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Perfect (100%) absorption by thin structures consisting of a periodic arrangement of rectangular

quarter-wavelength channels with side detuned quarter-wavelength resonators is demonstrated. The

thickness of these structures is 13–17 times thinner than the acoustic wavelength. This low fre-

quency absorption is due to a slow sound wave propagating in the main rectangular channel. A the-

oretical model is proposed to predict the complex wavenumber in this channel. It is shown that the

speed of sound in the channel is much lower than in the air, almost independent of the frequency in

the low frequency range, and it is dispersive inside the induced transparency band which is

observed. The perfect absorption condition is found to be caused by a critical coupling between the

rectangular channel (sub-wavelength resonators) and the incoming wave. It is shown that the width

of a large absorption peak in the frequency spectrum can be broadened if several rectangular chan-

nels in the unit cell are detuned. The detuning is achieved by varying the length of the side resona-

tors for each channel. The predicted absorption coefficients are validated experimentally. Two

resonant cells were produced with stereolithography which enabled the authors to incorporate

curved side resonators. VC 2016 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4945101]

[KVH] Pages: 1660–1671

I. INTRODUCTION

A perfect absorber, i.e., a structure which absorbs 100%

of the incident acoustic energy, of very small thickness is of

great scientific and engineering interest. Until now, porous or

fibrous materials1 have been the common choice for noise pas-

sive control due to their ability to dissipate sound through ther-

mal and viscous losses. This results in limitations: to absorb

low frequency sound, bulky and heavy treatments are required

even when optimized multilayer or graded materials2 are used.

Acoustic absorption can also be performed by means of micro-

perforated panels3,4 with tuned cavity depth behind the panels.

A large review of the existing acoustic absorbing structures

can be found in Ref. 5. To overcome imperfect impedance

matching to the incoming wave on structures with dimensions

comparable to the wavelength, several strategies have been

followed these last decades usually consisting in coupling

porous materials with resonant features, double porosity

materials,6 metaporous materials,7–10 dead-end porosity mate-

rials,11,12 or in coupling purely resonant components, mem-

branes,13–15 Helmholtz resonators,15,16 or quarter-wavelength

resonators (QWRs) making use of slow sound.12,17

In these last types of passive absorption systems the bal-

ance between the rate of energy leakage and the inherent

losses of the resonators is of fundamental relevance for their

reflection properties.15,18 When these are well balanced, the

critical coupling condition is fulfilled, leading to an imped-

ance matching and maximum absorption at the resonance

frequency. In the present article, we critically couple periodic

QWRs loaded by detuned QWRs to lower their resonance fre-

quencies making use of the slow sound propagation together

with the inherent attenuation. In acoustics, most of the theoret-

ical and experimental evidences of slow sound have been

achieved by considering sound propagation (i) in pipes with a

series of detuned resonators (mostly Helmholtz resonators)

separated by a subwavelength distance creating an induced

transparency band (ITB),19 or with a series of tuned or

detuned resonators separated by half of the wavelength giving

rise to a coupling between the resonators and the Bragg

bandgap;20 (ii) in waveguided sonic crystals;21 or (iii) in lined

ducts.22 So far, only a few studies have been focusing on the

dissipation (dispersion and attenuation) of slow sound propa-

gation,23 even if dissipation has been sometimes noticed or

discussed19,20,24 and only a few studies make use of the slow

sound together with its attenuation to design a sub-wavelength

acoustic absorber in two dimensions.17

A periodic structure whose unit cell consists of unique

QWR of rectangular cross-section, named pore in the follow-

ing, loaded by detuned QWRs is first critically coupled. The

main advantage of this subwavelength resonator when com-

pared to a usual Helmholtz one is a relatively large aperture

enabling easy tuning of the resistivity of the structure. To

some extent, it acts similarly as tapered labyrinthine acoustic

metamaterials.25 In a second step, a periodic structure whose

unit cell consists in several pores of rectangular cross-

section also loaded by different detuned QWRs are critically

coupled. This pore differs from the length of the side resona-

tors. Perfect absorption can be achieved over a large fre-

quency band for wavelength again much larger than the

usual 4 times the depth of the structure limit. Absorption ina)Electronic mail: Jean-Philippe.Groby@univ-lemans.fr
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diffuse field is also investigated. Absorption at higher fre-

quencies is also large in this configuration thanks to the cou-

pling between the higher order resonances of the pores and

ITBs of each pore avoiding the bandgap. The effective pa-

rameters enabling the description of the structure behavior

are derived. It is shown that detuning enables to open the

ITB. Slow sound propagation is demonstrated and equations

of the speed of sound are derived. The speed of sound pos-

sesses a plateau at low frequency and is necessarily disper-

sive inside the ITB.19 Finally, experimental validations are

performed at normal incidence on samples with curved load-

ing QWRs produced by stereolithography showing good

agreement with the calculations.

II. DESCRIPTION OF THE CONFIGURATION

A unit cell of the three-dimensional (3D) scattering

problem together with a sketch of a loaded rectangular pore

are shown in Figs. 1(a) and 1(b). Before the addition of

the loading QWRs, the unit cell is composed of N rectangu-

lar cross-section straight pores. The nth pore of section w
ðnÞ
1

�w
ðnÞ
2 and height L(n) is occupied by a material Mp(n), whose

parameters account for both the viscous and thermal losses

at each lateral boundary and are recalled in Appendix A. The

total thickness of the structure is L ¼ maxn2NðLðnÞÞ. The

upper and lower flat and mutually parallel boundaries of the

structure, whose x3 coordinates are L and L – L(n), are desig-

nated by CL and CðnÞ0 , respectively. The thermal (and vis-

cous) losses are neglected on these two boundaries and a

Neumann type boundary condition is applied on them, i.e.,

the normal velocity vanishes on CL and CðnÞ0 . The corner of

the nth tube is located at x1 ¼ d
ðnÞ
1 and x2 ¼ d

ðnÞ
2 , which both

refer to the boundary on which a Neumann type boundary

condition is applied, i.e., the interface CðnÞN , or to the lower

left corner in case of loading on two opposite sides of the

pore. The upper semi-infinite material Ma, i.e., the ambient

fluid that occupies Xa, and Mp(n) are in firm contact at the

boundaries CðnÞap ; 8n 2 N , i.e., the pressure and normal ve-

locity are continuous across CðnÞap .

