of macro-
scopically homogeneous porous materials.

II. ANALYTICAL CHARACTERIZATION OF A
MACROSCOPICALLY HOMOGENEOUS RIGID FRAME
POROUS PLATE

In what follows, the pressure p�x , t� is related to its Fou-
rier transform P�x ,�� through

p�x,t� = �
−�

�

P�x,��e−i�td� . �1�

A. Basic theoretical retrieval equations

When solicited by a normally incident plane wave, the
reflection R��� and transmission T��� coefficients of a ho-
mogeneous plate of thickness L occupied by the equivalent
fluid medium M�1� and surrounded by the same fluid, denoted
as medium M�0�, take the following forms:23

R =
R�1 − e2ik�1�L�

1 − R2e2ik�1�L
,

T =
�1 − R2�ei�k�1�−k�0��L

1 − R2e2ik�1�L
, �2�

wherein R= �Z�1�−Z�0�� / �Z�1�+Z�0�� is the reflection coeffi-
cient at the interface between two semi-infinite media M�1�

and M�0�, with Z�j�=��j�c�j�=�K�j���j� the impedance of M�j�,
and ��j�, c�j�, and K�j� being the density, sound speed, and
bulk modulus, respectively, j=0,1. Let us now introduce
S11��� and S21���, the coefficients of the scattering matrix S,
related to R and T through

S11 = R =
R�1 − e2ik�0�L�

1 − R2e2ik�0�L
,

S21 = Teik�0�L =
�1 − R2�eik�0�L

1 − R2e2ik�0�L
, �3�

wherein ���=k�1� /k�0�=c�0� /c�1�=�K�0���1� /K�1���0� is the
acoustic index of refraction, i.e., the ratio between the wave-
numbers of media M�1� and M�0�. The acoustic index of
refraction and the impedance ratio z���=
Z�1� /Z�0�=�K�1���1� /K�0���0� can be obtained analytically by
inverting Eq. �3�, yielding24–26

z = ���1 + S11�2 − S21
2

�1 − S11�2 − S21
2 , �4a�

 =
− i

k�0�L
�ln�X � i�1 − X2�� +

2m�

k�0�L
, �4b�

wherein X= �1−S11
2 +S21

2 � /2S21 and m is an integer.
For a rigid frame porous plate, the signs in Eqs. �4a� and
�4b� can be determined by the requirements Re�z��0 and

Groby et al.: Analytical characterization of porous material 765



Im�z��0 for Eq. �4a�, and Im���0 for Eq. �4b�. Both re-
quirements result from the outgoing wave condition together
with the Fourier transform convention. In fact, z and  are
related and their relationship can be used to determine the
sign in Eqs. �4a� and �4b� as reported in Ref. 24. Effectively,
a small perturbation of S11 and S21 easily produced in experi-
mental measurements may change the sign of Re�z� and
Im��, making it impossible to satisfy the previous require-
ments, as discussed in Ref. 27. The derived method is par-
ticularly adapted when Re�z� and Im�� are close to zero and
is also of impractical interest for rigid frame porous materials
because Re�z� is always greater than unity. Nevertheless,
once the value of z is obtained,  can be determined without
sign ambiguity through

 =
− i

k�0�L
�ln� S21�z + 1�

z + 1 − S11�z − 1��� +
2m�

k�0�L
. �5�

The integer m related to the branch index of Re�� can
be determined by the requirement Re������ �because
Re�c�1������c�0� /����. Its determination is not straightfor-
ward, because the requirement depends on one of the param-
eters to reconstruct.

The condition Re���1 should normally be sufficient
for its correct determination, but problems occur for large ��

and/or for high frequency solicitation because of large k�0�L.
This usually leads authors to use small thickness sample.
This problem can be solved by use of an iterative scheme.
The latter is initialized with m as determined through the
condition Re���1 and consists in adding 1 to the previ-
ously calculated m as long as the slope of Re����� is not
negative. This condition is a mathematical translation of the
fact that the phase velocity c�1���� associated with a rigid
frame porous material is an increasing function of the fre-
quency toward its high frequency limit c�0� /���; i.e., Re��
=Re�c�0� /c�1����� is a decreasing function of �. The latter
iterative scheme is chosen because the condition Re���1
can lead to an underevaluated m for large k�0�L and so an
underevaluated . The reconstructed value of �� is then un-
derevaluated and can reach a nonphysical value less than
unity. An iterative scheme based on the reconstructed value
of �� is also of impractical interest.

