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The acoustic response of a rigidly backed poroelastic layer with a periodic set of elastic cylindrical

inclusions embedded is studied. A semi-analytical approach is presented, based on Biot’s 1956

theory to account for the deformation of the skeleton, coupling mode matching technique, Bloch

wave representation, and multiple scattering theory. This model is validated by comparing the

derived absorption coefficients to finite element simulations. Numerical results are further exposed

to investigate the influence of the properties of the inclusions (type, material properties, size) of this

structure, while a modal analysis is performed to characterize the dynamic behaviors leading to

high acoustic absorption. Particularly, in the case of thin viscoelastic membranes, an absorption

coefficient larger than 0.8 is observed on a wide frequency band. This property is found to be due

to the coupling between the first volume mode of the inclusion and the trapped mode induced by

the periodic array and the rigid backing, for a wavelength in the air smaller than 11 times the mate-

rial thickness. VC 2016 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4940669]

[OU] Pages: 617–629

I. INTRODUCTION

This work was initially motivated by the study of acous-

tic metamaterials for acoustic absorption, especially in the

aeronautical industry where both weight and space remain of

critical concern. Although porous materials, such as foams,

are commonly used, they suffer from a lack of absorption at

low frequencies compared to their efficiency at higher ones.

This difficulty is usually overcome by multi-layering.1

However, while reducing the impedance mismatch at the air-

material interface, the efficiency of such devices relies on

the allowable thickness.

Over the past ten years, macroscopically inhomogeneous

foams have proved to be a promising alternative. Seminal

works by Boutin and Olny2 on double-porosity materials

showed that absorption properties of a porous layer can be

enhanced by the resonance of the foam microstructure, excited

by the macro-pores obtained by drilling holes through the

thickness of a regular porous plate.2,3 Initially based on ho-

mogenization techniques, such materials have also been mod-

eled using finite element methods,4,5 possibly combined with a

topological optimization algorithm.6 This double-porosity

approach has been further adapted by Gourdon and Seppi7 to

account for porous material inclusions instead of air cavities.

In addition, De Ryck et al. derived the equations describing

acoustic wave propagation in a macroscopically inhomogene-

ous rigid-frame porous medium,8 from the alternative formula-

tion of Biot’s theory.9 These theoretical developments can be

used to model and to design poroelastic layer with continuous-

varying properties (e.g., functionally graded foams10).

Following this research and the growing interest in acous-

tic metamaterials,11–15 the concept of metaporous material has

been later developed to simultaneously take advantage of the

damping effects of the host foam material, as well as the scat-

tering effects and resonances of embedded inclusions. The

study of multiple scattering in rigid-frame porous materials

has been initiated by Tournat et al.16 who considered the trans-

mission through a porous medium in which randomly arranged

small-sized metallic rods are embedded transversally. Using a

modified formulation of the independent scattering approxima-

tion (called ISAb approach), this homogenized medium was

shown to exhibit a decreased acoustic transmission.

This finding, together with the evidence of increased opti-

cal absorption in rough surfaces (first studied by Wood,17 and

partially explained by Wirgin and Lopez-Rios18), led Groby

et al.19 to investigate, using the multipole method, the acoustic

properties of a rigid-frame porous plate (i.e., under an equiva-

lent fluid hypothesis) in which is embedded a periodic set of

scatterers, whose size cannot be neglected compared to the

acoustic wavelength. If the radii of these periodic inclusions

are comparable to the acoustic wavelength and the inclusions

are considered as rigid, then a perfect absorption coefficient

can be observed at frequencies below the natural frequency of

the first mode of the porous plate. These phenomena are

mainly due to a decrease of the transmission coefficient in the

case of one grating of inclusions, or to bandgaps with total

absorption peaks in the case of a finite depth sonic crystal

(multi-layered grating).20 Groby et al. explained the influence

of the periodic inclusions on the absorption coefficient as
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soliciting additional acoustic modes which trap the energy

inside the structure and dissipate the acoustic energy through

viscous and thermal effects in the material pores. When the

porous layer is backed by a flat, rigid surface and when only

one inclusion per unit cell is embedded, an additional trapped

mode can be excited. This results in a perfect absorption peak

at a frequency below the usual quarter-wavelength resonance

frequency, in the homogeneous layer case.19

More recently, the works of Lagarrigue et al.21 focused on

metaporous materials with periodic resonant inclusions, based

on a rigid assumption for both the frame of the porous material

and solid inclusions. Using a finite element approach, the

authors studied the influence of the geometry and the orienta-

tion of split-ring resonators on the acoustic absorption, result-

ing in a combination between their resonances and the

previous trapped mode phenomena. They also achieved large-

band absorption by designing supercells composed of vari-

ously configured resonators. Finally, while these references

and the present article are related to two-dimensional configu-

rations, three-dimensional configurations have also been

investigated.22,23

The purpose of the present article is to extend the concept

of metaporous material to the case of poroelastic host foams.

Indeed, when the elastic skeleton of a porous material is

excited and the considered frequency band lies below the

decoupling frequency, wave propagation mechanisms must

be modeled using the full Biot’s theory.24 By adapting the

multiple scattering approach to account for the associated

Biot waves, a semi-analytical model is proposed to predict the

acoustic behavior of such acoustic metamaterials. After vali-

dating the approach with finite element simulations and com-

paring it to an equivalent fluid approach, enhanced acoustic

properties are illustrated in the case of thin shell inclusions.

II. FORMULATION OF THE PROBLEM

A. Description of the configuration

The problem, depicted in Fig. 1, is assumed to be invari-

ant with respect to the Cartesian direction x3. The studied

configuration consists in a rigidly backed poroelastic domain

X[1] of thickness H. The periodic array of cylindrical inclu-

sions is composed of an infinite set of elastic domains X[2]

with external radii a (internal radii b in the case of shell inclu-

sions) and period d. The surrounding air medium occupies the

upper domain denoted X[0]. The incident wave vector kinc lies

in the sagittal plane and the associated incidence angle cinc is

defined counterclockwise from the positive x1 axis.

In order to deal with harmonic frequency-dependent

quantities, the pressure and the other fields are considered

through their Fourier transform, using the following time con-

vention: ~pðx; tÞ ¼
Ð1
�1 pðx;xÞe�ixt dx. To lighten the follow-

ing theoretical developments, this x-dependency will be

dropped. The incident wave is classically expressed using the

associated pressure field, of amplitude Ainc, such as

pincðxÞ ¼ Ainceikinc
1

x1 e�ikinc
2
ðx2�HÞ, where kinc

1 ¼ �kinc cos cinc

and kinc
2 ¼ kinc sin cinc.

Considering the plane wave nature of the incident wave

and the periodicity of the configuration, the classical Floquet

relation, pðx1 þ nd; x2Þ ¼ pðx1; x2Þeikinc
1

nd; n 2 Z, for the

pressure fields, is further used to bring the study down to

determining the various fields in the unit cell of the layer

containing one inclusion.

