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The acoustic properties of a periodic rigid frame porous layer with multiple irregularities in the

rigid backing and embedded rigid circular inclusions are investigated theoretically and numerically.

The theoretical representation of the sound field in the structure is obtained using a combination of

multipole method that accounts for the periodic inclusions and multi-modal method that accounts

for the multiple irregularities of the rigid backing. The theoretical model is validated against a finite

element method. The predictions show that the acoustic response of this structure exhibits quasi-

total, high absorption peaks at low frequencies which are below the frequency of the quarter-wave-

length resonance typical for a flat homogeneous porous layer backed by a rigid plate. This result is

explained by excitation of additional modes in the porous layer and by a complex interaction

between various acoustic modes. These modes relate to the resonances associated with the presence

of a profiled rigid backing and rigid inclusions in the porous layer.
VC 2011 Acoustical Society of America. [DOI: 10.1121/1.3561664]
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I. INTRODUCTION

This work has been inspired by a problem that relates to

the optimization of the profile of a layer of porous material

for which the acoustic absorption coefficient needs to remain

high across a broad frequency range. It is known that the

acoustic absorption coefficient of a flat layer of a porous ma-

terial of a finite thickness is high in the high frequency range

but limited at the low frequencies. This problem is normally

solved by multi-laying porous media to reduce the imped-

ance mismatch at the air–material interface. The purpose of

this article is to investigate an alternative to material multi-

layering by studying the combined effects of embedding per-

iodic rigid inclusions in a porous layer and by introducing

periodic irregularities to the rigid backing on which the po-

rous layer is rested.

The first effect has been previously investigated with the

multipole method1–3 which can account for the presence of

rigid inclusions in a porous layer. If the radius of these peri-

odic inclusions is comparable with the acoustic wavelength

then an increase of the absorption coefficient mainly due to a

decrease of the transmission coefficient in the case of one

grating of inclusions or to band-gaps with total absorption

peak in the case of a sonic crystal (multi-layered grating)

can be observed. In the Refs. 1–3, the influence of the peri-

odic inclusions on the absorption coefficient was explained

by excitation of additional acoustic modes which dissipate

acoustic energy due to the viscous and thermal effects in the

material pores. When the porous layer is backed by a flat

rigid surface and when only one inclusion per unit cell gra-

ting is embedded, an additional trapped mode can be excited.

This results in a quasi-total absorption peak at a frequency

below that of the usual quarter-wavelength resonance in the

homogeneous layer case. Other studies related to volume

heterogeneities in macroscopically homogeneous porous ma-

terial were carried out essentially by means of homogeniza-

tion procedure,4,5 possibly leading to double porosity

materials.6

The second effect was previously investigated by use of

the multi-modal method in Ref. 7, by considering periodic

rectangular air-filled irregularities of the rigid plate on which

porous sheets are often attached. This leads, in the case of

one irregularity per spatial period, to a total absorption peak

associated with the excitation of the fundamental modified

mode of the backed layer (MMBL). This mode is excited

thanks to the surface grating. Such configurations have been

widely studied in room acoustics whereby irregularities are

introduced to the walls in a space to enhance the diffusion

and absorption effects,8 but the considered phenomenon are

mostly related to resonance of the irregularities. Other works

related to surface irregularities were carried out, notably

related to local resonances associated with fractal

irregularities.9,10

Local resonance and trapped modes11–14 are other meth-

ods to localize the acoustic field thereby leading to an energy
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entrapment and so to an increase of the absorption. In this ar-

ticle, the combined effects of embedding periodic circular

inclusions inside a porous layer and of an irregular rigid

backing attached to the back of the porous layer are investi-

gated theoretically and numerically. The effect of the Bragg

interference is clearly visible in the predicted absorption

coefficient spectra. High peaks in the absorption coefficient

spectra are obtained for frequencies close to or below the

quarter-wavelength resonance in a hard-backed porous layer.

These peaks are associated with the fundamental modified

mode of the layer and with the trapped modes which are

linked to the presence of the cylindrical inclusions and rec-

tangular cavities in the irregular backing. Each of these

modes interferes mutually.

II. FORMULATION OF THE PROBLEM

A. Description of the configuration

Both the incident plane acoustic wave and the geometry

of the configuration are assumed to be invariant with respect

to the Cartesian coordinate x3. A cross-sectional x1–x2 plane

view of the two-dimensional (2D) scattering problem is

shown in Fig. 1.

Before the addition of the cylindric inclusions and of the

structured backing, the layer is made of a porous material

saturated by air (e.g., a foam), which is modeled (by homog-

enization) as a (macroscopically homogeneous) equivalent

fluid M[1]. The upper and lower flat and mutually parallel

boundaries of the layer, whose x2-coordinates are H and 0,

are designated by CH and C0, respectively. M[0], the ambient

fluid that occupies X½0�, and M[1] are in firm contact through

CH, i.e., the pressure and normal velocity are continuous

across CH ([p(x)]¼ 0 and ½q�1@npðxÞ� ¼ 0, wherein @n des-

ignates the operator @n ¼ n � r, with n denoting the generic

unit vector normal to a boundary). The spatial periodicity

along x1 is d.

Nc inclusions per spatial period are embedded in the po-

rous layer that create a diffraction grating along the x1 direc-

tion. Depending on the arrangement of the Nc inclusions in

the unit cell, a diffraction grating or a sonic crystal of period

dc, dc � d can be formed. The set of indices by which the

cylinders within the unit cell are identified is denoted by

N c 2N. The jth inclusion occupies the disk X½2
ðjÞ� of radius

R(j) and centered at xðjÞ ¼ ðxðjÞ1 ; x
ðjÞ
2 Þ, j 2 N c

. The inclusions

are rigid (Neumann type boundary conditions on CðjÞ,
@npðxÞ ¼ 0), i.e., the contrast between the material that occu-

pies the inclusions and M[1] is very large. This also means

that the inclusions can consist in tubes or holes posteriorly

proofed for acoustic waves. Two subspaces X½1
6� � X½1� are

also created respectively corresponding to the upper and

lower part of the plate without inclusions.

The rigid backing contains Ni rectangular irregularities

per spatial period along the x1 axis and creates a diffraction

grating. In a similar way to the inclusions, a surface diffrac-

tion grating of periodicity di, di � d, can be formed depend-

ing on the arrangement of the Ni irregularities in the unit

cell. The set of indices by which the irregularities within the

unit cell are identified is denoted byN i 2N. The nth irregu-

larity of the unit cell occupies the rectangular domain X½3
ðnÞ�

of height bn and width wn and is occupied by a fluid material

M[3] (in this study, M[3] is the air medium, but according to

the formulation developed hereafter it can be any other fluid

like material). The boundary of X½3
ðnÞ� is composed of the

rigid portion CrðnÞ (Neumann type boundary conditions) and

of Cn, through which media M[3] and M[1] are in firm contact

(continuity of the pressure and normal velocity). The x1-

coordinate of the center of the base segment of X½3
ðnÞ� is dn.

C0 is also composed of a rigid portion Cr (Neumann type

boundary conditions).

