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Foreword

This manuscript attempts to give an overview of my research activities since the beginning of
my PhD in 2002.

The first part of the document describes the major scientific achievements. I have tried to
present these achievements in three brief chapters, the redaction of which depends on the ma-
turity of the corresponding activities. This brevity is now recommended by most of the French
Universities. The first chapter, composed of two sections, gathers activities related to gratings
and metasurfaces, including results of my PhD thesis on the modeling and analysis of the elastic
wave propagation arising from an earthquake in a city. The design of metaporous and meta-
poroelastic materials still represents a large percentage of my current activities. These materials
are at the origin of the creation of the Metacoustic company. The second chapter, composed of
three sections, gives an overview of activities related to periodic and macroscopically inhomoge-
neous bulk materials. Works and challenges regarding graded porous and poroelastic materials,
resonant sonic crystals and metamaterials (metasurfaces) based on slow sound propagation are
presented. This chapter is strongly related to the first one, because every material and structure
is bounded in practice and therefore only a small number of configurations can be understood
and analyzed as bulk materials. The design of deep-sub-wavelength sound absorbers/insulators
represents a large percentage of my activities these last years. The third chapter, composed of
two sections, presents activities on the experimental characterization of porous and poroelastic
materials and periodic structures as well as the experimental recovery of complex wavenum-
ber/frequency dispersion relations. This last section is in my opinion of particular interest for
future characterization of structured materials and metamaterials in various domains of physics,
not only for audible acoustics. This part ends with a conclusion and future perspectives. Addi-
tional scientific achievements which do not represent a major part of my activities are presented
in the appendix. The provided activity list may still not be exhaustive and I might have omitted
some important achievements for others.

The second part of the document contains a scientific curriculum vitæ, in the form that is
usually used for the evaluation of researchers by the «Comité National de la Recherche Scien-
tique»(CoNRS section 9). It gathers a regular CV, an overview of my academic and teaching
duties, and a list of publications.

The third part of the document contains a selection of publications that I consider representa-
tive of my work, organized in accordance with the first part of the present manuscript. Please
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Foreword

note that all my published peer-reviewed articles are available following the links provided in
chapter 5 of the *.pdf version of this document or in my personal webpage.

This manuscript, in particularly the first part, has largely benefited from collaborations, the
list of which may be long but, without being exhaustive, I would like to mention the colleagues
from LAUM, LMA, KULeuven, Univ. of Sheffield, Univ. of Salford, Univ. of Eastern Finland,
and Univ. Politècnica de València. I apologize in advance for not having mentioned some
colleagues.
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Part I

Presentation of the main scientific
results
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Chapter 1
Gratings and (meta)surfaces

This chapter gathers a large percentage of my research activities and focuses on diffraction
gratings. These gratings take the form of periodic arrangement of rectangular blocks in contact
with a soft layer over a hard half-space, of possibly resonant inclusions embedded in soft layer
also in contact with a half-space, or of a combination of these two configurations. Whilst
the former may mimic cities excited by an earthquake, the latter were essentially studied for
sound absorption purpose. Both applications make use of similar physical features and it is
worth noticing here, that the first application was probably the premise of the current seismic
metamaterials [1].

1.1 Geophysical application: the site-city effect

The Michoacan earthquake that struck Mexico City in 1985 presented some particular char-
acteristics which have since been encountered at various other locations and again recently in
Mexico City, but at a lower level of intensity. Other than the fact that the response in downtown
Mexico varied considerably in a spatial sense [2], was quite intense and of very long duration at
certain locations (as much as ≈ 3 min [3]), and often took the form of a quasi-monochromatic
signal with beatings, a remarkable feature of this earthquake [4, 5] was that such strong motion
could be caused by a seismic source located so far from the city. The epicenter was effectively
located in the subduction zone off the Pacific coast, approximately 350 km from Mexico City.
Despite finer and finer models of the geophysical site, these observations could not find satisfac-
tory explanations [6]. It is now recognized [5] that the characteristics of the abnormal response
recorded in downtown Mexico were partially present in the waves entering into the city (notably
60 km from the city [4]) after having accomplished their trip from the source. This is thought
to be due to the excitation of Love and generalized-Rayleigh modes by the irregularities of
the crust (regional path effect). A still controversial aspect [7, 8, 9, 10] is the influence of the
presence of the built features of the urban site as a complementary explanation of the abnormal
response: the site-city effect. A building or a group of buildings over a hard half-space, solicited
by an SH wave, has been shown to modify the seismic waves on the ground near the building [11]
(soil-structure interaction), the modification being larger when more buildings are accounted
for because of multiple interaction [12]: that is, the structure-soil-structure interaction.

The response of a soft elastic layer, mimicking the sediment basin over which cities are often
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Chapter 1: Gratings and (meta)surfaces

built, over a hard half-space were studied for both SH [13, 14] and PSV polarizations [15]. The
presence of a building or a group of buildings was then simulated for both polarizations by
modeling them as rectangular blocks in perfect contact with the ground. This model was then
extended in the case of periodic arrangement of identical rectangular blocks, mimicking the
response of a contemporary city [16]. Similar results were obtained for both polarizations and
therefore only results for the SH polarization will be presented for clarity of the explanations.
This polarization is also known to be the most destructive one for built structures during an
earthquake.

Note that all simulations were performed by considering viscoelastic media with constant quality
factors. In particular, semi-analytical calculations were run by employing the Kjartansson
formula [17].

1.1.1 Site and regional effects: the excitation of Love mode

As a preambule to this subsection, it is worth noting that site effects, which are the response
of the ground in the absence of built structure, are usually studied in geophysics when the site
is excited by a normal incident plane wave. The main achievement concerning the study of site
and regional effects yields in the study of the excitation of Love mode.

Typical dispersion curve of the lowest frequency Love mode is depicted in Fig. 1.1 (a). The
tangential component of the corresponding wavenumber k?1 yields in the absence of losses in
[k[0], k[1]], where k[0] and k[1] are respectively the wavenumbers of the material occupying the
hard half-space and the soft layer. In the presence of losses, the dispersion curve is only slightly
modified. This means that such a mode cannot be excited by an incident plane wave at an
angle θi arising from the hard half-space. Effectively, the wavenumber tangential component
reads as ki1 = k[0] cos

(
θi
)
,i.e., ‖ki1‖ ≤ k[0] in this case, which does not yield in [k[0], k[1]]. This

implies that:

• the so-called quarter-wavelength modes of a soft layer lying on a hard half-space are not
modes of the configuration, because they do not satisfy the dispersion relation. It is rather
an interference phenomenon of waves in the layer associated with leaky modes.

• the real modes of the configuration, namely the Love modes, cannot be excited by a
plane incident wave, but rather by line or point sources. The excitation is performed by
coupling the evanescent waves radiated by these types of source with the modes. The
Love modes effectively correspond to propagative waves in the layer and evanescent ones
in the half-space. Therefore, beyond the excitation problems, the elastic energy is trapped
inside the layer. The excitation of the Love mode also leads to longer duration and larger
amplitude of the displacement on the ground, see Fig. 1.1 (b-c). The excitation of such
modes is characterized by wave packets propagating in the layer as depicted in Fig. 1.1
(d).

As a consequence, the study of site effects (and therefore of regional effects) may not be always
conducted by soliciting the sites by plane incident waves, but rather by a point or line sources.
This was particularly noticeable during the Michoacan earthquake, where the epicenter was
located far from Mexico City (≈ 350 km). This implies that most of the specific features of
this earthquake were present at the entrance of the elastic wave in the sedimentary basin of
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1.1 Geophysical application: the site-city effect

Mexico City. This also implies that the simulated response of a built structure may not be
always accurate, because it is usually solicited by a plane incident wave instead of a mode. The
resonance frequency of the subsoil, which occurs at the inflection point of the dispersion curve
in Fig. 1.1 (a), is also slightly smaller than the so-called quarter-wavelength resonance of the
layer. Both amplitude of the motion and its duration may be much larger than it is commonly
simulated.
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Figure 1.1: (a) Dispersion relation (complex wavenumber/frequency) of the lowest frequency
Love mode in a soft layer over a hard half-space mimicking the subsoil of Mexico City (red
curve), dispersion relation of the SH wave in the layer (blue curve), and dispersion relation of
the SH wave in the hard half-space (black curve). (b) Transfer function of the displacement on
the ground when excited by a shallow line source (red curve) and a deep line source close from
a normal incidence excitation (green curve). (c) Response to a Ricker like wavelet centered at
0.3 Hz on the ground. (d) Snapshot of the displacement field at 75 s, when the configuration is
excited by a shallow line source.

Finally, it is worth noting that the leakage of the Love mode is physically different from the
one associated with the so-called quarter-wavelength mode. The present Love mode leakage is
due to viscoelastic properties of the layer.
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Chapter 1: Gratings and (meta)surfaces

1.1.2 The soil-structure and structure-soil-structure interactions

When a structure is built on the ground, the soil-structure interaction occurs. It is worth noting
here, that a built structure is usually designed to possess a first resonant frequency higher than
the lowest resonant frequency of the subsoil it is built on. In the presence of a layer, the soil-
structure interaction takes the form of both a shift at lower frequency and an increase of the
amplitude of the first peak of the layer when excited by a deep line source, as depicted in Fig.
1.2 (a-c). In practice, a built structure, modeled in the present case as a rectangular block, acts
as an induced source located at the surface. This induced source radiates evanescent waves in
the subsoil which can be coupled with the Love modes, see the typical structure of the wave
field in Fig. 1.2 (c). Therefore, the so-called soil-structure interaction is the local excitation of
the lowest frequency Love mode by the structure itself. This implies that the presence of built
structure induces the excitation of Love modes. Therefore, the excitation of the built stucture
is not achieved by a plane incident wave anymore, but rather by a Love mode and the mutual
interaction between built structures (structure-soil-structure interaction) is performed through
Love modes, possibly taking the form of coupled modes.

1.1.3 The site-city effect

While the effect of a finite size assembly of blocks may lead to the excitation of collective modes
which strongly resemble Fabry Perot interferences (Fig. 1.2 (f)), the effect of a city was studied
by considering a periodic arrangement of identical blocks. In the absence of the soft layer, the
problem reads formally as the one of the diffraction of a TE or a TM electromagnetic wave
by a perfectly conducting grating. When the wavelength of the impinging plane wave λi is
a multiple of the grating period d, i.e., λi = nd, n ∈ Z, the acoustic energy is spread along
the grating and no energy is reflected back to the half-space by the grating anymore. The
energy is perfectly absorbed by the structure and located along its surface. This phenomenon,
known as the Wood anomaly, was first observed by Wood [18] and explained by Cutler [19] in
optics/electromagnetism. In the presence of a soft layer below the grating, we showed that the
Love modes are excited discretely by the Block waves in a similar way as the Wood anomaly.
This excitation leads to sharp peak of the frequency domain response, therefore leading to
a larger amplitude and a longer duration of the excitation which may present beatings, see
Fig. 1.2 (e) . The presence of built structures was therefore found to be partially responsible of
the destructive effects of the Michoacan earthquake in Mexico City as depicted in Fig. 1.2 (d-f).

This first application of diffraction grating shows that the presence of surface irregularities may
lead to energy entrapment inside the layer. This energy entrapment may be disastrous in case
of an earthquake striking a city or may be desired to design absorbing structures. On one hand,
when the resonance frequency of a built structure is lower than the one of the substrate, the built
structure resonates and traps the energy. On the other hand, when the resonance frequency
of the substrate is lower than the one of the built structures, the soft layer resonates and
traps the energy. In particular, it can be shown that the exact physical/mathematical acoustic
counterpart of the previous grating configuration is a rigid diffraction grating composed of
periodic arrangement of quarter-wavelength resonators covered by a rigid frame porous layer
radiating in air [20, 21]. This means that basic rules in structural engineering may directly be
translated to the design of sound absorbing structures.
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1.2 Acoustic application: metaporous and metaporoelastic materials
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Figure 1.2: (a) Response at the top of a 50 m × 30 m block in perfect contact with a subsoil
mimicking the one of the Mexico-city (red curve), at the bottom of the block (dashed red
curve), and in the absence of block (green curve) to a deep source radiating a Ricker wavelet
at 0.3 Hz; (b) corresponding time responses; (c) snapshot of the displacement field at t = 42 s.
(d) Response of a 300 m periodic arrangement of 50 m × 30 m blocks in perfect contact with
a subsoil mimicking the one of the Mexico-city (on the top of the block red curve) and in the
absence of block (green curve) to a plane Ricker wavelet at 0.3 Hz (the amplitude of the source
is different from the cases (a) and (b)); (e) corresponding time responses; (f) snapshot of the
displacement field at t = 32.5 s in the presence of 10 blocks.

1.2 Acoustic application: metaporous and metaporoelastic ma-
terials

The ability to perfectly absorb an incoming wave field by a sub-wavelength structure is advanta-
geous for several applications in wave physics as energy conversion [22], time reversal technology
[23], coherent perfect absorbers [24], or sound-proofing [25] among others. The solution to this
challenge requires to solve a complex problem: reducing the geometric dimensions of the struc-
ture while increasing the density of states at low frequencies and finding the good conditions to
match the impedance with the background medium.

Until now, sound absorption has been mostly achieved by using porous materials or microp-
erforated materials [26]. These materials attenuate sound waves through viscothermal losses
arising from the interaction of the sound wave with the usually motionless skeleton. Through-

9



Chapter 1: Gratings and (meta)surfaces

out the manuscript, porous material will refer to motionless skeleton material, while poroelastic
material will refer to material with deformable frame. Perfect absorption requires impedance
matching with the surrounding medium. This condition may be realized thanks to the critical
coupling condition, which relies on the analysis of the scattering matrix eigenvalues, i.e. the
reflection coefficient for rigidly backed structures, in the complex frequency plane [27]. This
analysis provides the balance between the energy leakage of the system and the dissipated en-
ergy. When these two energies exactly counterbalance, the critical coupling condition is fulfilled
and perfect absorption is achieved [28, 29].

The present section is organized as follows. First, the limitation of regular acoustic porous
materials will be assessed. Then, metaporous and metaporoelastic materials will be presented.
These materials represent an efficient alternative to purely porous/poroelastic materials in the
inertial regime, in the sense that they provide broadband perfect absorption of incident waves,
the wavelengths of which are smaller than 10 times the thickness of the materials.

1.2.1 Usual absorption by rigid frame porous layers

Acoustic wave propagation in rigid frame porous materials is usually modeled through semi-
phenomenological fluid models [30, 31]. These equivalent fluid models rely on complex and
frequency dependent equivalent density and compressibility, which respectively accounts for the
viscous and thermal losses [32]. Different regimes might be considered and of particular interest
are the viscous and inertial regimes, which are only related to the viscous losses. These two
regimes are separated in frequency from one another by the Biot frequency, 2πfB = σφ/ρ0α∞,
where σ is the flow resistivity, φ is the porosity, α∞ is the tortuosity, and ρ0 is the density of
the saturating fluid. Below this frequency, the density is mainly imaginary and the pressure
field satisfies a diffusion equation, while above this frequency, the density is mainly real and the
pressure field satisfies a Helmholtz equation with losses. The lowest frequency absorption peak
of a rigidly backed porous layer corresponds to the so-called quarter-wavelength resonance.
By first order Taylor expanding the numerator of the reflection coefficient of a rigid frame
porous plate rigidly backed around this frequency, we end with an optimal length which reads
as Lopt = iZ0/ωρeff + πceff/2ω, where Z0 is the characteristic impedance of the air medium,
and ρeff and ceff are respectively the effective density and sound speed of the rigid frame
porous material. Therefore, it imposes a purely complex value of the effective density and a
purely real value of the effective sound speed. In other words, this can only be achieved for a
frequency which is slightly above the Biot frequency. Therefore, this results in two limitations:
(1) rigidly backed porous materials could only absorb sound for wavelength smaller than 4 times
their thickness, and (2) rigidly backed porous materials could only perfectly absorb sound for
frequencies larger than the so-called quarter wavelength resonance when the latter corresponds
to the Biot frequency. Below this frequency, attenuation is too large, while above this frequency,
attenuation is too poor. Therefore, bulky and heavy structures are required to absorb sound at
low frequency and very low frequency cannot be absorbed by homogeneous porous materials.

1.2.2 Metaporous and metaporoelastic layers

An efficient way of designing broadband and thin sound absorbing materials is to combine vis-
cothermal losses arising from porous materials with periodic resonant elements. The role of the
former is to attenuate sound, while the role of the latter is to trap the sound energy inside the
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1.2 Acoustic application: metaporous and metaporoelastic materials

structures at frequency much lower than the quarter-wavelength resonance one as well as to
modify/tune the system attenuation. The periodic embedment of rigid inclusions in a porous
plate, the first absorption peak of which is not unity in the inertial regime, leads to an enhance-
ment of the absorption of the structure at low frequency, see Fig. 1.3(a). This enhancement is
due to the excitation of a trapped mode, which traps the acoustic energy between the inclusion
set and the rigid backing, Fig. 1.3(b). For a given filling fraction and position of the inclusions,
the energy leakage of the structure can be exactly compensated by the intrinsic losses and a per-
fect absorption peak is reached for frequency much lower than the so-called quarter wavelength
frequency of the homogeneous porous layer [33, 34]. The Bragg interference arising from the
interaction of the inclusions with their image with respect to the rigid backing unfortunately
leads to a large reflection of the structure and therefore a lower absorption, as depicted Fig. 1.3
(a). At higher frequencies, the absorption might be enhanced at the resonance frequencies of
the porous plate, which are discretely excited thanks to the periodicity. These modified modes
of the plate correspond to Wood anomaly in the presence of the porous plate, Fig. 1.3(a). Note
that the required filling fraction for perfect absorption is larger for three dimensional inclusions
than for two dimensional ones. This implies that perfect absorption might be impossible to
achieve for some porous materials by employing some three dimensional inclusion shapes, typi-
cally sphere inclusions arranged on a cubic lattice. The absorption can be further enhanced at
low frequencies by embedding resonant inclusions, like split ring resonators [35] or Helmholtz
resonators [36]. At their resonance frequency, the acoustic energy is trapped in the resonant
inclusions and attenuated by viscothermal losses. Split ring resonators (Helmholtz resonators
as well but to a lower extend) can be coupled with the rigid backing. Therefore, broadband
absorption can be achieved by considering a supercell composed of various split ring resonators
with different slit orientations. It is worth noting here, that perfect absorption can only be
achieved when the resonance of the inclusion lies in the inertial regime of the porous matrix,
Fig. 1.3(c-d). When it lies in the viscous regime, absorption peaks are usually noticed but
cannot be unity either because the acoustic energy cannot travel to the resonators, as depicted
Fig. 1.3(e-f) in the case of completely embedded Helmholtz resonators, or because the resonator
can hardly resonate when filled with a porous materials in the viscous regime.

Whilst the effect of the Bragg frequency may be erased by adjusting the resonance of resonant
inclusions at this frequency, it can be more efficient to structure the rigid backing by adding
quarter wavelength resonators or Helmholtz resonators [37, 38]. Therefore, the embedded reso-
nant inclusions leads to perfect absorption at low frequencies while the structured rigid backing
avoids the Bragg interference associated absorption loss at higher frequencies in optimized struc-
tures. Such metaporous materials possess enhanced acoustic properties to drastically reduce
treatment thickness.