B. Material modeling

Wave propagation mechanisms inside the poroelastic me-

dium X[1] are modeled using the full Biot’s theory,24 which

handles both solid and fluid phases of a porous medium (the

associated quantities are referred to as �s and � f, respectively)

according to the following constitutive relations:

rs
ij
½1� ¼ ½ðP� 2NÞr �u½1� þQr�U½1��dijþ 2Nes

ij
½1�; (1)

rf
ij
½1� ¼ ðQr � u½1� þ Rr � U½1�Þdij; (2)

where rs
ij and rf

ij are the components of the stress tensors of

both solid and fluid phases, respectively; u½1� and U½1� repre-

sent the displacement fields in the solid and the fluid phases,

respectively; P, Q, and R are the so-called Biot coefficients,

whose expressions can be found in Ref. 24; es
ij
½1� ¼ ð1=

2Þðru½1� þ rTu½1�Þ is the linear strain tensor of the solid

phase; dij denotes the Kronecker delta. These displacements

can be further expressed by separately considering the poten-

tials associated with compressional and shear waves, as

u½1� ¼ ru½1�P þru½1�A þr� W½1�S ; (3)

U½1� ¼ l½1�P ru½1�P þ l½1�A ru½1�A þ l½1�S r� W½1�S ; (4)

where u½1�P and u½1�A are the potentials associated with the so-

called “fast” and “slow” compressional waves, respectively,

WS ¼ wSx3 is the potential associated with shear wave and

l½1�P ; l½1�A , and l½1�S are coefficients denoting the ratios between

the displacements in both phases for each propagation mode.

Moreover, in the case of sound absorbing materials,

e.g., foams, material parameters cannot be considered as fre-

quency independent. To model these dissipation phenomena,

the five-parameter Johnson–Champoux–Allard (JCA) model

is used.25 The associated frequency-dependent effective den-

sity q and bulk modulus K are given by

q xð Þ ¼ q0

/
a1 �

�/
ixq0

F xð Þ
� �

; (5)

K xð Þ ¼ cP0

/
c� c� 1

1� �0/
ixq00

G xð Þ

2
64

3
75
�1

; (6)

FIG. 1. Cross-sectional plane view of the configuration.
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where q0 is the air density; P0 the ambient mean pressure;

� ¼ g=q0 ¼ Pr �0 with g the viscosity of the fluid phase and

Pr the Prandtl number; c is the specific heat ratio; q0¼ g/r
and q00 ¼ /K02=8 are the static viscous and thermal perme-

abilities, respectively. The five JCA parameters are the open

porosity /, the static airflow resistivity r (depending on q0),

the tortuosity a1 and the viscous and thermal characteristic

lengths K and K0, respectively. The frequency-dependent

functions F(x) and G(x) are given by

F xð Þ ¼ 1� 2a1q0

/K

� �2
ix
�

" #1=2

; (7)

G xð Þ ¼ 1� K0

4

� �2
ix
�0

" #1=2

: (8)

Introducing these complex frequency-dependent coefficients

into the wave equations derived from Biot’s 1956 theory

leads to the so-called Biot–Johnson–Allard model.26

The constitutive relation associated with each of the

elastic inclusions is classically given by

r½2�ij ¼ k½2�r � u½2� þ 2l½2�e½2�ij ; (9)

where k[2] and l[2] are the Lam�e coefficients and e
½2�
ij corre-

sponds to the linear strain tensor associated with the dis-

placement field inside each inclusion u½2�. The latter can also

be expressed using potentials u½2�P and W½2�S associated with

compressional and shear waves, respectively, as

u½2� ¼ ru½2�P þr� W½2�S : (10)

C. Field representations in X[0], X[1], and X[2] and
solutions of intermediate problems

The uniqueness of the solution to the forward scattering

problem of the incident plane wave, of amplitude Ainc, on

the metaporous layer is ensured by the radiation condition

p½0�ðxÞ � pincðxÞ � outgoing waves, for x2 � H. The expres-

sion of the external pressure field in X[0] can then be derived

using the separation of variables and the Floquet relation, as

p½0� ¼
X
q2Z

eik1qx1ðAince�ik
½0�
2q
ðx2�HÞdq0þRqeik

½0�
2q
ðx2�HÞÞ; (11)

where Rq are the reflection coefficients associated with the qth

Bloch mode, k1q ¼ kinc
1 þ 2qp=d, and k

½0�
2q¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk½0�Þ2�ðk1qÞ2

q
,

with Reðk½0�2qÞ�0 and Imðk½0�2qÞ�0.

At this step of the modeling process, it is more conven-

ient to use Cartesian coordinates to write the field representa-

tion inside the poroelastic layer. According to the principle

of superposition, this can be seen as the sum of the field dif-

fracted in the plate and the fields diffracted by the inclusions.

The potentials associated with the three Biot waves in X[1]

(with N representing u or w and X representing P or A when

N is u, and S when N is w) can thus be written as

N½1�X ¼
X
q2Z

eik1qx1ðf ½1�Xq e�ik
½1�X
2q x2 þ g½1�Xq eik

½1�X
2q x2Þ

þ
X
q2Z

X
n2Z

KX6
qn CX

n eik1qðx1�x
ð0Þ
1
Þ6ik

½1�X
2q ðx2�x

ð0Þ
2
Þ; (12)

where f
½1�X
q and g

½1�X
q are amplitude coefficients representing

the waves diffracted at the layer boundaries and propagating

along the negative and positive x2 direction, respectively;

k
½1�
2q¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk½1�XÞ2�ðk1qÞ2

q
, with Reðk½1�X2q Þ�0 and Imðk½1�X2q Þ�0,

where k[1]X represents the wavenumber associated with the X-

type Biot wave; x
ð0Þ
1 and x

ð0Þ
2 are the coordinates of the center

of the inclusion; and KX6
qn ¼2ð�iÞne6innX

q =ðk½1�X2q dÞ, with nq

such that k½1�XeinX
q ¼k1qþ ik

½1�X
2q , represent the polar to

Cartesian coordinates operator; the signs þ and � correspond

to x2>a and x2<a, respectively. Here, CX
n are the diffusion

coefficients associated with the inclusion of the reference cell,

derived from the global multiple scattering problem of the per-

iodic array.

Evaluating the continuity conditions at the upper and

lower boundaries of the layer, namely,

rs
12
½1� ¼ 0; rs

22
½1� þ rf

22
½1� ¼ �p½0�;

rf
22
½1� ¼ �/p½0�; /U

½1�
2 þ ð1� /Þu½1�2 ¼ U

½0�
2 ; (13)

at x2¼H and

u
½1�
1 ¼ 0; u

½1�
2 ¼ 0; U

½1�
2 ¼ 0; (14)

at x2¼ 0, leads to the following linear system,

Mq f q ¼ hincAincdq0 þ
X
n2Z

hP
qn CP

n þ
X
n2Z

hA
qn CA

n

þ
X
n2Z

hS
qn CS

n; (15)

where f q 2 C
7;1

is the vector of the unknown amplitude

coefficients defined as

f q ¼ ½f ½1�Pq g½1�Pq f ½1�Aq g½1�Aq f ½1�Sq g½1�Sq Rq�; (16)

and Mq 2 C
7;7 at each considered frequency. The right-

hand side terms of the equation represent source terms asso-

ciated with the incident wave and the waves of each Biot

wave type scattered by the inclusions, expressed in the

global Cartesian coordinate system. Detailed expressions of

these terms are given in Appendix A.

