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ABSTRACT
We report a procedure to design two-dimensional acoustic struc-
tures with prescribed scattering properties. The structures are
designed from targeted properties in the reciprocal space so that
their structure factors, i.e. their scattering patterns under the Born
approximation, exactly follow the desired scattering properties for
a set of wavelengths. The structures are made of a distribution of
rigid circular cross-sectional cylinders embedded in air. We demon-
strate the efficiency of the procedure by designing two-dimensional
stealth acoustic materials with broadband back-scattering suppres-
sion independent of the angle of incidence and equiluminous acous-
tic materials exhibiting broadband scattering of equal intensity also
independent of the angle of incidence. The scattering intensities are
described in terms of both single andmultiple scattering formalisms,
showing excellent agreement with each other, thus validating the
scattering properties of each material.
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1. Introduction

Scattering of waves by a many-body system is an interdisciplinary topic of interest in sev-
eral branches of science and technology ranging from statistical mechanics or condensed
matter to wave physics. When such a system is excited by an incident wave, the incoming
energy is both scattered and absorbed by the obstacle. This results in a scattering pattern
that is highly dependent on the geometry and size of the scatterer distribution as well
as on the frequency-dependent properties of the material of the constituent scatterers.
The manipulation of wave scattering has long been a topic of discussion in various clas-
sical areas of physics including electromagnetism [1], photonics [2] and acoustics [3], but
in recent decades significant attention has been paid to artificial structured media to con-
trol waves. Photonic [4–6] or phononic [7–9] crystals, hyperuniform and stealth materials
[10–14] as well as metamaterials [15–18] are just a few examples of many-body systems to
control the scattering of the incident wave.

Ordered structures, such as photonic [4–6] and phononic [7–9,19,20] crystals, exhibit
multiple overlapping Bragg diffraction peaks and thus peculiar dispersion relations that
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can serve as efficient tools for the control of wave scattering. Metamaterials are complex
structures that can be tuned and reconfigured to control the scattering of the incident
wave through the resonance of their constituent building blocks [9,21,22]. Another way of
manipulating wave scattering is offered by disordered structures, in which the phase tran-
sition between the wave diffusion and localization regimes occurs due to the interference
of the waves scattered in the media [23,24]. Among the disordered systems, stealth mate-
rials are characterized by the stealthiness, i.e. the suppression of the single scattering of
the incident radiation for a given subset of wave vectors [11,12]. Recently, one dimensional
stealth acoustic materials have been numerically and experimentally designed to provide
stealthiness on demand robust to losses [25]. A subclass of stealth materials is given by the
stealth hyperunifom materials for which transparency appears in a subset of wave vectors
around the origin meaning that there is a cancellation of density fluctuations at infinite
wavelength [10–14,26,27]. Hyperuniform materials are made by placing scatterers follow-
ing a hyperuniform pattern. Hyperuniform patterns present a variance of the number of
points within a sphere of radius R that vanishes when R tends to infinity [13,14]. The rele-
vance of hyperuniformity appeared in condensedmatter physics when classical systems of
particles interacting with certain soft long-ranged pair potentials could counterintuitively
freeze into hyperuniform states. In other words, these systems were against the common
expectation that liquids freeze into crystal structures with high symmetry.

An increasing interestwas focusedon stealthhyperuniformmaterials, or simplyonhype-
runiform materials, as they have been used to design networks with complete band gaps
comparable in size to those of a photonic/phononic crystal, while at the same timemaintain
statistical isotropy, enabling waveguide geometries not possible with photonic/phononic
crystals as well as high-density disordered transparent materials [12,28–31]. In acoustics,
a numerical study has investigated the generation of isotropic band gaps with hyper-
uniofrm materials for elastic waves [32]. More recently, the effects of the strong multiple
scattering and particle size effects on transparency have been analyzed, showing that the
transparency is robust to the heterogeneity in the material [33]. In the later, the hype-
runiform materials made of resonant scatterers have shown that the material works as
an acoustic filter at the resonance frequency. Moreover, the reminiscences of period-
icity in hyperuniform materials have been also used to excite interface localize modes
[34]. Another important class of disordered many-body systems is equiluminous mate-
rials [12], which scatter waves uniformly in all directions. Such omnidirectional diffusion
couldplay an important role in improving roomacoustics by avoidingunwanted reflections
[3,35,36].

Materials with targeted scattering properties are usually designed by inverse meth-
ods, i.e. their structure parameters are extracted from the scattering data. Although this
approach relies on an ill-posed problem [37,38], various material design tools based
on targeting the scattering properties of the structure have been implemented in both
wave physics and condensed matter. Inverse approach [39–41] consists in optimizing the
inter-particle interactions (thus minimizing some energetic characteristics) leading to self-
assembling from a simpler condition. Optimization methods operating in direct space rely
on zero-temperature and near-melting temperature technique to obtain lattice ground
state configurations [39,42–46] and collective-coordinates technique for soft matter and
disordered ground states [47,48]. Usual numericalmethods include black-box optimization
benchmarking [49], probabilistic [50,51] and genetic algorithms [52–54] to name a few. A
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flat acoustic lens [55,56] focusing sound at a predefined point, a photonic-crystal-based
structure [57] performing requested optical tasks or a sonic demultiplexing device [58]
spatially separating several wavelengths were designed using a genetic algorithm in con-
junctionwith themultiple scattering theory (MST) [59,60] to optimize a cluster of scatterers.
A two-dimensional low loss acoustic cloak for air-born sound has also been designed by
means of genetic algorithm and simulated annealing [61]. Nonlinear conjugate gradient
algorithm has been used to optimize a graded porous medium composed of a periodic
arrangement of ordered unit cells to provide the optimal acoustic reflection and trans-
mission [62]. Recently scattering suppression of electromagnetic waves for prescribed
wavelengths and directions has been achieved by pre-assigning the scattering properties
in the reciprocal space and using generalized Hilbert transform [63].