Accounting for the possible motion of the skeleton paves the way to remove the limitation
of the metaporous materials to the inertial regime. Beyond the apparent rigidification of the
poroelastic structure by the embedment of purely elastic inclusions, elastic resonators usually
resonate at lower frequencies than acoustic ones and can therefore be efficiently designed for
low frequency absorption purpose. For example, a preliminary study [39] has shown that the
periodic embedment of viscoelastic shells in a poroelastic layer enables the enhancement of
the poroelastic plate absorption coefficient thanks to the excitation of the trapped mode, the
volume mode of the shell, but also the higher order modes of the shell which occur at much
lower frequency than the Biot frequency. If optimally excited, elastic resonances may offer new
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Chapter 1: Gratings and (meta)surfaces

possibilities for the design of sub-wavelength metaporoelastic materials, both for the acoustic
and elastic energy mitigation.

0

0.5

1

1.5

2

0 0.5 1 1.5 2
1

1.5

2

2.5

3

3.5

0 2 4 6 8 10 12 14 16 18 20 220

0.2

0.4

0.6

0.8

1

Ab
so

rp
tio

n 
co

ef
fic

ie
nt

Perfect absorption

Bragg interference

Modified Wood anomaly

500 1000 1500 2000 2500 3000 3500 40000

0.2

0.4

0.6

0.8

1

Ab
so

rp
tio

n 
co

ef
fic

ie
nt

Experiments
FEM
Homogeneous layer

500 1000 1500 2000 2500 3000 3500 40000

0.2

0.4

0.6

0.8

1

Ab
so

rp
tio

n 
co

ef
fic

ie
nt

200 400 600 800 10000

0.2

0.4

0.6

0.8

1

(a) (b)

(c)
(d)

(f)
(e)

Figure 1.3: (a) Absorption coefficient of a 2 cm-thick porous layer of Fireflex without inclusion
(blue curve) and with 2 cm periodic circular inclusions of radius 7.5 mm embedded in (red
curve); (b) snapshot of the pressure field at the perfect absorption frequency; (c) Absorption
coefficient of a 2 cm-thick melamine layer without inclusion (blue curve), with 4.2 cm periodic
supercell composed of two split-ring resonators the opening of which being in opposite directions
embedded in (red curve), and experimental validation (o); (d) Sample picture; (e) Absorption
coefficient of a 2 cm-thick melamine layer without inclusion (blue curve), with 2.1 cm periodic
Helmholtz resonators embedded in (red curve), and experimental validation (o); (f) Sample
picture.

This first chapter focuses on gratings and metasurfaces and makes the connections between
metasurfaces encountered in different applications. In particular, the design of metaporous and
metaporoelastic layers was part of my research project when I was recruited by the CNRS.
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1.2 Acoustic application: metaporous and metaporoelastic materials

Metaporous layers were patented and these solutions are now proposed by Metacoustic, which
was created by one of my previous PhD student, C. Lagarrigue. It is worth noting here, that he
also received numerous awards for his work on this topic, among which the «Yves Roccard» prize
in 2014 from the French Acoustical Society that rewards the best French PhD in acoustics.
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Chapter 2
Periodic and macroscopically inhomogeneous
bulk materials and their limitations

This chapter gathers activities related to the modeling of acoustic wave propagation in bulk
materials. Even if bulk materials are necessary of finite depth or lengths in practice, the study
of acoustic wave propagation in bulk materials is of particular physical interest, because it
enables to exhibit material intrinsic physical features. In the last section of this chapter, we
will clearly show the practical limitations of bulk materials. In particular, accounting for the
finite size to design deep-subwavelength stuctures based on slow sound propagation (presented
in section 2.3) has represented a large percentage of my activities during these last years.

2.1 Macroscopically inhomogeneous (graded) porous materials

While the acoustic wave propagation in macroscopically homogeneous porous (rigid frame) or
poroelastic materials has been extensively studied since the seminal works of Biot [40, 41], the
propagation in macroscopically inhomogeneous porous or poroelastic materials has only been
studied recently. Contrary to metaporous or metaporoelastic materials, macroscopically inho-
mogeneous poroelastic materials are materials the macroscopic properties of which depend on
the spatial coordinates. These macroscopic properties are porosity, tortuosity, viscous and ther-
mal characteristic lengths, flow and thermal resistivities (or alternatively viscous and thermal
permeabilities) for rigid frame porous materials plus Young’s modulus, Poisson ratio and loss
factor for poroelastic materials. The macroscopic variation of these parameters assumes that
the spatial variation occurs at a much larger scale than the representative elementary volume.
This mainly offers the possibility to design graded poroelastic materials with enhanced acoustic
properties, avoiding reflections from interfaces in layer system and matching the surrounding
medium impedance.

Several formulations of the Biot theory are available, the assumptions and validity of which are
usually misunderstood. In particular, the initial formulation of the Biot theory [40], which is
commonly used by the acoustic community, is only suitable for homogeneous isotropic materials,
while the alternative formulation [41], which is commonly used by the geophysic community, is
able to cope with inhomogeneous anisotropic materials. Therefore, the wave equation describing
the acoustic wave propagation in macroscopically inhomogeneous poroelastic materials was
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Chapter 2: Periodic and macroscopically inhomogeneous bulk materials and their limitations

derived from this alternative formulation. This equation was solved for both graded porous and
poroelastic plates along their depths [42, 43]. Unfortunately, despite the availability of numerical
solutions and means of optimization for the parameter profiles, this research topic is still limited
because, to the author knowledge, none of the current acoustic foam manufacturing procedure is
sufficiently robust to manufacture precisely graded porous materials with the desired parameter
profiles, even though some attempts were successful [44, 45]. The development and lowering
cost of rapid manufacture techniques offers new possibilities. In addition, while the need for
parameter profile characterization is of practical interest, every acoustic foams being slightly
graded in practice because of the manufacturing process, the required data frequency range to
efficiently reconstruct these profiles is very large and makes the inversion procedure developed
till now inefficient in practice. Nevertheless, macroscopically inhomogeneous porous material
was used to simulate accurately the acoustic response of a blackhole with homogeneous porous
core [46]. The radial property gradient material impedance matching the outer and inner
impedances was realized by varying radii and distances of equispaced rigid cylinders arranged
over each circumference from the outer layer to the inner one.

2.2 Resonant sonic crystals

Acoustic wave propagation in infinite periodic arrangement of scatterers in fluid matrix (sonic
crystals) has been extensively studied these last decades because of their peculiar dispersions,
notably the presence of band gaps opened either thanks to the periodicity (Bragg interference)
[47, 48, 49, 50] or to resonances (usually occurring at low frequency) [51]. This type of structures
is particularly innovative to replace current sound barriers [52], because they can be optically
transparent, enable or disable the passage of animals, etc.

A design of a natural sonic crystal was proposed by making use of bamboo rods arranged on
a triangular lattice, see Fig. 2.1 (b). The triangular lattice was preferred to the square one
because it enables broader band gap for almost circular cylindrical scatterers. The discrepancies
in shape and radius inherent to natural bamboo rods were not found to highly affect the trans-
mission coefficient trough finite depth structures around the first Bragg band gap. Helmholtz
resonators were then added by drilling holes between each node of the bamboo rods. The open
band gap was found at very low frequency for wavelength approximately 13 times larger than
the lattice period, the discrepancies in the resonator dimensions being small compared to the
wavelength at their resonances, see Fig. 2.1 (a-b). Broadening the band gaps was attempted by
making use of resonance gradient along the depth of the sonic crystal by lengthening the neck
of the Helmholtz resonators or lowering the resonators volume, but failed because of a lack of
cumulative effect of resonances in our case. Helmholtz resonators were also found to be very
difficult to couple.

Shape and lattice geometries both influence the band gap opening and its frequency width, the
optimum being reached when both coincides for simple geometries [53], i.e. triangular scatterers
arranged on a triangular lattice, square scatterers on a square lattice, etc. Square scatterers
arranged over a square lattice also offers the possibility of tuning the band gap by modifying the
orientation of the scatterers inside the lattice, i.e. by rotating the scatterers around their axis
[54]. In particular, complete band gaps are opened when the scatterers are rotated of an angle of
π/4 with respect to the lattice directions, while the structure possesses band gap only along the
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2.2 Resonant sonic crystals

ΓX direction when the scatterers are aligned with the lattice. Waveguides were designed and
experimentally validated by modifying the orientations of some scatterers along a path when
the surrounding ones were oriented at π/4 with respect to the lattice. Moreover, the pass band
frequency of the waveguide depending on the orientation of the scatterers, a spatial selective
filter was designed in the audible frequency range by measuring the transmission coefficient in
a sonic crystals possessing different waveguides each of them being composed of scatterers with
slightly different orientations [55]. Therefore, transmission bands are opened inside the band
gap at specific location behind the crystal.

0

453

907

1360

1813

2266

2719

3172

3625

0,5 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Γ X

(iv)

(v)

(vi)

(i)

(iii)

(ii)

M

X

(a) (b)

(c) (d)

Figure 2.1: (a) Transmission coefficient (amplitude) of a resonant sonic crystal constituted
of bamboo rods arranged along a triangular lattice incorporating Helmholtz resonators; (b)
Picture of the crystal; (c) Transmission coefficient of a tunable resonant sonic crystal composed
of square scatterers incorporating quarter-wavelength resonators. The insets show the pressure
field at specific frequencies and the unit cell composed of 4 scatterers is sketched; (d) Picture
of the tunable resonant sonic crystal.

The tunability of the latter sonic crystal was further enhanced by adding resonators. Quarter-
wavelength resonators were added by periodically drilling identical circular boreholes on one
face of the square scatterers. The sonic crystal becomes three-dimensional (Fig. 2.1 (c)), but
only the propagation in the plane perpendicular to the scatterers axis was studied. The possible
rotation of the scatterers around their axis enables to study the coupling between the resonators
and different configurations were studied depending on the number of resonators facing one an-
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Chapter 2: Periodic and macroscopically inhomogeneous bulk materials and their limitations

other: any of them, two of them or four of them. In case of one or two resonators facing one
another, the symmetry of the structure is broken and the study of the dispersion relation along
the ΓXMΓ path is not sufficient anymore in the plan. Of particular interest is the configura-
tion with four facing resonators, as depicted in the sketch of Fig. 2.1 (d). Multiple coupled
modes are excited, opening propagative and therefore forbidden gaps, see Fig. 2.1 (d). The
viscothermal losses cannot be avoided, mainly because of the presence of the quarter-wavelength
resonators, and the flattest propagative bands (corresponding to slow sound propagation) are
highly attenuated in practice. A resonant sonic crystal possessing a band gap covering two and
a half octaves (from 590 Hz to 3220 Hz) with transmission lower than 3% was also designed [56].

The losses in sonic crystals are effectively one of the drawback of their usual description, because
they can hardly be accounted for. Viscothermal losses cannot be accounted for in the Plane
Wave Expansion [57], because density and bulk modulus are usually frequency dependent. They
might be accounted for through the Extended Plane Wave Expansion [58], but still the inherent
problem of the necessary identical type of material that compose the matrix and the scatterers
is not solved. Probably, the best way to solve this problem relies in the Multiple Scattering
Theory [59]. This was particularly pointed out when solving the full viscothermal problem of
the scattering of the acoustic wave by periodic circular rods in air [60]. Another disadvantage
of the description of sonic crystals as bulk materials, is that in practice they are of finite depth.
Therefore, impedance of the sucture is required, angle of propagation in the crystal when ex-
cited by an oblique incident plane wave is usually unkown, symmetry problems leading to deaf
modes arise [61], and Wood anomaly are noticed. Nevertheless, we can make use of Wood
anomaly together with viscothermal losses of the matrix material to design perfect absorbers.
A finite depth sonic crystal composed of a periodic arrangement of rigid circular scatterers along
a square lattice in a porous matrix was studied in [62]. The structure possesses similar behavior
as a sonic crystal in the abscence of losses, with very low transmission inside frequency ranges
which can be associated with band gaps, but also very low transmission inbetween because of
the losses in the porous material. Of particular interest is the second band gap when a square
lattice is considered, the central frequency of which fits the one of the first Wood anomaly at
normal incidence. Therefore, the transmission of this finite depth structure almost vanishes
as well as its reflection coeffcient leading to perfect absorption. This is particularly impor-
tant in case of perfect absorption in transmission problems. Note, this is encountered for every
finite depth periodic sonic crystal with square lattice, even in the absence of viscothermal losses.

Other properties than band gaps arise from the dispersion relation of acoustic waves in this
type of structures, for example negative refraction which was shown in the audible frequency
range with the help of another square rod scatterer sonic crystal [63]. Another quite interesting
property of dispersion realtion in periodic structures in air is slow sound, which occurs in
propagative bands when the slope of the bulk wavenumber is lower than the one of the bulk
wavenumber in air.

2.3 Slow sound propagation: design of deep-subwavelength ab-
sorbers and other application

Slow sound propagation is currently a growing topic in acoustics because of the direct analogy
with electromagnetic induced transparency. This phenomenon appears when an opaque medium
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exhibits enhanced transmission in a narrow frequency windows along with strong dispersion.
This rapid change in transmission leads to strong dispersion giving rise to slow phase velocity
or group velocity waves whose frequency is centered on the narrow transmission band [64]. In
acoustics, most of theoretical and experimental evidences of slow sound have been achieved by
considering sound propagation in pipes with a series of detuned resonators (mostly Helmholtz
resonators) separated by a sub-wavelength distance [65], tuned or detuned resonators sepa-
rated by half of the wavelength giving rise to a coupling between the resonators and the Bragg
bandgap [66], in a waveguided sonic crystals [67], in lined ducts [68], etc. Only a few studies
have been focusing on the dissipation (dispersion and attenuation) of slow sound propagation
[69, 70], even if it has been sometimes noticed or discussed. Dissipation was considered as a
side effect of an unexpected adverse reaction. The key point of this section is to make use of
slow sound propagation, which appears for a broadband frequency range below the bandgap
associated with resonators resonance, or in a narrow frequency band between the bandgaps
associated with detuned resonator resonance (induced transparency band), together with the
associated dissipation (attenuation + dispersion) to design a sound absorbing metamaterial.

First the dispersion relation in a duct loaded by identical [71] or detuned [72] quarter-wavelength
or Helmholtz [73] resonators was studied. The viscothermal losses were accounted for in the
resonators and in the duct by making use of the appropriate complex and frequency depen-
dent effective densities and compressibilities [74]. From a description based on locally reacting
impedance condition mimicking the loading by the resonators, the effective parameters were
derived. The analysis shows that the sound wave propagating in the loaded duct possesses the
specific features of slow sound, in the induced transparency band, but also at low frequency.
While the sound speed is necessarily dispersive in the induced transparency band, it possesses
a plateau at low frequency. As expected from [75], the real part of the effective bulk modulus
becomes negative inside the band gap due to the resonance of the loading resonators. Note that
the presence of the losses induces a small amount of propagation in the band gap. Therefore,
the use of the term «band gap» might be abusive. Note that the decrease of sound speed is
as well associated with an increase of the attenuation. Very low sound speed wave also cannot
propagate over a large distance in acoustics. This specific type of propagation allows to design
sub-wavelength resonators.

In case of rigidly backed structures, these resonators can be quarter-wavelength ones, e.g. Fig.
2.2 (a-b). When periodically arranged, they form a metasurfaces, the resonance of which
appears for wavelength much larger than the impinging wave one. Note that the sub-wavelength
resonance of these quarter-wavelength resonators is only due to a drastic reduction of the sound
speed inside the loaded ducts and not to coilling effect [76]. This metastructure can be critically
coupled to the exterior medium by tuning the geometry of the structures. When this condition
is fulfilled, the perfect absorption is obtained because the attenuation of the structure exactly
compensate its leakage and the zero of the scattering matrix (R in this case) exactly lies on the
real frequency axis, see Fig. 2.2 (c). Several structures were designed by using this technique,
the absorption band of some being broaden by using detuned sub-wavelength resonators in the
unit cell and the absorption of others being deeply sub-wavelength [73], i.e. λ = 88L, see Fig.
2.2 (a-d). All these structures were validated experimentally. It was found in practice that the
limiting parameters in low frequency is the manufacturing of the sample by stereolithography,
the structure being not acoustically rigid anymore when very thin.
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Figure 2.2: (a) Sketch of the perfect absorber for reflection problem; (b) Picture of the perfect
absorber sample; (c) Map of log|R|2 in the complex frequency plane; (d) Absorption coefficient
calculated with different methods and measured.

In case of open structures, these resonators are Fabry-Perot ones. When resonators of this type
are periodically arranged, the problem of perfect absorption by sub-wavelength structure in
transmission problem was tackled. When transmission is allowed, perfect absorption requires
both symmetric and antisymmetric problems to be critically coupled; i.e. both zeros of the
eigenvalue of the scattering matrix must vanish at the same frequency. In the absence of
loading resonators, the zero and pole structure of these two problems are staggered in frequency.
Therefore, the perfect absorption cannot be achieved. When identical resonators are plugged
on periodically arranged slits and effective parameters are used, the structure possesses an
infinite number of zeros and poles for both problems, which are stretch below the band gap
due to the loading resonator resonance. An accumulation point can be observed and perfect
absorption can theoretically be achieved. However, this perfect absorption cannot be reached
in practice because the effective parameter description implies an infinite number of resonators,
while this number is necessarily finite in depth. The total number of zeros and poles in the
complex frequency domain equals the number of resonators and the accumulation point could
not exist anymore. This problem can also be solved by accounting for the finite number of
resonators, through the Transfer Matrix Method for example. Nevertheless, nearly perfect
absorption structure can be designed [77]. This constitutes one of the main drawback of effective
parameter description and therefore of bulk material description in practice. This limitation
is particularly true for medium involving resonant elements. Nevertheless, the problem of
perfect absorption in transmission problems can be solved by employing similar techniques
inspired by slow sound propagation. Instead of designing a structure composed of degenerate
resonators [78], rainbow trapping absorbers were designed [79]. The idea consists in breaking
the symmetry of the structure by detuning the loading resonators, see Fig. 2.3 (a). The
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2.3 Slow sound propagation: design of deep-subwavelength absorbers and other application

panels are composed of a periodic array of varying cross-section waveguides, each of them being
loaded by Helmholtz resonators with graded dimensions. The low cut-off frequency of the
absorption band is fixed by the resonance frequency of the deepest Helmholtz resonator, that
reduces drastically the transmission. The preceding Helmholtz resonator is designed with a
slightly higher resonance frequency with a geometry that allows the impedance matching to
the surrounding medium. Therefore, reflection vanishes and the structure is critically coupled.
This results in perfect sound absorption at a single frequency. This process can be repeated by
adding additional Helmholtz resonators to the waveguide, each of them with a higher resonance
frequency than the preceding one. Zeros of both eigenvalues of the scattering matrix now lies
on the real frequency axis, see Fig. 2.3 (d). These structures being asymmetric, the analysis of
the scattering matrix eigenvalues is not sufficient to completely describes the acoustic behavior
of the designed structure. The associated eigenvectors are additionally analyzed in the complex
frequency plane to state which side of the structure is critically coupled. Using this frequency
cascade effect, perfect sound absorption over almost two frequency octaves ranging from 300 to
1000 Hz for a transparent panel composed of 9 resonators with a total thickness of 11 cm, i.e.,
10 times smaller than the wavelength at 300 Hz was reported, see Fig. 2.3 (a-d). In the case
of a sub-wavelength asymmetric panel, we report monochromatic perfect absorption at 300 Hz
for a structure whose thickness is 40 times smaller than the working wavelength.
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Figure 2.3: (a) Sketch of the rainbow trapping absorber; (b) Picture of the rainbow trapping ab-
sorber sample; (c) Absorption, reflection and transmission coefficients calculated with different
methods and the experimentally measured ones; (d) Map of both eigenvalues of the scattering
matrix in the complex frequency plane.
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Another application of this type of structures when rigidly backed is the metadiffuser, which is a
diffuser of very small thickness [80, 81]. In critical environments such as auditoria, professional
broadcast and recording control rooms, recording studios or conference rooms, reflections can
decrease sound quality due to echoes or cause sound coloration. Even when these specular re-
flections are damped by absorption, the sound field inside a room may be non-diffuse, affecting
the quality of the listening. In these situations, diffusers can often help by evenly spreading the
acoustic energy in both space and time. The generation of spatially dependent reflective sur-
faces have been achieved in the past by using phase grating diffusers, also known as Schroeder’s
diffusers after its first proposal [82] using maximum length sequences. The most used configu-
rations are rigid-backed slotted panels where each slit acts as a quarter-wavelength resonator.
Therefore the structure is not sub-wavelength and making use of slow sound propagation en-
able reducing the thickness of usual diffusers. By tuning the geometry of rigidly backed slotted
panels, each slit being loaded by an array of Helmholtz resonators, the reflection coefficient of
the panel can be tailored in space to obtain either a custom reflection phase, moderate or even
perfect absorption. Using these concepts, ultra-thin diffusers were designed where the geometry
of the metadiffuser has been tuned to obtain surfaces with spatially dependent reflection coeffi-
cients having uniform magnitude Fourier transforms. Various designs were realized: quadratic
residue, primitive root and ternary sequence diffusers were mimicked by metadiffusers whose
thickness is 1/46 to 1/20 times the design wavelength, i.e. between about a twentieth and a
tenth of the thickness of traditional diffusers. A broadband metadiffuser panel of 3 cm thick
was designed using optimization methods for frequencies ranging from 250Hz to 2kHz.

