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Structured materials like photonic crystals require for optimal use a high degree of precision with respect to
both position and optical characteristics of their components. Here we present a simple tomographic algorithm,
based on a specific Green’s function together with a first-order Born approximation, which enables us to local-
ize and characterize identical defects in finite-sized photonic crystals. This algorithm is proposed as a first step
to the monitoring of such materials. Illustrative numerical results show in particular the possibility of focal-
ization beyond the Rayleigh criterion. © 2007 Optical Society of America

OCIS codes: 100.3190, 290.4210, 050.1950.
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. INTRODUCTION
hotonic crystals (PCs) [1,2] are periodic, dielectric, or
etallic structures that possess a variety of band disper-

ions and bandgaps. They are found in antennas [3,4],
aveguides [5], and negative refractive index materials

6] to quote a few usages. As is well known, for optimal
se such structures require that both the position and the
ptical properties of their component materials be very
recise. Though the density of states is zero within the
hotonic bandgap, by perturbing a single lattice site, a
ingle mode or a set of closely spaced modes that have fre-
uencies within this gap is permitted; e.g., a single col-
mn can be removed from the crystals or replaced by an-
ther of which the size, shape, or dielectric constant is
ifferent from the original. Properties [7–9] and modeling
10,11] of PCs have been extensively studied, though
ostly for 2-D configurations, during the past two de-

ades.
The present investigation is intended to be a first step

oward monitoring the physical integrity of such struc-
ures. A low-complexity tomographic algorithm that en-
bles us to localize and characterize simple defects con-
isting in either an absence of circular cylinders or a
odification of the optical properties of such cylinders in

nite-sized 2-D photonic crystals as proposed. Let us note
hat the retrieval of an absent circular cylinder could be
een as quite an academic goal in the sense that it is ei-
her a defect tailored to a particular application or a de-
ect caused by bad handling of the PCs, which manifests
tself by a large and very visible modification within the
requency range of the bandgap; yet the localization of a
roken cylinder is still not a straightforward matter, and
his calls for further investigation. As for the retrieval of
he location and optical index of a modified cylinder, this
ould be of more practical interest since such a type of de-
ect could result from mere deterioration of the PCs.
1084-7529/08/010146-7/$15.00 © 2
ereafter, localization and characterization of simple de-
ects are carried out from a low-frequency excitation out-
ide (below) the usual frequency range of the bandgap.
oth the specific Green’s function and the response to the

ow-frequency excitation of the original, intact structure
and of the damaged structure) can be calculated by
eans of the so-called multipole method [7,12], and they

an be used to solve the inverse problem via a first-order
orn approximation. The introduction of a specific
reen’s function directly exhibits the discrepancies be-

ween the initial configuration and the configuration with
efects [13].
As background to this investigation, recent studies

ave also shown that the utilization of a structured em-
edding medium, like PCs, could lead to focusing and
esolution of a tomographic inversion algorithm beyond
he Rayleigh criterion [14,15]. The possibility of encoun-
ering such a phenomenon is also investigated herein.

. FIELD (DATA) AND SPECIFIC GREEN’S
UNCTION
et us consider a structure made of N parallel circular
ylinders Cj, identified by superscript j�N, of radius Rj

nd of optical index �j, located at rj= �rj ,�j� in the global
olar coordinate system in the cross-sectional plane (this
s a 2-D scattering configuration).

As indicated above, both fields and a specific Green’s
unction (the latter being the field solution of the problem
hen the structure is excited by a given line source) are

alculated by means of the multipole method [7,12]. Key
o this approach are the local field expansions or multi-
ole expansions in the vicinity of each cylinder in the po-
ar coordinate system linked to that cylinder (which are
erived from the application of Graf ’s addition theorem
16]):
008 Optical Society of America
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Ee�rl� = �
m=−�

�

�Bm
l Hm

�1��krl� + Am
l Jm�krl��eim�l, �1�

here Hm
�1� is the first-kind Hankel function of order m,

m is the Bessel function of order m, Bm
l are the coeffi-

ients of the scattered field by the lth cylinder, Am
l are

hose of the incident field impinging upon the lth cylinder,
nd rl= �rl ,�l� are the coordinates of a point P in the polar
oordinate system linked to this lth cylinder. The local in-
ident field on the lth cylinder is generated by the actual
ncident field Einc as well as by the fields that are scat-
ered by all other cylinders j, j� l. Their coefficients also
ake the form