In this work, we design disordered two-dimensional (2D) acoustic structures consisting
of rigid circular cross-sectional cylinders embedded in air. These structures are designed to
present prescribed scattering propertieswhen excited by a planewave.We target the infor-
mationon the scatteringpattern in the reciprocal space anduse anoptimizationprocedure,
which optimizes the positions of scatterers to ensure the targeted scattering properties.
A weak scattering approach is followed, which allows us to characterize the system by its
structure factor. This factor turns out to be proportional to the scattered intensity and only
depends on the scatterer positions when they are identical. Therefore, the optimization
procedure finds the distribution of scatterers producing the targeted structure factor val-
ues by fixing the scattering properties in the reciprocal space and as a consequence the
desired scattering properties. The polar scattering pattern of the optimized distribution of
scatterers is first evaluated from the representation of the structure factor in the reciprocal
space by using the von Laue formulation. This scattering pattern is then evaluated indepen-
dently by theMST, which is a self-consistentmethod accounting for all orders of scattering.
Comparison of the results of the two methods allows us to validate the approximation of
weak scattering and consequently the results. We apply the proposed approach to design
and describe 2D stealth and equiluminous materials showing broadband back-scattering
suppression and broadband equally intense scattering, respectively, independently of the
angle of incidence.

2. Scattering inmany-body systems: structure factor andmultiple scattering
theory

We are interested in the scattering of acoustic waves by structures made of a distribution
of N rigid cylindrical scatterers with circular cross-section of identical radius Ri = R0 and
located at positions�ri with i = 1, . . . ,N. TheseN scatterers are embedded in a square area�

of the direct space of side L. We assumeweak scattering, i.e. the amplitude of the scattered
field is small compared to that of the incident field. Under this condition, we assume that
the Born approximation is satisfied. Strictly speaking, Born approximation corresponds to
the case in which the incident field to the i-th cylinder is only composed of the incident
wave, i.e. no scattered waves by the other scatterers impinges the i-th scatterer. For the
geometries considered in this work, theweak scattering approximation is thus valid for low
filling fractions and when the scatterer radii are small compared to the wavelength (see
Appendix 1 for more details).
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This discrete system can be characterized by the following scalar function defined in the
spatial (direct) domain � as

ρ(�r) = f (�r) ∗
N∑
i=1

δ(�r − �ri), (1)

where ∗ is the convolution operator, δ(�x) is the Dirac’s delta and f (�r) is the transparency of
the scatterer, defined without loss of generality as

f (�r) =
{
0 if |�r| > R0,
1 if |�r| ≤ R0.

(2)

Under these assumptions, the amplitude of the scatteredwave is proportional to the spatial
Fourier transform of ρ(�r), FT (�G), where �G is a vector of the reciprocal space. This follows
from the well-known theory in optics that the diffraction pattern of a structure is equal to
theproduct of thediffractionpatternof thebase element and that of the array [64]. Through
this work, we assume a time harmonic dependence of the type e−ıωt where ω the angular
frequency. With this, we simply end with

FT (�G) = f (�G) ×
N∑
i=1

e−ı�G�ri . (3)

Therefore, the scattered intensity is given by

I(�G) = |f (�G)|2 ×
N∑
i=1

N∑
j=1

e−ı�G(�ri−�rj), (4)

where f (�G) is knownas theatomic structure factor andonlydependson thegeometryof the
scatterer as our scatterers are considered rigid. Thus, the scattered intensity can be simply
written as

I(�G) = |f (�G)|2NS(�G), (5)

where

S(�G) = 1
N

N∑
i=1

N∑
j=1

e−ı�G(�ri−�rj) = 1
N

∣∣∣∣∣∣
N∑
j=1

eı
�G�rj

∣∣∣∣∣∣
2

, (6)

is the structure factor. It should be noted here that the structure factor only depends on
the position of the scatterers in �. Moreover, we notice that S(�G) = S(−�G) (see Appendix
2 for more details and additional demonstrations). The structure factor is extensively used
in condensed matter or wave physics to describe the scattering of an incident wave by a
given structure made of a distribution of scatterers. However, multiple scattering effects
are neglected, although this approach has the benefit of allowing fast predictions.