This chapters focuses on research activities related to bulk materials in several fields, from
graded porous and poroelastic materials to deep-subwavelength sound absorbing structures.
While research on graded porous and poroelastic materials was initiated immediately after
my PhD defense, researches on deep-subwavelength absorbing and insulating structures were
mostly conducted recently. In particular, deep-subwavelength absorbers were designed whithin
the framework of the ANR Metaudible (ANR-13-BS09-003) project co-funded by the Fédéra-
tion de Recherche pour l’Aéronautique et l’Espace (FNRAE). This project was following the
research conducted on metaporous and metaporoelastic layers. Some practical limitations of
the bulk descriptions were pointed out mostly due the necessary finite dimensions of real struc-
tures. Therefore, the homogenization of metasurfaces and interfaces are currently of growing
importance [83].
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Chapter 3
Acoustic characterization of materials and
structures

This chapter gathers activities related to the solution of inverse problems. This activity is
not strictly speaking my main subject of research but inverse problems are often solved as
subproblems of global ones: material properties of constitutive elements are required to design
more complex structures for example. Furthermore, the future commercialization of a growing
number of acoustic metamaterials will require specific tools to characterize them. I must also
confess a special interest in this field probably inherited from my PhD advisors and Post-doctoral
collaborators.

3.1 Characterization of porous (rigid frame) materials

Because of their industrial and economic interests, several methods are available to character-
ize homogeneous porous (and poroelastic) materials. For porous materials, acoustic and non
acoustic techniques must be distinguished. While non acoustic techniques provide direct mea-
surement of specific parameters, like porosity [84] or flow resistivity [85], acoustic techniques
require a model of propagation to be inverted, which usually mixes all the parameters. As ex-
plained in chapter 1, acoustic wave propagation in porous materials is modeled through complex
and frequency dependent effective bulk modulus and density. Several models are available but
the most refined ones are semi-phenomenological. These models fit available exact solutions at
low and high frequencies (of course lower than the scattering one) but are only approximated in
between [30, 31, 86]. Therefore, special attention must be paid to the measurement frequency
range and/or we need to be aware that the inverted model is approximated and so that the
reconstructed parameters will be necessarily slightly different from their exact values.

Ultrasonic measurements enable to invert high-frequency data where propagation models are
accurate. At high frequencies, i.e. for frequencies much higher than the transition (viscous-
inertial and isothermal-adiabatic) ones and lower than the scattering limit, effective bulk and
density only depend on four parameters whatever the semi-phenomenological model usually
employed: the porosity, the tortuosity and the viscous and thermal characteristic lengths. To
recover acoustically these four parameters, methods are usually based on cost function mini-
mization [87] and/or modification of the saturating gas [88]. Still both effective bulk modulus
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and density can be reconstructed analytically from measured reflected and transmitted fields
by an homogeneous porous layer [89]. From these four informations (real and imaginary parts
of both effective density and bulk modulus), the four parameters are then reconstructed ana-
lytically for each frequency. An analytical method for the reconstruction of porosity, tortuosity
and viscous and thermal characteristic lengths was also proposed and tested on usual acoustic
foams with accuracy. The problem was regularized thanks to data available at several fre-
quencies [90]. However, one problem of ultrasonic measurements in air lies in the fact that
only four over the five [31] or six [91] parameters describing a porous material might be re-
constructed. Another one yields in the fact that ultrasonic transducers in air are expensive
and usually narrow band. In addition to ultrasonic measurements, impedance tube measure-
ments can be used. This type of measurement (4 microphones in our case) provide reflection
and transmission coefficients in the audible frequency range below the cut-off frequency of the
tube. Models of propagation are therefore usually approximated in this frequency range, but it
corresponds to the range of efficiency and design of the common sound absorbing or insulating
structures. Analytical methods are available to reconstruct viscous and thermal characteristic
lengths and permeabilility, porosity and flow resistivity being measured by other non acoustic
methods [92, 93]. This requires that porosimeter and flow meter are available in the laboratory,
which is not always the case. A method based on the minimization of the difference in the least
square sense between the reconstructed and modeled density and bulk modulus was developed
and validated on several porous samples. The minimization was constrained to ensure that the
thermal characteristic length is larger than the viscous characteristic one and that the thermal
permeability is larger than the viscous one. The Johnson-Lafarge model [30, 91] depends on 6
parameters (porosity φ, tortuosity α∞, viscous and thermal characteristic lengths Λ and Λ′, and
viscous and thermal permeabilities k0 and k′0) contrary to the Johnson-Champoux one [30, 31],
but makes both effective bulk modulus and density depending on only one common parameter,
i.e., the porosity. This will also enable the characterization of anisotropic porous materials if
the principal directions are known in the near future. This method was completed by a re-
construction procedure making use of Bayesian approach [94, 95]. Bayesian approach allows
to account for a priori, to evaluate uncertainties and to detect possible correlations between
reconstructed parameters. No correlation were found between the viscous and thermal charac-
teristic lengths, while it is usually assumed the former is half (for fibrous materials) or the third
(for foams) of the latter. However, viscous characteristic length was found to be correlated to
the tortuosity, thermal characteristic length was found to be correlated to porosity and thermal
permeability was found to be correlated to porosity for some materials. Strong correlation may
be observed in Fig. 3.1 between thermal characteristic length Λ′ and porosity φ as testified by
the Markov Chain Monte Carlo point alignment. These correlations were found to be mainly
due to the frequency range of measurement which is limited at high frequency by the cut-off
of the impedance tube. Note also that the correlation between the reconstructed parameters
greatly increases when only reflection data are used. The results of both methods were found
in excellent agreement with previously proposed methods [96].

One of the drawback of impedance tube measurement is its high frequency limitation by the
cut-off frequency of the tube as well as its limitation at low frequency by the spacing between the
microphones. The latter problem were fixed by considering several locations of measurement
along the tube, the better spacing between two consecutive measurement locations having
been found to be equidistant on a logarithmic scale. The former problem were solved, in
square impedance tube, by using a single microphone inserted in the corner of the tube and
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mounted on a one-dimensional axis robot arm. This set-up allows to record the pressure fields
at several locations along the tube length. These pressure fields are then Fourrier transformed
in space. This problem possessing an analytical solution, the difference between the recorded
Fourrier transform and the corresponding ansatz is minimized in the least-square sense for each
frequency. The recovered parameters are the amplitude and phase of each mode in the forward
and backward directions, the corresponding wavenumbers being known thanks to the simple
geometry of the problem. Reflection coefficients for each mode are therefore reconstructed [97].
Note that the minimization allows to account for the interaction of several modes of propagation.
This technique was in particular used to assess the modeling of sound scattering by living plants
[98].
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Figure 3.1: Two dimensional marginal posterior distributions of an acoustic foam sample. The
dots represent a sample of the Markov Chain Monte Carlo points, and the contours surrounding
them show the 50 % and 95 % condense intervals. The blue cross is the Maximum A Posteriori-
estimate and the red circle is the Least Square-solution. The red curves on the bottom and left
side of each plot are the one dimensional marginal posterior distributions.
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Chapter 3: Acoustic characterization of materials and structures

To conclude this section, it is worth noting that these techniques are also used to characterize
metamaterials and metaporous materials. Effectively, below the cut-off frequency of a square
impedance tube, the boundaries of the latter act as perfect mirrors. This creates a perfect
periodic pattern of the sample, which is inserted in the tube [20]. While modes of the square
impedance tube exactly match the Block ones at normal incidence, when half of the unit cell
is inserted in the tube for two-dimensional cases and when a quarter of the unit cell is inserted
in the tube for three-dimensional cases, results for a general unit cell inserted in the tube are
usually in good agreement with its periodic counterpart, providing awareness of the symmetries.

3.2 Experimental reconstruction of complex wavenumber / fre-
quency dispersion relation

Understanding the dispersive and dissipative properties of materials is critical to the study of
wave phenomena. Extracting complex wavenumber information is important, particularly in
the context of understanding wave attenuation. In addition to dispersive effects, such as the
existence of band gaps, wave attenuation can be caused by factors such as geometric attenuation
or intrinsic material loss (e.g. heat dissipation). In any of these cases, the wave attenuation
can be interpreted in terms of complex wavenumbers. The recovery of complex wavenumbers
is of particular interest for the characterization of the viscoelastic properties of materials, in
systems such as thin-film [99], or coated plates [100], the study of mode interactions, i.e. hy-
bridization or repulsion [101, 102, 103], or the recovery of complex band structures arising from
structural periodicity or resonant elements [101, 104, 105]. The dispersion of waves propa-
gating through materials is typically interpreted in the context of frequency and wavenumber
domain information and obtained from discrete spatiotemporal data via discrete Fourier trans-
forms and related methods [106, 107, 108, 109, 110, 111]. However, such techniques typically
only supply real wavenumber information (or their magnitudes) from two-dimensional, discrete,
spatiotemporal wave propagation information, such as may be obtained from scanned receiver
measurements. Several methods have been proposed to characterize wave attenuation and ex-
tract complex wavenumber information [112, 113, 114, 115, 116, 117], but most of them were
limited to a single or a small number of modes or were requiring specific set-ups.

The SLaTCoW (Spatial LAplace Transform for COmplex Wavenumber recovery) method re-
quires usual spatio-temporal signal and enables to avoid many of the limitation of the other
methods. In the frequency domain, instead of performing a spatial Fourier transform of the field,
which is analyzed in the spatial coordinate dual space in terms of real wavenumber/frequency,
we perform a spatial Laplace transform, which is analyzed in the spatial coordinate dual space in
terms of complex wavenumber/frequency [118]. Depending on the problem, ansatz accounting
for the geometrical spreading due to excitation [119] or not are used to minimize a cost function
form by their difference with the measured data. Quite similarly to what was performed in the
preceding section, the unknowns are the amplitude and phase of each mode, together which the
corresponding real and imaginary part of the wavenumbers. This method was succesfully used
for:

• the study of low frequency (200 Hz-4095 Hz) guided elastic waves in poroelastic materials,
which are highly dissipative systems such that the wavenumbers associated with each
mode are complex. The method is used to characterize skeleton (matrix) viscoelastic
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3.2 Experimental reconstruction of complex wavenumber / frequency dispersion relation

parameters. This paves the way for the extraction of new experimental information that
enables the development of improved models of viscoelastic poroelastic materials.

• the analysis of Zero-Group Velocity (ZGV) Lamb modes at MHz frequencies (1.85 MHz
2MHz) in a Duralumin plate. The ZGV modes are composed of two interfering counter-
propagating Lamb modes, and the method reveals mode separation due to leakage and
their associated complex wavenumbers, along with motivating the need for more complex
multilayer models.

• the characterization of the resonant attenuation of high frequency (10 MHz-400 MHz)
surface acoustic waves (SAWs) propagating through a two-dimensional (2D) microscale
granular crystal adhered to a substrate with three contact-based resonances. While hy-
bridization due to the out-of-plane mode can be seen using a usual spatial Fourier trans-
form [120], the two combined rotational and in-plane translational resonances are only
noticeable by studying the attenuation of the modes, which is further highlighted by this
method.
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Figure 3.2: Comparison between theoretical (theo.) and experimental (exp.) results. Plotted
against the normalized frequency ω/ω0 are: (a) the real part and (c) the imaginary part of
the air and SAW wavenumbers; (b) the normalized group velocity; (d) the amplitude ratio
between the SAW and the air modes. Plotted against the normalized distance x1/l from the
speaker are: (e)-(g) the pressure profile along the scan-line at three frequencies; (a) and (c)
have the same legend as (b); (f) and (g) have the same legend as (e). The inset in (a) shows the
spatial Fourier transform of the experimental pressure against the frequency and the dispersion
relations retrieved from the SLaTCoW method.

• the study of the influence of viscothermal losses on the propagation of spoof acoustic waves
propagating over a metasurface composed of a periodic arrangement of circular boreholes.
This shows the efficiency of the method to discriminate attenuation from geometrical
spreading together with the large attenuation of acoustic waves in very dispersive regions,
where slow sound occurs, see Fig. 3.2.
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Chapter 3: Acoustic characterization of materials and structures

Beyond the apparent simplicity of the SLaTCoW method, this method allows to avoid many of
the problems inherent to other methods and appears to be a efficient tool to quantify complex
wavenumber/ frequency dispersion relation in various systems, involving periodic ones.

This last chapter presents activities related to the characterization of porous and structured
materials. With the rapid development of metamaterials, I am convinced that new methods of
characterization will be required for their standardization and commercialization. These new
tools will also enrich the available procedures and therefore will lead to deep modification in
the way inverse problems are tackled. This field is, in my opinion, of major importance for the
commercialization of solutions based on metamaterials.
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Conclusion and perspectives

This first part attempts to give an overview of my research achievements. Beside the organi-
zation in three chapters, each of them attempting to gather results having similar features, all
these results recover from the same general idea of the study of mostly acoustic wave prop-
agation in lossy, structured and periodic media. In my opinion, the two main achievements
concern the design and the characterization of structures for the insulation and absorption of
audible sound. In particular, metaporous and metaporoelastic materials have already proven
their efficiency to replace current acoustic foam with a large gain of thickness for enhanced
acoustic properties. This type of structures might also offer structural functionalities which
have untill now not been investigated. Deep-sub-wavelength absorbers, metadiffusers and in-
sulators are also of particular practical interest, but still require some developments. Beside
these practical achievements, the physical understanding of the absorption, insulation, elastic
wave propagation in cities as well as the coupling between resonators is of large importance
for the design of various elements, from the sound absorbing panel to future urban plan of
big cities. The rapid development of acoustic metamaterials will undoubtedly require some
specific characterization methods and probably some new standards. All along the chapters, I
have tried to explain my current understanding of the physical phenomena, potential practical
applications, but also limitations of some concepts. I strongly believe that the development of
rapid manufacturing techniques will help in solving many of the current difficulties. The first
direct application and perspective related to this development is the design, control and manu-
facturing of graded porous structures which will be investigated in the framework of the ANR
MACIA. The second is the design, control and manufacturing of even deeper sub-wavelength
resonant elements, which can be used for insulation and absorption purpose for example, as
already engaged in the ANR Metaudible (ANR-13-BS09-003). The main challenge is the com-
bination of deep-sub-wavelength and broadband absorbers, as pointed out in [121]. A possible
way to avoid the problem of causality arised by the authors is to make use of other dissipation
processes as non-linear dissipation or perhaps more simply to make use of efficiently coupled
mechanical resonators.

In terms of perspectives, I am currently active in:

• the use of sustainable materials to design sound absorbing structures and more generally
the look out for natural acoustic metamaterials, similarly, the Morpho butterflies in optics
and electromagnetism for example [122]. Some structures in acoustics and mechanics are
bioinspired [123] but to my knowledge no natural acoustic metamaterial has been found
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Conclusion and perspectives

yet. A simple example might be wheat straw, which is currently studied within the frame-
work of the RFI Le Mans Acoustique (Région Pays de la Loire) PavNat project. Wheat
straw can be arranged in the form of ball for thermal and acoustic insulation purpose. This
material is therefore a periodic arrangement of hollow tubes densely packed, the acoustic
behavior of which can be described under the homogenization theory as an anisotropic
porous material with inner resonances [124]. Another possible natural metamaterial is
based on Posidonia, the study of which is an on-going subject of collaboration with Univ.
Politècnica de València (Gandia Campus).

• the design of metaporoelastic materials for acoustic, elastic and vibroacoustic energy
mitigation. The skeleton motion being accounted for, the efficient coupling with Helmholtz
resonators with elastic boundaries is of particular interest for example [125].

• the design of thin plates incorporating resonant periodic elements for the vibroacoustic
energy mitigation, notably in the framework of the RFI Le Mans Acoustique (Région Pays
de la Loire) MetaplaQ project.

• the design of thin and light materials for the insulation (and possible absorption) of sound
in duct [126], notably within the framework of the ANR MACIA project.

• the physical understanding of the coupling between resonators loading ducts which is chal-
lenging in practice because of a lack of precise modeling accounting for the viscothermal
losses of higher order Kirchhoff’s modes in ducts for shapes different from circular ones
and slits.

• the characterization of the complex wavenumber / frequency dispersion relation of various
periodic structures.

Of course this list is not exhaustive and the reader will easily understand that this exercise is
complicated, this document being intended to be made public.

Beyond pure scientific perspectives, I strongly believe that the COST Action DENORMS
(CA1525), which currently gathers more than 90 institutions across Europe and abroad, and
which I am chairing, is a huge opportunity for acousticians and physicists working in the field of
multifunctional (meta)materials in relation to audible sound to unify their efforts and encourage
new collaborations based on emerging ideas.
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Appendix

The previous parts report achievements in the topics of my main activity. To give a more
complete overview I would also like to mention some activities related to:

• granular phononic crystals:
Discrete lattice models to describe the phononic band structure of granular crystals
have only been recently applied. These discrete models do not only apply for the long-
wavelength limit, but provide elastic eigenmodes for all possible wavelengths, which can
be used to predict, in particular, the frequency forbidden bands for wave propagation
[127, 128, 129]. Elastic eigenmodes of a two-dimensional granular crystal made of circular
cross-section, infinitely long cylinders distributed periodically on a square lattice, were
theoretically evaluated [103]. Each particle possesses two translational and one rotational
degrees of freedom. The interactions between the longitudinal, transversal, and rotational
motions of the particles can produce a variety of possible phononic band structures. A
remarkable coupling between shear and rotational waves in the lowest-frequency incorpo-
rating zero-group velocity point was revealed and a possible realization of the Dirac cones
was demonstrated.