A periodic set of QWRs (r
ðnÞ
n in radii and l

ðnÞ
n in length

tubes) are plugged on the pore lateral sides of inner normal

n, i.e., n¼61 if the tubes are plugged along the positive or

negative x1 axis or n¼62 if the tubes are plugged along the

positive or negative x2 axis. These QWRs are arranged with

a square lattice of size a
ðnÞ
n . The material M

tðnÞ
n that occupies

each tube XtðnÞ
n is modeled as a circular tube where both the

viscous and thermal losses are accounted for, see Appendix

A. This material is in firm contact with Mp(n) through CptðnÞ
n ,

i.e., the pressure and normal velocity are continuous

across CptðnÞ
n . The thermal losses are neglected at the surfaces

ending each tube and a Neumann type boundary condition

is applied on these boundaries. The conditions on CptðnÞ
n

also reduce to an impedance one applied on the whole inter-

face CðnÞn in the following, because the considered wave-

lengths are much larger than the dimensions of CptðnÞ
n and the

periodicity of this arrangement a
ðnÞ
n . This impedance classically

reads as Z
ðnÞ
n ¼6iZ

tðnÞ
n cotanðktðnÞ

n l
tðnÞ
n Þ=/tðnÞ

n , wherein Z
tðnÞ
n

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qtðnÞ

n K
tðnÞ
n

q
is the impedance of M

tðnÞ
n ;k

tðnÞ
n is the wavenum-

ber inside the tube, /tðnÞ
n is the ratio between the area of CptðnÞ

n

over one of the unit cells, i.e., a surface porosity /tðnÞ
n

¼pðrðnÞn Þ2=ðaðnÞn Þ2. The sign 6 depends on whether the reso-

nators are plugged on the right/top (þ sign) or left/bottom

(� sign) side of the pore. In what follows, only the positive

sign will be used and

Z
ðnÞ
n ¼ iZ

tðnÞ
n cotanðktðnÞ

n l
tðnÞ
n Þ=/tðnÞ

n : (1)

Note that the use of an impedance condition is suitable

in the presence of a series of side resonators along the main

pore. Therefore, a single pair of side detuned resonators can

hardly be modeled through an impedance condition.26

The incident wave propagates in Xa and is expressed by

piðxÞ¼Aieiðki
1
x1þiðki

2
x2�kai

3
ðx3�LÞÞ, wherein ki

1¼�ka coshi sin/i;

kai
2 ¼ ka coshi cos/i, with hi the elevation and Ui the azimuth,

and Ai¼Ai(x) is the signal spectrum.

In each domain Xa (a¼ a, p(n), t(n)), the pressure field

fulfills the Helmholtz equation

r � 1

qa
rpa

� �
þ kað Þ2

qa
pa ¼ 0; (2)

with the density qa and the wavenumber ka¼x/ca, defined

as the ratio between the angular frequency x and the sound

speed ca ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ka=qa

p
.

As the problem is periodic and the excitation is due to a

plane wave, each field (X) satisfies the Floquet-Bloch relation

Xðxþ dÞ ¼ XðxÞeiki
1
d: (3)

Consequently, it suffices to examine the field in the elemen-

tary cell of the material to get the fields, via the Floquet rela-

tion, in the other cells.

III. SOLUTION OF THE PROBLEM

A. Field representations

Separation of variables, radiation conditions, and Floquet

theorem lead to the representations

FIG. 1. (a) Example of a d1� d2-periodic structure, whose unit cell is com-

posed of two rectangular pores and (b) sketch of a loaded rectangular pore

by a periodic set of QWRs of circular cross-section.
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paðxÞ ¼
X
ðq;gÞ2Z2

½Aie�ika
3qgðx3�LÞdqg

þ Rqgeika
3qgðx3�LÞ�eika

1qx1þika
2gx2 ; 8x 2 Xa ; (4)

wherein dqg is the Kronecker symbol, ka
1q ¼ ki

1 þ ð2qp=d1Þ;

ka
2g ¼ ki

2 þ ð2gp=d2Þ, and ka
3qg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkaÞ2 � ðka

1qÞ
2 � ðka

2gÞ
2

q
,

with Reðka
3qgÞ � 0 and Imðka

3qgÞ � 0. The reflection coeffi-

cient of the plane wave denoted by the subscripts q and g is

Rqg.

According to Refs. 27 and 28, the pressure field p(n)

admits the pseudo-modal representation, that already

accounts for the boundary conditions on CðnÞ0 , CN, and CðnÞn ,

pðnÞ ¼
X

ðm;oÞ2N2

AðnÞmoU
ðnÞ
1mðx1 � d

ðnÞ
1 ÞU

ðnÞ
2o ðx2 � d

ðnÞ
2 Þ

� cos ðkðnÞ3moðx3 þ LðnÞ � LÞÞ; 8x 2 XðnÞ ; (5)

wherein AðnÞmo are the coefficients of the pseudo-modal repre-

sentation, k
ðnÞ
3mo ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkðnÞÞ2 � ðkðnÞ1mÞ

2 � ðkðnÞ2o Þ
2

q
, with ReðkðnÞ3moÞ

� 0 and ImðkðnÞ3moÞ � 0, and UðnÞ1mðx1Þ and UðnÞ2o ðx2Þ are the

mode in the x1 and x2 directions, respectively. The different

modal expansion and mode dispersion relations are pre-

sented in Appendix B, depending on either the impedance

condition is applied on any, one, or two opposite sides of the

pore. For simplicity, we will consider the modal decomposi-

tion only in the x1 direction. The modes UðnÞ1mðx1Þ are either

orthogonal or bi-orthogonal and the orthogonality relation

reads as
Ð w1

0
UðnÞ1mðx1ÞUðnÞ1Mðx1Þdx1 ¼ dMmw

ðnÞ
1 N

ðnÞ
1m . In particu-

lar, the zero-order low frequency approximation ~k
ðnÞ
10 , arising

from the condition k
ðnÞ
10 w1 � 1, is

~k
nð Þ

10 ¼
1

w
nð Þ

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ixqp nð Þw

nð Þ
1

Z
nð Þ

1

vuut ; (6)

when an impedance condition is applied on a single side and is

~k
nð Þ

10 ¼
1

w
nð Þ

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ixqp nð Þw

nð Þ
1 Z

nð Þ
1 þ Z

nð Þ
�1 � ixqp nð Þw

nð Þ
1

� �
Z

nð Þ
1 Z

nð Þ
�1

vuuut ;

(7)

when impedance conditions are applied on both sides of the pores.

B. The linear system for the solution of Rqg

The application of the boundary conditions on each

interface CðnÞap leads to two sets of coupled equations in terms

of AðnÞmo and Rqg.