Locally, the wave scattering problem of a single inclu-

sion, denoted X[2], inside an infinite poroelastic medium,

denoted X[1] can be introduced by assuming a pure compres-

sional X-type incident wave, defined by a wave vector k½1�X

and an incidence angle cP. Considering a polar coordinate

system [x ¼ ðr; hÞ], centered on the inclusion, the associated

displacement potential is given by

uinc ¼
X
n2Z

AX
n Jnðk½1�XrÞeinh; (17)
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where AX
n represents the amplitude of the nth mode associated

with the decomposition of the incident wave and Jn denotes

Bessel functions of the first kind and nth order. The scattered

fields can also be described using a modal decomposition of

the displacement potentials in the following form:

Nscat
Y ¼

X
n2Z

AY
n TXY

n Hð1Þn ðk½1�XrÞeinh; (18)

where Y¼P, A, S, and Hð1Þn denote Hankel functions of the

first kind and nth order. The TXY
n coefficients, first introduced

by Varadan,27 represent the transition operators associated

with the mode conversion phenomena of an incident X-type

wave into a scattered Y-type wave, at the interface between

the inclusion and the surrounding medium. Similarly, the

field propagating inside a full inclusion can be described by

the following potentials:

N½2�Y ¼
X
n2Z

AX
n EXY

n Jnðk½2�XrÞeinh; (19)

where the EXY
n coefficients represent the mode conversion

inside the elastic inclusion. All these transition coefficients

are determined by applying the boundary conditions at the

interface between the inclusion and the surrounding medium

using the previous expressions of the various potentials. This

finally leads to solving the following linear matrix system:

DntX
n ¼ sX

n ; (20)

where Dn is the global scattering matrix, tX
n is the vector of

the unknown transition coefficients,

tX
n ¼ ½TXP

n TXA
n TXS

n EXP
n EXS

n �
T ; (21)

associated with an incident X-type wave, described by the

source vector sX
n . Expressions of the boundary conditions, Dn

matrices and sX
n vectors derived for both full elastic and shell

inclusions (which are discussed later in Sec. III B) are given in

Appendix B. It can also be noted that the size of these matrix

systems depends on the number of modes retained for the initial

modal decomposition. The numerical criterion to determine the

truncation order of the decomposition is given in Appendix D.

D. Multiple scattering approach

Several studies have investigated the scattering of plane

waves by a single or a pair of inclusions in different configu-

rations: elastic waves and a viscolelastic inclusion,28 poroe-

lastic inclusions in an acoustic medium,29 compressional

waves and an elastic inclusion in a poroelastic medium.30

However, in this study, the inclusions composing the peri-

odic set cannot be considered as isolated.

The multiple scattering theory initially developed by

Z�avi�ska,31 and further promoted by Twersky,32 is character-

ized by the fact that the field diffracted by a single inclusion

only depends on its geometric or acoustic properties: the

multiple scattering model then describes the interactions

between all the inclusions. Hence, the incident field on a

given inclusion is composed of the initial incident field and

also of the field scattered by the other inclusions. While lots

of studies concern multiple wave scattering in elastic

media33 only a few have focused on porous media, either

restricting to homogenization approaches dedicated to ran-

dom inclusion sets,34 or equivalent fluid approaches.35,36

Therefore, the following theoretical developments constitute

an original attempt to handle the full Biot’s theory, allowing

to accurately describe poroelastic media with embedded per-

iodic inclusions, through the multiple scattering formalism.

According to the previous definition and considering the

reference inclusion of the periodic set, an expression of the

displacement potentials can be directly derived by extending

the single scattering problem, namely,

N½1�X ¼
Xþ1

n¼�1
CX

n Hð1Þn ðk½1�XrÞeinh þ
Xþ1

n¼�1
AX

n Jnðk½1�XrÞeinh;

(22)

where AX
n are the amplitude coefficients associated with the

global source terms generated by the scattering of an incom-

ing X-type Biot wave. These terms can be identified by trans-

posing Eq. (12) from its global Cartesian form to the local

cylindrical coordinate system. However, as emphasized by

Eq. (15), the amplitude coefficients f
½1�X
q and g

½1�X
q also

depend on the scattering coefficients CX
n . Hence, considering

the complexity of this linear system, a semi-analytical solu-

tion is further handled in the form

f q¼F inc
q dqþ

Xþ1
n¼�1

FP
qnCP

n þ
Xþ1

n¼�1
FA

qnCA
n þ

Xþ1
n¼�1

F S
qnCS

n;

(23)

by numerically evaluating F inc
q ¼ ½Mq��1hinc and FX

qn

¼ ½Mq��1hX
qn, using the system given Eq. (15). As an exam-

ple, substituting these expressions into Eq. (12) and focusing

on u½1�P , whose amplitude coefficients are located in lines 1

and 2 inside f q [denoted “(1)�” and “(2)�,” respectively] gives

u½1�P ¼
Xþ1

n¼�1
CP

n Hð1Þn ðk½1�PrÞeinhþ
Xþ1

n¼�1

Xþ1
m¼�1

rP
mnCP

mJnðk½1�PrÞeinhþ
Xþ1

n¼�1

Xþ1
q¼�1

ð ð1ÞF inc
q dqLP�

nq e�ik
½1�P
2q

x
ð0Þ
2 þ ð2ÞF inc

q dqLPþ
nq eik

½1�P
2q

x
ð0Þ
2 Þ

� eik1qx
ð0Þ
1 Jnðk½1�PrÞeinhþ

Xþ1
n¼�1

Xþ1
q¼�1

Xþ1
m¼�1

½ð ð1ÞFP
qmCP

mþ ð1ÞFA
qmCA

mþ ð1ÞF S
qmCS

mÞLP�
nq e�ik

½1�P
2q x

ð0Þ
2

þðð2ÞFP
qmCP

mþ ð2ÞFA
qmCA

mþ ð2ÞF S
qmCS

mÞLPþ
nq eik

½1�P
2q

x
ð0Þ
2 �eik1qx

ð0Þ
1 Jnðk½1�PrÞeinh; (24)

620 J. Acoust. Soc. Am. 139 (2), February 2016 Weisser et al.

 Redistribution subject to ASA license or copyright; see http://acousticalsociety.org/content/terms. Download to IP:  158.42.243.105 On: Thu, 17 Mar 2016 13:45:40



where rP
mn is similar to the so-called Schl€omilch series (or lattice sum), defined by

rX
mn ¼

Xþ1
p¼1

Hð1Þm�nðk½1�XpdÞ½ð�1Þm�neik
½1�X
1

pd þ e�ik
½1�X
1

pd� ; (25)

accounting for the field scattered by all the inclusions except the reference inclusion; and LX6
nq ¼ ine7innX

q . Comparing this

expression to Eq. (22) leads to

AX
n ¼

Xþ1
m¼�1

rX
mnCX

m þ
Xþ1

q¼�1
QPX

mnqCP
mþ

Xþ1
q¼�1

QAX
mnqCA

m þ
Xþ1

q¼�1
QSX

mnqCS
m

 !
þ
Xþ1

q¼�1
SX

nq; (26)

where QYX
mnq and SX

nq are coefficients whose expressions are given in Appendix C.