The wave scattering by a distribution of scatterers can effectively be more precisely
described by the MST [59,60]. The far-field expression of the scattered field provided by
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the MST (see Appendix 1 for more details) when the structure is radiated by a plane wave
with wave vector �k0, is given by

pfs = Pfs(θ ,ω)

√
k

ı2π r
eıkr , r → ∞, (7)

where k = |�k0| and the far-field scattered amplitude Pfs(θ ,ω), at angle θ , reads as

Pfs(θ ,ω) = 2
k

N∑
i=1

e−ık|�ri| cos (θ−θ�ri )
∑
n

(−i)nAine
ınθ , (8)

with θ�ri , the azimuthal angle of the position vector of the i-th cylinder �ri and Ain, the scat-
tering coefficients of the i-th cylinder calculated by MST. The scattered far-field intensity is
thus proportional to I(θ ,ω) ∝ |Pfs(θ ,ω)|2. The scattering cross section of the scatterer distri-
butionwhenexcitedby aplanewave eıkx is also computedby applying theOptical Theorem
(see Appendix 1) via

σ = −2Re(Pfs(0,ω)) = −4
k
Re

(
N∑
i=1

e−ıkx�ri
∑
n

(−i)nAin

)
. (9)

In order to illustrate the different results provided by each method and the interpreta-
tion of the scattering in the reciprocal space, the scattering properties of both a periodic
and a random distribution of N = 64 rigid cylinders of radii R0 = L/100 are analyzed (array
of 8 × 8 rigid cylinders in the periodic case). The random distribution has been generated
by choosing random positions of the scatterers and avoiding overlapping between them.
The periodic [random] distribution of scatterers is plotted in Figure 1(a,f). Figure 1(b,c) and
Figure 1(g,h), respectively, depict S(�G) and |FT (�G)| in the reciprocal space. In the periodic
case, both S(�G) and FT (�G) consist of a periodic pattern of sinc-type functions. The max-
ima appear due to the periodicity of the square distribution at �G = (n 2π

√
N

L ,m 2π
√
N

L ) with
(n,m) ∈ Z

2. In the random case, the representations in the reciprocal space are not peri-
odic as shown in Figure 1( g,h). In both periodic and random cases, a hot spot in the center
that represents the forward scattering is exhibited. The parity of both S(�G) = S(−�G) and
|FT (�G)| = |FT (−�G)— is clearly visible.

To interpret the scatteringproducedby these distributions,we first discuss how the scat-
tering is directly interpreted in the reciprocal space using the von Laue formulation. Let
us consider that the system is excited by an incident plane wave the wavevector of which
is �k0 = k(�ex , 0), with �ex the unitary vector along the x direction and k = |�k0|. We choose
k = πN/L in this particular example to analyze theBragg scattering in theperiodic case. This
wavevector �k0 is represented in Figure 1(b,c,g,h) for the periodic [random] case pointing
one of the points of the reciprocal space. The von Laue formulation of the wave diffraction
[65] stipulates that the difference between the vector of the scattered wave, �ks, and that of
the incident wave, must be a vector of the reciprocal space, i.e. �ks − �k0 = �G, for construc-
tive interference to occur. Assuming elastic scattering, |�ks| ≡ ks = | �k0| = k = 2π/λ, only
the vectors pointing non zero values of S(�G) along the Ewald sphere [65] can lead to scat-
tered waves for 3D problems. This sphere of radius k0 is centered at the origin of �k0 in the
reciprocal space. More precisely, all the possible scattered waves are given by the Ewald
sphere. The scattered wavevectors, �ks, are then given by the vector connecting the center
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Figure 1. Scattering by an array of N scatterers radiated by an incident plane wave characterized by
the wavevector �k0. (a,f ) represents a periodic and a random distribution of N = 64 cylinders with
R0 = L/100, respectively. (b,g) shows the representation of the structure factor S(�G) for the periodic
and the random distribution, respectively. (c,h) shows the representation of the spatial Fourier trans-
form |FT (�G)| for the periodic and the random distribution, respectively. In (b,c) and (g,h), the incident
wavevector and the scattered wavevector are related through the Ewald circumference with the vectors
of the reciprocal space. (d,i) shows the polar distribution of the normalized scattered far-field intensity
between θ = [90, 270] degrees for the periodic and the random distributions, respectively. Black dot-
ted (red dashed line) [continuous blue line] represents the results obtained from the S(�G) (|FT (�G)|2)
[|Pfs(θ ,ω)|2]. (e,j) represents the scattering cross section of the periodic and random distributions,
respectively.

of the sphere and the points along this sphere having a non-null value of S(�G). The scatter-
ing is finally activated along the direction given by these vectors �ks. This discussion is valid
for any dimension, the Ewald sphere is a circumference in 2D of radius k0 centered in �k0,
and is given by the limits of a segment of length 2k0 centered in �k0 in 1D.

Following this procedure, the values of S(�G) and |FT (�G)| along the Ewald circumference
between θ = [90, 270] degrees can be evaluated and, this polar distribution provides the
back scattering produced by systems. Figure 1(d,i) shows the polar pattern of the scattered
field by the periodic [random] distribution. Both S(�G) and |FT (�G)| present a strong back
scattering around 180◦ as expected from the Bragg scattering.We then compare the results
with the scattered far field as calculated by theMST, i.e. when accounting for all the scatter-
ing orders. We conclude that the Bragg scattering is produced and that the results are very
close to those given by both S(�G) and |FT (�G)|. For the random scatterer distribution, scat-
tering alongmoredirections than in theperiodic case is expected, becausemore vectors are
possible in the reciprocal space. Some directions predicted by both S(�G) and |FT (�G)| are
nevertheless missing when comparing the results with the scattered far field as calculated
with the MST. This is due to the fact that scatterers are too close to each other in some area
of the distribution for theweak scattering approximation to be valid as shown in Figure 1(f).
In that case, themost realistic modeling is that provided by the MST. However, it should be
noted that the main directions of scattering are captured by both S(�G) andFT (�G).