The combination of these two sets of equations leads to

the solution either in terms of Rqg or in terms of AðnÞmo , these

two solutions being linked one with each other. In particular,

the linear system of equations for the solution for Rqg,

8ðq; gÞ 2 Z2, is

Rqg �
iqa

k3qg

X
Q;Gð Þ2Z2

RQG

X
n2N

X
m;oð Þ2Z2

k
nð Þ

3mo/
p nð Þ

qp nð ÞN
nð Þ

1m N
nð Þ

2o

� tan k
nð Þ

3moL nð Þ
� �

I
nð Þ�

1mq I
nð Þ�

2og I
nð Þþ

1mQ I
nð Þþ

2oG

¼ Aidqg þ Ai
X
n2N

X
m;oð Þ2Z2

iqak
nð Þ

3mo/
p nð Þ

k
nð Þ

3qgq
p nð ÞN

nð Þ
1m N

nð Þ
2o

� tan k
nð Þ

3moL nð Þ
� �

I
nð Þ�

1mq I
nð Þ�

2og I
nð Þþ

1m0 I
nð Þþ

2o0 ; (8)

where /pðnÞ ¼ w
ðnÞ
1 w

ðnÞ
2 =d1d2 is the surface porosity of the

nth pore, such that [n2N/pðnÞ ¼ /p is the global surface po-

rosity of the structure, and I
ðnÞ6
mq depicts the aperture of the

pore on the semi-infinite half space through CðnÞap . The expres-

sions of I
ðnÞ6
mq are given in Appendix C.

The system [Eq. (8)] is solved for each (q, g) pair. The

absorption coefficient A is then calculated through

A ¼ 1�
X
ðqgÞ2Z2

Re ka
3qg

� �
ka

300

kRqgk2: (9)

The dimensions of the studied configurations are given

in Table I.

IV. ANALYSIS OF THE DISPERSION RELATION IN A PORE

For simplicity, the superscript p refers to the pore, while

the exponent t refers to the QWR. In Ref. 17, the dispersion

relation [Eq. (B1)] was analyzed showing that the low fre-

quency solution [Eq. (6)] could be used as a first approxima-

tion and exhibits a combined effect of a large decrease of the

sound speed together with an increase of the attenuation in a

slit of width w1 with the ratio /tl=w1. Following this idea and

considering one straight pore of cross section w1�w2 loaded

by two sets of identical QWRs, two cases should be analyzed:

when the impedances are applied on two adjacent sides of the

pore (case 1) and when they are applied on two opposite sides

of the pore, for example, along the x1 axis (case 2). At low fre-

quency (ktl � 1), the speed of sound in the pore, c ¼ x=~k
p

3,

reads as c ¼ cp=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðZpcp/tl=ZtctÞð1=w1 þ 1=w2Þ

p
for case

1 and as c ¼ cp=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2Zpcp/tl=Ztctw1Þ

p
for case 2. In this

last case, the last term of the numerator of Eq. (7), which tra-

duces the coupling between the two sets of QWRs, vanishes

because it is of second order in terms of ktl and therefore does

not influence the speed of sound at low frequency. No cou-

pling can be noticed at low frequency. The formulas only dif-

fer from the dependence in terms of w2. In case 1, both w1 and

w2 are constrained by the presence of the QWRs, i.e., w1� a
and w2� a, while in case 2 w1 can be very small, allowing the

speed of sound to be very small and increasing the attenua-

tion, Imð~kp

3Þ ¼ Imðkp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2Zpcp/tl=Ztctw1Þ

p
Þ. This last

case also appears more efficient, and we will also focus on

cases where the impedances are applied on opposite sides.

Let us now consider the detuned case when both sets of

QWRs only differ from their length, i.e., l1 and l–1, and in

particular, the dimension of configuration C1. Figures 2(a)

and 2(b) depict, respectively, the real and imaginary part of

kp
3 and the real part of cp

3. Again, the low frequency solution
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[Eq. (7)] can be used as a good approximation of k
ðnÞ
10 . The

slope of Reðkp
3Þ is smaller than the one of Re(kp) inside the

passband, which again shows a decrease of the sound speed

in the pore. At low frequency, the speed of sound reads as

c ¼ cp=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½Zpcp/tðl1 þ l�1Þ=Ztctw1�

p
. This behavior is

identical to the one of a configuration comprising a single set

of QWR of length ltot¼ l1þ l–1. The first advantage of using

two sets of resonators instead of a single one is to shift the

first bandgap, due to the quarter-wavelength resonance of

the tubes, at a higher frequency, because obviously c/

4ltot< c/4l1 and c/4ltot< c/4l–1. This allows propagation of

waves at a small speed over a larger frequency band leading

to possible large absorption. The second advantage lies in

the detuning allowed by the balance of this total length on

both sides of the pore leading to an ITB, Fig. 2(a). The

bandgap arises when Reð~k10Þ > ReðkpÞ at first approxima-

tion. Around the resonances of the two sets of resonators

tan ðktljÞ � �1=ðktlj � p=2Þ; j ¼ 61. The frequencies for

which Reð~kp

3Þ ¼ 0 satisfies the equation Refkt þ ðZpcp/t=
Ztctw1Þð½p � ktðl1 þ l�1Þ � ktw1/

tqp=qt�=ðktl1 � p=2Þðktl�1

�p=2ÞÞg ¼ 0. This equation clearly exhibits the two

resonances of the QWRs and a third frequency coupling the

resonators. The low frequency bounds of both bandgaps are

f
ð1Þ
l � 2400 Hz and f

ð2Þ
l � 3500 Hz and correspond to the

QWRs resonance, while the higher frequency bound of

the first bandgap is f
ð1Þ
h � 2800 Hz. The higher bound of the

second bandgap can be found through the approximation

tan ðktljÞ � ktlj � p; j ¼ 61. This clearly shows that the

ITB is due to the interaction of the first resonances of both

resonators. In absence of losses, it can be shown that k10

goes to infinity at the first resonance, while the higher order

modes k1n, n> 1 shift down of a value of p/w1. Similarly, at

the second resonance, k11 goes to infinity, while the higher

order modes k1n, n> 2 again shift down of a value of p/w1.

When losses are accounted for, and for a small value

of k1nw1, these modes do not intersect anymore and a

single continuous function ~k10 is found. The speed of sound

reads as

c¼ cp

, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þZpcp/t

Ztctw1

p=kt�ðl1þ l�1Þ�w1/
tqp=qt

ðktl1�p=2Þðktl�1�p=2Þ

 !vuut

inside the ITB, where the last term of the numerator traduces

the coupling between the two resonators. An important

remark is that while the speed of sound possesses a plateau

at low frequency, where the velocity is not dispersive, the

speed of sound inside the ITB is necessarily dispersive and

accounts for the coupling between the detuned resonators.