The existence of surface elastic waves at a mechanically free surface of granular phononic
crystals was studied in [130]. The granular phononic crystals were made of spherical
particles distributed periodically on a simple cubic lattice. Rayleigh-type surface acoustic
waves, where the displacement of the particles takes place in the sagittal plane while
the particles possess one rotational and two translational degrees of freedom, were first
analyzed. Shear-Horizontal waves, where the displacement of the particles is normal to
the sagittal plane while the particles possess one translational and two rotational degrees
of freedom were also studied. The existence of zero-group-velocity surface acoustic waves
of Rayleigh type was theoretically predicted and interpreted.

Finally, the existence of a localized mode in a semi-infinite monoatomic chain composed
of infinitely long cylinders was demonstrated [131] when transversal-rotational waves are
considered, while it is well known that these types of modes do not exist when longitudinal
waves are considered.

• inverse problem for the characterization of photonic crystals [132]:
Defaults taking the form of a modification of the optical index of some element of a finite-
dimension two-dimensional photonic crystal was recovered by means of a MUSIC type
algorithm. The resolution was found to be of the order of the periodicity, which can be
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quite below the usual resolution limit. During this time, I learned most of what I know
now on the Multiple Scattering Theory.

• development of Transfer Matrix Method which does not diverge [133] for large thick-
ness and complex wavenumbers, inspired by work in the field of the characterization of
anisotropic materials by Eddy current methods [134].

• development of Finite-Element codes for the wave propagation in viscoacoustic and vis-
coelastic media [135, 15], incorporating Perfectly Matched Layer [136] and Ficticious
Domains [137].
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Projects as Principal Investigator or Task Leader
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pour l’Aéronautique et l’Espace (FNRAE).
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2013 - 2012 High-level foreign researcher fellowship from the Région Pays de la Loire: 6
months grant for Olga Umnova (Univ. de Salford, U.K.).

2012 - 2010 PHC TOURNESOL (FL 2011 - 25352YD).
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Projects as partner or participant (beyond Post-doctoral funding)
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nated by F. Gautier.
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2013 - 2010 ANR Blanc Stabingram (ANR-10-BLAN-0927), coordinated by P. Gondret.
Granular medium destabilization.

2007 - 2005 Action CNRS/États-Unis (3321) - Cooperation funding USA/France (NSF
0438765), coordinated by A. Wirgin.
Vibroacoustic characterization of bone - application to the osteoporosis diag-
nose.

Industrial contracts and technology transfers

Since 2015 Collaboration contract with Metacoustic.

Since 2010 Several research contracts with Centre de Transfert de Technologie du Mans
(CTTM).

2017 Funding for a Master II internship by SNCF

2013 Funding for a one year post-doctoral position by a Brazilian compagny.

2013 Funding for the project Metacoustic by Ouest Valorisation (SATT).

Editing

I am currently acting as guest editor, together with J. Sánchez-Dehesa and O. Umnova, for the
special issue Modeling of structured materials for sound and vibration of Acta Acustica united
with Acustic, to be published in Jan. 2018. This special issue follows the DENORMS Action
CA15125 Workshop on Modelling of high performance acoustic structures Porous media, meta-
materials and sonic crystals held in Rome in Jan. 2017.
In 2017-2018, I will act as Editor of the book Fundamental on Acoustic Periodic structures,
Metamaterials, Non-linear propagation, and Porous Materials, which originates from the DE-
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held in Prague in Sept. 2016. Springer accepted to publish this book in the series Materials
Sciences.
Since January 2017, I am also member of the Editorial Board of Building Acoustics.

Scientific expert for: Haut Conseil de l’Évaluation de la Recherche et de l’Enseignement
Supérieur (HCERES) -PHASE Laboratory, EA CNRS 3028, Toulouse, 2014-; Agence Nationale
de la Recherche (ANR); Czech Science Foundation; Campus France (Cofecub); Région Nord
Pas de Calais; MITACS; National Research Foundation Singapore; and Polish National Science
Centre.

Reviewer for international journals

I am reviewing on average 15 journal articles per year, mainly for the following journals:
Physics: Scientific Reports, Journal of Applied Physics, Proceedings of the Royal Society A,
Physics Letters A.
Acoustics: Journal of the Acoustical Society of America, Waves in Random and Complex Me-
dia, Wave Motion, Ultrasonics, Journal of Sound and Vibration, Acta Acustica united with
Acustica.
Applied Mathematics: Journal of Computational Physics, Mathematical and Computer Mod-
elling, Journal of Mathematical Imaging and Vision, Applied Mathematical Modelling.
Others: Soil Dynamics and Earthquake Engineering, Radio Science, Cold Regions Science and
Technology, International Journal of Thermophysics, Journal of Applied Geophysics, Geophys-
ical prospecting, Aerospace, International Journal of Mechanical Sciences, Frontiers in Mechan-
ical Engineering.
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Member of the French Acoustical Society (SFA).

Chairman and organizer of structured sessions in national and international con-
gresses

Sept. 2017 Special Session on Acoustic Metamaterials for Noise Reduction, Metamateri-
als’2017, Marseilles, together with V. Romero García.
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International Conference on Theoretical and Computational Acoustics, Vi-
enna, organized by A. Norris.

June 2017 Chair of the session DENORMS - Noise control using acoustic metamaterials,
metasurfaces and sonic crystals as well as porous materials, 61st Meeting of the
Society for Electronics, Telecommunications, Computers, Automatic Control
and Nuclear Engineering, Kladovo, together with D. Ćirić, organized by D.
Ćirić.

June 2017 Chair of the session Acoustic properties of materials, Noise, 4th International
Conference on Electrical, Electronic and Computing Engineering, Kladovo,
together with D. Ćirić, organized by D. Ćirić.

April 2016 Structured materials in vibroacoustics and acoustics, 13ème Congrès Français
d’Acoustique, Le Mans, together with M. Collet and M. Ouisse.
Porous materials, 13ème Congrès Français d’Acoustique, Le Mans, together
with B. Nennig.

June 2015 Structured materials and metamaterials for the control of audible sound, Eu-
ronoise 2015, Maastricht, together with O. Umnova.

April 2014 Acoustic materials, 12ème Congrès Français d’Acoustique, Poitiers, together
with B. Nennig.

April 2012 Sound absorbing materials and porous media (In Memory of Walter Lauriks),
Acoustics 2012, Nantes, together with O. Umnova and C. Glorieux.

Organizer of national and international congresses, Training Schools, and Work-
shops

In 2017-2018, I will mainly co-organize a Workshop (Leuven, 7th-9th Feb 2018) and a Training
School (Le Mans, 4th-6th Dec. 2017) both in the framework of DENORMS Action, and the 5th

Symposium on the Acoustics of Poro-Elastic Media (Le Mans, 6th-8th Dec. 2017).

Sept. 2017 DENORMS Action Brainstorming Workshop Sandpit: New approaches to de-
sign of noise reducing materials and structures, Novi-Sad, together with A.
Krynkin, T. Zielinski, M. Rychtarikova, N. Dauchez, A. Duval, L. Cveticanin,
O. Umnova, and P. Rasera.

Sept. 2017 DENORMS - GDRMeta thematic day Industrial applications of acoustic meta-
materials, Marseilles, together with A.-C. Hladky, S. Benchabane, S. Guen-
neau, and B. Gralak.

Jan. 2017 DENORMS Action Workshop Modelling of high performance acoustic struc-
tures, porous media, metamaterials and sonic crystals, Rome, together with F.
Asdrubali, P. Rasera, O. Umnova, A. Krynkin, T. Zielinski, and A. Duval.
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Sept. 2016 DENORMS Action Training Schools Sound waves in metamaterials and porous
materials, Prague, together with M. Cervenka, P. Rasera, O. Umnova, A.
Krynkin, T. Zielinski, and A. Duval.

Short-term visits

2017 One month invited researcher at the Department of Applied Physics, Polytechnical
University of Valencia, Gandia, Spain. Short Term Scientific Mission funded by
DENORMS Action.

2012 One month invited researcher at the Centre for Sustainable Environments, Univ. of
Bradford, U.-K.

2010 Two months invited researcher at the Acoustics and Thermal Physics, KULeuven,
Belgium.

2007 Two weeks visitor at the Department of Mathematical Sciences, Univ. of Delaware,
USA.

2006 Two weeks visitor at the Department of Mathematics, Univ. of Louisville, USA.
2005 Two weeks visitor at the Department of Mathematics, Univ. of Chicago, USA.

Member of recruitment panel

2016 Assistant Professor position 60 MCF 4151, LAUM.

PhD jury member

2017 Z. Liu, Modélisation électromagnétique et imagerie d’endommagements de laminés
composites à renforcement de fibres, Univ. Paris-Saclay.

2015 G. Rodeghiero, Panneaux complexes anisotropes et imagerie électromagnetique
rapide, Univ. Paris-Sud.

W. Trabelsi, Propriétés acoustiques de milieux poreux saturés présentants des
hétérogénéités aléatoirement ou périodiquement distribuées, Univ. du Havre.

C. Sacristan, Étude des propriétés acoustiques et comportement à l’impact de matéri-
aux poreux de type mousses métalliques homogènes et inhomogènes, Univ. de
Bourgogne.

2014 H. Pichard as co-advisor, Guided waves in granular phononic crystals, Univ. du
Maine.

2013 C. Lagarrigue as co-advisor, Metamatériaux performants dans la gammes des
fréquences audibles : Simulations et validations expérimentales, Univ. du Maine.

2011 J. Descheemaeker, Elastic characterization of porous materials by surface and guided
wave propagation analysis, KULeuven.

2011 A. Geslain as co-advisor, Anisotropie naturelle et induite des matériaux poreux :
Étude expérimentale et modélisation, Univ. du Maine.

2010 M. Naas, Propagation des ondes ultrasonores dans des milieux poreux inhomogènes :
application à l’os trabéculaire, Univ. du Maine.
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Teaching duties

Lectures in Summer Schools

2017 Multiple Scattering Theory: Introduction and Practical tools, in METAgineering
2017: Principles and engineering applications of the acoustic metamaterials, orga-
nized by GDR-Meta, Oléron, July 2017.

I was involved in the application of «Cursus Master Ingénierie (CMI)» Acoustics in Le Mans
Univ. and in the new training program of both Acoustics Licence and Master degrees. Conse-
quently, two new lectures will be delivered next year: Maxwell’s equations at Master 1 degree
and Periodic structures and metamaterials at Master 2 degree. Currently, I am teaching both
lectures and practicals approximatively 50 hours/year.

Teaching

Since 2014 Teaching in the session Acoustic Materials; Univ. du Maine, Third year course
ENSIM.

Since 2013 Coordinator of the module Physical optics; Univ. du Maine, License 3 SPI.
Since 2012 Coordinator of the module Langage Compilé; Univ. du Maine, Master 1 major

«Acoustics and Mechanics».
Since 2010 Teaching in the session Porous materials; Univ. du Maine, Master 2 major

Acoustic.
2012 - 2010 Coordinator of the module Maxima (formal calculation); Univ. du Maine,

Master 1 major «Acoustics and Mechanics».
Nov. 2008 Advising of Master students (Civil-Engineering & Architecture) during the

design and building of 5 architectural structures (Folies Liègeoises) sponsored
by the city of Liège.

2005 - 2002 Weekly problem sessions Acoustics; Second year course ESIM.
2002 Weekly problem sessions Solid Mechanics; First year course ESIM.
2002 Laboratory experiments Vibrations; Third year course ESIM.

Supervising of Master 2 student projects

2017 L. Fei, together with V. Romero García and V. Tournat.
One dimensional acoustic wave propagation in duct with periodic membranes.

T. Cavalieri, together with V. Romero García and C. Chaufour.
Modeling of sound barriers: Application of sonic crystals to railway noise reduction.

2015 W. Huang, together with V. Romero García.
Sound absorbing materials combining Helmholtz resonators and membranes.

A. Lardeau, together with V. Romero García.
Acoustic wave propagation in three-dimensional resonant sonic crystals.

2012 C. Olivier, together with J.-C. Le Roux (CTTM) and O. Dazel.
Low frequency characterization of porous materials by use of an impedance sensor.

L. Foze-Ndjomo, together with V. Tournat and O. Dazel.
Numerical modeling of graded granular material.

2011 H. Pichard, together with O. Richoux.
Study of sonic crystals constituted of square inclusions in the audible frequency range.
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A. Drira, together with V. Tournat and O. Dazel.
Biot waves in disordered granular layer submitted to gravity.

2010 B. Bergeot, together with O. Dazel.
Contribution to the ultrasonic characterization of macroscopically inhomogeneous
porous materials.

Supervising of Master 1 student project

2014 W. Huang and A. Lardeau.
Acoustic absorption by structures mimicking wheat straw like arrangement.
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Chapter 5
Scientific output

5.1 PhD Dissertation

Modélisation de la propagation des ondes élastiques générées par un séisme proche ou éloigné à
l’intérieur d’une ville, Université de la Méditerranée - Aix-Marseille II, 2005.

5.2 Peer-reviewed journal articles

[A1] J.-P. Groby, C. Tsogka, and A. Wirgin, Simulation of seismic response in a city-like
environment, Soil Dyn. Earthq. Eng., 25: 487-504, 2005.

[A2] J.-P. Groby and A. Wirgin, Two-dimensional ground motion at a soft viscoelastic
layer/hard substratum site in response to SH cylindrical seismic waves radiated by
deep and shallow line sources - I. Theory, Geophys. J. Int., 163: 165-191, 2005.

[A3] J.-P. Groby and A. Wirgin, Two-dimensional ground motion at a soft viscoelastic
layer/hard substratum site in response to SH cylindrical seismic waves radiated by
deep and shallow line sources - II. Numerical results, Geophys. J. Int., 163: 192-224,
2005.

[A4] E. Franceschini, M.-C. Pauzin, S. Mensah, and J.-P. Groby, Soft tissue absorption
tomography with correction for scattering aberrations, Ultrason. Imaging, 27: 221-
236, 2005.

[A5] J.-P. Groby and C. Tsogka, A time domain method for modeling viscoacoustic wave
propagation, J. Comput. Acoust., 14: 201-236, 2006.

[A6] J.-P. Groby, L. De Ryck, P. Leclaire, A. Wirgin, W. Lauriks, R.P. Gilbert, and
Y.S. Xu, Use of specific Green’s functions for solving direct problems involving a
heterogeneous rigid frame porous medium slab solicited by acoustic waves, Math.
Methods Appl. Sci., 30: 91-122, 2007.

[A7] L. De Ryck, J.-P. Groby, P. Leclaire, W. Lauriks, A. Wirgin, C. Depollier, and
Z.E.A. Fellah, Acoustic wave propagation in a macroscopically inhomogeneous porous
medium saturated by a fluid, Appl. Phys. Lett., 90: 181901, 2007.
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[A8] L. De Ryck, Z.E.A. Fellah, J.-P. Groby, P. Leclaire, W. Lauriks, A. Wirgin, and
C. Depollier, Acoustic wave propagation and internal fields in macroscopically-
inhomogeneous rigid frame porous materials, J. Appl. Phys., 102: 024910, 2007.

[A9] J.-P. Groby and D. Lesselier, Localization and characterization of simple defects in
finite-sized photonic crystals, J. Opt. Soc. Am. A, 25: 146-152, 2008.

[A10] J.-P. Groby and A. Wirgin, Seismic motion in urban sites consisting of blocks in
welded contact with a soft layer overlying a hard half space, Geophys. J. Int., 172:
725-758, 2008.

[A11] J.-P. Groby, A. Wirgin, and E. Ogam, Acoustic response of a periodic distribution of
macroscopic inclusions within a rigid frame porous plate, Wave Random Complex,
18: 409-433, 2008.

[A12] L. De Ryck, P. Leclaire, J.-P. Groby, W. Lauriks, A. Wirgin, and C. Depollier,
Reconstruction of material properties profiles in one-dimensional macroscopically in-
homogeneous rigid frame porous media in the frequency domain, J. Acoust. Soc.
Am., 124: 1591-1606, 2008.

[A13] R.P. Gilbert, Y. Lui, J.-P. Groby, E. Ogam, A. Wirgin, and Y. Xu, Computing
porosity of cancellous bone using ultrasonic waves II: The muscle, cortical, cancellous
bone system, Math. Comput. Model., 50: 421-429, 2009.

[A14] J.-P. Groby, A. Wirgin, L. De Ryck, W. Lauriks, Y.S. XU, and R.P. Gilbert, Acoustic
response of a rigid-frame porous medium plate with a periodic set of inclusions, J.
Acoust. Soc. Am., 126: 685-693, 2009.

[A15] J.-P. Groby, E. Ogam, L. De Ryck, N. Sebaa, and W. Lauriks, Analytical method for
the ultrasonic characterization of homogeneous rigid porous materials from transmit-
ted and reflected coefficients, J. Acoust. Soc. Am., 127: 764-772, 2010.

[A16] J.-P. Groby, W. Lauriks, and T.E. Vigran, Total absorption peak by use of a rigid
frame porous layer backed with a rigid multi-irregularities grating, J. Acoust. Soc.
Am., 127: 2865-2874, 2010.

[A17] E. Ogam, Z.E.A. Fellah, N. Sebaa, and J.-P. Groby, Non-ambiguous recovery of Biot
poroelastic parameters of cellular panels using transmitted ultrasonic waves, J. Sound
Vibration, 330: 1074-1090, 2011.

[A18] J.-F. Allard, O. Dazel, G. Gautier, J.-P. Groby, and W. Lauriks, Prediction of sound
reflexion by corrugated porous surfaces, J. Acoust. Soc. Am., 129: 1696-1706, 2011.

[A19] J.-P. Groby, A. Duclos, O. Dazel, L. Boeckx, and W. Lauriks, Absorption of a rigid
frame porous layer with periodic circular inclusions backed by a periodic grating, J.
Acoust. Soc. Am., 129: 3035-3046, 2011.

[A20] J. Descheemaeker, C. Glorieux, W. Lauriks, J.-P. Groby, L. Boeckx, and P. Leclaire,
Study of circumferential waves on a poroelastic cylinder, Acta Acust. united Ac., 97:
734-743, 2011.

[A21] A. Geslain, O. Dazel, S. Sahraoui, J.-P. Groby, and W. Lauriks, Influence of static
compression on mechanical parameters of acoustic foams, J. Acoust. Soc. Am., 130:
818-825, 2011.

[A22] G. Gautier, J.-P. Groby, O. Dazel, L. Kelders, L. De Ryck, and P. Leclaire, Propaga-
tion of acoustic waves in a one-dimensional macroscopically inhomogeneous poroe-
lastic material, J. Acoust. Soc. Am., 130: 1390-1398, 2011.
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5.2 Peer-reviewed journal articles

[A23] J.-P. Groby, A. Duclos, O. Dazel, L. Boeckx, and L. Kelders, Enhancing absorp-
tion coefficient of a backed rigid frame porous layer by embedding circular periodic
inclusions, J. Acoust. Soc. Am., 130: 3771-3780, 2011.

[A24] J.-P. Groby, E. Ogam, A. Wirgin, and S. Xu, Recovery of material parameters of a
soft elastic layer, Complex Var. Elliptic, 57: 317-336, 2012.

[A25] B. Nennig, Y. Renou, J.-P. Groby, and Y. Aurégan, A mode matching approach for
modeling two dimensional porous grating with infinitely rigid or soft inclusions, J.
Acoust. Soc. Am., 131: 3841-3852, 2012.