Finally, assuming that the scattering coefficient associated with an X-type Biot wave is composed of the conversion of the

various incoming amplitudes through the previously defined transition operators, Eq. (18), as

CX
n ¼ TPX

n A
P
n þ TAX

n A
A
n þ TSX

n A
S
n; (27)

and introducing the developed expressions of the source terms given in Eq. (26), the following linear matrix system can be

derived:

2
66664

Id � ½TPPð�rP þ QPPÞ þ TAPQPA þ TSPQPS� �½TPPQAP þ TAPð�rA þ QAAÞ þ TSPQAS� …

�½TPAð�rP þ QPPÞ þ TAAQPA þ TSAQPS� Id � ½TPAQAP þ TAAð�rA þ QAAÞ þ TSAQAS� …

�½TPSð�rP þ QPPÞ þ TASQPA þ TSSQPS� �½TPSQAP þ TASð�rA þ QAAÞ þ TSSQAS� …

�½TPPQSP þ TAPQSA þ TSPð�rS þ QSSÞ�

�½TPAQSP þ TAAQSA þ TSAð�rS þ QSSÞ�

Id � ½TPSQSP þ TASQSA þ TSSð�rS þ QSSÞ�

3
77775

CP

CA

CS

2
66664

3
77775 ¼

TPPSP þ TAPSA þ TSPSS

TPASP þ TAASA þ TSASS

TPSSP þ TASSA þ TSSSS

2
66664

3
77775; (28)

where TXY ; �rX; QXY , and SX are matrices of elements

TXY
n dij; rX

ji ;
P

q2ZQXY
mnq, and

P
q2ZSX

nq, respectively; Id

denotes the identity matrix.

Once this system has been numerically solved using the

truncation formulas given in Appendix D, the obtained scat-

tering coefficients are substituted into Eq. (23) to determine

the components of vector f q, which includes the reflexion

coefficients.

III. NUMERICAL RESULTS AND DISCUSSION

The following numerical calculations are related to the

previously described configuration (Fig. 1) with H¼ d¼ 2 cm,

using the material properties given in Table I. This porous ma-

terial has been provided by the industrial partner Embraer (S~ao

Jos�e dos Campos, Brazil) and is typically used, with a larger

thickness, for aircraft cabin insulation.

A. Elastic inclusions

At first, the influence of a periodic set of elastic full inclu-

sions is investigated. Previous studies19,20,36 performed under a

motionless skeleton hypothesis have shown that embedding

inclusions is particularly efficient to enhance the absorption

properties of small thickness foam slabs, especially below the

so-called quarter-wavelength frequency of the slow wave. In

this section, calculations were run considering both steel inclu-

sions (qe¼7800 kgm�3; cp¼5100 ms�1, and cs¼1480ms�1)

TABLE I. Parameters of the poroelastic material.

Description Symbol Value

Porosity / 0.989

Resistivity r 8060 Nsm�4

Tortuosity a1 1.0

Viscous characteristic length K 214 lm

Thermal characteristic length K0 214 lm

Density q 6.1 kgm�3

Young’s modulus E 56 544 kgm�1s�2

Poisson’s ratio � 0.21

Structural loss factor g 0.02
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and Plexiglas inclusions (qe¼1180 kgm�3; cp¼2700 ms�1,

and cs¼1370ms�1), yet leading to quite similar results. The

exposed results will therefore focus on steel inclusions.

To assess the results derived from the semi-analytical

model, an in-house finite element code has been developed

and used. Based on quadratic triangular elements, this

code handles both excitation by a plane wave and perio-

dicity conditions. Figure 2(a) shows the values of the

absorption coefficients using the proposed approach, which

are further compared to the finite element values, as illus-

trated by the associated absolute error curves, Fig. 2(b). A

mesh size of six elements per wavelength is applied. A

global error lower than 0.02 is observed, illustrating a very

good agreement over the whole frequency band and for

the various radii. It can also be noticed that the peaks are

related to resonance frequencies, which are classically

overestimated by finite element approaches. While such

errors can be typically reduced using mesh refinement, a

convergence analysis is beyond the scope of this article.

Hence, both approaches can be considered as cross

validated.

Figure 2(a) gives the absorption coefficients calculated

with the proposed method for a 2-cm thick foam plate with

a 2-cm periodic set of steel inclusion of radius a
2 [3 mm;9 mm]. It can be noticed that the behavior of the

structure is similar to the equivalent fluid behavior,

depicted in Fig. 3 (dashed lines), and that the optimal con-

figuration leading to a perfect absorption can be directly

translated from one case to the other. This clearly indicates

that the inclusions can be considered as rigid. When

increasing the radius of the inclusions, the frequency of the

first absorption peak shifts down, its amplitude increases up

to one and then decreases, resulting in a perfect absorption

at a frequency lower than the quarter-frequency limit. A

trapped mode is then excited, trapping the energy between

the inclusions and the rigid backing. Hence, the whole

structure can be seen as a resonating absorber:37 modifying

the radius of the inclusion changes the leakage of this reso-

nator, which is then exactly compensated by the losses in

the poroelastic material. A critical coupling condition38,39

is achieved, which generates a perfect absorption at the

associated frequency.

The poroelastic aspect of the layer is mainly illustrated

by the so-called Biot peak, Fig. 2(a). When the radius of the

inclusion increases, its frequency shifts toward higher fre-

quencies, depicting a stiffening of the structure (already

observed by Zieli�nski40). Moreover, as observed Fig. 3 for

a¼ 7.5 mm or 8 mm (solid lines), when this frequency gets

slightly higher than the trapped mode frequency, the absorp-

tion increases due to a solid–fluid coupling.

Another interesting comment can be made by decom-

posing the absorption following the different dissipation

FIG. 2. (Color online) (a) Absorption coefficients at normal incidence for a

2-cm periodic set of steel inclusions embedded in a 2-cm thick poroelastic

plate for various radii; (b) associated errors comparing to finite-element

approach.

FIG. 3. (Color online) Comparison of the previous absorption coefficients

with those calculated under an equivalent fluid hypothesis for various

radii.

FIG. 4. (Color online) Decomposition of the absorption phenomena for a 2-

cm periodic set of steel inclusions of radius a¼ 5 mm embedded in a 2-cm

thick poroelastic plate, using FEM approach.
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mechanisms inside the metaporous material. This can be

easily performed using the in-house finite element approach

and the expressions proposed in Ref. 41. As an example,

Fig. 4 shows the results derived in the case of inclusions of

radii 5 mm (similar comments can be made for other values

of the radii). The different parts of the absorption are repre-

sented in a cumulative way. It can be noticed that the main

part is associated with viscous and thermal effects. In par-

ticular, the decrease of absorption around 2.5 kHz is due to

a reduction of the viscous effects as the solid Biot wave

(corresponding to small relative displacements of the fluid

phase with respect to the solid phase) is excited.