V. DERIVATION OF THE EFFECTIVE PARAMETERS

Adopting the same type of analysis as in Ref. 17, i.e.,

assuming the unique propagation of the modes m¼ 0 and

o¼ 0 in the pores, k
ðnÞ
1 w

ðnÞ
1 � 1 and k

ðnÞ
2 w

ðnÞ
2 � 1, and the

dominance of the zeroth order terms in I6
0q ensuring

Iþ00I�00=N0 � 1, the system Eq. (8) reduces to the unique cal-

culation of R00, which takes the following form:

TABLE I. Dimension of the considered configurations (mm).

Conf. L d1� d2 w
ðnÞ
1 � w

ðnÞ
2 d

ðnÞ
1 � d

ðnÞ
2 l1, l�1 a r

C1 30 84� 42 1.5� 20 (24.5� 11); (58� 11) (35, 24); (24, 35) 5 1.75

C1, Eq. (12) # 42� 42 # / 35, 24 # #

C2 28 84� 84 3.25� 7 (2.5� 7.65); (9.5� 13.4) (50, 30); (43, 23) 7 2.5

# (16.5� 19.4) (35, 19) # #

# (74.5� 7.65); (67.5� 13.4) (50, 30); (43, 23) # #

# (60.5� 19.4) (35, 19) # #

# (2.5� 73.1); (9.5� 67.35) (30, 50); (23, 43) # #

# (16.5� 61.35) (19, 35) # #

# (74.5� 73.1); (67.5� 67.35) (30, 50); (23, 43) # #

# (60.5� 61.35) (19, 35) # #

C2, Eq. (12) # (42� 42) # / (50, 30); (43, 23) # #

# / (35, 19) # #

FIG. 2. Configuration 1. (a) Real and

imaginary parts of kp
3 (solid line) and

~k
p

3 (dashed line), both real and imagi-

nary parts of kp (dotted line) and of ~k
p

3

when only the first (o) and the second

(�) set of QWRs are present are also

plotted. The inset shows a zoom at low

frequency of the imaginary part. (b)

Real part of cp
3 (solid line) and ~cp

3

(dashed line) together with its low fre-

quency approximation (x) and its

approximation inside the ITB (�).

Real part of cp (dotted line) and ca (o)

are also plotted.
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R00 ¼ Ai

sin hi

Z0

þ
XN

n

i/p nð Þk
nð Þ

3 tan k
nð Þ

3 L nð Þ
� �

xq nð Þ

sin hi

Z0

�
XN

n

i/p nð Þk
nð Þ

3 tan k
nð Þ

3 L nð Þ
� �

xq nð Þ

: (10)

It is very important to specify that the condition leading to

the dominance of the zeroth order terms in I6
0q is only

attached to the arrangement of the pores in the unit cell. A

simple identification with the classical formula of the reflec-

tion coefficient of a rigidly backed homogeneous slab leads

to a surface admittance of each pore

Y
nð Þ

eff ¼
�i/p nð Þk

nð Þ
3 tan k

nð Þ
3 L nð Þ

� �
xq nð Þ ; (11)

which does not depend on the angle of incidence. Another

identification leads to Z
ðnÞ
eff ¼ xqðnÞ=k

ðnÞ
3 /pðnÞ and k

ðnÞ
eff ¼ k

ðnÞ
3

for this locally reacting material,1 considering each pore in-

dependently. Let us also consider only one straight pore per

spatial period for simplicity.

Similar to what was done in Ref. 17, the total porosity

of the pore /tot ¼ /pð1þ /tðl1 þ l�1Þ=w1Þ should be intro-

duced for these quantities to be consistent and in

particular, for limx!0/totKeff ¼ P0. The effective density

and bulk modulus, where the approximation [Eq. (7)] is

made, reads as

qeff ¼ 1þ /t l1 þ l�1ð Þ
w1

� �
q 1ð Þ

/tot

; Keff ¼
Kp 1þ /t l1 þ l�1ð Þ

w1

� �

/tot 1þ Zp/t

w1Ztkp
tan ktl1ð Þ þ tan ktl�1ð Þ � qpw1kt/t

qt
tan ktl1ð Þtan ktl�1ð Þ

 ! ! :

(12)

At low frequency, when ktl1� 1 and ktl–1� 1, the effec-

tive bulk modulus reduces to Keff¼Kp½1þð/tðl1þ l�1Þ=w1Þ�=
/tot½1þðKp/tðl1þ l�1Þ=w1KtÞ�. Particularly noticeable is the

comparison with the first order homogenization theory.29–31

Classically, the homogenized bulk modulus Khom and density

qhom are

1

qhom

¼ /tot

q
¼ /p

q 1ð Þ ;

1

Khom

¼ /tot

K
¼ /p

Kp
þ /p l1 þ l�1ð Þw2

Ktd1d2

¼ /p

Kp
1þ /tKp l1 þ l�1ð Þ

Ktw1

� �
; (13)

which fit the low frequency approximation of Eq. (12).

Figure 3 depicts the real [Fig 3(a)] and imaginary [Fig.

3(b)] part of both effective parameters normalized by

/tot=P0 for the bulk modulus and by /tot=q
a for the density.

The bulk modulus is lower than in absence of the resonators

while a large tortuosity-like effect is exhibited for the effec-

tive density. This tortuosity-like effect is responsible for the

low speed of sound encountered at the low frequency. It is

closer to the concept of static tortuosity introduced in the

Pride-Lafarge model1 than the usual tortuosity which refers

to high frequency behavior of regular porous materials. The

expressions of the effective bulk modulus and density are

valid below the first bandgap for the whole material, because

of the arrangement of the pores and dispersion of ~k10 close

to the bandgap as explained in Ref. 17, while still valid for

what happens in the pore. In the latter, the effective bulk mod-

ulus is negative inside the bandgaps as noticed by several

authors since the seminal publication.32 The classical homog-

enization result for Khom/tot=P0 is also plotted and fits well

the result below 750 Hz, i.e., far below the first bandgap.