Am
l = Km

l + �
j=1,j�l

N

�
p=−�

�

Smp
lj Bp

j , �2�

here Km
l are the coefficients of the actual incident field

either a planar incident wave in the cross-sectional
lane, Km

l = �−i�m exp�−ikrl cos��inc−�l�− im�inc�, or a cylin-
rical wave generated by an exterior line source set par-
llel to the axis of the cylinder] and Smp

lj =Hm−p
�1� �krl

j�
ei�p−m��l

j
are translation terms, �rl

j ,�l
j� being the coordi-

ates of the jth cylinder in the polar coordinate system as-
ociated with the lth cylinder.

Coefficients Am
l and Bm

l are related together via the
ontinuity of the tangential components of the electric
nd magnetic fields to be imposed at the cylinder bound-
ries. To derive these relationships, the interior field ex-
ansion within the cylinder l is used as

El�rl� = �
m=−�

�

�Qm
l Hm

�1��k�lrl� + Cm
l Jm�k�lrl��eim�l, �3�

here Cm
l are the coefficients of the scattered field inside

he l cylinder and Qm
l = �i /4��lJm�k�lrl

s�eim�l
s

are the coeffi-
ients of a field generated by a line source located at
rl

s ,�l
s� inside the cylinder l in the polar coordinate system

ssociated with it. The presence of the interior source is
ndicated by the term �l valued to 1 when the source is
resent and 0 otherwise.
The continuity conditions at the boundaries are most

onveniently expressed in terms of cylindrical harmonic
eflection and transmission coefficients [7] as

Bm
l = Rm

l Am
l + Tm

l Qm
l ,

Cm
l = Tm�

lAm
l + Rm�

lQm
l . �4�

n the above, vectors B= �Bm
l �, K= �Km

l �, and Q= �Qm
l �, as

ell as matrices S= �Smp
jl � and R=diag Rm

l (with identical
efinition applying to the other reflection and transmis-
ion matrices and the other coefficients), are introduced
n order to deduce from Eqs. (2) and (4) the system of lin-
ar equations in the source coefficients B as

�I − RS�B = RK + TQ. �5�

Upon solving the above linear system both in the inte-
ior [using the second equation of Eq. (4)] and in the ex-
erior, the specific Green’s function is made available.
. SIMPLE TOMOGRAPHIC ALGORITHM
rom now on, one is considering a finite-sized crystal

FSC) with hexagonal symmetry, as is shown in Fig. 1. It
s made of N (N will be chosen as 85 in the numerical ex-
mples) circular cylinders of the same radius R and the
ame optical index �. The cylinders Cj, j� �1,N� are or-
ered such that C1 is located at the bottom left corner and
N at the top right corner. The distance between the cen-
ers of the closest cylinders is denoted by d. The electric
eld is calculated on a circle of radius r=20d (this is a
ather arbitrary value; what matters is that one stays
ully outside the crystal). Fields are time-harmonic, with
avelength in free space as �, and wavenumber k=2� /�.
defect is obtained either by removing the lth cylinder or

y modifying its optical index, de facto creating a different
onfiguration (denoted as lth DFSC).

Tomographic algorithms are usually derived from an
ntegral formulation of the solution based on the so-called
ackground (free-field) Green’s function. Use of a specific
reen’s function, i.e., the solution (for a given line source)
f a problem close to the one at hand, reduces the kernel
f the integral. Here, since the structure of the materials
hat one is interested in is designed to exhibit specific
roperties, it is consistent to consider Green’s function of
he configuration associated with this structure (i.e., in
he absence of defects) whenever intending to carry out
tructural monitoring.

. Localization and Characterization of a Single Defect
ne introduces g�r ,rl

s� and E�r� as the specific Green’s
unction and the total electric field calculated for the FSC,
nd El�r� as the total electric field calculated for the lth
FSC. These fields are related by the well-known Fred-
olm integral equation of the first kind El�r�−E�r�
�Clg�r ,rl

s�k2���l�2−�2�El�rl
s�dS.