To conclude this analysis concerning the scattering by a periodic and a random pattern
of scatterers, Figure 1(e,j) depicts the scattering cross section as calculatedwith theMST for
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the periodic and the random cases, respectively. The Bragg interference produces a peak
of scattering at the Bragg frequency fBragg = Nc/2L, where c is the speed of sound in the
host fluid material, for the periodic distribution while the scattering cross section almost
continuously increases with frequency for the random distribution.

3. Material design tool

Depending on the values of the structure factor in the reciprocal space, different kinds of
materials can be designed [12]. In general, the following constraint can be imposed on the
structure factor

S(�G) = S0 for K1 ≤ |�G| ≤ K2, (10)

where K1 and K2 are, respectively, the lower and the upper limits of an area of the
reciprocal space for which S(�G) has a constant value S0. Stealth materials present zero
structure factor, S0 = 0, for a general set of reciprocal vectors. Hyperuniform materials
[12–14,28–30,32,66,67] are a specific type of stealthmaterials for which K1 = 0, i.e. infinite-
wavelength density fluctuations vanish up to K2 = K . Hyperuniform materials are charac-
terized by the stealthiness, χ , being the ratio between the number of independent vectors
in the constrained domain in which S(�G) = 0 in the reciprocal space and the number of
degrees of freedom in real space [14,26,27]. The values and expression ofχ depends on the
chosen shapeof the constraineddomain. Ind = 2dimensionswithN> >1, if thedomain is

a circumference of radius K2 centered at origin,χ � (K2L)2

16πN (seeAppendix 3 formore details).
In this section,wepresent amethodology to design structuredmaterialswith prescribed

scattering features. In contrast to real-spacemethods, the desired scattering characteristics
are introduced directly in the reciprocal space via the structure factor and an optimization
procedure is used to find, the scatter distributions that gives rise to the targeted value of
structure factor for a set of wavelengths. The cost function that is minimized during the
optimization procedure is a function of the structure factor itself S(�G) [Equation (6)]. For
a given limit of wavevectors, the structure factor must have a target value S0 for all the
wavevectors in domain �. The objective function reads as

φ(�r1, . . . ,�rN) =
∑
�G∈�

(
S(�G) − S0

)
, (11)

and is subjected to the following constraints to avoid overlapping of scatterers of radius R0,

|�ri − �rj| ≥ 2R0 ∀i �= j. (12)

We note that Equation (11) is already norm L2 as S(�G) is already norm L2. The optimization
algorithm looks for distributionof scatterers�ri thatminimizes the Equation (11). The starting
point pattern is random.We run10optimizations and chose the configuration that provides
the minimal value of the cost function. Stealth, Hyperuniform, and Equiluminous materials
ormore generally any kind ofmaterials with targeted properties in the reciprocal space can
be designed.

As an example, Figure 2(a–c) shows a hyperuniform material made of a distributions of
N = 100 rigid cylinders with R0 = L/100 with χ = 0.196 designed by the present proce-
dure. Figure 2(b) represents the structure factor of the corresponding scatterer distribution.
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Figure 2. Structure factor and scattering produced by a Hyperuniformmaterial made ofN = 100 cylin-
ders with R0 = L/100. (a) represents the point distribution for the Hyperuniform material (with χ =
0.196). (b) shows the structure factor. (c) is a zoom the region of interest in (b). We plot the Ewald cir-
cumference corresponding to an incident wavevector �k0. (d) represents the polar plot of the normalized

scattered intensity calculated from the structure factor for the Hyperuniform (at k0 = ks = 0.36 2π
√
N

L
[white circumference in (c)] between θ = [90, 270] degrees in order to analyze the back-scattering
components.

The scattering suppression area with S(�G) = 0 between K1 = 0 and K2 = 0.52π
√
N

L is clearly
visible. Following the discussion on the interpretation of the scattering in the reciprocal
space given in Section 2, Figure 2(c) shows the Ewald circumferences for two different inci-
dent wavevectors �k0 = (0.362π

√
N

L �ex , 0) (white continuous line) and �k0 = (0.152π
√
N

L �ex , 0)
(whitedashed line). These twosituations correspond, respectively, to caseswhere theEwald
circumference is either partially or completelywithin the scattering suppression areawhere
S(�G) = 0. In both cases, the points along the circumference falling in the region S(�G) = 0
do not produce scattering. For this reason, hyperuniform materials suppress the scatter-
ing of incident radiation at low frequencies. This is the case of the Ewald circumference
for �k0 = (0.152π

√
N

L �ex , 0) [white dashed line in Figure 2(c)]. In the opposite, strong back

scattering occurs for �k0 = (0.362π
√
N

L �ex , 0). Figure 2(d) shows the corresponding polar dia-
grams of the normalized scattered intensities between θ = [90, 270] degrees as calculated
with Equation (5). The intensity is normalized with respect to its maximum value for �k0 =
(0.362π

√
N

L �ex , 0). Therefore, back scattering is clearly exhibited when �k0 = (0.362π
√
N

L �ex , 0)
while no back scattering occurs when �k0 = (0.152π

√
N

L �ex , 0). Note that the asymmetry of
the polar diagram in Figure 2(d) around the direction θ = 180◦ is a direct consequence of
the disorder of the scatterer distribution.