Effective parameters of configurations involving several

pores can be derived in a similar way, i.e., deriving the effec-

tive properties for each pore. Noticeable is the fact that the

classical homogenization theory is not necessarily suitable;

the scale separation between the pores being not always sat-

isfied in the general case. Effectively, let us consider a unit

cell composed of N pores loaded by QWRs oriented along

the x1 axis only differing from their length l
ðnÞ
1 and l

ðnÞ
�1. The

homogenized density and bulk modulus are in this case

FIG. 3. Configuration 1. (a) Real (solid line) and imaginary (dashed line) of

Keff/tot=P0 and (b) real (solid line) and imaginary (dashed line) of

qeff/tot=q
a. The low frequency approximation, which fit the classical ho-

mogenization theory, of Keff/tot=P0 also plotted (o).
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1

qhom

¼ /tot

q
¼
XN

n¼1

N/ nð Þ

q nð Þ ¼
N/ 1ð Þ

q 1ð Þ ;

1

Khom

¼ /tot

K
¼
XN

n¼1

/ nð Þ

Kp
þ / nð Þ ln

1 þ ln
�1ð Þw2

Ktd1d2

¼ N
/ 1ð Þ

Kp
1þ /tKp

Ktw1

XN

n¼1

l
nð Þ

1 þ l
nð Þ
�1

� �
N

0
@

1
A ; (14)

which are the parameters of N identical pores loaded by

the mean value of the resonators lengths +N
n¼1
ðlðnÞ1 þ l

ðnÞ
�1Þ=N

¼ meanðlðnÞ1 þ l
ðnÞ
�1Þ. This can only lead to one absorption

peak around the quarter-wavelength resonance of the pores

which is different from what is expected, for example, in

Sec. VI A. In other words, this representation is suitable only

when all tan ðkðnÞ3 LðnÞÞ are of the same order.

Noticeable is also the fact that more refine homogeniza-

tion procedures such as the multi-scale asymptotic method9

or non-local theory33 can be used to account for the resonant

features of the present problem in the effective parameters.

VI. RESULTS AND DISCUSSION

A. One pore per spatial period and critical coupling analysis

We first focus on the absorption at normal incidence and

low frequency, using the previously derived effective

parameters qeff and Keff, Eq. (12), for configuration 1. We note

that these effective parameters derived for configuration 1 are

those of half of the unit cell, because these parameters do not

depend on the pore location and QWR orientations. The criti-

cal coupling analysis is performed by use of these parameters

and not for the whole calculation because it avoids any

problem related to the choice of the correct Riemann

sheet. Effectively, the choice of the higher order mode in

complex frequency analysis is usually not detailed in the litera-

ture. The acoustic response of the configuration can be ana-

lyzed as the coupling of resonators. The reflection coefficient

takes the classical form R00 ¼ ½iZeffcotanðkeffLÞ � Z0�=
½iZeffcotanðkeffLÞ þ Z0�. In Ref. 34, the authors performed an

analysis of jR00j2 in the complex frequency plan X¼xþ iXi.

Figure 4(a) depicts log jR00j2 for configuration 1 showing that

the viscous and thermal losses exactly compensate the radia-

tion losses. In absence of losses, the first zero and pole of

jR00j2 are symmetric with respect to the real frequency axis,

zero in the upper half space and pole in the lower half space.

The leakage does not exactly correspond to Qleak ¼
ImðXPÞ=2ReðXPÞ where XP is the complex frequency of the

pole in the absence of dissipation, because Q�1
leak is not small

compared to 1 in this case. The introduction of losses induces

a complex frequency map deformation. The first zero and pole

become symmetric with respect to ImðZeffcotanðkeffLÞÞ ¼ 0,

and therefore the former can be exactly located on the real fre-

quency axis leading to a perfect absorption, Fig. 4(c). The

FIG. 4. (Color online) Configuration 1. (a) Map of log ðjR0j2Þ in a function of X, the white line depicts the isovalue of an absorption coefficient of 0.9. The

evolution of the zero position in function of hi is also plotted. (b) Zoom of the log ðjR0j2Þ around the perfect absorption point and evolution of the zero position

in function of r, w1, w2, l1, and L: the stars show the exact location in the parametric analysis. (c) Absorption coefficient calculated with the present method

(solid line), calculated with the effective parameters derived in Sec. V without (dashed line) and with (dashed–dotted line) length correction, and calculated

with the low frequency approximation of the effective parameters derived in Sec. V, i.e., with the classical homogenization theory (dotted line). (d) Map of

log ðjR0j2Þ in function of X when length correction is accounted for, and (e) diffuse field absorption coefficient calculated with length correction.
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reflection coefficient vanishes for f¼ 663 Hz. The perfect

absorption obtained for this configuration is due to an imped-

ance matching, so to interference phenomena and not to a

mode excitation.

The main interest of this representation yields in the

parametric analysis. The upper half space is forbidden

because it corresponds to exponentially growing terms with

increasing t. This is particularly true when the pole is located

in this half space. Here we are interested in the effect of the

localization of the zero in the complex frequency map on the

reflection coefficient along the real axis. Figure 4(b) shows

the evolution of the location of zero in the complex fre-

quency map when the different dimensions of the structure

vary: r varies in [1.4 mm, 2.35 mm] with a step of 0.05 mm,

w1 varies in [1.3 mm, 1.7 mm] with a step of 0.1 mm, w2

varies in [1.5 cm, 2.5 cm] with a step of 5 mm, l1 varies in

[2 cm, 7 cm] with a step of 5 mm, and L varies in [2.5 cm,

4 cm] with a step of 5 mm. Some of these steps are con-

strained by a and obviously a variation of r induces a varia-

tion of /t. This parametric study is quite important despite

the fact that some of the results are obvious, because it ena-

bles to determine which parameter to tune to locate the zero

of jR00j2 on the real frequency axis allowing a perfect

absorption condition. Of particular interest is the influence

of w2 which greatly influences the position of zero thanks to

a modification of /p. Similarly, a modification of l1 (l–1 leads

to identical results) mainly influences the zero position along

the real frequency, but poorly along the imaginary fre-

quency. The zeros corresponding to the higher order

resonances of the pore are located below the real frequency

axis [Fig. 4(d)], and therefore cannot lead to perfect absorp-

tion, but to peaks of large absorption.