Then, a first-order Born approximation, whose accu-
acy is related to the fact that the field at the location of
he defect should be weakly modified by the defect, is em-
loyed. Any mode associated with the defect, possibly
eading to entrapment of the field, should be excited.
omplementarily, one applies a low-frequency approxima-

ion, which requires that the radius of each cylinder be
mall enough with respect to the source wavelength (the
eader could refer to Section 4 to appraise, numerically

ig. 1. Finite crystals of N=85 parallel circular cylinders with a
ingle defect. The circle around the structure is the one used for
he computation.



s
F
l
a
t
∀
t
f
t
f
t

�
t
l
t
=

=
m

w
=
c
	
t

b
V
=
�

P
f
s

t
h
o
+
x

B
D
T
l
t
p
o
b
s
T

s
c
m
=
n
=
t
=

4
D
i
=
x
t
t
l
[
c
H
i
a
m
g
t
l
p
o


w
d

=
s
k
p
c
c

4
=
m
a
t
f
t
t

s
f
o
l
(
a

148 J. Opt. Soc. Am. A/Vol. 25, No. 1 /January 2008 J.-P. Groby and D. Lesselier
peaking, what such a definition of the radius means).
urthermore, one works outside the bandgap. Under the

atter condition and for the TM polarization, the
symptotic dependencies of the coefficients of the scat-
ered fields Bm

l and Cm
l , are O��k�R�4� except for m=0,

l�N. The infinite sums in Eqs. (2) and (3) are reduced
o their expressions at the zeroth-order term. Green’s
unction and the field El�rl

s� can then be evaluated, under
he low-frequency approximation, in quite a rigorous
ashion by taking into account only the zeroth-order
erms in Section 2. These quantities read as

g�r,rl
s� =

iT0

4
J0�k�rl

s��
j=1

N

b0
j ��l�H0

�1��k�r − rj��,

El�rl
s� = C0

l J0�k�rl
s� = T0�A0

l J0�k�rl
s�. �6�

In Eq. (6) one has introduced b0
j , such that

i /4�T0J0�k�rl
s�b0

j =B0
j is satisfying the linear set of equa-

ions �I−RS�b=�, with vector �= ��l�. Coefficients of the
ocally impinging field A0

l can be calculated via the solu-
ion of Eq. (2) with B0

j satisfying �I−RS�B=RK, K0
j

e−ikrj cos��inc−�j�.
By making use of relation [17] �x�J0��x��2dx

�x2 /2���J0��x��2+ �J1��x��2	, the first-order Born approxi-
ation of the integral equation is

El�r� − E�r� 
 D	lA0
l �

j=1

N

b0
j ��l�H0

�1��k�r − rj��, �7�

here D= iT0T0��kR�2��J0�k�R��2+ �J1�k�R��2	 /4 and 	l

���l�2−�2�; D is found to be independent of both the lo-
ation and the material characteristics of the defect, while
is the contrast function. Localization and characteriza-

ion of the defect can thus be fully decoupled.
Let us introduce the normalized vector v=V /V ·V* (V*

eing the complex conjugate of V) associated with vector
= ��El�r�−E�r�� /D� and N normalized vectors gj

Gj /Gj ·Gj*
associated with vector Gj= �A0

j �p=1
N b0

p��j�
H0

�1��k�r−rp���. The defect is localized whenever
j= �1/ �1− �zj���, letting zj=gj ·v* /gj ·gj*

, is maximum. The
unction Pj is derived from [18]. The parameter zj corre-
ponds to focalization at the defect location.

Finally, the optical index of the lth cylinder can be re-
rieved (this works quite well as seen next, yet it remains
euristic) by averaging the value of �V�r� /Gl�r�+�2�1/2

ver the measured data, i.e., �̃l=mean��V�r� /Gl�r�
�2�1/2�, where mean �x�r�� means the average value of
�r� over the measured data.