[A26] A. Geslain, J.-P. Groby, O. Dazel, S. Mahasaranon, K. V. Horoshenkov, and A.
Khan, An application of the Peano series expansion to predict sound propagation in
materials with continuous pore stratification, J. Acoust. Soc. Am., 132: 208-215,
2012.

[A27] J.-P. Groby, O. Dazel, C. Depollier, E. Ogam, and L. Kelders, Scattering of acoustic
waves by macroscopically inhomogeneous poroelastic tubes, J. Acoust. Soc. Am.,
132: 477-486, 2012.

[A28] H. Pichard O. Richoux, and J.-P. Groby, Experimental demonstrations in audible
frequency range of band gap tunability and negative refraction in two-dimensional
sonic crystal, J. Acoust. Soc. Am., 132: 2816-2822, 2012.

[A29] H. Pichard, A. Duclos, J.-P. Groby, V. Tournat, and V.E. Gusev, Two-dimensional
discrete granular phononic crystal for shear wave control, Phys. Rev. B, 86: 134307,
2012.

[A30] C. Lagarrigue, J.-P. Groby, and V. Tournat, Sustainable sonic crystal made of res-
onating bamboo rods, J. Acoust. Soc. Am., 133: 247-254, 2013.

[A31] J.-P. Groby, B. Brouard, O. Dazel, B. Nennig, and L. Kelders, Enhancing rigid frame
porous layer absorption with three-dimensional periodic irregularities, J. Acoust. Soc.
Am., 133: 821-831, 2013.

[A32] O. Dazel, J.-P. Groby, B. Brouard, and C. Potel, A stable method to model the
acoustic response of multilayered structures, J. Appl. Phys., 113: 083506, 2013.

[A33] C. Lagarrigue, J.-P. Groby, V. Tournat, O. Dazel, and O. Umnova, Absorption of
sound by porous layers with embedded periodic array of resonant inclusions, J. Acoust.
Soc. Am., special issue Porous Materials, 134: 4670-4680, 2013.

[A34] O. Dazel, B. Brouard, J.-P. Groby, et Peter Goransson A normal modes technique
to reduce the order of poroelastic models - Application to 2D and coupled 3D models,
Int. J. Numer. Meth. Eng.96: 110-128, 2013.

[A35] V. Romero García, C. Lagarrigue, J.-P. Groby, O. Richoux, and V. Tournat Tunable
acoustic waveguides in periodic arrays made of rigid square-rod scatterers: theory
and experimental realization, J. Phys. D: Appl. Phys., 46: 305108, 2013.

[A36] G. Ogam, J.-P. Groby, and E. Ogam, A non-linear vibration spectroscopy model for
structures with closed cracks, Int. J. NonLin. Mech., 59: 60-68, 2014.

[A37] H. Pichard, A. Duclos, J.-P. Groby, V. Tournat, and V.E. Gusev, Localized
transversal-rotational modes in linear chains of equal masses, Phys. Rev. E, 89:
013201, 2014.
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[A38] C. Glorieux, J. Descheemaeker, J. Vandenbroeck, J.-P. Groby, L. Boeckx, P. Khu-
rana, and N.B. Roozen, Temperature and frequency dependence of the visco-elasticity
of a poro-elastic layer, Appl. Acoust., 83: 123-126, 2014.

[A39] A. Elliott, R. Venegas, J.-P. Groby, and O. Umnova, Omnidirectional acoustic ab-
sorber with a porous core and a metamaterial matching layer, J. Appl. Phys., 115:
204902, 2014.

[A40] J.-P. Groby, B. Nennig, C. Lagarrigue, B. Brouard, O. Dazel, and V. Tournat, Us-
ing simple shape three-dimensional inclusions to enhance porous layer absorption, J.
Acoust. Soc. Am., 136: 1139-1148, 2014.

[A41] J. Prisutova, K. Horoshenkov, J.-P. Groby, and B. Brouard, A method to determine
the acoustic reflection and absorption coefficients of porous media by using modal
dispersion in a waveguide, J. Acoust. Soc. Am., 136: 2947-2958, 2014.

[A42] J.-P. Groby, B. Nennig, C. Lagarrigue, B. Brouard, O. Dazel, and V. Tournat, En-
hancing the absorption properties of acoustic porous plates by periodically embedding
Helmholtz resonators, J. Acoust. Soc. Am., 137: 273-280, 2015.

[A43] J.-P. Groby, W. Huang, A. Lardeau, and Y. Aurégan, The use of slow sound to
design simple sound absorbing materials, J. Appl. Phys., 117: 124903, 2015.

[A44] C. Lagarrigue, J.-P. Groby, V. Tournat, and O. Dazel, Design of metaporous su-
percells by genetic algorithm for absorption optimization on a wide frequency band,
Appl. Acoust., 102: 49-54, 2016.

[A45] T. Weisser, J.-P. Groby, O. Dazel, F. Gautier, E. Deckers, S. Futatsugi and L. Mon-
teiro, Acoustic behavior of a rigidly backed poroelastic layer with periodic resonant
inclusions by a multiple scattering approach, J. Acoust. Soc. Am., 139: 617-630,
2016.

[A46] H. Pichard, A. Duclos, J.-P. Groby, V. Tournat, L. Zheng, and V.E. Gusev, Surface
waves in granular phononic crystals, Phys. Rev. E, 93: 023008, 2016.

[A47] E. Deckers, C. Claeys, O. Atak, J.-P. Groby, O. Dazel, and W. Desmet, A Wave
Based Method to predict the absorption, reflection and transmission coefficient of
two-dimensional rigid frame porous structures with periodic inclusions, J. Comput.
Phys., 312: 115-138, 2016.

[A48] J.-P. Groby, R. Pommier, and Y. Aurégan, Use of slow sound to design perfect and
broadband passive sound absorbing materials, J. Acoust. Soc. Am., 139: 1660-1671,
2016.

[A49] K. Horoshenkov, J.-P. Groby, and O. Dazel, Asymptotic limits of some models for
sound propagation in porous media and the assignment of the pore characteristic
lengths, J. Acoust. Soc. Am., 139: 2463-2474, 2016.

[A50] Y. Aurégan, M. Farooqui, and J.-P. Groby, Low frequency sound attenuation in a
flow duct using a thin slow sound material, J. Acoust. Soc. Am., 139: EL149, 2016.

[A51] A. Lardeau, J.-P. Groby, and V. Romero García, Broadband transmission loss using
3D locally resonant sonic crystals, Crystals, 6: 51-62, 2016.

[A52] N. Jiménez, W. Huang, V. Romero García, V. Pagneux, and J.-P. Groby, Ultra-thin
metamaterial for perfect and quasi-omnidirectional sound absorption, Appl. Phys.
Lett., 109: 121902, 2016.
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5.3 Chapters in Book

[A53] A. Geslain, S. Raetz, M. Hirwia, M. Abi Ghamen, S.P. Wallen, A. Khanolkar, N.
Boechler, J. Laurent, C. Prada, A. Duclos, P. Leclaire, and J.-P. Groby, Spatial
Laplace transform for complex wavenumber recovery and its application to the anal-
ysis of attenuation in acoustic systems, J. Appl. Phys., 120: 135107, 2016.

[A54] J. Prisutova, K. Horoshenkov, B. Brouard, and J.-P. Groby , An application of normal
mode decomposition to measure the acoustical properties of low growing plants in a
broad frequency range, Appl. Acoust., 117: 39-50, 2016.

[A55] N. Jiménez, V. Romero García, V. Pagneux, and J.-P. Groby, Quasiperfect absorption
by subwavelength acoustic panels in transmission using accumulation of resonances
due to slow sound, Phys. Rev. B, 95: 014205, 2017.

[A56] L. Schwan, A. Geslain, V. Romero García, and J.-P. Groby, Complex dispersion
relation of surface acoustic waves at a lossy metasurface, Appl. Phys. Lett., 110:
051902, 2017.

[A57] N. Jiménez, J.-P. Groby, V. Pagneux, and V. Romero García, Iridescent Perfect Ab-
sorption using Critically-Coupled Acoustic Metamaterials, Applied Sciences, 7:618-
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[AS59] N. Jiménez, V. Romero García, V. Pagneux, and J.-P. Groby, Rainbow-trapping
absorbers: Broadband, perfect and asymmetric sound absorption by subwavelength
panels with transmission, submitted to Scientific Reports in June 2017, ArXiv,
1708.03343.
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rigidly-backed porous materials, submitted to Acta Acustica united with Acustica,
special issue Modeling of structured materials for sound and vibration, in Sept. 2017.

5.3 Chapters in Book

In 2017-2018, I will write a chapter on «Metamaterials for sound absorption» together with N.
Jiménez which will be included in Fundamental on Acoustic Periodic structures, Metamaterials,
Non-linear propagation, and Porous Materials. This book arises from the COST Action DE-
NORMS CA15125 Training School, Sound waves in metamaterials and porous materials, which
was held in Prague in Sept. 2016. Springer has accepted to publish this book in the series
Materials Sciences. I will also write a chapter on «Multiple Scattering Theory» which will be
included in Fundamentals and applications of acoustic metamaterials: from infrasound to heat
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control. This book arises from the GRD META Training School, METAgenierie 2017, which
was held in Oléron in July 2017. ISTE publishing has accepted to publish this book.
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[ENV1] Enveloppe Soleau 469554 280113, «Métaporeux performants pour l’absorption acous-
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Lagarrigue, J.-P. Groby, V. Tournat, O. Dazel, and B. Nennig
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ASA Meeting, J. Acoust. Soc. Am., 136: 2077, Indianapolis, Oct. 2014.
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Progress In Electromagnetics Research Symposium, PIERS 2015, Prague, Juillet
2015.
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Tournat, V. Pagneux, O. Dazel, T. Weisser, Y. Aurégan, and B. Nennig, From meta-
porous materials to subwavelength absorbers: some recipes to design perfect sound
absorbers, 4th International Conference on Electrical, Electronic and Computing
Engineering, Kladovo, June 2017.
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viscoelastic wave propagation in a city-like environment, 11th Int. Conf. on Soil
Dynamics & Earthquake Engineering, Doolin D. et al. (eds.), University and Stallion
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1419-1428, Catania, July 2005.
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L. De Ryck, R. Gilbert, N. Sebaa, T. Scotti, and Y. Xu, Recovery of the mechanical
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Depollier, R. Gilbert, T. Scotti, A. Wirgin, and Y. Xu, Acoustic identification of
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Depollier, L. De Ryck, R. Gilbert, N. Sebaa, and Y. Xu, 2D mode excitation in a
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S U M M A R Y
We address the problem of the response to a seismic wave of an urban site consisting of
N b blocks overlying a soft layer underlain by a hard substratum. The results of a theoretical
analysis, appealing to a space–frequency mode-matching (MM) technique, are compared to
those obtained by a space–time finite-element (FE) technique. The two methods are shown
to give rise to the same prediction of the seismic response for N b = 1, 2 and 40 blocks. The
mechanism of the interaction between blocks and the ground, as well as that of the mutual
interaction between blocks, are studied. It is shown, in the first part of this paper, that the
presence of a small number of blocks modifies the seismic disturbance in a manner which
evokes qualitatively, but not quantitatively, what was observed during the 1985 Michoacan
earthquake in Mexico City. Anomalous earthquake response at a much greater level, in terms
of duration, peak and cumulative amplitude of motion, is shown, by a theoretical and numerical
analysis in the second part of this paper, to be induced by the presence of a large (≥10) number
of identical equi-spaced blocks that are present in certain districts of many cities.

Key words: Earthquake ground motions; Surface waves and free oscillations; Site effects.

1 I N T RO D U C T I O N

The Michoacan earthquake that struck Mexico City in 1985 pre-

sented some particular characteristics which have since been en-

countered at various other locations (Semblat et al. 2000; Savage

2004; Haghshenas et al. 2006; Iwata et al. 2006; Maeda et al. 2006),

but at a lower level of intensity. Other than the fact that the response

in downtown Mexico varied considerably in a spatial sense (Flores

et al. 1987), was quite intense and of very long duration at cer-

tain locations (as much as ≈3 min Perez-Rocha et al. 1991), and

often took the form of a quasi-monochromatic signal with beatings

(Mateos et al. 1993), a remarkable feature of this earthquake (stud-

ied in Furumura & Kennett 1998; Cardenas-Soto & Chavez-Garcia

2003; Groby & Wirgin 2005a,b) was that such strong motion could

be caused by a seismic source so far from the city (the epicentre was

located in the subduction zone off the Pacific coast, approximately

350 km from Mexico City). It is now recognized (Cardenas-Soto &

Chavez-Garcia 2003, 2006) that the characteristics of the abnormal

response recorded in downtown Mexico were partially present in the

waves entering into the city (notably 60 km from the city as recorded

by Furumura & Kennett 1998) after having accomplished their trip

from the source, this being thought to be due to the excitation of

Love and generalized-Rayleigh modes by the irregularities of the

crust (Furumura & Kennett 1998; Chavez-Garcia & Salazar 2002;

Cardenas-Soto & Chavez-Garcia 2003).

In this investigation, we focus on the influence of the presence of

the built features of the urban site as a complementary explanation

of the abnormal response: the so-called city-site effect. A building

or a group of buildings over a hard half-space, solicited by a plane

incident SH wave, has been shown to modify the seismic waves

on the ground near the building (Trifunac 1972; Luco & Contesse

1993), the modification being larger when more buildings are taken

into account because of multiple interaction: that is, the so-called

structure–soil–structure interaction. For models of the geophysical

structure involving only a hard half-space, the stress-free base block

(of the shear wall) mode appears to be the main cause of the modi-

fication (Luco & Contesse 1993).

The studies that deal with a geophysical structure involving, in ad-

dition, a soft-layer overlying the hard half-space, have been mainly

concerned either with an infinite set of periodically arranged (Wirgin

& Bard 1996; Boutin & Roussillon 2004, 2006) or randomly ar-

ranged (Clouteau & Aubry 2001; Lombaert et al. 2004) buildings

on, or partially imbedded in, the ground. In Wirgin & Bard (1996),

the authors suggest that the large duration and amplitude are strongly

linked to resonant phenomena of the soft-layer associated with waves

whose structure is close to that of Love waves. The solicitation

being of the form of a plane incident wave, such modes cannot

be excited in the absence of buildings (Groby & Wirgin 2005a).

In Hill & Levander (1984) and Levander & Hill (1984), it was

shown that the modes of a soft layer/hard half-space can be excited

when the interface between the subtratum and the layer present some

irregularities. These effects were qualified as ‘vertical and lateral

interferences’ in a previous numerical study (Aki & Larner 1970).

The question of the excitation of modes, via surface irregularities
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constituted by the set of buildings on the ground, was subsequently

addressed in Groby et al. (2005). In Wirgin & Groby (2006a,b) it

was found that the excitation of vibration modes associated with

a periodically modulated surface impedance, modelling a periodic

distribution of blocks emerging from a flat ground, can lead to en-

hanced durations and amplifications of the cumulative displacement

and velocity as compared to what is found for a flat stress-free or con-

stant surface impedance surface. Wirgin & Groby (2006a) show that

these modes manifest themselves by amplified evanescent waves in

the substratum.

The contributions Boutin & Roussillon (2004, 2006) employ ho-

mogeneized models of a periodic city, but the fact that these models

are restricted to low frequencies may explain why they do not ac-

count for the amplifications obtained in Groby et al. (2005) and

Wirgin & Groby (2006a). In a host of other numerical studies

(Fernandez-Ares & Bielak 1973; Chavez-Garcia & Bard 1994; Faeh

et al. 1994; Clouteau & Aubry 2001; Guéguen et al. 2002; Boutin &

Roussillon 2004; Lombaert et al. 2004; Boutin & Roussillon 2006),

the presence of buildings is found either to hardly modify, or to

de-amplify, the seismic disturbance, in contradiction with what is

shown in Semblat et al. (2003), Tsogka & Wirgin (2003) and Groby

(2005).

In Rial (1989), the spatial variability of damage to structures

on the ground was attributed to the variability of the resonance

frequencies of the buildings and of the soil structure beneath each

building, with the implication that the most dangerous situation is

when the natural frequency of the building (often treated as a one

degree, or several degrees, of freedom oscillator Jennings & Bielak

1973; Guéguen 2000; Clouteau & Aubry 2001; Boutin & Roussillon

2006; Roussillon 2006) is coincident with that (obtained by a 1-D

analysis) of the substructure below the base of the building (a well-

known paradigm in the civil engineering community known as the

‘double resonance’).

Another point of view is to consider the building as a seismic

source, either when it is solicited artificially by a vibrator located

on its roof (Jennings 1970; Wong & Trifunac 1974), or when it

re-emits vibrations received from the incident seismic disturbance

[or other form of solicitation such as that coming from an under-

ground nuclear explosion (Doby et al. 1979; Shaw 1979)]. It is not

unreasonable to think that the presence of one or more buildings on

the ground enables the excitation of the (Love, Rayleigh) modes of

the underground system. This is known to be possible when a flat

stress-free surface overlying a soft layer in welded contact with a

hard substratum is solicited by a source located in the layer or sub-

stratum (Groby & Wirgin 2005a) and should therefore also occur

when the source (i.e. the building) is on the free surface.

This work originated in the observation that no satisfactory ‘the-

oretical’ explanation has been given until now of the influence of

buildings on anomalous seismic response in urban environments

with soft layers, or large basins, overlying a hard substratum. The

principal reason for this knowledge gap probably lies in the complex-

ity of the sites examined in previous studies and in the complexity

of the phenomena. Thus, it appears to be opportune to develop a

theoretical model which is as complete and as simple as possible.

This paper is divided into two parts (other than the introductory

sections, conclusion and appendices). The first part is concerned

with city configurations having a small number (one or two) blocks,

and the second part with a cities having a large number (≥ 10) of

blocks.

2 D E S C R I P T I O N O F T H E

C O N F I G U R AT I O N A N D O F T H E

T H E O R E T I C A L A S P E C T S O F I T S

S E I S M I C R E S P O N S E

We focus on a portion of a modern city consisting of a set of blocks

(i.e. groups of close or touching buildings separated by streets or

avenues or, less often, well-separated buildings) (see Fig. 1). The

blocks are assumed to be in welded contact, across the flat ground

surface, with the substructure. The latter is composed of a horizon-

tal soft layer of thickness h underlain by a hard half space. Each

block (or building in the case of well-separated buildings) is ho-

mogenized (see Fig. 1; this does not mean that the set of blocks is

reduced to a single horizontal, homogeneous layer, as in Boutin &

Roussillon 2004, 2006) and thereafter characterized by three con-

stants: its height b j , width w j and length L. All the blocks have the

same rectangular geometry (but not necessarily the same sizes) and

composition. Let d j be the x1 coordinate of the centre of the base

segment of the jth block. The distance between the blocks j and i is

denoted by d j i = |d j − d i | and is not necessarily constant between

successive pairs of blocks.

It has been shown (Adam et al. 2000), in the context of a similar

problem, that if L > d j i and L > w j for all the pertinent indices i,
j, then there is no substantial difference in the shear ground motion

between a 2-D (L infinite) and the corresponding 3-D (L finite)

configuration, so that from now on we shall limit our analysis to

the 2-D ‘city’, with x3 the ignorable coordinate of the Ox1 x 2 x 3

cartesian coordinate system in Fig. 1.