The total pressure, wavenumber, and wave speed are

denoted by the generic symbols p, k, and c, respectively, with

p ¼ p½0�; k ¼ k½0� ¼ x=c½0� in X½0�, p ¼ p½1�; k ¼ k½1� ¼ x=c½1�

in X½1�, and p ¼ p½3
ðnÞ�; k ¼ k½3� ¼ x=c½3� in X½3

ðnÞ�, wherein

x ¼ 2pm is the angular frequency with m the frequency.

Rather than to solve directly for the pressure �pðx; tÞ
[with x¼ (x1, x2)], we prefer to deal with pðx;xÞ, related to

�pðx; tÞ by the Fourier transform �pðx; tÞ ¼
Ð1
�1 pðx;xÞ

e�ixtdx. Henceforth, we drop the x in pðx;xÞ so as to denote

the latter by p(x).

The wavevector k
i of the incident plane wave lies in the

sagittal plane, and the angle of incidence is hi, measured coun-

terclockwise from the positive x1 axis. The incident wave prop-

agates in X½0� and is expressed by piðxÞ ¼ Aieiðki
1
x1�k

½0�i
2
ðx2�HÞÞ,

wherein ki
1 ¼ �k½0� cos hi, k

½0�i
2 ¼ k½0� sin hi, and Ai ¼ AiðxÞ is

the signal spectrum.

The plane wave nature of the incident wave and the per-

iodic nature of both
S

j2N c X½2
ðjÞ� and

S
n2N i X½3

ðnÞ� imply the

Floquet relation

pðx1 þ qd; x2Þ ¼ pðx1; x2Þeiki
1
qd ; 8x 2 R2 ; 8q 2 Z: (1)

Consequently, it suffices to examine the field in the central

cell of the plate in order to obtain the fields, via the Floquet

relation, in the other cells.

The uniqueness of the solution to the forward-scattering

problem is assured by the radiation conditions,

p½0�ðxÞ � piðxÞ � outgoing waves; xj j ! 1; x2 > H:

(2)
FIG. 1. Cross-sectional plane view of the configuration.
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B. Material modeling

Rigid frame porous material M is modeled using the

Johnson–Champoux–Allard model. The compressibility and

density linked to the sound speed through c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1= Kqð Þ

p
are15,16

1

K
¼ cP0

/ c� c� 1ð Þ 1þ i
x0c

Prx GðPrxÞ
� ��1

� � ;

q ¼
qf a1

/
1þ i

xc

x
FðxÞ

� �
; (3)

wherein xc ¼ r/=qf a1 is the Biot frequency,

x0c ¼ r0/=qf a1, c is the specific heat ratio, P0 is the atmos-

pheric pressure, Pr is the Prandtl number, qf is the density of

the fluid in the (interconnected) pores, / is the porosity, a1
is the tortuosity, r is the flow resistivity, and r0 is the

“thermal resistivity.” The correction functions GðPrxÞ (Ref.

17), FðxÞ (Ref. 18) are given by

GðPrxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� igqf Prx

2a1
r0/K0

� �2
s

;

FðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� igqf x

2a1
r/K

� �2
s

; (4)

where g is the viscosity of the fluid, K0 is the thermal charac-

teristic length, and K is the viscous characteristic length. The

thermal resistivity is related to the thermal characteristic

length through r0 ¼ 8a1g=/K02 (Ref. 17).

The configuration is more complex than those already

studied in Refs. 1, 2, and 7 in the sense that it combines a

rigid frame porous plate backed by a structured backing with

a rigid frame porous plate in which inclusions are embedded.

The method of solution is also briefly summarized emphasiz-

ing the differences in the coupling terms.

C. Field representations in X½0�, X½1
6�, and X½3

ðnÞ�

The equations of continuity across the interfaces CH and

C0 are first considered in Sec. III A. The field representations

in X½0�, X½1
6�, and X½3

ðnÞ� are needed as the first step. The

continuity conditions across CðjÞ, 8j 2 N c
will be treated in

Sec. III B.

Separation of variables, use of the radiation conditions, and

application of the Floquet theorem lead to the representations

p½0�ðxÞ ¼
X
q2Z

e�ik
½0�
2q x2�Hð Þdq þ Rqeik

½0�
2q x2�Hð Þ

h i
eik1qx1 ;

8x 2 X½0�; (5)

wherein dq is the Kronecker symbol, k1q ¼ ki
1 þ 2qp=d,

k
½0�
2q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk½0�Þ2 � ðk1qÞ2

q
, with Re

�
k
½0�
2q

�
� 0 and Im

�
k
½0�
2q

�
� 0.

Rq is the reflection coefficient of the plane wave denoted by

the subscript q.

Referring to Refs. 7 and 19, the pressure fields p½3
ðnÞ�

admits the pseudo-modal representation that already

accounts for the boundary conditions at CrðnÞ

p½3
ðnÞ�ðxÞ ¼

X1
m¼0

DðnÞm cos k
½3ðnÞ�
1m x1 � dn þ wn=2ð Þ

� �

	 cos k
½3ðnÞ�
2m x2 þ bnð Þ

� �
;8x 2 X½3

ðnÞ�;

8n 2 N i
; (6)

wherein D½3
ðnÞ�

m are the coefficients of the pseudo-modal repre-

sentation, k
½3ðnÞ�
1m ¼ mp=wn, and k

½3ðnÞ�
2m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk½3ðnÞ�Þ2 � ðk½3

ðnÞ�
1m Þ

2

q
,

with Re k
½3ðnÞ�
2m

� �
� 0 and Im k

½3ðnÞ�
2m

� �
� 0, 8n 2 N i

.

It is first convenient to use Cartesian coordinates (x1, x2)

to write the field representations in X½1
6�. This field is com-

posed of the diffracted field in the plate and of the fields scat-

tered by the inclusions, whose form depends on the x

position, either below or above the inclusions.20 Referring to

Ref. 1, whatever the arrangement of the inclusions, x2 is

always larger than maxj2N c x
ðjÞ
2 þ RðjÞ

� �
in X½1

þ�, while x2 is

always smaller than minj2N c x
ðjÞ
2 � RðjÞ

� �
in X½1

��. The total

field in X½1
6� can be written in Cartesian coordinates as1,2

p½1
6�ðxÞ ¼

X
q2Z

fqe�ik
½1�
2q x2 þ gqeik

½1�
2q x2

� �
eik1qx1

þ
X
q2Z

X
j2N c

X
l2Z

K6
ql B
ðjÞ
l ei k1q x1�x

ðjÞ
1ð Þ6k

½1�
2q x2�x

ðjÞ
2ð Þð Þ;

(7)

wherein B
ðjÞ
l are the coefficients of field scattered by the jth

cylinder of the unit cell, fq and gq are the coefficients of the

diffracted waves inside the layer associated with the plane

wave denoted by q, and K6
qm ¼ 2ð�iÞme6imhq=dk

½1�
2q with hq

such that k½1�eihq ¼ k1q þ ik
½1�
2q (Refs. 20 and 21).