4. Results

In this section, we show the results for different materials with targeted scattering prop-
erties both angularly and spectrally using the structure factor. We compare the results
obtained from the structure factor, the spatial Fourier transform, and the MST showing the
robustness of the obtained results.

4.1. Broadband back-scattering suppression independent of the angle of incidence

We start by analyzing the properties of a stealth material presenting a scattering sup-
pression area between K1 = 0.752π

√
N

L and K2 = 1.12π
√
N

L . A distribution of N = 64 iden-
tical cylindrical rigid scatterers with R0 = L/100 is considered. Figure 3(a) shows the
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Figure 3. Scattering properties of a stealthmaterial for broadband and omnidirectional back-scattering
suppression. (a) Stealthdistribution. (b) Structure factor S(�G)of the stealthmaterial. Ewald circumference
distribution for two different incident directions of the same wave. Whitish area shows the scattering
suppression for these two examples. Red circles in (b) represent the limits of scattering suppression,

K1 = 0.75 2π
√
N

L andK2 = 1.1 2π
√
N

L . Green (yellow) arrow represents the incident (scattered) planewave.
(c) Polar plot of the scattered field, |pfs(θ ,ω)| produced by this Stealth material obtained from the struc-
ture factor (dotted black line), the Fourier transform (dashed red line) and the MST (continuous blue
line) for k = 0.43 2π

√
N

L . (d) θ − |k|map of the scattered pressure field |pfs(θ ,ω)| obtained fromMST for

an incident wavevector �k0 = (0.43 2π
√
N

L �ex , 0). (e–h) Scattered pressure field |ps| for an incident wave

with |�k0| = 0.43 2π
√
N

L (inside the scattering suppression region) along 0◦, 270◦, 180◦, 90◦ of incidence,
respectively. (i–l) Normalized scattered pressure field |ps| for an incident wave with |�k0| = 0.65 2π

√
N

L
(outside the scattering suppression region) along 0◦, 270◦, 180◦, 90◦ of incidence, respectively.

scatterer distribution that minimizes Equation (11) resulting from the material design tool.
Figure 3(b) depicts the corresponding structure factor showing the scattering suppression
area between the imposed limits. Note that this particular shape of scattering suppression
area implies that the back scattering is completely suppressed for any frequency and for
any incident wavevector in this area. In Figure 3(b), two different Ewald circumferences are
shown for two different incident directions at the same frequency. The whitish areas repre-
sent those of the suppressed scattered wavevectors at this particular frequency. It should
be noted here that fixing the frequency of an incident wave having scattered wavevec-
tors in the suppression zone, the suppressed scattering remains the same for any incident
direction.

Figure 3(c) shows the polar plot of the scattered field |pfs(θ ,ω)| by this stealth material
as calculated with the structure factor (dotted black line), the Fourier transform (dashed
red line) and the MST (continuous blue line) for �k0 = (0.432π

√
N

L , 0). The back scattering is
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almost suppressed as evidenced by the polar plot. Figure 3(d) represents the θ − |k| map
of |pfs(θ ,ω)| obtained from the MST. The scattering suppression is clearly in good agree-
ment with the results presented Figure 3(b). This evidences the broadband back-scattering
suppression independent of the incident angle.

Figure 3(e–h) finally shows the scattered pressure field |ps| for an incident plane wave
with k0 = 0.432π

√
N

L for four different incident directions, �k0 = (k0, 0), �k0 = (0, k0), �k0 =
(−k0, 0), and �k0 = (0,−k0), respectively (white arrow). Theback-scattering components are
strongly reduced for each angle of incidence.

As predicted with the Ewald circumference in the structure factor map, the forward
component is the most important. Although the values of the structure factor, i.e. the scat-
tered intensity, inside the suppression area are not exactly zero, the independence of the
back scattering with respect to the incidence angle is still remarkable. In order to prove
the strong effect of this back-scattering suppression, we show the scattered pressure dis-
tribution for a frequency at which the scattered wavevectors fall outside the scattering
suppression region. Figure 3(i–l) shows the scattered pressure field for k0 = 0.652π

√
N

L at
the same incident directions. Both the back scattering and the forward scattering are of
equal importance.

4.2. Broadband equally intense scattering independently of the angle of incidence

Contrary to the stealth materials, we design an equiluminous materials thanks to the
proposed material design tool that produce broadband equally intense scattering inde-
pendent of the angle of incidence. In this section, we discuss an equiluminous material of
equally intense scattering area between K1 = 0.82π

√
N

L and K2 = 1.22π
√
N

L . For this particu-
lar case, andwithout loss of generality,we consider adistributionofN = 100 rigid scatterers
with R0 = L/100. Figure 4(a) shows the scatterer distributionminimizing Equation (11) with
S0 = 1. Figure 4(b) shows the corresponding structure factor showing the equally intense
scattering area between the imposed limits [white circles in Figure 4(a)]. Similarly to the
stealth material, this particular shape of equally intense scattering area implies that the
back scattering is equally distributed for any frequency and any incident direction (see
Figure 3(b) for the Ewald circumference representation) in this area. Nevertheless, the val-
ues of S(�G) inside the equally intense scattering are not completely homogeneous due
to the discrete character of the proposed design contrary those of the stealth material.
This finds translation in a quasi-equally intense scattering pattern. The values of S(�G) are,
however, clearly smother inside the target area than outside.