Let B ∈ Z denote the set of indices by which the blocks are

identified (e.g. for three blocks: {1, 2, 3} or {−1, 0, 1}). The cardinal

of B is designated by N b (i.e. N b denotes the number of blocks in

the configuration, and this number will either be finite or infinite.

Figure 1. Left-hand panel: view of the 2-D city (only two of the blocks are represented). Right-hand panel: the blocks are homogenized.
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� f is the stress-free surface composed of a ground portion �g ,

assumed to be flat and horizontal, and a portion �ag, constituting

the reunion of the above-ground-level boundaries �( j)
ag ; j ∈ B of

the blocks. The ground �g is flat and horizontal, and is the reunion

of �g and the base segments �
( j)
bs ; j ∈ B joining the blocks to the

underground.

The medium in contact with, and above, � f is air. The medium in

contact with, and below �G is the mechanically soft layer occupying

the domain �1, which is laterally infinite, and whose lower boundary

is �h , also assumed to be flat and horizontal. The soft material in

the layer is in welded contact across �h with the mechanically hard

material in the semi-infinite domain (substratum) �0.

The domain of the jth block is denoted by �
( j)
2 and the reunion of

all the �
( j)
2 ; j ∈ B is denoted by �2. The material in each block is

in welded contact with the material in the soft layer across the base

segments �
( j)
bs ; j ∈ B.

The media filling �0, �1 and
⋃

j∈B �
( j)
2 are M [0], M [1] and M [2],

respectively and the latter are assumed to be initially stress-free,

linear, isotropic and homogeneous. M [0] is non-dissipative whereas

M [1] and M [2] are dissipative, described by a constant quality factor

Q[ j] in the frequency range of excitation. As is common in seismo-

logical applications involving viscoelastic media (Faeh et al. 1994),

we shall assume that Q[ j] (ω) = Q[ j], with Q[ j] constants, j = 1, 2.

This implies (Kjartansson 1979) that

μ[ j](ω) = μ
[ j]
ref

(−iω

ωref

) 2
π arctan( 1

Q[ j] )

; j = 1, 2, (1)

wherein ωref is a reference angular frequency, chosen herein to be

equal to 9 × 10−2 Hz. Hence

c[ j](ω) = c[ j]
ref

(−iω

ωref

) 1
π arctan( 1

Q[ j] )

; j = 1, 2, (2)

with c[ j]
ref := √μ

[ j]
ref

ρ[ j] the phase velocity in M [ j], wherein the density

and rigidity are ρ[ j] and μ[ j], respectively.

The seismic disturbance is delivered to the site in the form of a

shear-horizontal (SH) cylindrical wave (radiated by a line source

parallel to the x3 axis and located in �0 or a SH plane wave propa-

gating initially in �0.

Our analysis deals with the propagation of 2-D SH waves (i.e.

waves that depend exclusively on the two cartesian coordinates

x := (x 1, x 2) and that are associated with motion in the x3 direction

only).

We shall be interested in the spectra and time histories of seismic

response at various points of the urban structures: at the midpoint of

the top segments of a block, at the midpoint of the bottom segment

of a block (which constitutes the interface between the block and

the soft layer) and at the midpoint of the segment on the ground

joining two successive blocks. Hereafter, we shall employ the term

‘duration’ to signify the temporal interval between the onset of the

seismic response pulse and the moment this pulse attains 1/100th of

its peak value.

The governing equations of the wave–structure interaction in both

the space–time and space–frequency frameworks are given in Ap-

pendix A. A brief description is given of the finite-element (FE)

formulation (in the space–time framework), applicable only to the

case N b < ∞.

The mode-matching (MM) formulation appeals to the space–

frequency formulation and is described in Appendices B–F. The

field representations are described in Appendix B. The interrelations

between the unknown field coefficients are given in Appendix C. The

determination of the various unknowns is treated in Appendix D.

The existence and nature of structural modes is examined in detail

in Appendix E. The way these structural modes are excited by a

seismic source and make themselves felt in the various subdomains

of the structure is treated in Appendix F.

3 N U M E R I C A L R E S U LT S F O R O N E

B L O C K I N A M E X I C O C I T Y- L I K E S I T E

The results in this section apply to a single block whose base segment

centre is located at (0 m, 0 m). The latter is supposed to be situated

in a Mexico City-like site wherein ρ[0] = 2000 kg m−3, c[0] = 600

m s−1, Q[0] = ∞, ρ[1] = 1300 kg m−3, c[1] = 60 m s−1 and Q[1] =
30, with the soft layer thickness being h = 50 m. In addition, the

material constants of the block are: ρ[2] = 325 kg m−3, c[2] = 100

m s−1 and Q[2] = 100.

The source is placed consecutively at (0 m, 3000 m) or (−65 m,

3000 m), which are deep locations for which Love modes can hardly

be excited in the absence of the block, and at (−3000 m, 100 m), a

shallow location at the which Loves modes can easily be excited in

the absence of the block (Groby & Wirgin 2005a,b).

The eigenfrequencies of the block displacement-free base block

are νF B
0m = c[2](2m+1)

4b , and the Haskell frequencies are νH ASK
m =

2m+1
2

c[1]

2h , wherein m = 0, 1, 2, . . . . Thus, the Haskell frequencies

are 0.3, 0.9, 1.5. . . Hz. The fundamental displacement-free base

block eigenfrequency (whose value is supposed to be close to the

one of the corresponding quasi-mode), depends on the choice of

the mechanical parameters of the medium filling �2, and occurs at

νDF B
00 = c[2]

4b ≈ 25
b . This expression agrees with the empirical one:

νF B
00 ≈ 30

b
employed in Boutin & Roussillon (2004).

If the zeroth-order quasi-mode is dominant, the dispersion rela-

tion (73) takes the form:

0 = cot(k[2]b)

− ik[2]w

2π

μ[2]

μ[0]

∫ ∞

−∞

⎡⎢⎣ cos
(
k[1]

2 h
) − i

μ[0]k
[0]
2

μ[1]k
[1]
2

sin
(
k[1]

2 h
)

cos
(
k[1]

2 h
) − i

μ[1]k
[1]
2

μ[0]k
[0]
2

sin
(
k[1]

2 h
)
⎤⎥⎦

× sinc2

(
k1

w

2

)
dk1

k[0]
2

= F1 − F2 (3)

The block is 50 m high and 30 m wide. The displacement-free base

block eigenfrequencies are then 0.5 Hz, 1.5 Hz, . . . . Fig. 2 gives

an indication of the modes of the configuration. One notes that the

eigenfrequencies (frequencies at which Re (F1) = Re (F2), at the

least) are ν ≈ 0.3, 0.5, 1.0, 1.53, 1.75 and 1.93 Hz. The attenuations

of the quasi-Love mode at ν ≈ 0.3 and 0.9 Hz, and of the quasi

displacement-free base block model at ν ≈ 0.5 and 1.5 Hz are rel-

atively small. The attenuation of the quasi stress-free base block

mode (close to the zeros of tan (k[2]b)) at ν
QSFB
0,1 ≈ 1 Hz is relatively

large.

We now examine the displacement field on the horizontal bound-

aries of the block.

We first consider that the seismic disturbance is delivered to the

site by a ‘deep line source’ located at xs=(0, 3000 m). This means

that in the absence of the block, the displacement field is composed

mainly of propagative waves in the substratum and interfering prop-

agative waves in the layer.

Fig. 3 depicts the spectra and time histories of the ‘total displace-

ment at the centre of the top and bottom segments of the block’,
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Figure 3. 2π times the spectra (left panels) and time histories (right panels) of the total displacement response to a cylindrical wave (radiated by a deep source

located at xs =(0 m, 3000 m) at the centre of the summit segment (top panels) and at the centre of the base segment (bottom panels) of a single 50 × 30 m

block. The dashed curves correspond to the semi-analytical (mode-matching, one mode) result, and the solid curves to the numerical (finite-element) result.

as computed by the MM method (with account taken of one quasi-

mode) and the FE method, for a deep source. No notable differences

are found between the results of the two methods of computation.

The agreement between the FE and MM solutions is found to be as

favourable for shallow sources as for deep sources. The neglect of

the quasi-modes of order larger than 0 is valid for this block width.

The block acts as a ribbon source of width w located at the base

segment.

Fig. 4 depicts the spectra and the time histories of ‘the total dis-

placement on the ground in the absence of the block’ as well as ‘the

total displacement at the centres of the top and base segments of

the block’ for a deep source. In the time domain, a small increase

of the duration, and a fairly large increase of the peak amplitude,

can be noted, particularly on the top segment of the block, where

the quasi displacement-free block mode makes itself felt.

In the frequency domain, there is an increase of the maximum

amplitude and of the sharpness of the first resonance peak of the

substructure, which is a characteristic feature of the soil–structure
interaction. The displacement field vanishes at the base segment for

a frequency close to νDF
00 .

We now consider what happens when the seismic disturbance

is delivered to the site by a ‘shallow line source’ located at xs =
(−3000 m, 100 m). This means that, in the absence of the block, the

displacement field in the substructure is that of Love modes at the

resonance frequencies of these modes.

Fig. 5 compares the displacement on the ground in the absence

of the block to that in the block (on the top and bottom segments

thereof) for a shallow source. In the time domain, the durations

are substantially the same when the block is present or absent, but

the peak and cumulative amplitudes are larger in the presence of

the block. In the frequency domain, both the sharpness and am-

plitude of the first peak, corresponding to the first Love mode in

absence of the blocks, increase. This means that the ‘soil–structure

interaction’ obtained for a deep source is also found for a shallow

source. The fact that the position of this peak is hardly shifted means

that the structure of the quasi-Love mode is very nearly that of the

Love mode existing in the absence of the block. However, the pres-

ence of the block enables this mode to be excited more efficiently

than in its absence, that is, when the site is solicited solely by the

shallow source and not by waves re-emitted by the block.
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Figure 4. Comparison of 2π times the spectrum (on the top) and time history (on the bottom) of the total displacement on the ground in absence of the block

(solid curves) with the total displacement (dotted curves) at the centre of the top segment (left panel) and at the centre of the base segment (right panel) of a

single 50 × 30 m block, for a deep source located at xs =(0 m, 3000 m).
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Figure 5. Comparison of 2π times the spectrum (left panels), and time history (right panels) of the total displacement on the ground in the absence of the

block (solid curves) with the total displacement, (dotted curves) at the centre of the top segment (top panels) and of the bottom segment (bottom panels) of a

single 50 × 30 m block, for a shallow line source located at xs = (−3000 m, 100 m).

In order to better visualize the excitation of the quasi-Love mode

due to the presence of the block, we show, in Fig. 6, the snapshots at

various instants, of the displacement field in response to the cylin-

drical wave radiated by a deep line source located at xs= (0 m,

3000 m). We note, in the layer regions of these figures, waves that

are re-radiated from the base segments of the block and that are

trapped in the layer.

4 N U M E R I C A L R E S U LT S F O R

T W O - B L O C K C O N F I G U R AT I O N S I N A

M E X I C O C I T Y- L I K E S I T E

Let us now consider the configuration involving ‘two blocks’, which

is thesimplestconfigurationfor studying interblock coupling effects.

The latter go by the name of structure–soil–structure interaction.
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Figure 6. Snapshots at various instants, t = 12 s, t = 18 s, t = 24 s, t = 30 s, t = 36 s, t = 42 s, of the total displacement field for a one 50 × 30 m-block

configuration, solicited by the cylindrical wave radiated by a deep line source located at xs= (0 m, 3000 m).

The two blocks, situated in a Mexico City-like environment, are

located such that the centre of the base segment of block 1 is (0 m,

0 m) and that of block 2 is (−65 m, 0 m).

The parameters of the site are the same as in the one-block con-

figuration.

Only one kind of solicitation is considered, that is, the incident

cylindrical wave is radiated by a deep line source located at (0 m,

3000 m).

If the zeroth-order quasi-mode coefficient is relevant, the

dispersion relation of the configuration takes the form (see

Appendix E4):(
F (1)

1 − F (1)
2

)(
F (2)

1 − F (2)
2

) − F (12)
2 F (21)

2 = F = 0, (4)

wherein F ( j)
1 − F ( j)

2 = 0, j = 1, 2 is the dispersion relation of the

configuration with one block of characteristics of the block j (see

eq. 3) and the term F (12)
2 F (21)

2 = (cos(k[2]b1)Q(12)
00 )(cos(k[2]b2)Q(21)

00 )

accounts for the coupling between the two blocks.

The latter are both 50 m high and 30 m wide and their centre-to-

centre separation is 65 m.

The displacement-free base block eigenfrequencies are 0.5 Hz,

1.5 Hz, . . . .Fig. 7 gives an indication of the solution of the dispersion

relation. Eigenfreqencies (i.e. solutions of Re F = 0) are found at

0.3, 0.55, 1.0, 1.4 Hz, . . . . The attenuations associated with the

quasi-Love mode at 0.3 Hz and the multidisplacement-free base

block mode at 0.55 Hz are rather small. The eigenfrequencies are

not close to each other.

The response at the centre of the summit segment of one of the

blocks computed by the FE method is compared in Fig. 8 to the

corresponding response computed by the MM method (with account

taken only of the zeroth-order quasi-mode. The response on the other

block is found to be almost identical to this response.

In Fig. 9 we depict the displacements in one of the two blocks (i.e.

at the centres of the summit and base segments) with the displace-

ment on the ground (at the same point as occupied by the centre

of the base segment of the block) in the absence of the blocks.

The response on the other block is found to be almost identical to

this response. We observe an increase of the duration and of the
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Figure 7. Indications concerning the dispersion relation F = 0 for two

blocks. The solid curves represent Re (F ) and the dashed curves Im (F ).

peak and cumulative amplitudes (particularly on the top segments)

which seems to be due to the strong response at the frequency corre-

sponding to the excitation of the multidisplacement-free base block

mode. Once again, the displacement at the centre of the base seg-

ments vanishes at a frequency corresponding to the occurrence of

the displacement-free base mode of the block.

In order to better visualize the excitation of the quasi-Love mode

due to the presence of the two blocks, we show, in Fig. 10, the snap-

shots at various instants, of the displacement field, for two identical

50 × 30 m blocks in response to the cylindrical wave radiated by

a deep line source located at xs= (0 m, 3000 m). We note, in the

layer region of these figures, waves that are re-radiated from the base

segments of the blocks and which evolve into a field with a series

of nodes and anti-nodes characteristic of a sum of modes domi-

nated by the quasi-Love modes. Coupling between the two blocks

(structure-soil-structure iteraction) is also notable in Fig. 10 at

t = 21 s.
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Figure 9. Comparison of 2π times the spectrum (left panels) and of the time history (right panels) of the total displacement on the ground in the absence of

blocks (solid curves) and in the presence of blocks (dashed curves). From the top to the bottom: at the centre of the summit segment of block 1, and at the

centre of the base segment of block 1. Two 50 × 30 m blocks solicited by the cylindrical wave radiated by a deep line source located at xs = (0, 3000 m).

Figure 10. Snapshots at t = 21 s and t = 42 s of the total displacement field for a two identical 50 × 30 m-block configuration, solicited by the cylindrical

wave radiated by a deep line source located at xs= (0 m, 3000 m).
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5 D I S C U S S I O N C O N C E R N I N G T H E

C O N F I G U R AT I O N S W I T H A S M A L L

N U M B E R O F B L O C K S

The response, to the cylindrical wave radiated by a line source lo-

cated in the substratum, of a finite set of blocks, each block mod-

elling one, or a group of buildings, in welded contact with a soft

layer overlying a hard half-space, was investigated in a theoretical

manner via the MM technique.

The capacity of this technique to account for the complex phe-

nomena provoked by the presence of blocks on the ground was

demonstrated by comparison of the numerical results to which it

leads to those obtained by a FE method.

It was shown that the presence of blocks induces a modification

of the phenomena that are produced by the configuration without

blocks, or of a configuration of closed blocks disconnected from the

geophysical half-space. In particular, the blocks modify the disper-

sion relation of what, in the absence of the blocks, constitutes the

Love modes.

Three different and complementary points of view were devel-

oped (in the framework of the MM theory) concerning the dis-

persion relation relative to the configuration with blocks. The first

emphasizes the role of the substructure [i.e. the geophysical (flat

ground/layer/substratum) structure]. The second emphasizes the

role of each particular block of the superstructure. The third point

of view emphasizes the couplings of the fields in the superstructure

with those in the substructure.

The first two points of views enable the definition of two new

types of modes relative to the configuration with blocks: the quasi-
Love modes, which are small perturbations of the Love mode

(which can exist when no blocks are present), and the quasi
displacement-free base block modes, which are small perturbations

of the displacement-free base block mode (which can exist when no

geophysical structure is present).

These two types of quasi-modes account for coupling between

a particular block of the superstructure with the substructure, but

not for the couplings between blocks (when more than one block is

present). Thus, the so-called soil–structure interaction is shown to

be due to the excitation of quasi Love modes.

The third point of view emphasizes the coupling between blocks

(when more than one block is present). It was shown that this cou-

pling, manifested by the existence of coupling matrices in the ex-

pressions for the quasi mode amplitudes, is of the same form as the

coupling between one particular block and the substructure, which

underlines the fact that the coupling between blocks is carried out

via the substructure.

The study of the dispersion relation for the multiblock configura-

tions is very complex, but can be carried numerically. This was done

for a two-block configuration and showed that a multidisplacement-
free base block mode can be produced. The latter was shown to cor-

respond to a coupled mode, constituted by a combination of quasi

displacement-free base block modes of each block, which are no

longer excited as such in a configuration with more than one block.

The multidisplacement-free base block mode was shown to account

for the so-called structure–soil–structure interaction.

It was underlined that the modes of a complete one- or multiblock

configuration do not constitute the reunion of the modes of the indi-

vidual component structures. Thus, the phenomena for a complete

N b block configuration are not the sum of the phenomena for N b

− 1, N b − 2, .., 0 block configurations.

The excitation of these modes was then studied in the particular

case of one and two blocks. A common feature of the influence of

one/or more blocks is the excitation of the quasi-Love mode, which

occurs even for solicitation by the waves radiated by a deep source

(recall that, for this type of solicitation, it is not possible to excite

ordinary Love modes in a flat ground (i.e. no blocks)/soft horizontal

layer/hard substratum configuration Groby & Wirgin 2005a). The

trace of quasi-Love mode excitation in the frequency domain was

shown to be: (i) for a deep source, a shift to lower frequency and

an increase of the amplitude of the first (lowest-frequency) peak

of the response, and (ii) for a shallow source [the case in which

waves whose structure is close to that of Love waves already exist

in the layer and substratum in the absence of the block(s)], an in-

crease of the amplitude, and little or no shift, of the first resonance

peak.

Generally speaking, the peak and cumulative amplitudes and du-

ration of the time histories are larger for a one- and two-block con-

figuration than for flat ground, at locations within the block, but

no spectacular effects, such as those noted during the Michoacan

earthquake were found in the numerical simulations, either for the

one- or two-block ‘cities’. This indicates that it is probably not

sufficient to carry out experiments and numerical simulations on

an isolated block or building (Manos et al. 1995; Guéguen 2000;

Todorovska 2002) (or even on a couple of blocks or buildings) in

order to predict correctly the seismic response of the block when it is

surrounded by other blocks (the situation of most blocks in a typical

city).

A configuration involving a larger number of blocks is difficult to

study theoretically in the framework of the MM formulation, which

is why configurations with an infinite number of blocks, each one of

which is close to the average shape and composition of the blocks

of typical cities, are investigated hereafter.