III. DETERMINATION OF THE ACOUSTIC
PROPERTIES OF THE CONFIGURATION

A. Application of the continuity conditions across CH

and C0

Applying the continuity of the pressure field and of the

normal component of the velocity, together with Neumann

type boundary conditions across CH and across C0, introduc-

ing the proper field representation therein, Eqs. (5), (6), and

(7), and making use of the orthogonality relationsÐ d=2

�d=2
ei k1n�k1lð Þx1 dx1 ¼ ddnl, 8ðl; nÞ 2 Z2, and

Ð wn

0
cos k

½3�
1mx1

� �
cos k

½3�
1qx1

� �
dx1 ¼ wndmq=em, wherein e0 ¼ 1 and em ¼ 2;

8m 2N?, gives rise to a first linear set of equations. After

some algebra and rearrangements, this linear set reduces to a

first coupled system of equations for solution of DðnÞm and B
ðjÞ
l ,

which may be written in the matrix form

A� Cð ÞD�ZB ¼ F : (8)

In the above expression, D and B are the infinite column

matrices of components DðnÞm and B
ðjÞ
l , respectively. F is

the column matrix of elements
P

q F
ðNÞ
qM , A is a diagonal

square matrix of elements AðNÞM , and C and Z are two square

matrices of elements
P

q2Z C
ðN;nÞ
qMm and

P
q2Z Z

ðN;jÞ
qMl , respec-

tively. These elements are:
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FðNÞqM ¼
2a½0�q dq

Dq
I
þðNÞ
qM eik1q dN�wN=2ð Þ;

AðNÞM ¼ 1

eM
cos k

½3ðNÞ�
2M bN

� �
;

CðN;nÞqMm ¼
iwna½3

ðnÞ�
m a½1�q cos k

½1�
2qH

� �
� ia½0�q sin k

½1�
2qH

� �� �
dDqa

½1�
q

sin k
½3ðnÞ�
2m bn

� �
I�ðnÞqm I

þðNÞ
qM eik1q ðdN�dnÞ�ðwN�wnÞ=2ð Þ;

ZðN;jÞqMl ¼
4ð�iÞl a½1�q cos k

½1�
2q x

ðjÞ
2 � H

� �
� lhq

� �
þ a½0�q i sin k

½1�
2q x

ðjÞ
2 � H

� �
� lhq

� �� �
dk
½1�
2qDq

I
þðNÞ
qM e�ik1qx

ðjÞ
1 eik1q dN�wN=2ð Þ;

Dq ¼ a½0�q cos k
½1�
2qH

� �
� ia½1�q sin k

½1�
2qH

� �
;

I6ðnÞ
qm ¼ e6ik1q

wn
2

2
eik
½2ðnÞ �
1m

wn
2 sinc k

½2ðnÞ�
1m 6k1q

� �wn

2

� �
þ e�ik

½2ðnÞ �
1m

wn
2 sinc k

½2ðnÞ�
1m 
 k1q

� �wn

2

� �� �
; (9)

where sinc vð Þ ¼ sin vð Þ=v, a½s�q ¼ k
½s�
2q=q

½s�, s¼ 0, 1, and

a½3
ðnÞ�

m ¼ k
½3ðnÞ�
2m =q½3�. The components FðNÞqM accounts for the ex-

citation of the Nth irregularity by a wave that is previously dif-

fracted by the layer. The components AðNÞM and CðN;NÞqMm account

for the Nth irregularity, while the components CðN;nÞqMm , n 6¼ N,

account for the coupling between the Nth and the nth irregular-

ities through waves that are traveling inside the porous layer.

These components are those found in Ref. 7 in which a rigid

frame porous layer backed by a multi-component grating is

considered. The components ZðN;jÞqMl account for the coupling

between the Nth irregularity and the jth circular inclusion

through waves that are traveling through the porous layer.

B. Application of the multipole method

From the first linear set of equations, obtained by apply-

ing the continuity conditions across CH and C0, expressions

of Rq, fq, and gq in terms of DðnÞm and BðjÞm can be found.

In particular, the expressions of fq and gq are introduced

in the so-denoted diffracted field inside the layer. This field

accounts for the direct diffracted waves inside the layer and

for the reflected waves at the boundaries CH and C0 previ-

ously scattered by each inclusion. This expression, when

compared with the expression of the direct scattered field by

the inclusions, is valid in the whole domain X½1�. To proceed

further, the Cartesian form of this field is converted to the

cylindrical harmonic form in the polar coordinate system

attached to each inclusion, as stated for example in Ref. 1.

Effectively, central to the multipole method is the local field

expansion or multipole expansions around each inclusion.

The difference here, when compared with Refs. 1 and 2 is

that more than one inclusion per unit cell can be embedded

in the layer. These inclusions can be separated by a distance

rj
i � d and in particular jxðjÞ2 � x

ðiÞ
2 j can be less than

R(j)þR(i). The interaction between each inclusion of the unit

cell cannot be simply accounted for as it was in Ref. 1.

The field in the vicinity of the Jth inclusion is written in

the polar coordinate system associated with this inclusion as

a sum of a scattered field of coefficient B
ðJÞ
L and a locally

incident field of coefficient A
ðJÞ
L

p½1�ðrJÞ ¼
X
L2Z

B
ðJÞ
L H

ð1Þ
L k½1�rJ

� �
þA

ðJÞ
L JL k½1�rJ

� �� �
eiLhJ ; (10)

with H
ð1Þ
L the Lth order Hankel function of the first kind and

JL the Lth order Bessel function and

A
ðJÞ
L ¼

X
l2Z

SL�lB
ðJÞ
l þ

X
j6¼J

X
l2Z

S
ðJ;jÞ
L�l B

ðjÞ
l þ

X
j2N c

X
l2Z

X
q2Z

Q
ðJ;jÞ
qLl B

ðjÞ
l þ

X
n2N i

X
m2Z

X
q2Z

Z
ðJ;nÞ
qLm DðnÞm þ

X
q2Z

F
ðJÞ
qL ;

F
ðJÞ
Lq ¼

2dqa
½0�
q

Dq
cos k

½1�
2qx
ðJÞ
2 � Lhq

� �
eik
½1�
1q

x
ðJÞ
1 ;

SL�l ¼
X1
i¼1

H
ð1Þ
L�l k½1�id
� �

eiki
1
id þ �1ð ÞL�le�iki

1
id

h i
;

Q
ðJ;jÞ
qLl ¼

2ð�iÞl�Leik1qðxðJÞ1
�x
ðjÞ
1
Þ

dk
½1�
2pDp

a½1�q � a½0�q

� �
eik
½1�
2q

H cos k
½1�
2q x

ðjÞ
2 � x

ðJÞ
2

� �
� ðl� LÞhq

� ��

þa½1�q cos k
½1�
2q x

ðjÞ
2 þ x

ðJÞ
2 � H

� �
� ðlþ LÞhq

� �
þ ia½0�q sin k

½1�
2q x

ðjÞ
2 þ x

ðJÞ
2 � H

� �
� ðlþ LÞhq

� ��
;