The possible modes of the structure are typically associ-

ated either to the resonances of the inclusions (not appearing

in this case) or to the resonances of the plate induced by the

periodic array, or to the resonances of the system as a whole.

According to previous analysis, the excitation of Lamb-like

modes was expected due to the inclusions. Figures 5(a) and

5(b) depict the real part of the velocity and the imaginary part

of the roots of the determinant of matrixMq, Eq. (15), respec-

tively, which allows to derive these Lamb-like modes of the

poroelastic plate.

It can be observed, see Fig. 6, that while the mode

associated with the fluid phase (i.e., modified mode of the

backed plate) is excited by the periodic set of inclusions,

the Lamb-like modes are not (Fig. 2). Moreover, the veloc-

ity of the first Bloch wave intersects the first Lamb-like

mode at around 3250 Hz, which does not translate on the

absorption curve, Fig. 2. This can be due to the fact that the

embedded periodic set makes the structure stiffer and there-

fore makes the Lamb-like modes more difficult to excite.

This is confirmed by Fig. 6 where the A0 mode is only

excited without inclusions at oblique incidence, leading to

a large absorption peak. In this last case, the absorption

coefficient is similar to the one derived under the assump-

tion of motionless porous layer.

B. Resonant inclusions: Thin shell example

As previously emphasized, the advantage of the poroelas-

tic approach is to handle resonant elastic inclusions without

loss of generality, as investigated in this section. Among the

various types of elastic resonators, thin elastic shells, i.e.,

membranes, were chosen. High-contrast steel shells of thick-

ness h¼ a � b¼ 200 lm were first tested, leading to the same

results as in Sec. III A. Therefore, rubber shells with mechani-

cal parameters extracted from the literature42 were used:

E ¼ 1:9� 106 � ix796 Pa; � ¼ 0:48; qe ¼ 1800 kg m�3.

Once again, the proposed absorption curves have been

compared to finite element computations, showing very good

agreement [these are similar to Fig. 2(b) and have been omit-

ted to lighten the article]. In this case, the mesh is more

refined than in the previous case in order to handle the small

thickness of the shells, corresponding to the characteristic

dimension of the mesh. Although very small errors have been

observed on resonance peaks, both models are considered as

cross validated. This also emphasized one advantage of the

proposed approach which does not suffer from aspect ratio

issues.

Figure 7 shows the associated absorption curves for

the same 2-cm thick poroelastic layer with a 2-cm periodic

set of rubber shell inclusions of radii a 2 [7 mm;9 mm].

FIG. 5. (Color online) (a) Real part of the velocity of the poroelastic plate

modes; (b) imaginary part of the wave number of the poroelastic plate

modes.

FIG. 6. (Color online) Absorption coefficient at oblique incidence cinc¼p/6

for both motionless and poroelastic plates.

FIG. 7. (Color online) Absorption coefficient at normal incidence for a 2-cm

periodic set of thin shell inclusions embedded in a 2-cm thick poroelastic

plate of various radii.
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First, it can be noted that perfect absorption is obtained at

a¼ 7 mm and not at a¼ 7.5 mm as observed for equivalent

fluid and elastic inclusions. This confirms that these shell

inclusions cannot be considered as rigid and that they

interact with the poroelastic plate. It is further illustrated

by comparing both solid and dashed green curves

(a¼ 8 mm), Fig. 7: the equivalent fluid approach is clearly

missing a part of the dynamic behavior due to the structure

of the inclusion. Indeed, on the poroelastic curves, two

types of resonance of the inclusions are observed: flexural

resonances occur around 500 Hz and 1250 Hz (these are

not noticeable on the equivalent fluid curve), and the first

volume resonance is located around 2500 Hz. This latter is

readily affected by the motion of the membrane, as shown

in the case of Helmholtz resonators.43 Furthermore, while

the quality factor of the flexural resonances is large, it

is very low for the volume resonance, leading to a large

absorption at a frequency lower than the perfect absorption

frequency. On the contrary, while the equivalent

fluid curve clearly exhibits the volume mode of the

inclusions, whose frequency is down-shifted by the less

stiff boundary conditions between the equivalent fluid me-

dium and the solid inclusions, no flexural mode can be

observed.

The contribution of each mode can be further deter-

mined by looking at the absolute value of the determinant

of matrix Dn ðn 2 ZÞ, Eq. (20), or by increasing the number

of diffraction coefficients in the calculation. By doing so,

the volume resonance is found to be excited through the 0th

order diffraction coefficient, i.e., the pressure field inside

the shell is uniform. This mode, together with the trapped

mode associated with the fluid phase, thus, lead to a large

absorption. While the analysis of detðDnÞ for n¼ 0,

n¼6 1, and n¼62 exhibits a minimum around 500 Hz,

only n¼61 and n¼62 lead to an absorption peak at these

frequencies. At normal incidence, the 0th order flexural

mode cannot be excited because of the presence of the

neighboring inclusions, which is not the case for higher dif-

fraction orders. As depicted by the inset Fig. 7, representing

the angular deformation of the shell for a¼ 7.5 mm, this

peak is also due to a combination between these two modes.

It can be noted that this frequency corresponds to a wave-

length in the air which is 34 times larger than the current

thickness of the structure.

Moreover, looking at a wide band behavior, it is particu-

larly interesting to note that the absorption coefficient of the

structure for a 2 [7 mm;8 mm] remains larger than 0.8

between 1500 Hz and 4250 Hz, the lower frequency corre-

sponding to a wavelength in the air that is 11 times larger

than the thickness of the structure.

Finally, Fig. 8 shows the decomposition of the total

absorption into each dissipation mechanism and once more

illustrates the strength of Biot’s theory as both the inclu-

sions and the frame are solicited. Most of the energy is dis-

sipated within the inclusion between 1.5 and 3 kHz. This

confirms the previous remarks: the first resonance is due to

the inclusion and the second resonance is due to the trapped

mode of the fluid phase, which involves dissipation by vis-

cous effects.

IV. CONCLUSION

A semi-analytical model of a metaporous material

composed of a rigidly backed poroelastic layer with embed-

ded periodic resonant inclusions has been presented. The

deformation of the porous material is handled using the full

Biot’s theory, and the complex behavior of the associated

waves inside the structure is modeled using both Bloch

wave decomposition and multiple scattering theory. The ac-

curacy of the approach has been cross validated with regard

to an in-house finite element code. The model has been fur-

ther used to investigate the acoustic behavior of such

structures.