Figure 4(c) depicts the absorption coefficient at normal

incidence calculated with the effective parameters, Eq. (12),

and calculated with the whole procedure, Eq. (8). The

absorption is perfect for the effective parameter calculation

at 663 Hz and very close to unity for the full calculation at

645 Hz. This is due to the radiation by the pore, which would

require a length correction lcorr in the effective parameters

derivation. This correction length can be evaluated numeri-

cally by reconstructing an equivalent impedance ~Z from the

reflection coefficient of the zeroth order Block mode (unique

propagating mode over the frequency band considered) cal-

culated with the whole model through

~Z � iZeffcotan keffLð Þ ¼ �ix
q0

/p lcorr: (15)

It is therefore obviously frequency dependent and complex,

but we considered the mean value of its real part at low fre-

quency leading to lcorr¼ 1.2 mm. This value corresponds nei-

ther to the one of a rectangular orifice in baffle nor to the one

of a grid of slits.35 Accounting for this correction length let

both calculations matched over the frequency band be con-

sidered. The absorption is nearly total for the whole calcula-

tion. The classical homogenization theory provides

satisfying results below 1200 Hz, which is higher than the

one encountered for in Sec. V, but still lower than the first

bandgap. Despite the fact that the homogenized parameters

are different from the effective ones as calculated in the

present paper, they are still close to them until 1200 Hz. The

structure exhibits a full absorption coefficient for wavelength

in the air �17.7 times its thickness. Before the bandgap, the

efficiency of the calculation performed with the effective pa-

rameters, without correction length, decreases because of the

large influence of the higher order Bloch modes enabled by

the dispersion of the modes inside the pores. This is usually

accounted for through Drude layers,36,37 but we show here

that a correctly chosen correction length leads to similar

results. This implicitly means that in the present case, the

Drude layers would only account for an added mass at the

entrance of the main pores. The absorption inside the ITB

reaches 0.3.

The evolution of the location of the first zero in the com-

plex frequency plan in function of the angle of incidence hi

is plotted [Fig. 4(a)]. The cross depicts the location of the

zero for hi¼ [90	, 80	, 70	, 60	, 50	, 40	, 30	, 20	]. The evo-

lution of the position of the zero is almost vertical. The reso-

nance frequency of the pore, i.e., a QWR, does not depend

on the angle of incidence. A small shift at high frequency

is noticed for near grazing incidence, which is due to the

curvature of the complex frequency plan. The isovalue corre-

sponding to an absorption of 0.9 is an ellipse with the semi-

major axis along the imaginary frequency. While this

implies that the absorption peak is relatively narrow in

frequency, Fig. 4(c), it also implies that the absorption is

relatively stable when the position of the zeros is shifted

along the imaginary frequency, i.e., when hi decreases for

example. In practice, the absorption peak is larger than

0.9 for hi> 30	, but rapidly decreases for smaller hi. This

means that this configuration is relatively efficient for diffuse

field excitation. The diffuse field absorption as calculated

through
Ð p=2

0
ð1�kR00ðhÞk2Þcosh sinhdh=

Ð p=2

0
cos h sinhdh,1

is depicted in Fig. 4(e), showing an absorption in diffuse

field higher than 0.9 at 643Hz. Note that the first Wood

anomaly arises around 2000Hz at grazing incidence and so

does not contribute around the first absorption peak. We will

now focus on the normal incidence.

B. Various pores per spatial period and critical
coupling analysis

Different coupling between the pores exists: either lead-

ing to a single peak whose frequency width is broadened

when the resonance frequencies are close enough, or leading

to N peaks which can overlap. The first solution enables a

perfect absorption from the coupling between pores which

does not lead to perfect absorption independently. This par-

ticularly enables to consider the coupling of pores of small

porosity /pðnÞ, due to a very small width enabling low fre-

quency absorption. Nevertheless, the large absorption fre-

quency band is still narrow in this case, but the parameters

resulting from the classical homogenization theory, Eq. (14),

can be used. The second possibility widens the large absorp-

tion frequency band with N perfect absorption peaks.

Another design strategy could consist in tuning the different

pore contributions for the absorption to be large or perfect at

various angles of incidence. Effectively, Eq. (16) clearly
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exhibits a dependence on the angle of incidences. While the

absorption peak frequency due to the resonance of each pore

is not dependent from the angle of incidence, its amplitude

is. Designing the pores for one to take over another one at

various angles of incidence is doable. We follow the second

possibility, focusing on the normal incidence.

Based on the conclusion of Sec. VI A, a unit cell with

three pores has been designed using effective parameters in

order to broaden the large absorption band by varying the

lengths of the loading QWRs. The effective parameters

derived for configuration 2 are those of a quarter of the unit

cell, see Table I. The reflection coefficient takes the form of

Eq. (10). If the resonance frequencies of the pores are close,

it suggests to let the numerator of jR00j2 vanish, which will

result in the critical coupling condition to be satisfied. In

other words it suggests to minimize the following quantity

over a specific frequency band:

sin hi

Z0

�
XN

n

i/ nð Þk
nð Þ

3 k
nð Þ

3 L nð Þ � p
2

� �
xq nð Þ

								

								

2

: (16)

Doing so at low frequency leads to an optimal configu-

ration exhibiting perfect absorption peaks with identical

length resonators loading each pore. Effectively, the main

differences of loading a pore with different length resonators

happen at a higher frequency, Sec. IV, around the bandgaps

and in the ITB, which is absent in the case of identical

QWRs. We also adopted a similar technique as for Sec.

VI A. The correction length of each pore has been deter-

mined independently through the formula used in Sec. VI A.

These correction lengths are almost identical, therefore we

used lcorr¼ 1.9 mm for each pore.

Figure 5(a) depicts log ðjR00j2Þ in the complex fre-

quency plan for configuration C2. The three zeros of jR0j2
are almost aligned on the real frequency axis, proving criti-

cal coupling for different frequencies. This time the defor-

mation of the complex frequency map is performed through

the equation +nImðZðnÞeff tan ðkðnÞeff LÞÞ ¼ 0. A similar

parametric analysis was performed, showing the interde-

pendence of each parameter, i.e., the coupling between the

pores. For clarity of the presentation, this parametric study is

not depicted here, the conclusion being more difficult to

draw. The absorption coefficient of configuration C2 is

depicted in Fig. 5(b). Again the perfect absorption peaks for

the whole calculation are encountered for frequencies which

are lower than those obtained with calculations run with the

equivalent parameters without correction lengths accounted

for. Of particular interest is that the absorption coefficient is

larger than 0.7 for frequency in [760 Hz; 990 Hz] and perfect

for 790, 870, and 960 Hz. The first perfect absorption fre-

quency corresponds to a wavelength in the air 15 times

larger than the sample thickness, while the third perfect

absorption frequency corresponds to a wavelength in the air

13 times larger than the structure thickness. This time the

absorption is larger than 0.9 for angle of incidence hi> 20	,
but the three peaks collapse into two for hi< 40	 because of

the coupling which is performed through interferences.

The frequency band over which the absorption is larger

than 0.7 for configuration 1 is [609 Hz; 680 Hz]. Defining an

indicator as being q¼Df/fmean, where Df is the frequency

range and fmean is the central frequency of this frequency

range, we find q¼ 0.1 for configuration 1 and q¼ 0.2 for

configuration 2, which means that configuration 2 provides,

on average, twice more absorption than the first one using

this criteria. Another particular interest of this configuration

is that no bandgap is noticed anymore at high frequency.