Another condition for the correct determination of the
integer m is connected to the fact that both effective density
and bulk modulus should be continuous functions of fre-
quency. This problem was not encountered during the experi-
ments presented here, but is also related to large values of
k�0�L. The reader can also refer to Ref. 24, keeping in mind
that the high frequency limit clearly defines the initialization
of the continuity condition that must be applied.

B. Reconstruction of �, ��, �, and �� from the high
frequency approximation of the JCAM

Let us assume in what follows that z and  can be evalu-
ated for frequencies � ��=2��� in the interval ��1 ,�2� over
which the high frequency approximation of the JCAM is
valid. The equivalent density and bulk modulus ratios reduce

to
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�̃ =
��1�

��0� =
��

�
�1 +

2

�
� i�

�� f
� ,

K̃ =
K�1�

K�0� =
1

�
�1 +

2�1 − ��
��

� i�

� Pr � f
� , �6�

wherein Pr=0.71 is the Prandtl number.

Noting that K̃���=z / and �̃���=z, several reconstruc-
tion algorithms can be developed for the recovery of the four
parameters appealing to the high frequency approximation of
the JCAM. The algorithm that was found to give the most
accurate results is based on a phase and amplitude analysis of
both the equivalent density and bulk modulus. At each fre-
quency, a value x̄��� of the parameter x is recovered analyti-
cally, x=�, ��, �, or ��. The final value of x is taken to be
the average value of x̄��� over ��1 ,�2�; i.e., x=mean�x̄����.
The latter operation regularizes the inverse problem.

From Im�K̃� /Re�K̃� and Im��̃� /Re��̃�, which are both
independent of �� and �, the two characteristic lengths are
first recovered from

�̄ =� 2�

�� f
�Re��̃� − Im��̃�

Im��̃�
� ,

��¯ = �1 − ��� 2�

� Pr � f
�Re�K̃� − Im�K̃�

Im�K̃�
� . �7�

Then, � is recovered from 	K̃	 via

�̄ =
1

	K̃	
�1 +

2�1 − ��
��

� 2�

� Pr � f
+

4�1 − ��2�

��2� Pr � f
�1/2

,

�8�

and finally �� is recovered from 	�̃	 by means of

�� = �	�̃	�1 +
2

�
� 2�

�� f
+

4�

�2�� f
�−1/2

. �9�

III. EXAMPLE OF A RECONSTRUCTION FROM
EXPERIMENTAL DATA

The method has been applied to efficiently characterize
several homogeneous rigid frame porous samples �polyure-
thane foam, melamine foam, etc.� with low and medium flow
resistivities.

In what follows, a L=27.5 mm thick medium resistivity
rigid frame porous material sample is considered. This ma-
terial has already been characterized at various frequencies
�100 and 200 kHz� in the ultrasonic range by some of the
authors of the present paper,18 wherein a smaller sample of 7
mm thick was employed. Its characteristic parameters were
also previously determined by use of different methods15,16

and are recalled in Table I. Its flow resistivity is �
=38 000 N m s−4 �measured with a flowmeter�.

A. Experimental setup and procedure

The experimental setup is shown in Fig. 1. Two air-

coupled piezoelectric Ultran NCG100-D25 transducers de-
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noted Ta and Tb, whose central frequencies are 100 kHz, are
placed at xa and xb. The airborne wave is generated by Ta
and detected by Ta in the pulse-echo mode in the reflection
experiments or by Tb in the transmission experiments. All
recorded signals are averaged over 512 waveforms.

The method is very sensitive to small variations of the
sample alignment during the recording of the reflected
pr�xa , t� and the transmitted pt�xb , t� fields. The sample re-
mains in place for the measurement of both of these fields,
its first interface being placed at the origin of the Cartesian
coordinate system such that pr�xa , t� and pt�xb , t� can be re-
corded over the same time window of the oscilloscope; i.e.,
the first interface of the sample is placed approximately at
equal distance from the two transducers; i.e., xa
�xb�. This
procedure avoids problems caused by temporal shift between
the windows used to measure reflected or transmitted waves
with and without the sample, which is a source of error as
discussed in Ref. 28 for the reconstruction of  and z.