While the derived results were quite similar to the

equivalent fluid (i.e., motionless skeleton) results in the

case of full elastic inclusions, except concerning the so-

called Biot peak, interesting properties were observed for

thin elastic shell inclusions. Particularly, the coupling

between both the trapped and the first volume modes lead

to a high wide band absorption. These modes are highly

affected by the motion of the membrane due to the defor-

mation of the skeleton. Moreover, it has been shown that

flexural modes of the membrane lead to absorption peak at

very low frequencies. Therefore, some targeted large band

absorption could be derived by finely tuning the properties

of the thin shell inclusions to control the resonance fre-

quencies of the associated flexural modes.
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FIG. 8. (Color online) Decomposition of the absorption phenomena for a 2-

cm periodic set of thin shell inclusions of radius a¼ 8 mm embedded in a 2-

cm thick poroelastic plate, using FEM approach.
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APPENDIX A: MATRICES OF THE DIFFRACTION
PROBLEM AT THE POROUS LAYER BOUNDARIES

Considering the vector of unknown amplitudes f q,

defined in Eq. (16), evaluating the boundary conditions given

in Eqs. (13) and (14) leads to the following Mq 2 C
7;7

matrix,

Mqð1; 1Þ ¼ 2k1qk
½1�P
2q e�ik

½1�P
2q H;

Mqð1; 2Þ ¼ �2k1qk
½1�P
2q eik

½1�P
2q H;

Mqð1; 3Þ ¼ 2k1qk
½1�A
2q e�ik

½1�A
2q H;

Mqð1; 4Þ ¼ �2k1qk
½1�A
2q eik

½1�A
2q H;

Mqð1; 5Þ ¼ ½ðk1qÞ2 � ðk½1�S2q Þ
2�e�ik

½1�S
2q H;

Mqð1; 6Þ ¼ ½ðk1qÞ2 � ðk½1�S2q Þ
2�eik

½1�S
2q

H;

Mqð1; 7Þ ¼ 0 ;

Mqð2; 1Þ ¼ ½�ðP� 2N þ Qð1þ l½1�P Þ

þ l½1�P RÞðk½1�PÞ2 � 2Nðk½1�P2q Þ
2�e�ik

½1�P
2q H;

Mqð2; 2Þ ¼ ½�ðP� 2N þ Qð1þ l½1�P Þ

þ l½1�P RÞðk½1�PÞ2 � 2Nðk½1�P2q Þ
2�eik

½1�P
2q

H;

Mqð2; 3Þ ¼ ½�ðP� 2N þ Qð1þ l½1�A Þ

þ l½1�A RÞðk½1�AÞ2 � 2Nðk½1�A2q Þ
2�e�ik

½1�A
2q H;

Mqð2; 4Þ ¼ ½�ðP� 2N þ Qð1þ l½1�A Þ

þ l½1�A RÞðk½1�AÞ2 � 2Nðk½1�A2q Þ
2�eik

½1�A
2q H;

Mqð2; 5Þ ¼ �2Nk1qk
½1�S
2q e�ik

½1�S
2q H;

Mqð2; 6Þ ¼ 2Nk1qk
½1�S
2q eik

½1�S
2q

H;

Mqð2; 7Þ ¼ 1; (A1)

Mqð3; 1Þ ¼ �ðQþ l½1�P RÞðk½1�PÞ2e�ik
½1�P
2q H;

Mqð3; 2Þ ¼ �ðQþ l½1�P RÞðk½1�PÞ2eik
½1�P
2q

H;

Mqð3; 3Þ ¼ �ðQþ l½1�A RÞðk½1�AÞ2e�ik
½1�A
2q H;

Mqð3; 4Þ ¼ �ðQþ l½1�A RÞðk½1�AÞ2eik
½1�A
2q H;

Mqð3; 5Þ ¼ 0;

Mqð3; 6Þ ¼ 0;

Mqð3; 7Þ ¼ /;

Mqð4; 1Þ ¼ �ik
½1�P
2q ð1� /þ l½1�P /Þe�ik

½1�P
2q

H;

Mqð4; 2Þ ¼ ik
½1�P
2q ð1� /þ l½1�P /Þeik

½1�P
2q

H;

Mqð4; 3Þ ¼ �ik
½1�A
2q ð1� /þ l½1�A /Þe�ik

½1�A
2q

H;

Mqð4; 4Þ ¼ ik
½1�A
2q ð1� /þ l½1�A /Þeik

½1�A
2q

H;

Mqð4; 5Þ ¼ �ik1qð1� /þ l½1�S /Þe�ik
½1�S
2q

H;

Mqð4; 6Þ ¼ �ik1qð1� /þ l½1�S /Þeik
½1�S
2q

H;

Mqð4; 7Þ ¼ �ik
½0�
2q=ðq½0�x2Þ; (A2)

Mqð5; 1Þ ¼ ik1q;

Mqð5; 2Þ ¼ ik1q;

Mqð5; 3Þ ¼ ik1q;

Mqð5; 4Þ ¼ ik1q;

Mqð5; 5Þ ¼ �ik
½1�S
2q ;

Mqð5; 6Þ ¼ ik
½1�S
2q ;

Mqð5; 7Þ ¼ 0;

Mqð6; 1Þ ¼ �ik
½1�P
2q ;

Mqð6; 2Þ ¼ ik
½1�P
2q ;

Mqð6; 3Þ ¼ �ik
½1�A
2q ;

Mqð6; 4Þ ¼ ik
½1�A
2q ;

Mqð6; 5Þ ¼ �ik1q;

Mqð6; 6Þ ¼ �ik1q;

Mqð6; 7Þ ¼ 0; (A3)

Mqð7; 1Þ ¼ �il½1�P k
½1�P
2q ;

Mqð7; 2Þ ¼ il½1�P k
½1�P
2q ;

Mqð7; 3Þ ¼ �il½1�A k
½1�A
2q ;

Mqð7; 4Þ ¼ il½1�A k
½1�A
2q ;

Mqð7; 5Þ ¼ �il½1�S k1q;

Mqð7; 6Þ ¼ �il½1�S k1q;

Mqð7; 7Þ ¼ 0: (A4)

The right-hand side of Eq. (15) is composed of the following

vectors:

hinc¼ ½ 0 �Ainc �Ainc/ � ik
½0�
2qAinc=ðq½0�x2Þ 0 0 0 �T ;

(A5)
and

hX
qnð1;1Þ¼2k1qk

½1�X
2q KXþ

qn e�ik1qx
ð0Þ
1 eik

½1�X
2q ðH�x

ð0Þ
2
Þ;

hX
qnð1;2Þ¼½ðP�2NþQð1þl½1�X Þ

þl½1�X QÞðk½1�XÞ2þ2Nðk½1�X2q Þ
2�

�KXþ
qn e�ik1qx

ð0Þ
1 eik

½1�X
2q ðH�x

ð0Þ
2
Þ;

hX
qnð1;3Þ¼ðQþl½1�X RÞðk½1�XÞ2KXþ

qn e�ik1qx
ð0Þ
1 eik

½1�X
2q ðH�x

ð0Þ
2
Þ;

hX
qnð1;4Þ¼�ik

½1�X
2q ð1�/þl½1�X /ÞKXþ

qn e�ik1qx
ð0Þ
1 eik

½1�X
2q
ðH�x

ð0Þ
2
Þ;

hX
qnð1;5Þ¼�ik1qKX�

qn e�ik1qx
ð0Þ
1 eik

½1�X
2q x

ð0Þ
2 ;

hX
qnð1;6Þ¼ ik

½1�X
2q KX�

qn e�ik1qx
ð0Þ
1 eik

½1�X
2q

x
ð0Þ
2 ;

hX
qnð1;7Þ¼ il½1�X k

½1�X
2q KX�

qn e�ik1qx
ð0Þ
1 eik

½1�X
2q x

ð0Þ
2 ;