. Localization and Characterization of Two Identical
efects
he same assumptions and procedure as above are fol-

owed for a two-identical-defect configuration, denoted as
he �i , j�th DFSC configuration. The first-order Born ap-
roximation now requires that the field at the location of
ne defect be only weakly modified by this defect but also
y the other one. This means that the defects are “well
eparated”; i.e., they are not interacting with each other.
he approximation of the integral equation becomes
E�i,j��r� − E�r� 
 D	�
l=1

N

�A0
i b0

l ��i� + A0
j b0

l ��j��H0
�1��k�r − rl��.

�8�

Similarly, with what has been done in the previous sub-
ection, one is introducing the normalized vector v asso-
iated with vector V= ��E�i,j��r�−E�r�� /D� and N�N nor-
alized vectors g�q,l� associated with vector G�q,l�

��p=1
N �A0

qb0
p��q�+A0

l b0
p��l��H0

�1��k�r−rp���. The defect is
ow localized whenever P�q,l�= �1/ �1− �z�q,l����, letting z�q,l�

g�q,l� ·v* /g�q,l� ·g�q , l�*, is maximum. The optical index of
he �i , j�th cylinders then follows as �̃�i,j�

mean��V�r� /G�i,j��r�+�2�1/2�.

. NUMERICAL RESULTS
ata are computed by use of the multipole method. The

nfinite sums �m=−�
� are truncated to �m=−M

M such that M
int��k�R�1/3+k�R+5�, where int�x� is the entire part of
, which is derived from [19] with a security factor equal
o 5. For the inverse problem, one does not make use of
he fact that the scattered field is isotropic for the calcu-
ation of the specific Green’s function as it is proposed in
12] in the low-frequency approximation. The latter is cal-
ulated directly by multiplying the vector b by a matrix
= �H0

�1��k�r−rj���, which is stored once. In the same fash-
on, the available asymptotic formulas of the reflection
nd transmission coefficients are not employed; the for-
ulas of these coefficients are as in [7]. At this stage, to

ive an idea of what a radius small enough with respect to
he source wavelength means, let us consider the formu-
as providing M. The low-frequency approximation im-
lies that M is reduced to 0, i.e., �k�R�1/3+k�R
1, with-
ut a security factor. This condition is achieved for k�R
0.31. A radius small enough with respect to the source
avelength consequently is as a first approximation a ra-
ius that satisfies R
 �0.31�� / �2���.
The wavelength and the optical index � are set to �

20 and �=2.9, respectively. In the following, one as-
umes that R=0.15 (a value that satisfies the criterion
�R
0.31 and also ensures that the low-frequency ap-
roximation is valid), and one mostly investigates the lo-
alization and characterization of defects located in the
entral part of the PCs when � /2.

Figure 2 shows Pj for a 43rd DFSC, with �l=1 (i.e., the
3rd cylinder is removed) and �inc=� /2 when d=4 �R /d
3.75�10−2� and d=1 �R /d=0.15�. In both cases, the
odified cylinder is clearly retrieved and �l is found with
relative error on its real part Er= �R��̃l�−�l� /�l of less

han 0.1. The 43rd cylinder seems (in the sense that the
unction Pl does not point to another cylinder) to be re-
rieved with an accuracy of d that is much smaller than
he Rayleigh criterion � /2=10.

However, this is due partly to the representation cho-
en; i.e., the value of Pl is very large since �zl�
1, with
ocusing beyond the Rayleigh criterion playing its part
nly to some extent. Indeed, strictly speaking, superreso-
ution would mean that the width at half-height of �zj� is
significantly) smaller than half a wavelength. A cut of �zj�
long the axis passing through r43 with an angle of � /6 is
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isplayed in Fig. 3 for �inc=� /2 when d=2 �R /d=7.5
10−2� and d=1. Superresolution, in terms of focusing ac-

uracy, is validated in case d=1 and not so much in the
ase of d=2.

Let us note that the problem at hand can be interpreted
s the retrieval of the location of an induced line source
ithin a cylinder, while the problem addressed in [20]

onsists in the retrieval of a line source located outside all
ylinders. In this sense, the problem here is quite differ-
nt, but like effects are observed.