The main difficulty with ultrasonic measurements is the
evaluation from the time domain responses of the frequency
domain reflection and transmission coefficients R and T,
with sufficient accuracy for the inversion to be carried out,
and over a sufficiently large interval of frequency for the
inverse problem to be regularized. This operation requires
particular care, because it is often considered to be highly
uncertain and/or ill-posed. This has led some authors to pre-
fer a time domain inversion algorithm based on fractional
derivatives17,18 or to use time domain deconvolution.

The Fourier transforms of pr�xa , t� and pt�xb , t� are re-
lated to R and T through

Pr�xa� = RAieik�0�xa = TPri�xa� ,

TABLE I. Properties of the studied homogeneous material as recovered in
Refs. 15 and 16, as recovered in Ref. 18, and as recovered with our analytic
method.

� ��

�

��m�
��

��m�

Use of Refs. 15 and 16 0.7�0.05 1.25�0.05 50�10 3��=150�30
Ref. 18 0.72–0.74 1.21–1.26 42–66 3��=126–198
Present method 0.752 1.246 55.4 178.4
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FIG. 1. Experimental setup and description of the configuration. The trans-

ducers are Ultran NCG100-D25 air-coupled piezoelectric transducers.
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Pt�xb� = TAie−ik�0�xb = TPi�xb� , �10�

wherein Ai��� is the spectrum of the incident field, Pi�xb� is
the incident field as recorded with Tb in absence of the
sample, and Pri�xa� corresponds to time delay of the reflected
field between the first interface of the sample and the loca-
tion of Ta. The latter field, abusively called here “incident
field,” can be recorded in time domain with Ta in pulse-echo
mode when a perfectly reflecting plate is placed such that its
first interface is located at the origin. Any time delay be-
tween pri�xa , t� and pr�xa , t� is expected if the first interface
of the sample and the perfectly reflecting plate are located at
the same position. Nevertheless, to avoid such source of er-
ror, pr�xa , t� is translated in time in such a way that its maxi-
mum of amplitude occurs at the same time as the one of
pri�xa , t�. The frequency domain reflection and transmission
coefficients are then evaluated by means of R
= Pr�xa ,�� / Pri�xa ,�� and T= Pt�xb ,�� / Pi�xb ,�� over the in-
tersection of the two −3 dB bandwidths as calculated for
Pri�xa ,�� and Pi�xb ,��. These bandwidths are effectively
different because the latter incorporate, to some extent, trans-
fer functions of the transducers Ta and Tb, which are close
but not identical.

In addition, the amplitude of pr�xa , t� is often very small
with a very poor signal to noise ratio �SNR� for relatively
low and medium flow resistivity porous materials. The noise
in a signal is usually assumed to be a stationary random
process; i.e., its mean value is independent of the time origin.
In the experiments, the acquisitions are done using a trigger-
ing process, which ensures the time origin of the signals.
Recorded signals are averaged. The averaging operation in-
duces a large decrease in the noise that is incoherent with
respect to the trigger signal. Therefore, the main part of the
remaining noise is coherent29 with the trigger signal, which
is the same for all the experiments. The remaining noise is
mainly electronic from the measurement devices. In the re-
flection experiments only one transducer is used. To get rid
of this remaining noise component, which is coherent, repro-
ducible, and somewhat synchronized with the trigger, the
latter, called pn�xa , t�, is recorded without the sample and
perfectly reflecting plate, the emission being still on �the ex-
perimental setup is identical�. The incident and reflected

fields used for the inversion are pr̃�xa , t�= pr�xa , t�− pn�xa , t�
and prĩ�xa , t�= pri�xa , t�− pn�xa , t�, as shown Fig. 2 for

pr̃�xa , t�.
For highly absorbent foam and/or large flow resistivity

porous material, a similar procedure can be employed to de-

termine pt̃�xb , t� and pĩ�xb , t�, by a prior recording of pn�xb , t�
with Tb, without the sample and by turning off the excitation
delivered by Ta. This procedure is certainly less efficient than
the one described for the experiment in reflection because
two transducers are needed in transmission experiments, this
imposing the excitation to be switched off.