Z
ðJ;nÞ
qLm ¼

iLþ1a½3
ðnÞ�

2m wn

dDpa
½1�
q

sin k
½3ðnÞ�
2m bn

� �
I�ðnÞqm eik1q x

ðJÞ
1
�dnþwn=2ð Þ a½1�q cos k

½1�
2q x

ðJÞ
2 � H

� �
� Lhq

� �
þia½0�q sin k

½1�
2q x

ðJÞ
2 � H

� �
� Lhq

� �� �
;

(11)
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wherein SL–l is the lattice sum often referred to as the Schlö-

milch series. The terms S
ðJ;jÞ
L�l accounts for the coupling

between the multiple inclusions of the unit cell and takes the

form

S
ðJ;jÞ
Ll ¼

X
q2Z

ð�iÞL�l
2e6iðL�lÞhq

dk
½1�
2q

ei k1qðxðJÞ1
�x
ðjÞ
1
Þ6k

½1�
2q ðx

ðJÞ
2
�x
ðjÞ
2
Þð Þ

	 1� dJj

� �
; (12)

wherein the signs þ and – correspond to xJ
2 � xj

2 and

xJ
2 � xj

2, respectively, which can be found in Ref. 1 when

jxðJÞ2 � x
ðjÞ
2 j > Rj þ Ri or

S
ðJ;jÞ
Ll ¼ H

ð1Þ
L�l rj

J

� �
ei l�Lð Þhj

J

þ
X
o2Z

So�lB
ðjÞ
l HL�o k½1�rj

J

� �
ei o�Lð Þhj

J ; (13)

when jxðJÞ2 � x
ðjÞ
2 j � Rj þ Ri. This latter form agrees with the

one found in Ref. 21 when the inclusions are aligned inside

the unit cell, i.e., x
ðjÞ
2 ¼ x

ðJÞ
2 , 8j 2 N c

, which imposes hj
J ¼ 0

or hj
J ¼ p. In Eq. (13), ðrj

J; h
j
JÞ is the coordinate of x(j) in the

polar coordinate system attached to the Jth inclusions, i.e.,

centered at x
(J).

Finally, it is well known that the coefficients of the scat-

tered field and those of the locally incident field are linked

by a linear relation derived from the boundary condition on

CðJÞ only, i.e., B
ðJÞ
L ¼ V

ðJÞ
L A

ðJÞ
L , wherein V

ðJÞ
L are the cylindri-

cal harmonic reflection coefficients. These coefficients take

the form V
ðJÞ
L ¼ � _H

ð1Þ
L ðk½1�RjÞ=_JLðk½1�RjÞ in the case of Neu-

mann type boundary conditions, with _vðxÞ ¼ dv=dx. Intro-

ducing the expression of A
ðJÞ
L , derived from Eq. (10) in the

previous relation, gives rise to the second linear system of

equations for the solution of DðnÞm and B
ðjÞ
l . This second linear

system may be written in the matrix form

I� V SþQð Þð ÞB� VZD ¼ VF; (14)

wherein F is a vector of components
P

q2Z F
ðJÞ
Lq , which

accounts for the solicitation of the Jth inclusion by a wave

that is previously diffracted inside the layer, V is a diagonal

square matrix of components V
ðJÞ
L , S, Q, and Z are three mat-

rices of components SL�ldJj þ S
ðJ;jÞ
L�l , which accounts for the

direct coupling between the Jth and the jth inclusion,P
q2Z Q

ðJ;jÞ
Llq , which accounts for the coupling between the

Jth and the jth inclusion through waves diffracted by the

layer, and
P

q2Z Z
ðJ;nÞ
Lmq , which accounts for coupling between

the Jth inclusion and the nth irregularity.

C. The linear system of equation for the resolution of
B
ðjÞ
l and D

ðnÞ
m and evaluation of the fields

The final system for the solution of B
ðjÞ
l and DðnÞm that

gathered Eqs. (8) and (14) reads as

I� V SþQð Þ �VZ

�Z A� C

	 

B

D

� �
¼ VF

F

� �
: (15)

Once this linear system is solved, the expression of Rq in

terms of B
ðjÞ
l and DðnÞm reads as

Rq ¼
a½0�i cos k

½1�i
2 L

� �
þ ia½1�i sin k

½1�i
2 L

� �
Di

þ
X
q2Z

X
j2N c

X
l2Z

4 �ið Þla½1�q

dk
½1�
2qDq

B
ðjÞ
l cos k

½1�
2qx
ðjÞ
2 � lhq

� �
e�ik1qx

ðjÞ
1

þ
X
q2Z

X
n2N i

X1
m¼0

iwneik1p dn�wn=2ð Þ

dDq
DðnÞm a½3

ðnÞ�
2m

	 sin k
½3ðnÞ�
2m bn

� �
I�ðnÞqm : (16)

The first term corresponds to the reflection coefficient in ab-

sence of inclusions and irregularities of the porous layer

with a flat rigid backing. The second terms account for the

inclusions. The third term accounts for the irregularities of

the rigid backing.

Introduced in Eq. (5), the reflected field is expressed as

a sum of (i) the field in the absence of inclusions and irregu-

larities of the rigid backing, (ii) the field due to the inclu-

sions, and (iii) the field due to the irregularities of the rigid

backing.

D. Evaluation of the reflection and absorption
coefficient

In case of an incident plane wave with spectrum AiðxÞ,
the conservation of energy relation takes the form

1 ¼ RþA; (17)

where R and A are the hemispherical reflection and the

absorption coefficients.R is defined by

R ¼
X
q2Z

Re k
½0�
2q

� �
k
½0�i
2

Rq

�� ��2

Aik k2
¼
X~qþ

q¼�~q�

k
½0�
2q

k
½0�i
2

Rq

�� ��2

Aik k2
; (18)

wherein ~q
 are such that ~q
 < d=2p k½0�6ki
1

� �
< ~q
 þ 1 and

the expression of Rq are given by Eq. (16). A takes the

form2,3,7 A ¼ AD þAS, wherein AD is the inner absorption

of domains X½1� and X½3
ðnÞ�, 8n 2 N i

, and AS is the surface

absorption related to interfaces CH and Cn, 8n 2 N i
.

In our calculations, the irregularities are filled with the

air medium. Any absorption phenomenon is associated to

this material, and thus the inner absorption reduces to the

one of domain X½1�, and the surface absorption related to Cn

simplifies.

Because of the complicated shape of X½1� and X½3
ðnÞ�, and

the non-vanishing term AS, A will not be calculated by its

expression, but rather by A ¼ 1�R.

IV. RESULTS AND DISCUSSION

The infinite sum
P

q2Z over the indices of the k1q

depends on the frequency and on the period of the grating.

An empirical truncation rule is employed, inspired from

Refs. 1, 2, and 7, and determined by performing a large
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number of numerical experiments
PQþ

q¼�Q�
such that

Q
 ¼ int d=2p 3Re k½1�
� �

6ki
1

� �� �
þ 10. In the latter equa-

tions, int(a) represents the integer part of a.