(A6)

for X¼P, A, and
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hS
qnð1; 1Þ ¼ �½ðk1qÞ2 � ðk½1�S2q Þ

2�KSþ
qn e�ik1qx

ð0Þ
1 eik

½1�S
2q ðH�x

ð0Þ
2
Þ;

hS
qnð1; 2Þ ¼ �2Nk1qk

½1�S
2q KSþ

qn e�ik1qx
ð0Þ
1 eik

½1�S
2q ðH�x

ð0Þ
2
Þ;

hS
qnð1; 3Þ ¼ 0;

hS
qnð1; 4Þ ¼ ik1qð1� /þ l½1�S /ÞKSþ

qn e�ik1qx
ð0Þ
1 eik

½1�S
2q
ðH�x

ð0Þ
2
Þ;

hS
qnð1; 5Þ ¼ ik

½1�S
2q KS�

qn e�ik1qx
ð0Þ
1 eik

½1�S
2q x

ð0Þ
2 ;

hS
qnð1; 6Þ ¼ ik1qKS�

qn e�ik1qx
ð0Þ
1 eik

½1�S
2q x

ð0Þ
2 ;

hS
qnð1; 7Þ ¼ ik1ql

½1�
S KS�

qn e�ik1qx
ð0Þ
1 eik

½1�S
2q x

ð0Þ
2 : (A7)

APPENDIX B: MATRICES OF THE SINGLE SCATTERING PROBLEMS

In the case of a full cylindrical elastic inclusion, the boundary conditions at r¼ a between X[1] and X[2] are

u½1�r ¼ u½2�r ; u
½1�
h ¼ u

½2�
h ; U½1�r ¼ u½2�r ; rs½1�

rr þ rf ½1�
rr ¼ r½2�rr ; rs½1�

rh ¼ r½2�rh : (B1)

Evaluating these continuity conditions leads to the following scattering matrix Dn 2 C
5;5,

Dnð1; 1Þ ¼ a½1�P _H
ð1Þ
n ða½1�PÞ;

Dnð1; 2Þ ¼ a½1�A _H
ð1Þ
n ða½1�AÞ;

Dnð1; 3Þ ¼ inHð1Þn ða½1�SÞ;
Dnð1; 4Þ ¼ �a½2�P _Jnða½2�PÞ;
Dnð1; 5Þ ¼ �inJnða½2�SÞ;
Dnð2; 1Þ ¼ inHð1Þn ða½1�PÞ;
Dnð2; 2Þ ¼ inHð1Þn ða½1�AÞ;

Dnð2; 3Þ ¼ �a½1�S _H
ð1Þ
n ða½1�SÞ;

Dnð2; 4Þ ¼ �inJnða½2�PÞ;
Dnð2; 5Þ ¼ a½2�S _Jnða½2�SÞ;

Dnð3; 1Þ ¼ ð1� l½1�P Þa½1�P _H
ð1Þ
n ða½1�PÞ;

Dnð3; 2Þ ¼ ð1� l½1�A Þa½1�A _H
ð1Þ
n ða½1�AÞ;

Dnð3; 3Þ ¼ inð1� l½1�S Þ _H
ð1Þ
n ða½1�SÞ;

Dnð3; 4Þ ¼ 0;

Dnð3; 5Þ ¼ 0;

Dnð4; 1Þ ¼ ðaP þ bPÞða½1�PÞ2Hð1Þn ða½1�PÞ þ 2Nða½1�PÞ2 €Hnð1Þða½1�PÞ;
Dnð4; 2Þ ¼ ðaA þ bAÞða½1�AÞ2Hð1Þn ða½1�AÞ þ 2Nða½1�AÞ2 €Hnð1Þða½1�AÞ;

Dnð4; 3Þ ¼ 2inNð�Hð1Þn ða½1�SÞ þ a½1�S _H
ð1Þ
n ða½1�SÞÞ;

Dnð4; 4Þ ¼ ða½2�PÞ2ðk½2�Jnða½2�PÞ � 2l½2� €Jnða½2�PÞÞ;
Dnð4; 5Þ ¼ �2inl½2�ð�Jnða½2�SÞ þ a½2�S _Jnða½2�SÞÞ;

Dnð5; 1Þ ¼ 2inNð�Hð1Þn ða½1�PÞ þ a½1�P _H
ð1Þ
n ða½1�PÞÞ;

Dnð5; 2Þ ¼ 2inNð�Hð1Þn ða½1�AÞ þ a½1�A _H
ð1Þ
n ða½1�AÞÞ;

Dnð5; 3Þ ¼ Nð�n2Hð1Þn ða½1�SÞ þ a½1�S _H
ð1Þ
n ða½1�SÞ � ða½1�SÞ

2 €Hnð1Þða½1�SÞÞ;
Dnð5; 4Þ ¼ �2inl½2�ð�Jnða½2�PÞ þ a½2�P _Jnða½2�PÞÞ;

Dnð5; 5Þ ¼ �l½2�ð�n2Jnða½2�SÞ þ a½2�S _Jnða½2�SÞ � ða½2�SÞ2 €Jnða½2�SÞÞ; (B2)
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where a[i]X¼ k[i]Xa for X¼P,A,S and i¼ 1,2; aX¼ 2 N � P � QlX and bX¼�(QþRlX) for X¼P,A; _Jn; €Jn; _H
ð1Þ
n , and €Hnð1Þ

denote the first and second derivatives of both the Bessel and Hankel functions, respectively, with regard to r. The source

terms sX
n are also given by

sX
n ð1Þ ¼ �a½1�X _Jnða½1�XÞ;

sX
n ð2Þ ¼ �inJnða½1�XÞ;

sX
n ð3Þ ¼ �ð1� l½1�X Þa½1�X _Jnða½1�XÞ;

sX
n ð4Þ ¼ �ðaX þ bXÞða½1�XÞ2Jnða½1�XÞ � 2Nða½1�XÞ2Jnða½1�XÞ;

sX
n ð5Þ ¼ �2Ninð�Jnða½1�XÞ þ a½1�X _Jnða½1�XÞÞ; (B3)

for X¼P, A and

sS
nð1Þ ¼ �inJnða½1�SÞ;

sS
nð2Þ ¼ a½1�S _Jnða½1�SÞ;

sS
nð3Þ ¼ �inð1� l½1�S ÞJnða½1�SÞ;

sS
nð4Þ ¼ �2Ninð�Jnða½1�SÞ þ a½1�S _Jnða½1�SÞÞ;

sS
nð5Þ ¼ �Nð�n2Jnða½1�SÞ þ a½1�SJnða½1�SÞ � ða½1�SÞ2 €Jn ða½1�SÞÞ: (B4)