In summary, the incident fields are recorded, without the
sample, as follows: �1� Record pi�xb , t� using Tb, �2� record
the noise pn�xa , t� using Ta in pulse-echo mode, �3� place an
infinitely rigid plate �here an aluminum plate is used� whose

ri
first interface is located at the origin, and �4� record p �xa , t�
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ecord
using Ta in pulse-echo mode. The infinitely rigid plate is then
replaced with the sample, carefully placed at the origin, and
pr�xa , t� is recorded in the pulse-echo mode using Ta while
pt�xb , t� is recorded employing Tb.
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B. Numerical reconstruction from experimental data

Once m is correctly determined, the following param-

eters are recovered from �̄���, �����, �̄���, and �����,

˜
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ed on the oscilloscope and �b� pr̃�xa , t� as used for the inversion.
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which are plotted in Fig. 3: �=0.752, ��=1.246, �
=55.4 �m, and ��=178.4 �m. These parameters agree
with those found in Ref. 18 via a time domain method and
other ultrasonic methods15,16 �see Table I�. The unbiased es-
timators of the standard deviation, as calculated for the vec-
tor x as s�x�=�1 / �n−1��i=1

n �xi−mean�x��2, are s���=2
�10−3, s����=3.3�10−3, s���=4.25 �m, and s����
=42.3 �m. The latter estimator for �� seems large at first
glance, but the constraint ��=3� used in Ref. 18 leads to a
value ��=150�30 �m, whose error is also of the same
order as s����. The latter constraint, i.e., ��=3�, is debat-
able because the value of �� is usually between 2� and 3�
for most of the porous foams.22

A specific feature of the reconstruction of the parameters
appealing to the high frequency approximation of the JCAM
is the fact that for given S11 and S21, the reconstruction of �
through Eq. �8� is, as expected, rather insensitive to a varia-
tion of ��, Fig. 4. Likewise, the influence of s���� is not
significant on the reconstruction of the other parameters. The
reconstruction of �� is strongly sensitive on �, Fig. 4.

The reconstructed normalized density and bulk modulus,
as calculated by introducing the reconstructed parameters in
Eq. �6�, over the frequency range used for the reconstruction

100 150 200 250
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FIG. 4. Absolute value of the relative error of the recovered parameter � as
used for the reconstruction.
FIG. 5. Comparison between experimental �o� and reconstructed �—� real and im
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are in good agreement with the measured ones, Fig. 5. It is
clear that the developed analytic method for the recovery of
the characteristic parameters realizes some kind of least
squares fitting of both density and bulk modulus. This fit is
much more efficient than a direct fitting of the curve. For
example, use of an algorithm based on a basic fit of
Im���1� /��0��, which is theoretically equal to 1 /��2� /�� f,
leads to a negative value of � because the experimental
slope is clearly positive. Use of such an algorithm would
require reconstructions over a larger frequency range.

The time domain reconstructed reflected and transmitted
fields, as calculated from the reconstructed parameters intro-
duced in Eqs. �6� and �2� via inverse Fourier transform of Eq.
�10�, Pri�xa� and Pi�xb� being the measured incident signals,
agree quite well with the experimentally recorded fields, Fig.
6. The Bravais–Pearson linear correlation coefficients be-
tween the latter fields are 0.9811 in reflection and 0.9819 in
transmission.

The method was applied to characterize various samples
with other piezoelectric Ultran transducers, whose central
frequency is 200 kHz. Table II presents the values of the
parameters as recovered with the present method and
as recovered with other ultrasonic methods.15–17 The flow

)

ction of �� �a� and �� as a function of � �b�, over the frequency bandwidth

˜ ˜
(b

a fun
aginary parts of �a� the normalized density � and �b� the bulk modulus K.
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resistivity of the polyurethane foam is low, i.e., �
=2830 N m s−4, while the one of the melamine is �
=12 000 N m s−4.