The infinite sum
P

m2Z over the indices of the modal rep-

resentation of the diffracted field by a cylinder is truncated22 asPM
m¼�M such that M¼ int (Re (4.05	 (k[1]R)

1=3þ k[1]R))þ 10.

Finally, the infinite sum (lattice sum) embedded in SL–l

in Eqs. (11) and (13)
P1

i¼1 is found to be slowly convergent,

particularly in the absence of dissipation, and is found to be

strongly dependent on the indice L–l. A large literature exists

on this problem.23,24 Here, the fact that the medium M[1] is

dissipative greatly simplifies the evaluation of the Schlö-

milch series. The superscript I in S
fIg
L�l identifies the integer

over which the sum is performed, i.e.,
PI

i¼1 . This sum is

carried out until the conditions
��Re
��

S
fIþ1g
L�l � S

fIg
L�lÞ=

S
fIg
L�l

��� � 10�5 and
��Im��SfIþ1g

L�l � S
fIg
L�lÞ=S

fIg
L�l

��� � 10�5 are

reached.2

Numerical calculations have been performed for various

geometrical parameters whose values are reported in Table I

and within the frequency range of the audible sound, particu-

larly, at low frequencies.

For all calculations, the ambient and saturating fluid is

air (q½0� ¼ qf ¼ 1:213 kgm�3, c½0� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cP0=qf

q
, with P0

¼ 1:01325	 105Pa, c ¼ 1:4, and g ¼ 1:839	 10�5kgm�3

s�1). Two of the main constraints in designing acoustically

absorbing materials are the size and weight of the configura-

tion. Particular attention is paid to the dimension, i.e., thick-

ness, and the frequencies of the absorption gain, which have

to be as small as possible. The absorption gain is defined by

reference to the absorption of the same configuration without

inclusions embedded and without irregularity of the rigid

backing. The initial configuration consists in a H¼ 2 cm

thick porous sheet backed by a rigid plate. The material char-

acteristics are reported in Table II and were determined by

use of traditional methods.15,25–27 This material [Fireflex S

309 (b) (Recticel, Wetteren/East-Flanders, Belgium)] presents

a large tortuosity for a relatively small flow resistivity. The

Biot frequency mc is also relatively small. The particular phe-

nomena noticed for the different configurations studied

therein occur at frequencies higher than mc. This improves the

use of the rigid approximation to model the porous material

because the decoupling frequency is always lower than mc.

For the phenomenon related to the inclusions to be

large, the filling ratio, i.e., the ratio of the surface occupied

by the cylinders
P

j2N c p
�
RðjÞ
�2�

over the total surface of

the layer inside the unit cell (d 	 H), has to be large. This

also implies the use of large radius inclusions and therefore

the use of a large thickness layer. The absorption coefficient

associated with the layer can be larger than the one associ-

ated with the periodic inclusions in this latter case. This

leads to compromises between radius of the inclusions and

the layer thickness, as stated in Ref. 3.

One array of circular cylinders will be considered as the

first step, i.e., dc � d, for the layer thickness and so for the

global system thickness to be as small as possible. Inspired

by the configuration studied in Ref. 3, circular cylinder

of 7.5 mm radius, whose center x2-coordinate are

x
ðjÞ
2 ¼ H=2 ¼ 1 cm, are embedded with a spatial periodicity

of dc ¼ 2 cm. The fundamental modified mode of the plate

associated with dc stands around mc
ð1;1Þ ¼ 15 kHz at normal

incidence, the fundamental Bragg frequency (associated

with x
ðjÞ
2 ) stands around mb ¼ 6 kHz, while the complex

trapped mode (CTM) stands below the quarter-wavelength

resonance frequency around mc
t ¼ 2400 Hz. 3

Irregularities of the rigid backing are also added to

increase the absorption below the frequency of the funda-

mental CTM and=or around the fundamental Bragg fre-

quency. In Ref. 7, a low resistivity rigid porous sheet was

used for the MMBL associated with the global period d to be

correctly excited. Effectively, for them to be excited, the

associated waves, which are propagative in the layer and

evanescent in the semi-infinite domain, should be able to

correctly propagate inside the layer. The presence of the

inclusions partly blocks their propagation. Therefore, the

associated absorption cannot be close to unity when

TABLE I. Parameters of the porous foam used in the article.

d (cm) H (cm) Ni b ðcmÞ 	 w ðcmÞ dn (cm) Nc R (cm) ðxðjÞ1 cm; x
ðjÞ
2 cmÞ

C1 8 2 1 3	 1 1 3 R(1)¼ 0.75 ðxð1Þ1 ; x
ð1Þ
2 Þ ¼ ð3; 1Þ

R(2)¼ 0.75 ðxð2Þ1 ; x
ð2Þ
2 Þ ¼ ð5; 1Þ

R(3)¼ 0.75 ðxð3Þ1 ; x
ð3Þ
2 Þ ¼ ð7; 1Þ

C2 8 3.5 1 3	 1 1 6 R(1)¼ 0.75 ðxð1Þ1 ; x
ð1Þ
2 Þ ¼ ð3; 1Þ

R(2)¼ 0.75 ðxð2Þ1 ; x
ð2Þ
2 Þ ¼ ð5; 1Þ

R(3)¼ 0.75 ðxð3Þ1 ; x
ð3Þ
2 Þ ¼ ð7; 1Þ

R(4)¼ 0.5 ðxð2Þ1 ; x
ð4Þ
2 Þ ¼ ð2; 1þ

ffiffiffi
3
p
Þ

R(5)¼ 0.5 ðxð3Þ1 ; x
ð5Þ
2 Þ ¼ ð4; 1þ

ffiffiffi
3
p
Þ

R(6)¼ 0.5 ðxð3Þ1 ; x
ð5Þ
2 Þ ¼ ð6; 1þ

ffiffiffi
3
p
Þ

C3 8 2 4 bð1Þ 	 wð1Þ ¼ 3	 1 1 3 R(1)¼ 0.75 ðxð1Þ1 ; x
ð1Þ
2 Þ ¼ ð3; 1Þ

bð2Þ 	 wð2Þ ¼ 1	 0:5 3 R(2)¼ 0.75 ðxð2Þ1 ; x
ð2Þ
2 Þ ¼ ð5; 1Þ

bð3Þ 	 wð3Þ ¼ 1	 0:5 5 R(3)¼ 0.75 ðxð3Þ1 ; x
ð3Þ
2 Þ ¼ ð7; 1Þ

bð4Þ 	 wð4Þ ¼ 1	 0:5 7

TABLE II. Parameters of the porous foam used in the article.

/ a1 K (lm) K0 (lm) r (Ns m�4) mc (Hz)

0.95 1.42 180 360 8900 781
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inclusions are embedded. Nevertheless, it was shown that a

quasi-total absorption peak can be obtained at the frequency

of the fundamental resonance of the irregularity, when the

latter stands below the frequency of the fundamental associ-

ated modified mode of the plate.7 The followed phenomena

are then closer to Schröeder scatterers.8,28

The periodicity of the global configuration is determined

by the periodicity of the irregular backing. The unit cell con-

tains at least one irregularity per spatial period and at least

one inclusion. The mode associated with the global periodic-

ity is studied in the Appendix.