In the case of a shell elastic inclusion filled with air, as studied in the second configuration introduced Sec. III B, the previ-

ously evaluated boundary conditions at r¼ a are supplemented by those at the shell/air interface at r¼ b¼ a � h,

u½0�r ¼ u½2�r ; �p½0� ¼ r½2�rr ; 0 ¼ r½2�rh : (B5)

The size of the scattering problem is therefore extended to account for the waves inside the shell inclusion and the wave trans-

mitted to the inner air medium, leading to the following vector of unknowns

tX
n ¼ ½ TXP

n TXA
n TXS

n EXP
n EXS

n FXP
n FXS

n TX
n �

T : (B6)

The associated coefficients inside the extended scattering matrix Dn 2 C
8;8

are given by

Dnð1; 6Þ ¼ �a½2�P _H
ð1Þ
n ða½2�PÞ;

Dnð1; 7Þ ¼ �inHð1Þn ða½2�SÞ;
Dnð1; 8Þ ¼ 0;

Dnð2; 6Þ ¼ �inHð1Þn ða½2�PÞ;

Dnð2; 7Þ ¼ a½2�S _H
ð1Þ
n ða½2�SÞ;

Dnð2; 8Þ ¼ 0;

Dnð3; 6 : 8Þ ¼ 0;

Dnð4; 6Þ ¼ ða½2�PÞ2ðk½2�Hð1Þn ða½2�PÞ � 2l½2� €Hnð1Þða½2�PÞÞ;

Dnð4; 7Þ ¼ �2inl½2�ð�Hð1Þn ða½2�SÞ þ a½2�S _H
ð1Þ
n ða½2�SÞÞ;

Dnð4; 8Þ ¼ 0;

Dnð5; 6Þ ¼ �2inl½2�ð�Hð1Þn ða½2�PÞ þ a½2�P _H
ð1Þ
n ða½2�PÞÞ;

Dnð5; 7Þ ¼ �l½2�ð�n2Hð1Þn ða½2�SÞ þ a½2�S _H
ð1Þ
n ða½2�SÞ � ða½2�SÞ

2 €Hnð1Þða½2�SÞÞ;
Dnð5; 8Þ ¼ 0;

Dnð6; 1 : 3Þ ¼ 0;

Dnð6; 4Þ ¼ �b½2�P _Jnðb½2�PÞ;
Dnð6; 5Þ ¼ �inJnðb½2�PÞ;

Dnð6; 6Þ ¼ �b½2�P _H
ð1Þ
n ðb½2�PÞ;

Dnð6; 7Þ ¼ �inHð1Þn ðb½2�PÞ;
Dnð6; 8Þ ¼ b½0� _Jnðb½0�Þ=ðq½0�x2Þ; (B7)
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Dnð7; 1 : 3Þ ¼ 0;

Dnð7; 4Þ ¼ �ðb½2�PÞ2ðk½2�Jnðb½2�PÞ � 2l½2� €Jnðb½2�PÞÞ;
Dnð7; 5Þ ¼ 2inl½2�ð�Jnðb½2�SÞ þ b½2�S _Jnðb½2�SÞÞ;
Dnð7; 6Þ ¼ �ðb½2�PÞ2ðk½2�Hð1Þn ðb½2�PÞ � 2l½2� €Hnð1Þðb½2�PÞÞ;

Dnð7; 7Þ ¼ 2inl½2�ð�Hð1Þn ðb
½2�SÞ þ b½2�S _H

ð1Þ
n ðb

½2�SÞÞ;
Dnð7; 8Þ ¼ b2Jnðb½0�Þ;
Dnð8; 1 : 3Þ ¼ 0;

Dnð8; 4Þ ¼ �2inl½2�ðb½2�P _Jnðb½2�PÞ � Jnðb½2�PÞÞ;
Dnð8; 5Þ ¼ �l½2�ð�ðb½2�SÞ2 €Jnðb½2�SÞ þ b½2�S _Jnðb½2�SÞ � n2Jnðb½2�SÞÞ;

Dnð8; 6Þ ¼ �2inl½2�ðb½2�P _H
ð1Þ
n ðb½2�PÞ � Hð1Þn ðb½2�PÞÞ;

Dnð8; 7Þ ¼ �l½2�ð�ðb½2�SÞ2 €Hnð1Þðb½2�SÞ þ b½2�S _H
ð1Þ
n ðb½2�SÞ � n2Hð1Þn ðb½2�SÞÞ;

Dnð8; 8Þ ¼ 0; (B8)

where b[i]X¼ k[i]Xb for X¼P, A, S and i¼ 1, 2. The associ-

ated source terms are identical to the previous ones with

additional components equal to zero.

APPENDIX C: DETAILS OF THE SEMI-ANALYTICAL
FORMULATION

To ease the understanding of the theoretical develop-

ments exposed in Sec. II D, the following coefficients have

been defined

QXY
mnq ¼ in½cos ðnnY

q � k
½1�Y
2q x

ð0Þ
2 ÞððiÞFX

qm þ ðjÞFX
qmÞ

þ i sin ðnnY
q � k

½1�Y
2q x

ð0Þ
2 Þ

� ð ðiÞFX
qm � ðjÞFX

qmÞ�eik1qx
ð0Þ
1 ; (C1)

and concerning the initial incident source terms

SY
nq ¼ in½cos ðnnY

q � k
½1�Y
2q x

ð0Þ
2 ÞððiÞF inc

q þ ðjÞF inc
q Þ

þ i sin ðnnY
q � k

½1�Y
2q x

ð0Þ
2 Þ

� ð ðiÞF inc
q � ðjÞF inc

q Þ�eik1qx
ð0Þ
1 dq; (C2)

where “(i)�” and “(j)�” represent the line numbers inside f q

corresponding to the concerned Y-type wave.

APPENDIX D: NUMERICAL RECIPES

Considering the complexity of the derived linear sys-

tems resulting from both Biot’s formulation and the transi-

tion operators, partial numerical solutions are performed.

Hence, the various infinite sums must be truncated according

to the following criteria:

• for the modal representation of the field scattered by a sin-

gle inclusion

N ¼ intðRef4:05 minð½k½1�P k½1�A k½1�S�aÞ1=3

þminð½k½1�P k½1�A k½1�S�aÞgÞ þ 10; (D1)

• for the sum over the array of inclusions, which depends on

the considered frequency and the periodicity of the array

P ¼ int

�
d

2p

�
3 Re max k 1½ �P k 1½ �A k 1½ �S

� �	 
� �

� Re kinc
1

� ���
þ 5; (D2)

• for the lattice sum, which can be seen as a dissipative

Schl€omilch series, the following stopping criterion is

used:

Re
r Lþ1ð Þ

mn � r Lð Þ
mn

r Lð Þ
mn

( )
 	 10�6 and

Im
r Lþ1ð Þ

mn � r Lð Þ
mn

r Lð Þ
mn

( )
 	 10�6; (D3)

where superscripts “�(L)” and “�(Lþ 1)” indicate the trunca-

tion order of the series. It must be noticed that the losses

accounted for through the complex wave numbers in Eq.

(25) highly contribute to a quick convergence of these

series.
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