C. Discussion

The method is sensitive to the approximation of the con-
tinuous Fourier transform by a discrete one and to the tem-
poral shift, especially for the evaluation of S11, as was
pointed out in Ref. 28. Nevertheless, assuming that the Fou-
rier transformed is correctly performed, and that the pro-
posed process does not lead to temporal shift, other sources
of error arise.

From

�z2

�S21
=

8S21S11

��1 − S11�2 − S21
2 �2 ,

�z2

�S11
=

4�1 − S11
2 − S21

2 �
��1 − S11�2 − S21

2 �2 , �11�

it is obvious that a weak transmission, i.e., large flow resis-
tivity materials, has little influence on the retrieval of z. For
the low and medium flow resistivity foams tested, S11 is

TABLE II. Properties of other homogeneous materials as recovered with
Refs. 15–17 and as recovered by our analytic method.

L
�mm� � ��

�

��m�
��

��m�

Melamine foam
Use of Refs. 15–17 10 0.99 1.001 150 250
Present method 0.99 1.011 159.2 259.2

Polyurethane foam
Use of Refs. 15–17 27 0.97 1.07 270 670
Present method 0.975 1.057 319.4 621
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FIG. 6. Comparison between experimental �—� and simulated �– – –� sign
reflected signal and �b� transmitted signal.
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close to zero. The reconstruction is also highly sensitive
when S21 is close to one, which is in contradiction with the
use of thin layer sample, for which reconstruction is much
more efficient. On the other hand, from

�

�S11
=

− 1

ik�0�L

z − 1

z + 1 − S11�z − 1�
,

�

�S21
=

− 1

S21ik
�0�L

, �12�

it is obvious that , for S11 close to zero, is rather insensitive
to S11, while it is very sensitive to S21 when the latter is close
to zero. This also imposes conditions not only on the absorp-
tion of the sample to characterize, but also on its thickness:
both should be small. This method seems particularly
adapted to low and medium resistive materials, but less to
highly resistive ones, for which S21 vanishes.

On the other hand, it is obvious from Eq. �7� that � and

�� are, respectively, highly sensitive to Im��̃� and Im�K̃�,
when the latter is small. Particularly, the reconstructed char-
acteristic lengths are singular when the imaginary part of the
density or of the bulk modulus vanishes. Both of these quan-
tities are close to zero in the asymptotic high frequency re-
gime of the JCAM. The regularization process partly avoids
such problems, but decreasing the frequency of the solicita-
tion is the best way to increase the value of both imaginary
parts. From Eqs. �8� and �9�, it is clear that reconstructed

porosity is highly sensitive to 	K̃	 when the latter is small,
while the reconstructed tortuosity is less sensitive to varia-
tion of 	�̃	.

One of the biggest limitations of the present method is
closely linked to experiments, and particularly to the SNR
for the evaluation of the reflection coefficient. The flow re-
sistivity of the sample should not be very small. Effectively,
very low resistivity foams exhibit quasi-null reflected fields.
Their characterization by the present method is also impos-
sible. A similar remark arises for highly resistive porous ma-
terial, such as rock wool, which exhibits quasi-null transmit-
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Another limitation is strongly linked to ultrasonic mea-
surements, for which k�0�L is high. This induces possible dif-
ficulties in the evaluation of the correct branch of Re��. The
frequency band used to perform the inversion, chosen to be
the intersection of the �3 dB bandwidth of both Fourier
transform of the recorded fields by Ta and Tb without sample,
is thin. Use of larger band transducers should help in the
regularization of the inverse problem and in its resolution. In
this case, particular care should be paid to the frequency
range used for the reconstruction, in a sense the model
should be valid. Check of the constancy and to some extent
to the continuity of the recovered parameters over the fre-
quency range, as proposed in Refs. 9 and 10, should avoid
this possible problem.