A. Single irregularity and more than one inclusion per
spatial period

In most of the studies related to irregular rigid grating

associated with a layer, MMBL and mode of the irregularity

(MI) were chosen to stand either largely below or largely

above the quarter-wavelength resonance. The latter reso-

nance is not a real mode but a leaky mode due to interference

phenomena.7,29 Despite the fact that the irregular grating

was assumed to excite the real mode of the plate, i.e., Pekeris

or Love modes, whose frequencies are usually shifted below

the quarter-wavelength resonance frequency, the irregularity

was not designed for its fundamental quasi-mode frequency

to stand close to the quarter-wavelength resonance fre-

quency. In absence of inclusion, for a fixed layer thickness H
and irregularity width w, geometrical parameters d and b
exist for which a trapped mode associated with the irregular-

ity (TMI) exists and can be excited. The latter can be either

understood as a trapped mode, whose structure is close to the

fundamental quasi-mode of the irregularity, i.e., plane wave

inside the irregularity that mainly radiates waves inside the

layer or as a coupled MI together with the quarter-wave-

length resonance. The excitation of the TMI is weakly de-

pendent upon the angle of incidence of the solicitation,

which means that the TMI is closer to the MI. Effectively

the latter does not depend on the incidence angle of the

solicitation.

For d¼ 8 cm and a b	 w ¼ 3 cm	 1 cm irregularity,

such a mode exists. The fundamental MI is excited at

mðMIÞ
ð0;0Þ ¼ c½3�

�
4b ¼ 2850 Hz, while the trapped mode (TMI) is

excited around mðiÞt ¼ 2000 Hz, Fig. 2 The associated funda-

mental MMBL frequency is mðiÞð1;1Þ ¼ 3800 Hz at normal

incidence.

For the TMI to be excited, i.e., to be correctly coupled

with the incident waves, the plate area just above the irregu-

larity must be free of inclusion. This would effectively block

waves traveling from the semi-infinite domain toward the

irregularity. The final dimensions of the configuration C1 are

reported in Table I.

Figure 3 depicts the absorption coefficient of the

configuration C1, when solicited at normal incidence. From

the high frequency bound to the low frequency one, the peak

around 8500 Hz corresponds to the second MI

mðMIÞ
ð1;0Þ ¼ 3c½3�

�
4b ¼ 8550 Hz. The latter frequency effectively

corresponds to a zero of the pressure field in the middle of

the bottom segment of the irregularity, Fig. 4(a). The absorp-

tion minimum is centered at the first Bragg frequency,

mb ¼ Re c½1�
� �.

4x
ð1Þ
2 � 6000 Hz. The latter frequency corre-

sponds to the frequency at which the two circular gratings,

i.e., the real grating and its image with respect to the Neu-

mann type boundary condition C0 interfere. The peak around

mðiÞð1;1Þ ¼ 3500 Hz is the fundamental MMBL associated with

d. The field, Fig. 4, at this frequency is mainly composed of

evanescent waves in the air medium and propagative ones in

the porous sheet. This peak does not correspond to a total

absorption because the waves associated with this mode are

hindered by the presence of the circular inclusions inside the

porous sheet. The peak around mðcÞt ¼ 3000 Hz is associated

with the degenerated CTM linked to the three inclusions

whose center-to-center distance is 2 cm. This CTM is degen-

erated because one inclusion is missing for the periodicity of

the cylinder arrangement to be d(c)¼ 2 cm. Finally, the total

absorption peak, around mðiÞt ¼ 1800 Hz, is associated with

the trapped mode linked to the irregularity.

FIG. 2. Absorption coefficient of a H¼ 2 cm thick porous sheet of Fireflex

backed by a rigid flat plate (– – –) without inclusion and irregularity of the

rigid backing and (—) with an irregularity, b	 w ¼ 3 cm	 1 cm, per spa-

tial period d¼ 8 cm of the rigid backing. The TMI is excited around

mðiÞt ¼ 2000 Hz.

FIG. 3. Configuration C1—absorption coefficient of a porous sheet of Fire-

flex backed by a rigid flat plate, when the thickness is H¼ 2 cm (– – –) and

when the thickness is Hþ b¼ 5 cm ( � � � ) without inclusion embedded and

(—) with three R¼ 75 mm radius circular cylinders embedded per spatial

period d¼ 8 cm, with an irregularity of the rigid backing. The finite element

result is plotted with (*).
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The absorption is compared, Fig. 3, with a H¼ 2 cm

thick foam plate, i.e., the initial thickness of the porous plate

employed in the global structure without inclusion and with-

out irregularity of the rigid backing, and with a Hþ b¼ 5 cm

thick foam plate, which corresponds to a homogeneous po-

rous plate of the same thickness as the global final configura-

tion. The absorption coefficient for the Hþ b¼ 5 cm thick

foam plate is, on the average, higher than the absorption

coefficients of the other two configurations over the fre-

quency range, but any total or quasi-total absorption peaks

are noticed. Moreover, the total amount of foam material is

lower when inclusions and irregularities are considered and

the dimensions of the global configuration are less than

Hþ b. In what follows, the absorption coefficient is com-

pared with the one for the initial porous plate of thickness H.

The snapshots of the pressure field inside the porous

sheet and the irregularity are depicted in Fig. 5. From this

figure, it becomes clear that both absorption peaks at mðiÞt and

mðcÞt are related to trapped mode excitation of the irregularity

and three cylinders set, respectively.

The numerical validation was performed by matching

the absorption coefficient, as calculated with the present

method, with the one as calculated with a finite element

method. A pressure variational formulation is discretized by

quadratic finite elements inside the unit cell, thereby leading

to a discretized problem of 2303 elements and 1327 nodes.

The periodicity relation, i.e., the Floquet condition, was

applied on both sides of the discretized domain, i.e., at each

nodes of the x1-coordinate 0 and d. For this periodicity rela-

tion to be correctly implemented, the meshes of these two

sides should have similar nodes, i.e., identical x2-coordinate.

The results match well, thus validating the described

method, Fig. 3. Note that the finite element result is slightly

more rigid (i.e., the frequencies are higher), which is a classi-

cal result. The small discrepancy close to the high frequency

bound can be enhanced by a mesh refinement.

The width of the irregularity mainly influences the fre-

quencies mðiÞt and mð1;1Þ. When w is varied (from 5 mm to 20

mm) over a range that does not lead to an overlapping of the

irregularity and of the cylinders, both mðiÞt and mð1;1Þ decrease,

while the amplitude of the associated peaks remains con-

stant. The cylinder radius acts on both mðcÞt , which decreases

when R(j), j 2 N c
increases, and the amplitude of the absorp-

tion at this frequency. For smaller radii, the degenerated

CTM strongly interferes with the fundamental MMBL, cre-

ating a peak of amplitude close to unity over a possibly rela-

tively large frequency band. The amplitude of the peak

possesses a maximum value when the radius increases and

then drastically decreases because the wave can no longer

propagate toward the rigid backing. The radius for which the

amplitude is maximum is R(j)¼ 7.5 mm.