6 P R E L I M I N A RY R E M A R K S

C O N C E R N I N G T H E C A S E O F C I T I E S

W I T H A L A RG E N U M B E R O F B L O C K S

We again focus on the presence of the built features of the urban site

as a complementary explanation of abnormal response. Previously,

we treated the cases of one or two identical built features in the

form of cylindrical blocks. Now, we study the case of many (10,

20, 40,. . . . ∞) identical blocks. Such a configuration is a more

realistic representation of a real city due to the large number of

blocks it incorporates, but the assumptions that the blocks are: (i)

cylindrical, (ii) identical and (iii) periodically arranged, are rather

far removed from reality, except in restricted portions of modern

cities and megacities. Nevertheless, these assumptions are not more

unrealistic than random dispositions of blocks with random sizes

(Clouteau & Aubry 2001; Tsogka & Wirgin 2003; Groby et al. 2005)

and compositions, and have the advantage of enabling a theoretical

analysis which can shed some light on the physical origins of the

above-mentioned exotic phenomena.

The periodic model of cities built on sites with a soft layer over-

lying a hard substratum solicited by seismic waves originated in the

work of Wirgin & Bard (1996). Unfortunately, the theoretical appa-

ratus underlying the numerical results was not given in this paper,

and the distance between blocks in the computational results was

taken to be 2000 m, which, in our present opinion, is unrealistically

large (unless the blocks represent skyscrapers, of which there are

usually few, and largely distant one from the other).

Thus the purpose of what follows is twofold: (i) give the missing

theoretical foundations of the results of Wirgin & Bard (1996) and
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(ii) treat cities that are more realistic than those in Wirgin & Bard

(1996) and in the first part of this paper.

7 C A N D I DAT E S I T E S A N D T H E O RY

O F T H E I R S E I S M I C R E S P O N S E

Many earthquake-prone cities and megacities (New Delhi, Tokyo,

Mexico City, Istanbul, San Francisco, Basel, etc.) are built on soft

soil underlain by a hard substratum and contain districts with peri-

odic, or nearly periodic arrangements of blocks. An attempt will be

made hereafter to analyse the seismic response of districts of this

type in Mexico City.

This city is idealized in exactly the same manner as previously,

the only changes being that: (i) the number of blocks N b is now

large (≥ 10), and (ii) the solicitation takes the form of a plane wave

(corresponding to very deep sources). The angle of incidence of this

wave is taken to be θ i = 0 (i.e. normal incidence).

The MM formulation appeals to the space–frequency formulation

and is described in Appendices G–K. The field representations are

described in Appendix G. The interrelations between the unknown

field coefficients are given in Appendix H. The determination of the

various unknowns is treated in Appendix I. The existence and nature

of structural modes is examined in detail in Appendix J. The way

these structural modes are excited by a seismic source and make

themselves felt in the various subdomains of the structure is treated

in Appendix K.

8 N U M E R I C A L R E S U LT S F O R T H E

S E I S M I C R E S P O N S E I N M E X I C O C I T Y

8.1 Preliminaries

The numerical results are obtained in two manners: (i) by the MM

method (described in the previous section) as it applies to configu-

rations consisting of an infinite number of equally spaced, equally

sized rectangular blocks and (ii) by the FE method [briefly described

in Appendix A, and in more detail in Groby & Tsogka (2006) and

Groby et al. (2005)] as it applies to configurations with a large (but

finite) number of equally spaced, equally sized rectangular blocks.

The discussions concerning the numerical aspects of the disper-

sion relations will be based on material stemming from the MM

method. For the purpose of the analysis, and to allow for an easier

comparison with the results exposed in the first part of this paper, we

rewrite (the lowest-order approximation of the dispersion relation)
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Figure 11. Indications concerning the solution of the dispersion relation F1 − F2 = 0 for the Mexico City-like urban site. In the left panels: the solid and

dashed curves depict Re (F1) and Re (F2), respectively versus frequency (ν in Hz) . In the right panels: the solid and dashed curves depict Im (F1) and Im (F2),

respectively versus frequency. The top, middle and bottom panels are related to d = 65, 150 and 300 m, respectively.
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(J13) in the form

cos(k[2]b) −
∞∑

n=−∞

iwk[2]μ[2]

μ[0]k[0]
n2 d

I −
0n I +

0n

C [01]
n

C [10]
n

sin
(
k[2]b

)
= F1 − F2 = 0, (5)

wherein F1 = cos(k[2]b).

The sources of the major earthquakes in Mexico City have usually

been shallow and located in the subduction zone off the Pacific

coast, approximately 350 km from Mexico City), so that modelling

the solicitation of this city by a plane incident bulk wave is not

realistic (Groby & Wirgin 2005a,b). Nevertheless, we assume such

a (normally incident) plane bulk wave solicitation, notably to enable

an easy quantitative comparison between the finite and infinite city

responses and qualitative comparison with previous studies (Wirgin

& Bard 1996; Clouteau & Aubry 2001; Semblat et al. 2003; Boutin

& Roussillon 2004, 2006).

The central frequency of the Ricker pulse associated with the

solicitation is chosen to be ν 0 = 0.5 Hz. The material parameters

are as in the first part of this paper.

The blocks are again 50 m high, 30 m in width, and their centre-

to-centre spacing are successively chosen to be 65 m, 150 m and

300 m. The natural frequencies of the displacement-free base block

modes are νSFB
m = 0.5 Hz, 1.5 Hz,. . ., and the quasi-Cutler mode

natural frequencies (which are specific to the periodic nature of the

site, with characteristic dimension d), are obtained from F = 0.

8.2 Dispersion characteristics of the modes for an infinite

number of blocks

Fig. 11 gives indications concerning the solutions of the dispersion

relation of the global configuration (i.e. blocks plus underground)

for centre-to-centre spacings d = 65, 50 and 300 m. For a centre-

to-centre spacing d = 65 m, the influence of the periodic nature of

the city (embodied in the parameter d) appears essentially at a high

frequency outside the spectral bandwidth of the solicitation, while

for d = 150 and 300 m this influence can make itself felt in the

spectral range of the solicitation through the quasi-Cutler modes.

Quasi-Love and quasi-displacement free base block modes should

be excited at ≈0.3 and ≈0.5 Hz, respectively, both associated with

a low attenuation. The stress-free base block mode is excited at ≈1

Hz, but is highly attenuated for all three d.

Quasi-Cutler modes are clearly excited with a low attenuation.

In particular, for a relatively large centre-to-centre spacing (i.e. d =
300), the spectral density of this type of mode is large. The funda-

mental quasi-Love natural frequency is probably very close to the

fundamental quasi-Cutler natural frequency.
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Figure 12. Comparison of 2π times the spectrum (left panels) and time history (right panels) of the total displacement on the ground in the absence of blocks

(solid curves) with the displacement at three locations in the presence of blocks (dashed curves): (i) at the centre of the summit segment of a block (top panels),

(ii) on the ground, at a location halfway between two adjacent blocks (bottom panels), (iii) at the centre of the base segment of a block (middle panels), N b =
∞ and d = 65 m.
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8.3 Seismic response for an infinite number of blocks with

period d = 65 m compared to that of no blocks

In Fig. 12 we compare the spectra and time histories in the presence

and absence of the d = 65 set of blocks.

The first resonance peak in the spectra is shifted to a lower fre-

quency and is of higher amplitude when the blocks are present. This

is the indication of the excitation of the fundamental quasi-Love

mode responsible for what was previously termed the soil–structure
interaction. The peak relative to the excitation of the perturbed

displacement-free base block mode has a relatively high amplitude,

due to both the spectrum of the incident wave and to the presence

of the other blocks. Effectively, the resonance frequency does not

correspond to that of the displacement-free base block mode (at

which frequency the response is nil at the centre of the base seg-

ment of the block), and the particular shape of the spectrum at the

centre of the base segment of the block is characteristic of the exci-

tation of a multidisplacement-free base block mode and not to the

excitation of a quasi displacement-free base block mode (as shown

previously). This coupled mode also takes into account the so-called

structure–soil–structure interaction as was suggested in Section J.3

of Appendix J.

A splitting of the first peak appears in the ground (between the

blocks) response. The second of the split peaks has a low quality

factor, which fact means the quasi-absence of beatings in the time

history of response.

The temporal displacements are of higher amplitude and duration

in the presence of blocks than in the absence of blocks, particularly

at the centre of the top segment of the block. These results are

evocative of those obtained previously for two blocks.

8.4 Comparison of the seismic responses for one, two and

an infinite number of blocks with centre-to-centre

separations d = 65 m

In Fig. 13, we compare the spectra and time histories of response for

one-block, two-block, and infinite-block configurations at the centre

of the ‘top segment’ of one of the blocks. This figure shows that

the effect of increasing the number of blocks is essentially to increase

the height of the second (i.e. higher-frequency) resonance peak at the

expense of the first resonance peak, and thus to introduce stronger

high-frequency oscillations in the temporal response. As the quality

factor of the second resonance peak increases with N b, the durations
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Figure 13. Comparison of 2π times the spectrum (left panels) and time history (right panels) of the total displacement on the ground in the absence of blocks

(solid curves) with the displacement at the centre of the top segment of a 50 × 30 m block (dashed curves) for: (i) one such blocks (top panels), (ii) two such

blocks with centre-to-centre spacing d = 65 m (middle panels), and (iii) an infinite number of such blocks with centre-to-centre spacing d = 65 m (bottom

panels). Note that the one- and two-block results apply to the response to the (approximately a normally incident plane) wave emitted by a deep line source

situated at (0 m, 3000 m) whose amplitude, at ground level is different from that of the plane wave soliciting the infinite block structure, which is why the

maximal amplitudes of response are different.
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Figure 14. Comparison of 2π times the spectrum (left panels) and time history (right panels) of the total displacement on the ground in the absence of blocks

(solid curves) with the displacement at the centre of the bottom segment of a 50 × 30 m block (dashed curves) for: (i) one such blocks (top panels), (ii) two

such blocks with centre-to-centre spacing d = 65 m (middle panels), and (iii) an infinite number of such blocks with centre-to-centre spacing d = 65 m (bottom

panels). Note that the one- and two-block results apply to the response to the wave emitted by a deep line source situated at (0 m, 3000 m) whose amplitude, at

ground level is different from that of the plane wave soliciting the infinite block structure, which is why the maximal amplitudes of response are different.

also increase with N b. ‘The combined effect of the increased quality

factors and higher frequency oscillations is increased cumulative

motion of the block’.

In Fig. 14, we compare the spectra and time histories of seismic

response for one-block, two-block and infinite-block configurations

at the centre of the ‘bottom segment’ of one of the blocks. Since the

second resonance now is synonymous with a minimum of response,

the aforementioned effects are not produced at the base of the block.

In fact, with increasing N b, we actually observe a decrease of the

height of the first resonance peak, whose effect is to decrease the

amplitude and duration of motion in the time histories. This might

furnish an explanation of why some researchers have found that the

presence of buildings results in de-amplification.

8.5 Comparison of the seismic responses for 10, 20, 40

block configurations with that of a configuration having

an infinite number of blocks for centre-to-centre

separations d = 65 m

In Fig. 15, we compare the spectra and time histories of seismic

response at the centre of the ‘top segment’ of a centrally located

block in configurations with 10, 20, 40 and an infinite number of

50 × 30 m blocks separated by d = 65 m. On the whole, these

displacement responses are very similar, in both the frequency and

time domains, marked by relatively long duration (≈2 min), and

large maximum and cumulative amplitudes. However, for the finite

values of N b, there appears some splitting of the N b = ∞ low

frequency resonance peak which gives rise to beatings in addition

to those due to the presence of the two main resonance peaks.

The presence of the additional low-frequency peaks in this figure

is linked either to the (finite) number of blocks considered and/or

to the total width W of the finite configuration (for N b = 10, 20,

40; W is equal to 650, 1300 and 2600 m, respectively). These peaks

cannot be accounted-for in the dispersion relations written above,

since they result from an analysis of configurations for an infinite

number of blocks (and for which W = ∞).

8.6 Illustration of the spatial variability of response in a

configuration of ten blocks for centre-to-centre

separations d = 65 m

Fig. 16 depicts snapshots of the displacement field in the entire

configuration containing ten blocks whose centre-to-centre distance

is d = 65 m. It can be noted that: (i) the motions are still quite
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Figure 15. Comparison of 2π times the spectra (left panels) and time histories (right panels) of the total displacement at the centre of the top segment of a

50 × 30 m block of a configuration with an infinite number of blocks (solid curves) with the displacement at the same location of a central block (dashed curves)

of configurations having: (i) ten such blocks (top panels), (ii) twenty such blocks (middle panels), and (iii) fourty such blocks. In all cases, the centre-to-centre

spacing is d = 65 m.

strong in portions of the configuration some 50 s after the arrival

of the initial pulse, (ii) that the motion is quite variable spatially

and temporally speaking, (iii) the spatial variability extends even to

within a given block.

The spatial variability of response is one of the characteristics of

the motion that has often been recorded within Mexico City (Flores

et al. 1987; Chavez-Garcia & Bard 1994).

8.7 Comparison of responses of the configuration without

blocks to the one with Nb = ∞ blocks for d = 300 m

In Fig. 17, we compare the spectra and time histories in the presence

and in the absence of the blocks. When the blocks are present, their

number is infinite and their centre-to-centre distance is 300 m.

The excitation of the multidisplacement-free base block mode

cannot be clearly distinguished because of the excitation of quasi-

Cutler modes whose existence is related to the periodic nature of

the block distribution. Note should be taken of the fact that now

(i.e. for d = 300 m) these modes are visible (with a large quality

factor) within the bandwidth of the solicitation, whereas they were

invisible for the d = 65 m periodic structure. As previously, the soil–

structure interaction appears as a resonance peak associated with the

excitation of the fundamental quasi-Love mode.

These features show up at all three locations of the configuration

with blocks. They manifest themselves in the time domain by: (i) a

larger duration (multiplied by ≈4 on the top segment of the blocks

with respect to its value in the absence of the blocks), (ii) a larger

peak amplitude (at the top of the blocks) and larger cumulative

motion and (iii) pronounced beatings at all locations due to the

periodic nature of the configuration.

These features are once again evocative of those which have been

observed during earthquakes in certain districts Mexico City. How-

ever, the excitation of the quasi-Cutler mode, which is strongly

linked to the quasi-periodic or periodic nature of a district of the

city (these districts actually exist, as seen in aerial or satellite pho-

tographs of many cities and mega cities), can, at best, explain only

part of the features of response in this city, since the latter is not

usually solicited by a (normally incident) plane wave.

It was shown in Groby & Wirgin (2005a) and Groby & Wirgin

(2005b) that the correct solicitation of a configuration for the study

of the Michoacan earthquake (and many other earthquakes affecting

Mexico City) is a cylindrical wave radiated by a shallow, laterally

distant source that gives rise to Love waves after travelling within

the crust from the hypocentre to the city. In the same studies, it was
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Figure 16. Snapshots at instants t = 25 s (top panel), t = 32.5 s (middle

panel), t = 50 s (bottom panel), of the total displacement field for 10 identical

50 × 30 m blocks whose centre-to-centre spacing is d = 65 m.

shown that this type of solicitation is another cause for the large

duration, large amplitude, and beatings of Mexico City response.

Unfortunately, source wave solicitation cannot be treated by the

quasi-modal analysis of periodic structures.

9 D I S C U S S I O N R E L AT I V E T O

S T RU C T U R E S W I T H A L A RG E

N U M B E R O F B L O C K S

In this part of the paper, the response, to a plane wave initially

propagating in the substratum, of a large or infinite set of identical,

equi-spaced blocks, each block modelling a group of buildings, in

welded contact with a soft layer overlying a hard half space, was

investigated in a theoretical manner via the MM technique.

The capacity of the MM technique to account for the complex

phenomena provoked by the presence of blocks on the ground was

demonstrated by comparison of the numerical results to which it

leads to those obtained by a FE method.

It was shown that the presence of the blocks induces a modi-

fication of the phenomena that are produced by the configuration

without blocks, or of a configuration of closed blocks disconnected

from the geophysical half-space. In particular, the blocks modify

the dispersion relation of what, in the absence of the blocks, con-

stitutes the Love modes. Moreover, the periodic nature of the urban

site is responsible for the existence of another (collective) vibra-

tional mode which is a variant of the Cutler mode encountered in

electromagnetic wave guide structures.

The dispersion relation for the periodic configurations with an

infinite number of blocks (see Appendix J.3) is very complex, but

an approximation of this relation lends itself to a fairly explicit

theoretical analysis, inspired notably by the method first adopted

in the electromagnetic wave community. The general features of

this dispersion relation, revealed by the theoretical analysis (and

manifested by the existence of several types of vibrational modes),

were shown to actually exist by means of the numerical study.

The excitation of the vibrational modes was then studied in the

particular case of city districts with 10 and an infinite number of

identical, periodically disposed blocks. A common feature of the

influence of the blocks is the excitation of the quasi-Love mode,

which occurs even for solicitation by a plane wave (recall that, for

this type of solicitation, it is not possible to excite ordinary Love

modes in a flat ground (i.e. no blocks)/soft horizontal layer/hard sub-

stratum configuration Groby & Wirgin 2005a). The trace of quasi-

Love mode excitation in the frequency domain was shown to be a

shift to lower frequency and an increase of the amplitude of the first

(lowest-frequency) peak of the response.

The change of the phenomena provoked by plane wave solicita-

tion, from a configuration without blocks (for which there exist only

bulk waves in the geophysical structure), to one with blocks (for

which there exist quasi-Love modes characterized by a field in the

substratum that is predominantly a surface wave in the substratum)

is a manifestation of the so-called soil–structure interaction.

Multidisplacement-free base block modes were shown to be ex-

cited in all the configurations and to correspond to a coupled mode.

The modifications of the frequency-domain response (and less

so of the time-domain response) were found to be fairly substantial

for structures involving blocks separated by 65 m in the Mexico

City-like site. In particular, 10 or 20 blocks separated by 65 m, were

shown to give rise to anomalous features (amplifications of peak

and cumulative motion, large durations and beatings) that are even

closer to those observed in Mexico City than configurations with a

larger number (40, ∞) of blocks.

All the anomalous features found for the Mexico City-like site

with 10 or an infinite number of blocks were found to be closer to the

actually observed anomalous features observed during earthquakes

in Mexico City when the separation between blocks is 300 m rather

than 65 m. This was found to be due to the fact that the structure

with the larger period enables the quasi-Cutler mode to make itself

felt within the range of frequencies of the source.

1 0 C O N C L U S I O N

The theoretical findings and numerical results of the present study

cannot account for all the anomalous phenomena observed in many

of the earthquakes in Mexico City (notably the exceptionally long

durations) for the obvious reasons that the model adopted herein,

that is, SH plane wave solicitation, 2-D, periodic geometries, simple

underground (horizontal homogeneous soft layer of infinite lateral

extent overlying a homogeneous lossless hard substratum), simple

homogenized building blocks, linear soil behaviour, etc., is incom-

plete, and in some respects, rather far removed from reality. Nev-

ertheless, the results of our study indicate that it is possible that

the excitation of vibrational modes, whose structure is closely re-

lated to those described herein, was responsible for at least part of

the large-scale, anomalous mechanical effects that have caused so

much damage in past earthquakes in urban areas such as Mexico

City.
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Figure 17. Comparison of 2π times the spectrum (left panels) and time history (right panels) of the total displacement on the ground in the absence of blocks

(solid curves) with the displacements (dashed curves) at the centre of the top segment (top panels), centre of the bottom segment (middle panels) and midpoint

on the ground between adjacent 50 × 30 m blocks, of a N b = ∞ configuration in which d = 300 m.