One of the main advantages of the present method is that
the reconstructed parameters are not constrained, as it is usu-
ally the case when minimization techniques are applied. On
the other hand, this is also a disadvantage because nonphysi-
cal values, such as negative characteristic lengths, porosity
larger than 1, or tortuosity smaller than 1, can be recon-
structed if experiments are not performed with sufficient
care. Moreover, among all the experiments performed, it was
found that whatever the reconstructed parameters are, even
nonphysical ones, the reconstructed time domain signals are
always in agreement with the experimental ones. An a priori
correct ratio between the reconstructed �� and � seems to be
indicative of the quality of the experiments, and leads to the
accurate reconstructions of the other parameters. This a pri-
ori is connected to the type of material tested. For most of
the industrial foams, a ratio �� /� that lies between 2 and 3
seems to be a good indicator of the reconstruction. For other
industrial porous materials, other ratios can be used, for ex-
ample, a ratio close to 2 for fibrous materials.

It is then important to check the consistency of the re-
covered parameters with regard to the frequency of solicita-
tion in order to validate the use of the asymptotic high fre-
quency JCAM. This can be simply achieved at high
frequency �diffusion limit� by checking if the wavelength of
the central frequency of the incident field is larger than the
thermal characteristic length. Effectively, the latter character-
istic length represents a measure of the average pore size
�although the “pore” is not always straightforwardly defined�
while the viscous characteristic length corresponds to the av-
erage size of the “constrictions” in the porous medium,22 i.e.,
the average distance between pore walls in the narrower ar-
eas of the pore volume. For example, the ratio of the wave-
length in air at 100 kHz over the recovered value of �� for
the first medium resistivity porous sample studied in this
article is around 19. As stated in the Introduction, the low
frequency bound of the asymptotic high frequency JCAM
being not clear, it is then quite difficult to validate the use of
the dissipation model with regard to the latter, particularly
because the flow resistivity is not recovered through our
method and despite the fact that a frequency higher than 100
kHz usually ensures this validation. Nevertheless, this prob-
lem can be partly solved by performing ultrasonic experi-
ments for various central frequencies of the transducers, for
example, at 100 and 200 kHz, keeping in mind that the dis-

sipation model should be valid, that additional problems re-
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lated to large k�0�L could occur, and that a correct SNR is
required. If the reconstructed parameters are quite similar,
the constancy of the dissipation model and so of the recon-
structed parameters is achieved. This operation is similar to
use of larger band transducers, in the sense it would help the
regularization of the problem, when the dissipation model is
valid.

IV. CONCLUSION

A frequency domain method has been developed, which
allows the analytic reconstruction of the four parameters ap-
pealing to the high frequency approximation of the JCAM
�porosity, tortuosity, and thermal and viscous characteristic
lengths� for macroscopically homogeneous rigid frame po-
rous materials. The reconstruction is achieved by first re-
trieving the complex and frequency-dependent acoustic in-
dex of refraction and impedance ratio, from which the four
latter parameters are reconstructed. The method and algo-
rithm were tested on relatively low and medium flow resis-
tivity porous samples, which mainly cover the range of re-
sistivity values of plastic foams, and its accuracy has been
demonstrated in the ultrasonic domain on three materials.
The experiments must be very precise even if the recon-
structed time traces are very close to the experimental ones.
This is to avoid reconstructed parameters that are meaning-
less. This situation is often avoided when minimization tech-
niques are used to solve inverse problems. It was found em-
pirically that when the ratio of the recovered thermal and
viscous characteristic lengths lies between 2 and 3, as it is
the case for most industrial foams, the experiments are per-
formed with sufficient efficiency and the recovered param-
eters turn out to be accurate.

For the reconstruction to be performed, time domain re-
flected and transmitted signals should be recorded with a
high SNR. Some methods have been employed here to in-
crease the SNR, especially for the reflected field, but it also
imposes some constraints on the materials that can be tested
with the present method. The flow resistivity should not be
very small for the record of the reflected field, while it
should not be very large for the record of the transmitted
field.

This algorithm being based on analytic developments,
further investigations should lead to the development of a
more complex algorithm for the complete analytic character-
ization of homogeneous foam samples, i.e., the recovery of
additional parameters such as the flow resistivity from addi-
tional lower frequency measurements or parameters of other
models relevant for mid frequency range, for example. This
method can be viewed as a complementary to the low fre-
quency method developed in Refs. 9 and 10 in the sense that
it allows the recovery of the porosity, which should be
known in Refs. 9 and 10. The other recovered parameters in
the two frequency ranges may then be compared.
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