The retrieved value of �̃l when d=4 is the same when
inc is varied within �0;� /2� as well as for a defect that is
ot located in the central part of the PCs, while the height
f the peak of Pl depends on both �inc and defect location
see Fig. 4) with no obvious rule, however.

ig. 2. Crystal with a single defect: R=0.15, �43=1, and �inc

� /2. (a) Pj�10−3 when d=4 ��̃43=1.1�; (b) Pj�10−3 when d=1
�̃43=1.08�.

ig. 3. Crystal with a single defect: R=0.15, �43=1, and �inc

� /2. Cut of �zl� along the axis going through r43 with an angle
=� /6.
Figure 5 shows the relative error on the reconstruction
f �̃43 for various values of �43, with �inc=� /2 when d=4.
he smaller the contrast 	l is, the better the retrieval of �̃l

s. In particular, one is able to retrieve a �43=2.8, which
epresents a variation of 3.45% from �, with a relative er-
or less than 10−4. The results remain accurate when the
ow-frequency approximation is no longer valid at the de-
ect location yet remains valid for cylinders that are con-
tituting the structured background.

The relative height hl of the peak of Pl is defined by
l=Pl−meanj�l�Pj�, where meanj �xj� is the average value
f xj over j� �1,N�. The evolution of Er and of hl with R
�7.5�10−2,0.6� is shown in Fig. 6 with �inc=� /2 when
=4 and �l=1. It is observed that, even though the low-

requency approximation does not hold for the back-

ig. 4. Crystal with a single defect when d=4: R=0.15. (a) Pj

10−3 when �43=1 and �inc=� /4 ��̃43=1.1�; (b) Pj�10−3 when
77=1 and �inc=� /2 ��̃77=1.1�.

ig. 5. Crystal with a single defect when d=4: R=0.15 and
inc=� /2. Relative error on the reconstructed value �̃43 for vari-
us �43. The modified cylinder is systematically retrieved.
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round, the modified cylinder is retrieved, but the recon-
tructed values �̃l are not accurate anymore. When � is
aried, the reconstructed values (in particular the imagi-
ary part) of �l are now inaccurate even for k�R=0.27.
his means that the result, and as a matter of fact the use
f the first-order Born approximation, remains much
ore appropriate when R becomes large than when � be-

omes large.
When white Gaussian noise (signal-to-noise ratio of

0 dB) is added to both real and imaginary parts of E and
l, the corresponding normalized vector is denoted by
noise. Both �vnoise� and �v� are plotted in Fig. 7. The miss-

ng cylinder is imaged, and �̃l is retrieved with a relative

ig. 6. Crystal with a single defect when d=4: �l=1 and �inc

� /2. Evolution of Er (dashed line) and of the height of the peak
f Pl normalized by its value for R=0.075 (solid curve) for various
alues of R.

ig. 7. Crystal with a single defect when d=4: R=0.15, �l=1,
nd �inc=� /2. (a) The solid curve depicts �v�, and the dashed
urve depicts �v �; (b) Pj�10−3 ��̃43=1.1�.
noise
rror of less than 0.1. The main impact of the addition of
hite Gaussian noise to the data is a decrease of hl.
As for the �i , j�th DFSC configuration, the major diffi-

ulty is in the recovery of modified cylinders close to one
nother; P�q,l� is symmetric in terms of q and l. Let us de-
ne the vector Qq such that Qq=Ql=meanl�P�q,l��, which
nables us to depict the results in the same form as in the
ase of the �l�th DFSC configuration. Figure 8 shows both
�q,l� and Qq for a (43rd, 44th) DFSC configuration with
=� /2 when d=2. Two identically modified cylinders are
etrieved, separated by a distance d which is smaller than
/2.
Finally, let us consider more realistic parameters for

he cylinders, in the usual PCs sense, with radius R=0.6,
pacing d=4, and optical index �=2.9. In this case, the
ap lies between wavelengths 7.3 and 10.8 [10]. The av-
rage absolute value of the electric fields is computed on a
0-large segment set at distance d below the crystal in its
entral region [refer to Fig. 9(a)]. When the central cylin-
er is removed, a sharp transmission peak shows up at
avelength �
9.06 since a resonance occurs in the re-