Figure 4(c) depicts the polar plot of the scattered field |pfs(θ ,ω)| by this equiluminous
material as calculated with the structure factor (dotted black line), the Fourier transform
(dashed red line) and the MST (continuous blue line) for k = 0.552π

√
N

L . Contrary to the
stealthmaterial, theback scattering is almost evenly distributed along the angles andquasi-
equally intense as evidenced by the polar plot. Figure 4(d) represents the θ − |k| map of
|pfs(θ ,ω)| obtained from the MST. The quasi-equally intense scattering is in good agree-
ment with the results plotted in Figure 4(b). This evidences the broadband back-scattering
behavior of the structure independent of the incident angle.

Figure 4(e–h) shows the scattered pressure field |ps| for an incident wave with k0 =
0.552π

√
N

L for four different incident directions, �k0 = (k0, 0), �k0 = (0, k0), �k0 = (−k0, 0), and
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Figure 4. Scattering properties of an equiluminous material for broadband and omnidirectional diffu-
sion. (a) Equiluminous distribution. (b) Structure factor S(�G) of the Equiluminous material. White circles

in (b) represent the limits of equally intense scattering area, K1 = 0.8 2π
√
N

L and K2 = 1.2 2π
√
N

L (with
S0 = 1). (c) Polar plot of the scattered field, |pfs(θ ,ω)| produced by this Equiluminous material obtained
from the structure factor (dotted black line), the Fourier transform (dashed red line) and theMST (contin-
uous blue line) for k = 0.55 2π

√
N

L . (d) θ − |k|mapof the scattered pressure field |p(
sθ ,ω)| obtained from

MST for an incident wavevector �k0 = (0.55 2π
√
N

L �ex , 0). (e–h) Scattered pressure field |ps| for an incident
wave with |�k0| = 0.55 2π

√
N

L (inside the equally intense scattering region) along 0◦, 270◦, 180◦, 90◦ of
incidence, respectively.

�k0 = (0,−k0), respectively. The back-scattering components are angularly distributedwith
quasi-equal intensity for each angle of incidence. Although the values of the structure fac-
tor, i.e. the scattered intensity, inside the equally intense scattering area are not exactly
constant, the quasi-equal intense back scattering independent of the angle of incidence is
still remarkable.

5. Conclusions

Heterogeneous materials formed by a set of scatterers embedded in a host material with
tailored properties are a useful tool for the control and manipulation of acoustic, electro-
magnetic and matter waves. In this work, we present a methodology based on prescribing
the scattering properties of the system in the reciprocal space, i.e. prescribing its struc-
ture factor, to later obtain the spacial distribution of scatterers with the corresponding
scattering properties. The developed methodology was applied to construct stealth and
equiluminous materials. We notice here that the distribution of scatterers obtained by the
optimization procedure is robust to slight variations of the position of scatterers, which
could be of crucial importance if experiments are performed. In the optimizations per-
formed in this work, there are two important features to take into account: the domain �

in which the system is optimized and the number of particles N of the system. The greater
the domain �, the bigger the number of constraints imposed in the reciprocal space and
then the optimization problem becomes difficult to solve due to the huge degrees of free-
dom needed to obtain the optimal solution. The number of scatterers N also impacts the
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global scattering of the system. In fact, as the number of scatterers in the square region of
side L increases, themean density of the system does and, as a consequence, the scattering
intensity increases. This explains that the optimal results for the stealth material present
less scatterers than the case for the equiluminous one.

The scattered intensity was first obtained from the structure factor based on their pro-
portionality in the weak scattering approximation. The results were validated using the
multiple scattering approach that accounts for all the scatteringorders. The scattered inten-
sity patterns obtained by these two approaches are in excellent agreement having similar
angular distributions. First, we have designed a stealth system that exhibits broadband
back-scattering suppression independently of the incidence directions, having zero struc-
ture factor in the given frequency range and as a consequence, a close to zero scattered
intensity. Second, we have designed an equiluminous system that provides broadband dif-
fusion independently of the incident direction, having non zero constant structure factor in
the desired range of frequencies. Although the scattered intensity is not exactly the same
at different scattering angles (we have a discrete distribution of scatterers), the scattering
pattern is still quasi-intense and is smoother inside the target frequency range than out-
side it. The proposed methodology has proved itself as a convenient tool to design and
characterize disordered many-body systems with preassigned scattering properties.
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Appendices