This is due to the interference of the higher resonances of

the pores and of the waves within in the ITB.

VII. EXPERIMENTAL VALIDATION

Two epoxy resin (Accura 60) samples 4.2 cm� 4.2 cm

� 4.2 cm were produced by stereolithography. The loading

resonators were curved in order for them to fit in the unit

cell. It is important to note that the total length for configura-

tion 1 for example, l1þw1þ l–1¼ 6.05 cm is larger than the

diagonal of the elementary cell 42�
ffiffiffi
2
p
� 5:94 cm. It is

even worse for configuration 2 where the maximum length

reaches l1þw1þ l–1¼ 8.325 cm.

FIG. 5. (Color online) Configuration 2. (a) Map of log ðjR0j2Þ in function of X (the two white curves depict the absorption contours for, respectively, 0.7 and

0.9) and (b) absorption coefficient calculated with the present method (solid line) and calculated with the effective parameters derived in Sec. V without

(dashed line) and with (dashed–dotted line) correction length.
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In Ref. 38, simple quarter-wavelength (and Helmholtz)

resonators were already produced in a spiral showing correct

agreement with the calculations. Figures 6(a) and 6(c) depict

a frontal section along the QWR diameter cut plane of sam-

ple 1 and 2. This pattern is repeated 6 times for samples 1

and 4 times for sample 2 along the x3 axis leading to a 3 cm

thick pore sample 1 and a 2.8 cm thick pore sample 2. The

bottom of the pore is also included in both samples.

The absorption coefficient of the samples is measured in

an impedance tube with a square cross section 4.2 cm� 4.2 cm.

The tube cutoff frequency is 4200 Hz. By assuming that plane

waves propagate below the cutoff frequency, the infinitely rigid

boundary conditions of the tube act like perfect mirrors and cre-

ate a periodicity pattern in the x1 and x2 directions. Samples 1

and 2 are placed in the end of the tube against a copper plug

that closes the tube and acts as a rigid boundary, therefore cre-

ating a periodicity along the x1 and x2 directions of, respec-

tively, 8.4 and 4.2 cm for sample 1 and of, respectively, 8.4 and

8.4 cm for sample 2. This technique was previously used in var-

ious articles8,17,39 and allows to determine experimentally the

absorption coefficient at normal incidence of a quasi-infinite

two-dimensional or 3D periodic structure just with half or a

quarter of the unit cell.

Figures 6(e) and 6(f) depict the experimental absorp-

tion coefficients of samples 1 and 2 and the calculated

ones. The discrepancies, in particular, the shift at high

frequency of the absorption peaks between the experi-

ments and the calculation, are due to imperfections in

manufacturing. Effectively, stereolithography consists in

solidifying the liquid resin thanks to a laser. The remain-

ing liquid resin is then removed by use of a solvent.

Because of the complicated shape of the samples it was

found almost impossible to remove the remaining resin

from the bottom loading QWRs resulting in discrepancies

in the QWR lengths, which are randomly distributed. In

particular, some resonators in the bottom of the sample,

where it is the most difficult to remove the resin, are

obstructed at half of their lengths. This increases the

speed of the waves traveling in the pore leading to a shift

of the perfect absorption peak at higher frequencies.

Another discrepancy arises from the location of the

bandgap and ITB, which are both shifted at low

frequency. This suggests that the longest loading QWRs

are longer than they should be. Their lengths were deter-

mined by equaling the neutral fiber of the curved resona-

tors with the expected length. This result suggests that

the correct way of designing them is not to consider the

neutral fiber length but the longest curve of the resona-

tors. Moreover, even if the curved resonators were drawn

taking care of the curvatures, some of them exhibit very

large ones, almost p/2. Nevertheless, the experimental

curves are in good agreement with the calculations, par-

ticularly exhibiting broadband perfect absorption and large

absorption in the transparency band for wavelength im-

pinging the structure much larger than 4 times its

thickness.

VIII. CONCLUSION

The acoustic properties of a sound absorbing structure

consisting in a periodic arrangement of rectangular cross-

section pores loaded by detuned QWRs are analyzed. In

case of only one pore spatial period, the loading by two

sets of QWRs on the opposite lateral faces was found

preferable because it enables us (1) to consider smaller

section dimension of the pore lowering very efficiently

the speed of sound, (2) to shift the first bandgap, in

which no absorption can be achieved, to the higher fre-

quency when compared to a configuration with only one

set of QWRs, and (3) to reduce the frequency width of

the first bandgap by opening an ITB arising from the

coupling of the two sets of QWRs. It was shown that the

speed of sound possesses a plateau at low frequency

whose value is much smaller than the speed of sound in

the air. The speed of sound inside the ITB is also much

smaller than the speed of sound in the air but is necessar-

ily dispersive. It was shown that these pores are critically

coupled to the incoming wave leading to perfect absorp-

tion for a wavelength in the air 17 times larger than the

structure thickness. The complex frequency analysis, ena-

bling the determination of the critical coupling condition,

showed that while the large absorption frequency band is

relatively narrow, its amplitude is stable for various

angles of incidence, with an absorption peak larger than

FIG. 6. Frontal section along the reso-

nator diameter cut plane of samples 1

(a) and 2 (c), pictures of samples 1 (b)

and 2 (d), and absorption coefficient

measured (solid line with crosses) and

simulated with the full model (solid

line) of samples 1 (e) and 2 (f).

1668 J. Acoust. Soc. Am. 139 (4), April 2016 Groby et al.

 Redistribution subject to ASA license or copyright; see http://acousticalsociety.org/content/terms. Download to IP:  195.221.243.133 On: Wed, 06 Apr 2016 14:05:48



0.9 for the angle of incidence in the range of [90	; 30	].
This offers interesting properties to explore in diffuse

field perfect absorbers. The case of a unit cell consisting

in three pores differing in terms of the lengths of the

loading QWRs was then analyzed. The different types of

coupling were discussed and the critical coupling condi-

tion was found to be more difficult to realize a broadband

perfect absorption. Still, the configuration exhibits a

broadband large absorption, with 3 perfect absorption

peaks, for wavelength in the air 13 to 15 times the thick-

ness of the structure. The pertinence of this structure to

maintain a large absorption over the same frequency band

was analyzed for various angles of incidence. Absorption

at higher frequency can be large due to interferences of

higher order quarter-wavelength resonances and waves

arising from the ITB. These two configurations were

then validated experimentally. The two samples were

manufactured by stereolithography. The loading resona-

tors were curved in order to fit in the unit cell. It was

shown that the experimental data agreed with the model

and exhibited perfect absorption for wavelength 17 times

larger than the thickness of the first structure and

between 13 to 15 times larger than the thickness of the

second structure. Stereolithography was not necessarily

the most adequate rapid manufacturing technique to

manufacture such material because (1) it is difficult to

remove entirely the photosensitive liquid resin from the

bottom loading resonators and (2) the correct length of

the corresponding straight resonators is probably larger

than the length of the neutral axis. These results offer

quite interesting perspectives in terms of the design of

perfect, broadband, and incident angular independent

more complex sound absorbing structures, involving res-

onators of different natures.
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APPENDIX A: MATERIAL PARAMETERS IN STRAIGHT
RECTANGULAR AND STRAIGHT CIRCULAR TUBES