When the angle of incidence varies, the frequency and

amplitude of the trapped mode linked to the irregularity are

not modified. In addition, mð1;1Þ decreases and the amplitude

of the associated peak increases. mðcÞt decreases until mð1;1Þ
becomes lower than mðcÞt , leading to a disappearance of the

peak associated with the trapped mode connected to the

inclusions. In fact, this mode and the fundamental modified

mode of the plate become coupled mode.

Because the parameters of a foam are often difficult to

predict before its polymerization, a sensitivity analysis has

been performed with regards to the acoustic and structural

parameters of the porous sheet. Each parameter of the porous

foam is varied one after the other, while keeping the other

constant at their value as shown in Table II. Each parameter

FIG. 5. Configuration C1—snapshots of the pressure field in the porous sheet and the irregularity of the unit cell (a) at mðiÞt ¼ 1810 Hz and (b) mðcÞt ¼ 3070 Hz.

FIG. 4. Configuration C1—transfer function TF (—) on C0 (a) at the center

of the bottom segment of the irregularity, i.e., x1¼ 1 cm and (b) in the mid-

dle of the unit cell, i.e., x1¼ 4 cm, and its different components: TF1ðmÞ,
propagative waves in both X½0� and X½1� ( … ); TF2ðmÞ, propagative waves in

X½0� and evanescent waves in X½1� ( �� �� ); and TF3ðmÞ, evanescent waves

in both X½0� and X½1� ( … ).
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is assumed to be independent from the other, but their

variations correspond to those encountered in practice. The

amplitude and frequency of the absorption peaks are quasi-

independent from a variation of /, K, and K0. The amplitude

of the TMI, MMBLI, and CTM are quite independent from a

variation of a. On the other hand, while both frequencies mðiÞt

and mð1;1Þ slowly decrease when a increases from 1.02 to

1.42, mðcÞt largely decreases. The resistivity r
2900 Ns m�4; 13900 Ns m�4ð Þ has a large influence on the

amplitude of the CTM but not on the amplitude of the other

peaks. When the resistivity increases, the amplitude

decreases, and the peak is wider, while mðcÞt increases. Every-

thing seems to happen as if the material properties of the po-

rous sheet mainly influences the phenomena associated with

the cylinders, while the influence of these parameters on

those associated with the irregularity are hidden by the influ-

ence of the cylinders.

The addition of a second grating of inclusions, leading

to an increase of the layer thickness that is still acceptable,

enables the interactions of the different modes. Figure 6

depicts the absorption coefficient for the configuration C2.

This configuration is derived from Ref. 3 and consists of a

modification of a triangular lattice by reducing the radius of

the second row of inclusions and removing the fourth pattern

of inclusion just below the irregularity. The absorption coef-

ficient is largely increased in the frequency range between

the two CTMs associated with the inclusions,3

mðcÞt � 1500 Hz and mðcÞt � 4000 Hz. This results from a com-

plex combination of the two trapped modes, the fundamental

MI and the MMBL. The influence of the angle of incidence

is quite similar to that of the absorption coefficient of the

configuration C1. Nevertheless, the absorption linked to the

porous sheet is already large and the addition of a row of

inclusions would be of no practical use. The method is vali-

dated by matching the absorption coefficient calculated with

the present method with the one calculated from the finite

element method, Fig. 6.

B. More than one irregularity and more than one
inclusion per spatial period

The configuration C1 becomes more complex by adding

irregularities.

The addition of a higher irregularity, whose fundamental

MI would stand below the previous one and below the

MMBL, is of no practical use. Effectively, despite the fact

that such irregularity usually leads to an absorption coeffi-

cient close to unity for a frequency close to its fundamental

MI,7 the height that should be used is too large for the pur-

pose of this work. For example, for an absorption peak to

stand at 1 kHz, a bð2Þ ¼ 4c½3�=1	 103 ¼ 8 cm irregularity

should be added. The total thickness of the sample is there-

fore 10 cm. It is then obvious that the first irregularity has to

be the highest irregularity of the system.

Three identical irregularities bðjÞ 	 wðjÞ ¼ 1 cm	 5 mm,

j¼ 2, 4 were added to the configuration C1. These were

equally spaced at dj
i ¼ 2 cm, i 6¼ j. Figure 7 depicts the

absorption coefficient of this structure when the configuration

is solicited by a normal incident plane wave. The frequency

of the fundamental mode of the additional irregularities is

mMI
ð0;0Þ ¼ 8500 Hz. The fundamental mode of these additional

irregularities interacts with the second mode of the first irregu-

larity. This interaction leads to coupled modes that trap more

energy. The translation of the excitation of these two modes is

the two peaks of absorption between 6000 and 8000 Hz, i.e.,

inside frequency range of the initial minimum of absorption.

The frequency of the trapped mode associated with the circu-

lar cylinders is lower because the apparent distance from the

center of the inclusions to the bottom of the irregularity is

larger than x
ðjÞ
2 . In Ref. 3, it was found that mðcÞt decreases

when x
ðjÞ
2 increases. The addition of these three irregularities

leads to a decrease in the amplitude of the peak associated

with the excitation of the fundamental MMBL. This can be

partly explained by the fact that the associated waves can

stand with difficulty because of the more irregular backing

FIG. 6. Configuration C2—absorption coefficient of a H¼ 3.5 cm thick po-

rous sheet of Fireflex backed by a rigid flat plate ( ��� ) without inclusion

embedded and (—) with three R¼ 75 mm and three R¼ 5 mm radius circu-

lar cylinders embedded per spatial period d¼ 8 cm, with an irregularity of

the rigid backing. The finite element result is plotted with (*): discretized

problem of 5724 elements and 3135 nodes.

FIG. 7. Configuration C3—absorption coefficient of a H¼ 2 cm thick po-

rous sheet of Fireflex backed by a rigid flat plate without inclusion embed-

ded ( ��� ) and (—) with three circular cylinders embedded and four

irregularities of the rigid backing per spatial period d¼ 8 cm. The finite ele-

ment result is plotted with (*): descritized problem of 3154 elements and

1784 nodes.
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and by the fact that the period is now closer to d¼ 2 cm than

it was for the configuration C1. The increase of the absorption

coefficient is less than it was in the configuration C1 between

1000 and 4000 Hz, but the absorption largely increases

between 6000 and 8000 Hz. The method is validated by

matching the absorption coefficient calculated with the pres-

ent method with the one calculated with the finite element

method, Fig. 7.