Appendix 1. Multiple scattering theory

We consider that theN cylinders of radius Ri are located at �ri with i = 1, . . . ,N to form the distribution
in the x−y plane. The system is excited by a plane wave of the form p0(�r) = eıkx with a temporal
dependence of the type e−ıωt . The scattered wave by the i-cylinder can be written as

ps(�r,�ri) =
∑
n

AinHn(k|�r − �ri|)eınθ(�r−�ri) , (A1)

where Hn is the n-th order Hankel function of the first type. The total field incident to i-th cylinder
piin(�r) is a superposition of the direct contribution from the incident wave p0(�r) and the scattered
waves from all the other scatterers

piin(�r) = p0(�r) +
N∑

j=1,j �=i

ps(�r,�rj). (A2)

This incident wave on the i-th cylinder can be expressed as follows

piin(�r) =
∑
n

BinJn(k|�r − �ri|)eınθ�r−�ri , (A3)

where Jn is the n-th order Bessel function of first type. We now express the scattered field by the i-th
cylinder in the vicinity of the j-th cylinder. To do so, we use the Graff’s theorem:

ps(�r,�rj) =
∑
n

Cj,in Jn(k|�r − �ri|)eınθ�r−�ri , (A4)

∀|�r − �ri| ∈ [Rj , |�rj − �ri| − Ri[, (A5)
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with

Cj,in =
∑
l

AjlHl−n(k|�ri − �rj|)eı(l−n)θ�ri−�rj . (A6)

The incident plane wave is then represented in the i-th cylinder coordinate system, via

p0(�r) = eıkx = eıkxj e
ık|�r−�rj| cos (θ�r−�rj ). (A7)

At this stage, we use the Jacobi–Anger expansion to expand the term e
ık|�r−�rj| cos (θ�r−�rj ) upon Bessel

functions:

e
ık|�r−�rj| cos (θ�r−�rj ) =

∑
n

ınJn(k|�r − �rj|)eıθ�r−�rj . (A8)

Therefore, we end with

p0(�r) =
∑
n

SinJn(k|�r − �rj|)eıθ�r−�rj , (A9)

where

Sin = ıneıkxj . (A10)

The factor eıkxj plays the role of a complex amplitude which depends on the horizontal projection of
the position of the j-th scatterer, xj .

Now that we have expressed all the acoustic fields involved in the problem in the vicinity of the
i-th cylinder, we can obtain the following system of equations:

Bin = Sin +
N∑

j=1,j �=i

∑
l

AjlHl−n(k|�ri − �rj|)eı(l−n)θ�ri−�rj . (A11)

At this stage, the Sn are known, but both Bn and Al are unknown. The rigid boundary condition
provides another equation relating them. At the interface of the i-th cylinder, we have

1
ρ0

∂pext
∂r

∣∣∣∣
r=Ri

= 0, (A12)

giving rise to

Bin = −H′
n(kRi)

J′n(kRi)
Ain ≡ �i

nA
i
n, (A13)

where the primes represent derivative. Therefore, the amplitudes of the scattered and the incident
fields on the i-th cylinder can be related by means of �i

n.
Finally the system of equations can be written as follows,

�i
nA

i
n −

N∑
j=1,j �=i

∑
l

Gj,i
n,lA

j
l = Sin, (A14)

where

Gj,i
n,l = Hl−n(k|�ri − �rj|)eı(l−n)θ�ri−�rj for i �= j. (A15)

This system of equations is solved for every frequency by truncating the infinite sums. A good
estimation for this truncation is given by Barber and Hill [68]

l = n = floor
(
kRmax + 4.05(kRmax)

1/3)+ 10, (A16)

with Rmax = max(Ri). Other recipes for this truncation can be found in Refs. [69,70]. Once the system
is solved, the coefficients Ain are known and the total pressure can be obtained from

p(�r) = eır cos θ +
N∑
i=1

∑
n

AjnHn(k|�r − �rj|)eınθ(�r−�rj) . (A17)
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A.1 Scattering cross section

From the previous equations, the expression of the scattering cross section of an array of scatterers
can be obtained. The scattered pressure field by a distribution of scatterers can be written as

ps(�r) =
N∑
i=1

∑
n

AjnHn(k|�r − �rj|)eınθ(�r−�rj) . (A18)

In the far field, we have

Hn(k|�r − �rj|) �
√

k

ı2π |�r| (−ı)neık|�r|e−ık|�rj| cos (θ−θ�ri ), (A19)

considering that |�r − �rj| � |�r| − |�ri| cos (θ − θ�ri ). The far-field scattered pressure expression is also

pfs = S(θ ,ω)

√
k

ı2π r
eıkr , r → ∞, (A20)

with the far-field scattered amplitude

S(θ ,ω) = 2
k

N∑
i=1

e−ık|�ri| cos (θ−θ�ri )
∑
n

(−i)nAine
ınθ . (A21)

The scattering cross section is thus written as

σ = −2Re(S(0,ω)) = −4
k
Re

N∑
i=1

e−ıkx�ri
∑
n

(−i)nAin. (A22)

Figure A1. Scattering cross sections for cylinders with radius [1/130, 1/120, 1/110, 1/100, 1/90, 1/80,
1/70, 1/60]. As the radius increases the scattering cross section increases also. The wide line corresponds
to the scattering cross section of the cylinders analyzed in this work.