ultant microcavity.
It is clear that the modification of the electric field is

ery large within the bandgap and that this frequency
ange should be taken in account for monitoring the
tructural integrity of PCs. Nevertheless, both the fre-
uency and the height of the peak appear to be related to
he type, location, and number of defects [10]. In practice,
his indicates that monitoring for defects within the band-
ap should be performed by accounting for the whole fre-
uency over the bandgap (and not only for one single fre-
uency), as both the low-frequency and the first-order

ig. 8. Crystal with two defects close to each other when d=2:
=0.15, �l=1, and �inc=� /2. (a) P�q,l��10−3 ��̃l=1.1�; (b) Ql.
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orn approximation are then no longer valid. Yet, when-
ver a small change of the optical index of the central cyl-
nder is assumed, no particular effect is noticed within
he bandgap [refer to Fig. 9(a)]. For example, this type of
efect could be due to a discrepancy in the optical index of
hat particular cylinder during the manufacturing of the
rystal, or it could be the first manifestation of its dete-
ioration. But such a kind of defect can hardly be re-
rieved within the frequency range of the bandgap.

Our algorithm is applied onto synthetic data when con-
gurations FSC and 43rd DFSC with �43=2.8 are illumi-
ated by a low-frequency incident plane wave such that
=80. This wavelength is determined by keeping k�R
onstant with the previous case �=20 and R=0.15. In Fig.
(b) Pj is displayed, which shows that the defect is occur-
ng at the location of the 43rd cylinder. The reconstructed
ptical index is R��̃43�=2.80012, which is rather a perfect
alue. That is, the algorithm, though it does not consider
he frequency(ies) at which the largest modifications oc-
ur, still enables us to quickly retrieve a simple defect
hat has no particular impact in the bandgap.

. CONCLUSION
he simple tomographic algorithm described herein ap-
ears as a first step in the monitoring of structured ma-

ig. 9. Crystal with a single defect when d=4, R=0.6, �=2.9,
nd �inc=� /2. (a) Average absolute value of the electric field
long a segment lying below the crystal without defect (solid
urve), with a single defect �43=1 (dotted curve), and with a
ingle defect �43=2.8 (dashed curve) for a wavelength within the
andgap; (b) Pj�10−3 for the single defect �43=2.8 when �=80.
erials like PCs. Use of the specific Green’s function to-
ether with the first-order Born approximation enables us
o localize and characterize simple defects consisting in
he absence of cylinders or in the identical modification of
he optical index of cylinders in finite-sized PCs. Several
esults exhibit a possible retrieval of two defects beyond
he Rayleigh criterion. The dependence of hl on the angle
f incidence of the plane wave solicitation, as well as its
ependence on the defect location, remains a challenge.
f particular interest should be the extension of the pro-
osed algorithm to localization and characterization of
ther defect types consisting, for example, in a modifica-
ion of the position of a cylinder, of the radius of a cylin-
er, or of its shape, using the specific Green’s function as
alculated outside the cylinders. The algorithm can also
e used as a first step in an iterative solution scheme, ei-
her an iterative Born or modified Born scheme, or a
cheme consisting in applying a higher and higher fre-
uency at each iteration.
Various difficulties would arise if the low-frequency ap-

roximation was no longer valid, which is the case for
sual PCs at the location of the bandgap (their frequency
and of operation). In this case, a rather similar algo-
ithm can be set up by accounting for the higher order of
he useful coefficients of the scattered fields. This could
argely increase the computational time, and conse-
uently the time needed to solve the inverse problem, as
his time is very brief for any low-frequency excitation.
hus, particular attention must be given to the computa-

ional time/accuracy ratio of the result.
On the other hand, we have exhibited a realistic case in

hich a defect consisting in a small change of the optical
ndex of a cylinder has no visible impact within the fre-
uency of the bandgap but can be accurately recovered in
simple fashion, when solicited at a low frequency, via

he algorithm advocated herein. These results are in ef-
ect quite interesting in our opinion, since they show that
he frequency range of interest differs depending upon
he objective: Frequencies within the bandgap are those
t which the most interesting features of PCs in terms of
hysical properties and practical applications occur, while
ther frequency ranges should be examined for monitor-
ng and early detection of defects.
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