V. CONCLUSION

The combined influence of embedding periodic circular

rigid inclusions on the absorption of a rigid frame porous

sheet and of periodic irregularities of the rigid plate on

which the structure is attached was studied theoretically and

numerically. In addition to the absorption features related to

the Bragg interference and to the modified mode of the layer,

it has been shown that the structure, in the case of one irregu-

larity and one multi-inclusions array embedded in the porous

sheet per spatial period, possesses absorption peaks close to

and below the quarter-wavelength resonance of the sheet,

when the dimension and parameters of the material are cor-

rectly chosen. These peaks are associated with trapped

modes connected to the presence of the inclusion and irregu-

larity. In particular, it is shown that the absorption peak asso-

ciated with the irregularity is quasi-total and quasi-

independent of the angle of incidence. This particular feature

enables the design of small dimension absorption packages.

This absorption peak was validated by use of finite element

method, thus validating the described method and accuracy

of the predicted results.

The addition of the inclusions array increases the num-

ber of absorption peaks connected to the inclusion but rap-

idly leads to large thickness structures. The embedding of

the additional inclusions becomes useless. The addition of

smaller size irregularities leads to an increase of the absorp-

tion around the Bragg interference frequencies without

increasing the total thickness of the sample.

The method offers a quite efficient alternative to multi-

layering and double porosity materials for the design of

sound packages. Optimization of the parameters and dimen-

sions should now be achieved in order to find the optimal

configuration depending on the frequency range on which

the absorption coefficient should be increased. The latter

optimization procedure would be constrained, notably by the

dimensions and weight of the structure which have to be as

small as possible.
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APPENDIX: MODAL ANALYSIS OF THE
CONFIGURATION

The modes of the configuration without embedded

inclusions (i.e., a rigid porous layer backed with a planar

rigid wall), whose dispersion relation is

Di ¼ a½0�i cos k
½1�i
2 H

� �
� ia½1�i sin k

½1�i
2 H

� �
¼ 0 (A1)

cannot be excited by a plane incident wave initially traveling

in the air medium.7 Effectively, Fig. 8 depicts the real and

the imaginary parts of the roots c?ðnÞðxÞ ¼ x=k?1;ðnÞðxÞ of Eq.

(A1), as calculated for a H¼ 2 cm thick porous layer, whose

acoustical characteristics are those used in Sec. IV. Under

the rigid frame assumption and for frequencies higher than

the Biot frequency (but lower than the diffusion limit), a po-

rous material can be considered as a modified fluid, its asso-

ciated dissipation being considered as a perturbation of a

fluid. For Eq. (A1) to be true without dissipation, k
½0�
2 should

be purely imaginary while k
½1�
2 should be purely real. Under

the previous assumptions, this implies that Re c?ðnÞ

� �
should

lie in ½Re c½1�
� �

; c½0��, i.e., jki
1j should lie in ½k½0�; Re k½1�

� �
�, or

for a plane incident wave initially propagating in the air me-

dium, jki
1j is always smaller than k½0�. It is also necessary to

note that in the diffusion regime, i.e., for frequencies much

lower than the Biot Frequency, no mode exists. This fact

constitutes the major difference when compared with a tradi-

tional fluid. Effectively, for frequencies much lower than the

Biot frequency, k
[1]

is purely imaginary. This implies that

k
½1�
2 is also purely imaginary for all the values of ki

1 and that

D
i
never vanishes.

When inclusions are periodically embedded in the po-

rous sheet and irregularities are periodically added to the

rigid backing, the dispersion relation of the modes of the

configuration is

det
I� V SþQð Þ �VZ

�Z A� C

� �
¼ 0: (A2)

Here, we focus on the case of only one cylinder and irregular

grating, i.e., Nc¼ 1 and Ni¼ 1, in order to emphasize the ex-

citation of the MMBL. Proceeding as in Ref. 2, an iterative

scheme can be employed to solve Eq. (15). The equations

are re-written in the form ð1� VLMLLÞBL ¼ VLFL þ VL

P
l2Z

MLlBlð1� dLlÞ þ VL

P
m2Z ZLmDm and AM � CMMð ÞDM

¼ FM þ
P

m2Z CMmDmð1� dMmÞ þ
P

l2ZZMlBl. The itera-

tive scheme reads as

FIG. 8. Real and imaginary part of the root of the dispersion relation in ab-

sence of inclusions c?ðnÞ, n¼ 1, 2. Real part of the MMBL c?ðn;qÞ, n¼ 1, 2,

q¼ 1, 2, for d¼ 8 cm are pointed out by dot.
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B
f0g
L ¼ VLFL= 1� VLMLLð Þ

B
fnþ1g
L ¼ VL

P
l2Z

MLlB
fng
l 1� dLlð Þ þ VL

P
m2Z

ZLmDfngm þ VLFL

� ��
1� VLMLLð Þ

D
f0g
L ¼ FM= AM � CMMð Þ

D
fnþ1g
L ¼ FM þ

P
m2Z

CMmDfngm ð1� dMmÞ þ
P
l2Z

ZMlB
fng
l

� ��
AM � CMMð Þ

8>>>>>>>>>><
>>>>>>>>>>:

; (A3)

from which it becomes apparent that the solutions B
fng
L and

D
fng
M , to any order of approximation, are expressed as a frac-

tion. The denominator of which, being independent of the

order of approximation, can become small for certain cou-

ples ðk1q;xÞ, so as to make B
fng
L and D

fng
M , maybe even the

field large. Moreover, after the first iteration, it becomes

apparent that the denominator of both B
fJg
L and D

fNg
M

becomes 1� VLMLLð Þ AM � CMMð Þ. When this denominator

is small, the field is possibly large.

When this happens, a natural mode of the configuration,

comprised of the inclusions, the irregular backing and the

layer, is excited, thus taking the form of a resonance with

respect to B
fng
L and D

fng
M . As B

fng
L and D

fng
M are related to fp,

gp, and Rp, the structural resonance manifests itself for the

same ðk1q;xÞ, in the fields of the layer and in the air.

The approximate dispersion relation is

DL ¼ 1� VL S0 þ
X
q2Z

QqLL

 ! !
AM �

X
q2Z

CqMM

 !
¼ 0:

(A4)

This equation is satisfied when either 1� VL

�
S0 þ

P
q2Z

QqLL

�
¼ 0 or AM �

P
q2Z CqMM ¼ 0. Both these equations3,7

are satisfied when jk1qj 2 ½k½0�;Re k½1�
� �

� and when either

Dq¼ 0 or a½1�q ¼ 0 (i.e., k
½1�
2q ¼ 0 ), which, respectively, corre-

sponds to the modified modes of the backed layer (MMBL)

and to the modes of the grating (MG). Both of them are

determined by the intersection of c1q ¼ x=k1q, respectively,

with c?ðnÞðxÞ as calculated for the backed layer and with

Re c½1�
� �

. The MMBL are pointed out by the dots on Fig. 8.

The associated attenuation of each mode can then be deter-

mined by the values of Im c�ðnÞ

� �
and Im (c[1]) at the frequen-

cies at which the modes are excited. The attenuation

associated with MG is also higher than the one associated

with MMBL for all frequencies. Moreover, MG corresponds

to the highest boundary of jk1qj for Eq. (A4) to be true. This

implies that MG should be difficult to excite. This type of

mode can only be poorly excited by a plane incident wave,

particularly, at low frequencies.
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