When only plane wave propagates in a rectangular tube

of section w1�w2, the equivalent complex and frequency

dependent bulk modulus and density are40

Kp ¼ cP0

cþ 4iPrqax c� 1ð Þ
g w1=2ð Þ2 w2=2ð Þ2

X
k2N

X
m2N

a2
kb

2
m a2

k þ b2
m

� �
� iPrxqa

g

� ��1
; qp ¼ �g w1=2ð Þ2 w2=2ð Þ2

4ix
X
k2N

X
m2N

a2
kb

2
m a2

k þ b2
m

� �
� ixqa

g

� ��1
;

(A1)

wherein c is the specific heat ratio, P0 is the atmospheric pressure, Pr is the Prandtl number, g is the dynamic viscosity, and qa

is the air density, and ak¼ 2(kþ 1/2)p/w1 and bm¼ 2(nþ 1/2)p/w2.

When only a plane wave propagates in a circular tube of radius r, the equivalent complex and frequency dependent bulk

modulus and density are

Kt ¼ cP0

1þ 2 c� 1ð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqaPrx=g

p
J1 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqaPrx=g

p� �
=rJ0 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqaPrx=g

p� � ;
qt ¼ qa

1� 2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqax=g

p
J1 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqax=g

p� �
=rJ0 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqax=g

p� � ; (A2)

wherein Jn is the Bessel function of nth order.

APPENDIX B: MODAL REPRESENTATION IN A PORE
AND DISPERSION RELATIONS

When both opposite surfaces of the pore are rigid,

UðnÞ1mðx1Þ ¼ cos ðkðnÞ1m x1Þ and k
ðnÞ
1m ¼ mp=w

nð Þ
1 . These modes are

said orthogonal and the orthogonality relation classically

reads as
Ð w1

0
UðnÞ1mðx1ÞUðnÞ1Mðx1Þdx1 ¼ dMmw

ðnÞ
1 =�m, with �0¼ 1

and �m¼ 2 for m> 1.

When one surface is rigid and on the other an imped-

ance condition is applied, UðnÞ1mðx1Þ ¼ cos ðkðnÞ1mx1Þ and k
ðnÞ
1m

stratifies the dispersion relation

k
nð Þ

1m tan k
nð Þ

1m w
nð Þ

1

� �
¼ �ixqp nð Þ

Z
nð Þ

1

: (B1)

This last equation is solved by use of a Muller’s algorithm ini-

tiated with the low frequency approximations, k
ðnÞ
1m w

ðnÞ
1 � 1.17

These modes are said to be bi-orthogonal and the bi-

orthogonality relation reads as27ðw1

0

U nð Þ
1m x1ð ÞU nð Þ

1M x1ð Þdx1 ¼
dMmw

nð Þ
1

2
1þ sinc 2k

nð Þ
1mw1

� �� �
¼ dMmw

nð Þ
1 N

nð Þ
1m : (B2)

Finally, when impedance conditions are applied on both

surfaces, UðnÞ1mðx1Þ¼ sinðkðnÞ1m x1Þþ ik
ðnÞ
1m Z

ðnÞ
�1 cosðkðnÞ1m x1Þ=xqpðnÞ

and k
ðnÞ
1m satisfies the dispersion relation
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tan k
nð Þ

1m w
nð Þ

1

� �
xqp nð Þ
� �2

Z
nð Þ
�1Z

nð Þ
1

þ k
nð Þ

1m

� �2

0
@

1
A

þ ik
nð Þ

1m

1

Z
nð Þ

1

þ 1

Z
nð Þ
�1

 !
xqp nð Þ ¼ 0: (B3)

This last equation is also solved by use of a Muller’s algo-

rithm initiated with the low frequency approximations. These

modes are again bi-orthogonal and the bi-orthogonality rela-

tion reads as28ðw1

0

U nð Þ
1m x1ð ÞU nð Þ

1M x1ð Þdx1

¼ dMmw
nð Þ

1

 
1

2
1� sinc 2k

nð Þ
1m w

nð Þ
1

� �� �
�1

2

k
nð Þ

1m Z
nð Þ
�1

xqp nð Þ

 !2

� 1þ sinc 2k
nð Þ

1mw
nð Þ

1

� �� �
þ iZ

nð Þ
�1

w
nð Þ

1 xqp nð Þ

� sin k
nð Þ

1m w
nð Þ

1

� �� �2
!
¼ dMmw

nð Þ
1 N

nð Þ
1m : (B4)

APPENDIX C: EXPRESSION OF I
(n)6
mq

The terms I
ðnÞ6
mq account for the aperture of the pore and

are given by

I nð Þ6
mq ¼ e6ik1q d nð Þþ w=2ð Þð Þ

2



eik1m w=2ð Þsinc k1m6k1qð Þ

w

2

� �

þ e�ik1m w=2ð Þsinc k1m7k1qð Þ
w

2

� ��
; (C1)

when one impedance condition is applied on the right/top

surface of the nth pore and

I nð Þ6
mq ¼ e6ik1q d nð Þ� w=2ð Þð Þ

2



e�ik1m w=2ð Þsinc k1m6k1qð Þ

w

2

� �

þ eik1m w=2ð Þsinc k1m7k1qð Þ
w

2

� ��
; (C2)

when one impedance condition is applied on the left/bottom

surface of the nth pore and

I nð Þ6
mq ¼ e6ik1q d nð Þþ w=2ð Þð Þ

2



eik1m w=2ð Þsinc k1m6k1qð Þ

w

2

� �

� ikmZ nð Þ
�

xqp nð Þ � i

 !
þe�ik1m w=2ð Þ

� sinc k1m7k1qð Þ
w

2

� �
ikmZ nð Þ

�
xqp nð Þ þ i

 !�
; (C3)

when an impedance condition is applied on two opposite

surfaces.
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