A.2 Weak scattering approximation

Strictly speaking the Born approximation implies that the interaction between the scatterers is negli-
gible, in other words, the term ps(�r,�rj) = 0 in Equation (A2), i.e. the incident wave on the i-th cylinder
is only the incident wave without any contribution of the other scatterers in the structure. In this
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work, we will consider that |ps(�r,�rj)| << |p0(�r)| ∀j. For a single scatterer, the scattering cross section,
is defined as

σ = 1
|p0|2

∫
|ps|2ds =

∮
dσ

d�
d�, (A23)

where the integral runs over a closed surface enclosing the scatterer. This could be used to evaluate
the intensity of the scattered field by a single element. Figure A1 shows the scattering cross section
for scatterers with radius [1/130, 1/120, 1/110, 1/100, 1/90, 1/80, 1/70, 1/60]. We have chosen a config-
uration for which the scattering cross section is less than 0.015 in the range of frequencies analyzed
in the work, meaning that the scattering is thus 1.5% of the incident wave, so the weak scattering
approximation is valid.

In this work we have used the following conditions NπR20/L
2 ≤ 0.3, and kR0 ≤ 0.3 for the filling

fraction and the radius of the scatterer with respect to thewavelength, respectively. These conditions
are in the weak scattering approach.

Appendix 2. Structure factor

Let us consider the scattering of an acoustic beam of wavelength λ by the distribution of N scat-
terers. We assume that the scattering is weak, so that the amplitude of the incident beam is higher
than the amplitude of the scattering waves; absorption, refraction and higher order scattering can
be neglected (kinematic diffraction). The direction of any scattered wave is defined by its scattering
vector �G = �ks − �k0, where �ks and �k0 = k0(cos θ i , sin θ i) are the scattered and incident beamwavevec-
tors with θ i the incidence angle. For elastic scattering, |�ks| = |�k0| = |�k| = 2π/λ and then G = |�G| =
4π
λ
sin(θ). The amplitude and phase of this scattered wave is the vectorial sum of the scattered waves

by all the scatterers �s(�q) = ∑N
i=1 fie

−ı�G�ri , with fi the atomic structure factor. The scattered intensity
reads as

I(�G) = �s(�G).�∗
s (�G)

=
N∑
j=1

fje
−i�G�rj ×

N∑
k=1

fke
i�G�rk

=
N∑
j=1

N∑
k=1

fjfke
−ı�G(�rj−�rk). (A24)

The structure factor, S(�G), is then defined as this intensity normalized by 1/
∑N

j=1 f
2
j

S(�G) = 1
N∑
j=1

f2j

N∑
j=1

N∑
k=1

fjfke
−ı�G(�rj−�rk). (A25)

If all the scatterers are identical, then

I(�G) = f2
N∑
j=1

N∑
k=1

e−ı�G(�rj−�rk), (A26)

so

S(�G) = 1
N

N∑
j=1

N∑
k=1

e−ı�G(�rj−�rk) = 1
N

∣∣∣∣∣∣
N∑
j=1

eı
�G�rj

∣∣∣∣∣∣
2

. (A27)

Therefore, the structure factor S(�G) is proportional to the intensity of scattered field by a configuration
of N scatterers. It is worth noting here that the structure factor can be also related to the scattering
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cross section as follows

dσ

d�
= f2

N∑
j=1

N∑
k=1

e−ı�G(�rj−�rk) = f2NS(�G), (A28)

where σ is the total cross-section and � is the solid angle.
Note that the von Laue condition [65,71] for the periodic systems implies that the constructive

interferences will occur if the difference between the incident and reflected wavevector is a vector
of the reciprocal lattice. Therefore, the Bragg scattering condition reads as |�k| = |�G|

2 sin θ
. In the 1D case

(θ = π/2), the wavevectors are collinear and then, |�k| = |�G|/2.

Appendix 3. Stealthiness, χ

χ is called the stealthiness and encodes the correlation of hyperuniformmaterials [14,26,27]. χ is the
ratio between the number of independent vectors in the constrained domain in which S(�G) = 0 in
the reciprocal space and the number of degrees of freedom in real space,

χ = # constrained �G
d(N − 1)

� # constrained �G
dN

. (A29)

The right-hand side considers the limitN> > 1. In free space, amediummade ofN particles, presents
dN degrees of freedom in d-dimensions. We focus in the case d = 2. The values and expression of χ
obviously depends on the chosen shape of the constrained domain. In this work, we consider S(|�G| ≤
K2) = 0, i.e. �G is constrained in a circumference of radius K2 centered at the origin. It is worth noting
here that the structure factor has the following property S(�G) = S(−�G). Therefore, the number of
constrained �G in a circumference of radius K2 is 1

2π(K2L/2π)2, so

χ � K22L
2

16πN
. (A30)

In this case, χ takes positive values, and the values χ → 0 and χ → π/4 (when K2 = 2π
√
N/L) lead,

respectively, to Poisson distributions and perfect crystal lattices. Therefore, the control of χ has been
shown as an elegant and efficient way to control the correlated disorder of the generated point
pattern.


	1. Introduction
	2. Scattering in many-body systems: structure factor and multiple scattering theory
	3. Material design tool
	4. Results
	4.1. Broadband back-scattering suppression independent of the angle of incidence
	4.2. Broadband equally intense scattering independently of the angle of incidence

	5. Conclusions
	Funding
	ORCID
	References
	A.1. Scattering cross section
	A.2. Weak scattering approximation



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