The most important finding of this work, which substantiates

those obtained in Wirgin & Bard (1996), Tsogka & Wirgin (2003)

and Groby et al. (2005), is that city blocks can modify substantially

the seismic motion in an urban area. Moreover, provided the blocks

are arranged quasi-periodically with a sufficiently large period d,

the seismic motion is of longer duration, and of higher cumulative

(sometimes peak) amplitude on the ground (and, of course, in the

buildings) than when the built structures are not present.

Although the quasi-periodic or periodic nature of our ‘cities’

would seem to favour the existence of a particular type of collective

mode, many of the deleterious effects associated with what may be

close to this mode have also been predicted to occur in non-periodic

cities as well (Tsogka & Wirgin 2003; Groby et al. 2005).

Another objection to what may appear as our alarming prediction

of the extent of motion in a city is that it applies to a 2-D config-

uration whereas real cities are 3-D in nature and therefore should

scatter more of the incident energy and give rise to smaller surface

motion than 2-D structures. However, this objection should be rela-

tivized, as is illustrated by a comparison of the surface motion of 2-D

and 3-D valleys, embankments, and basins (Singh & Sabina 1977;

Lee & Langston 1983; Lee 1984; Sanchez-Sesma 1983; Sanchez-

Sesma et al. 1984; Sanchez-Sesma 1987; Sanchez-Sesma et al.
1989; Adam et al. 2000). For instance, in Lee & Langston (1983), it

is found that the motion in the central region of a 3-D basin is larger

than that, at the corresponding location, of a 2-D basin of similar

cross-section.

It thus appears to be advisable to integrate (as is starting to be

done (Fernandez-Ares & Bielak 1973)) the presence, composition

and layout, of city blocks, together with, and to the same extent

as, the features of the underground structure and composition, into

the large-scale 3-D computer codes that are increasingly being em-

ployed (Wald & Graves 1998) to predict the level and durations of

shaking in highly populated, economically important, earthquake-

prone urban sites.
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Guéguen, P., Bard, P.Y. & Chávez-Garcia, F.J., 2002. Site-City seismic inter-

action in Mexico city-like environments: an analytical study, Bull. seism.
Soc. Am., 92, 794–811.

Gulyaev, Y.V. & Plesskii, V.P., 1978. Slow, shear surface acoustic waves

in a slow-wave structure on a solid surface, Sov. Phys. Tech. Phys., 23,
266–269.

Haghshenas, E., Jafari, M., Bard, P.-Y., Moradi, A.S. & Hatzfeld, D., 2006.

Preliminary results of site effects assessment in the city of Tabriz (Iran)

using earthquakes recording, in ESG 2006, pp., 993–1001, eds Bard, P.-Y.,

Chaljub, E., Cornu, C., Cotton, F. & Guéguen, P., LCPC, Paris.
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A P P E N D I X A : G OV E R N I N G E Q UAT I O N S

A1 Space–time and space–frequency wave equations

The space–time framework wave equation for SH waves in a linear, isotropic medium M is:

∇ · (μ(x, ω)∇u(x, t)) − ρ(x)∂2
t u(x, t) = −ρ(x) f (x, t), (A1)

wherein u and f are the components of displacement and force density, respectively, in the i3 direction (i j the unit vector along the x j axis),

the sources of plane waves corresponding to f = 0 and those of cylindrical waves to f 	= 0.

Since our configuration involves three homogeneous media M [ j] ; j = 0, 1, 2, and the applied force is assumed to be non vanishing only in

�0:(
c[ j](ω)

)2∇ · ∇u[ j](x, t) − ∂2
t u[ j](x, t) = − f (x, t)δ j0; x ∈ � j ; j = 0, 1, 2, (A2)

in which δ j0 = 1 for j = 0, δ j0 = 0 for j 	= 0, and c[ j](ω) = √
μ[ j](ω)/ρ[ j] is the phase velocity in M [ j].

The space–frequency framework versions of the wave equations are obtained by expanding the force density and displacement in Fourier

integrals: f (x, t) = ∫ ∞
−∞ f (x, ω)e−iωt dω, u[ j](x, t) = ∫ ∞

−∞ u[ j](x, ω)e−iωt dω, wherein ω is the angular frequency, so as to give rise to the

Helmholtz equations

∇ · ∇u[ j](x, ω) + (
k[ j](ω)

)2
u[ j](x, ω) = − f (x, ω)δ j0; ∀x ∈ � j ; j = 0, 1, 2, (A3)

wherein k[ j](ω) := ω

c[ j] . These three (Helmholtz) equations are solved further on by a mode-matching method.

A2 Sources and incident fields

The driving force density for a cylindrical wave radiated from a line source located at xs : (xs
1, xs

2) ∈ �0 is

f (x, ω) = S(ω)δ(x − xs), (A4)

with δ( ) the Dirac delta distribution and

S(ω) = 12πα2ω2

√
π

ω2

4α3
exp

(
itsω − ω2

4α2

)
, (A5)

to which corresponds
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S(t) = −24πα4
[ − 3(ts − t) + 2α2(ts − t)3

]
exp

[ − α2(ts − t)2
]
. (A6)

The incident signal is thus of the form of a pseudo Ricker-type pulse in the time domain, whose characteristic period is α = π/t p ,

t p = t s = 2 sec being the time at which the pulse attains its maximal value.

The (incident) wave associated with the line source is

ui (x, ω) = S(ω)
i

4
H (1)

0 (k[0]‖x − xs‖), (A7)

with H (1)
0 (.) the Hankel function of the first kind and order 0.

In the case of plane-wave incidence:

ui (x, ω) = S(ω) exp
{
i
[
ki

1x1 − ki
2x2

]}
; x ∈ R2, (A8)

wherein θ i is the angle of incidence, and ki
1 = k[0] sin θ i , ki

2 = k[0] cos θ i .

A3 Boundary and radiation conditions in the space–frequency framework

The stress-free nature of � f = �g
⋃

�ag , with �ag := ⋃
j∈B �( j)

ag , translates to:

μ[1](ω)∂nu[1](x, ω) = 0; x ∈ �g, (A9)

μ[2](ω)∂nu[2]( j)(x, ω) = 0; x ∈ �( j)
ag , j ∈ B (A10)

wherein n denotes the generic unit vector normal to a boundary and ∂ n designates the operator ∂ n =n · ∇.

The fact that M [1] and M [2] are in welded contact across �bs := ⋃
j∈B �

j
bs means that:

u[1](x, ω) − u[2]( j)(x, ω) = 0; x ∈ �
( j)
bs , j ∈ B (A11)

μ[1](ω)∂nu[1](x, ω) − μ[2](ω)∂nu[2]( j)(x, ω) = 0; x ∈ �
( j)
bs , j ∈ B. (A12)

Similarly, across �h :

u[1](x, ω) − u[0](x, ω); x ∈ �h, (A13)

μ[1](ω)∂nu[1](x, ω) − μ[0](ω)∂nu[0](x, ω); x ∈ �h . (A14)

The radiation condition in the substratum is:

u[0](x, ω) − ui (x, ω) ∼ outgoing waves; ‖x‖ → ∞, x2 > h. (A15)

A4 Boundary and radiation conditions in the space–time framework

Since our finite element (FE) method, described amply in Groby & Tsogka (2006), Groby (2005) and Groby et al. (2005), for solving the

space–time domain wave equation (A1) in a heterogeneous medium M (in our case, involving three homogeneous components, M [0], M [1]

and M [2]) relies on the assumption that M be a continuum, it does not appeal to any boundary conditions except on � f where the vanishing

traction condition is invoked (fictitious domain method). Furthermore, since the essentially unbounded nature of the geometry of the city

cannot be implemented numerically, we take this geometry to be finite and surround it (except on the � f portion) by a perfectly matched layer

(PML) (Collino & Tsogka 2001) which enables closure of the computational domain without generating unphysical reflected waves (from the

PML layer). In a sense, this replaces the radiation condition of the unbounded domain. The stress-free boundary condition on � f is modelled

with the help of the fictitious domain method (Bécache et al. 2001), which allows us to account for the diffraction of waves by a boundary of

complicated geometry, not necessarily matching the volumic mesh.

The FE solutions are compared in the main body of this paper with their counterparts obtained by a mode matching (MM) method, which

is based on separation of variables. Since the details of the FE method are given in Groby & Tsogka (2006), Groby (2005) and Groby et al.
(2005), from now on, we shall be only concerned with the MM method (implemented in the space–frequency domain).

Whatever be the method, the problem is to determine the time record of the displacement fields u[1] (x, t) on �g and u[2]( j) (x, t) on

�( j)
ag , j ∈ B.

A P P E N D I X B : F I E L D R E P R E S E N TAT I O N S I N T H E S PA C E – F R E Q U E N C Y

F R A M E W O R K F O R NB < ∞
The MM method appeals to separation of variables and gives rise to the following field representations in cartesian coordinates.

u[0](x, ω) = ui (x, ω) +
∫ ∞

−∞
B[0](k1, ω) exp

{
i
[
k1x1 + k[0]

2 (x2 − h)
]} dk1

k[0]
2

; x ∈ �0, (B1)
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with

k[ j]
2 =

√
(k[ j])2 − (k1)2, Re k[ j]

2 ≥ 0, Imk[ j]
2 ≥ 0, ω ≥ 0. (B2)

In the case of plane-wave excitation we can write

ui (x, ω) =
∫ ∞

−∞
A[0]−(k1, ω) exp

{
i
[
k1x1 − k[0]

2 x2

]}dk1

k[0]
2

; x ∈ R2, (B3)

wherein

A[0]−(k1, ω) = S(ω)k[0]
2 δ(k1 − ki

1), (B4)

whereas in the case of cylindrical wave excitation, the plane wave representation of the Hankel function (Morse & Feshbach 1953) tells us

that

ui (x, ω) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∫ ∞

−∞
A[0]+(k1, ω) exp

{
i
[
k1x1 + k[0]

2 x2

]}dk1

k[0]
2

; x ∈ �+
0∫ ∞

−∞
A[0]−(k1, ω) exp

{
i
[
k1x1 − k[0]

2 x2

]}dk1

k[0]
2

; x ∈ �−
0

, (B5)

wherein

�+
0 = {∀x1 ∈ R; x2 > xs

2} �−
0 = {∀x1 ∈ R; h < x2 < xs

2}, (B6)

A[0]±(k1, ω) = S(ω)
i

4π
exp

{ − i
[
k1xs

1 ± k[0]
2 xs

2

]}
. (B7)

Since we shall be interested only in the field in �−
0 , we can write

u[0](x, ω) =
∫ ∞

−∞
A[0]−(k1, ω) exp

{
i
[
k1x1 − k[0]

2 x2

]}dk1

k[0]
2

+
∫ ∞

−∞
B[0](k1, ω) exp

{
i
[
k1x1 + k[0]

2 (x2 − h)
]}dk1

k[0]
2

; x ∈ �−
0 .

(B8)

By proceeding in the same manner as previously we find

u[1](x, ω) =
∫ ∞

−∞
A[1](k1, ω) exp

{
i
[
k1x1 − k[1]

2 x2

]}dk1

k[1]
2

+
∫ ∞

−∞
B[1](k1, ω) exp

{
i
[
k1x1 + k[1]

2 x2

]}dk1

k[1]
2

; x ∈ �1.

(B9)

u[2]( j)(x, ω) =
∞∑

m=0

B[2]( j)
m (ω) cos

[
k[2]( j)

1m

(
x1 − d j + w j

2

)]
cos

[
k[2]( j)

2m

(
x2 + b j

)]
; x ∈ �

j
2, ∀ j ∈ B, (B10)

with

k[2]( j)
1m = mπ

w j
; k[2]( j)

2m =
√

(k[2])2 −
(

k[2]( j)
1m

)2

; Re
(

k[2]( j)
2m

)
≥ 0 Im

(
k[2]( j)

2m

)
≥ 0 for ω ≥ 0. (B11)

Note that (B10) satisfies the stress-free boundary condition on the vertical and upper segments of each block.

A P P E N D I X C : I N T E R R E L AT I O N S B E T W E E N T H E U N K N O W N C O E F F I C I E N T S F O R

T H E C A S E NB < ∞
From (A10) and (A11) we obtain

A[1](k1, ω) − B[1](k1, ω)

= 1

2π i

∑
j∈B

e−ik1(d j −w j /2)
∞∑

m=0

B[2]( j)
m (ω)

μ[2]k[2]( j)
2m w j

μ[1]
I ( j)−

m (k1, ω) sin
(
k[2]( j)

2m b j

)
; ∀k1 ∈ R, (C1)
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wherein

I ( j)±
m (k1, ω) :=

∫ 1

0

exp(±ik1w jη) cos
(
k[2]( j)

1m w jη
)
dη. (C2)

Eq. (A12) leads to

B[2](l)
m (ω) = εm

cos
(
k[2](l)

2m bl

) ∫ ∞

−∞

[
A[1](k1, ω) + B[1](k1, ω)

]
I (l)+

n (k1, ω)eik1(dl −wl /2) dk1

k[1]
2

; ∀m = 0, 1, 2, ...., l ∈ B,

(C3)

wherein εm = 1 for m = 0, and εm = 2 for m > 0.

From (A13) we obtain

−μ[0] A[0]−(k1, ω)e−ik
[0]
2 h + μ[0] B[0](k1, ω) + μ[1] A[1](k1, ω)e−ik

[1]
2 h − μ[1] B[1](k1, ω)eik

[1]
2 h = 0; ∀k1 ∈ R. (C4)

Eq. (A14) gives rise to

A[0]−(k1, ω)

k[0]
2

e−ik
[0]
2 h + B[0](k1, ω)

k[0]
2

− A[1](k1, ω)e−ik
[1]
2 h

k[1]
2

− B[1](k1, ω)eik
[1]
2 h

k[1]
2

= 0; ∀k1 ∈ R. (C5)

A P P E N D I X D : D E T E R M I N AT I O N O F T H E VA R I O U S U N K N O W N S

D0.1 Elimination of B[2] j
m (ω) to obtain an integral equation for B[0] (k 1, ω)

After a series of substitutions in the formulae given in Appendix C, the following integral equation for B[0] (k 1, ω) is obtained (wherein K 1

and K [ j]
2 play the same roles, and are related to each other in the same manner, as k1 and K [ j]

2 , respectively):

C(k1, ω)B[0](k1, ω) −
∫ ∞

−∞
D(k1, K1, ω)B[0](K1, ω)d K1 = F(k1, ω); ∀k1 ∈ R, (D1)

with:

C(k1, ω) = cos
(

k[1]
2 h

)
− i

μ1k1
2

μ0k0
2

sin
(

k[1]
2 h

)
, (D2)

D(k1, K1, ω) =
[
cos

(
K [1]

2 h
) − i

μ1 K 1
2

μ0 K 0
2

sin
(
K [1]

2 h
)]

× i

2π

∑
j∈B

ei(K1−k1)(d j −w j /2)
∞∑

m=0

εm
μ[2]k[2]( j)

2m w j

μ[0] K [0]
2

tan
(

k[2]( j)
2m b j

)
I ( j)−

m (k1)I ( j)+
m (K1)

; ∀k1, K1 ∈ R,

(D3)

and

F(k1, ω) = A[0]−(k1, ω)e−ik
[0]
2 h

[
cos

(
k[1]

2 h
)

+ i
μ1k1

2

μ0k0
2

sin
(

k[1]
2 h

)]

+
∫ ∞

−∞

A[0]−(K1, ω)

i
e−iK

[0]
2 h

[
cos

(
K [1]

2 h
) + i

μ0 K 0
2

μ1 K 1
2

sin
(
K [1]

2 h
)]

× 1

2π

∑
j∈B

ei(K1−k1)(d j −w j /2)
∞∑

m=0

εm
μ[2]k[2]( j)

2m w j

μ[0] K [0]
2

tan
(

k[2]( j)
2m b j

)
I ( j)−

m (k1)I ( j)+
m (K1)d K1

; ∀k1 ∈ R, (D4)

Eq. (D1) is a Fredholm integral equation of the second kind for the unknown function {B[0](k1, ω); k1 ∈ R}.
By means of the changes of variables k 1 = k[0] σ 1, K 1 = k[0] S[1] (note that σ 1 and S[1] are dimensionless), we can cast (D1) into the form

B[0](σ1, ω) = F(σ1, ω) + ∫ ∞
−∞ E(σ1, S1, ω) [1 − δ(S1 − σ1)] B[0](S1, ω)d S1

C(σ1, ω) − E(σ1, σ1, ω)
; ∀σ1 ∈ R. (D5)

An iterative approach for solving this integral equation consists in computing successively:

B[0](0)(σ1, ω) = F(σ1, ω)

C(σ1, ω) − E(σ1, σ1, ω)
; ∀σ1 ∈ R, (D6)
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B[0](1)(σ1, ω) = B[(0)(σ1, ω)

+
∫ ∞

−∞ E(k1, S1, ω) [1 − δ(S1 − σ1)] B[0](0)(S1, ω)d S1

C(σ1, ω) − E(σ1, σ1, ω)
; ∀σ1 ∈ R,

(D7)

and so on.

D0.2 Elimination of B[0] (k 1, ω) to obtain a linear system of equations for B[2] j
m (ω)

The procedure is again to make a series of substitutions which now lead to the linear system of equations for B[2](l)
n (ω), ∀l ∈ B, ∀n ∈ N :

Cn(ω)B[2](l)
n (ω) = F (l)

n (ω) +
∑
j∈B

∑
m∈N

D(l j)
nm (ω)B[2]( j)

m (ω); ∀l ∈ B; ∀n ∈ N, (D8)

wherein

Cn(ω) = cot
(

k[2]
2n b

)
; ∀n ∈ N, (D9)

F (l)
n (ω) = 2εn

sin(k[2](l)
2n bl )

∫ ∞

−∞
A[0]−(k1, ω)e−ik

[0]
2 h

⎡⎢⎣ I (l)+
n (k1)eik1(dl −wl /2)

cos
(

k[1]
2 h

)
− i

μ[1]k
[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

)
⎤⎥⎦ dk1

k[0]
2

; ∀l ∈ B; ∀n ∈ N, (D10)

and

D(l j)
nm (ω) = ik[2]( j)

2m μ[2]w jεn sin
(
k[2]( j)

2m b j

)
2π sin

(
k[2](l)

2n bl

)
μ[0]

×
∫ ∞

−∞
I (l)+

n (k1)I ( j)−
m (k1)

⎡⎢⎣ cos
(

k[1]
2 h

)
− i

μ[0]k
[0]
2

μ[1]k
[1]
2

sin
(

k[1]
2 h

)
cos

(
k[1]

2 h
)

− i
μ[1]k

[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

)
⎤⎥⎦ e

ik1

(
(dl −d j )−

wl −w j
2

)
dk1

k[0]
2

; ∀l, j ∈ B; ∀n, m ∈ N. (D11)

Eq. (44) can be written as:

B[2](l)
n (ω) = F (l)

n (ω) + ∑
j∈B

∑∞
m=0 D(l j)

nm (ω)(1 − δnmδl j )B[2]( j)
m (ω)

Cn(ω) − D(ll)
nn (ω)

; ∀l ∈ B; ∀n ∈ N, (D12)

An iterative procedure for solving this linear set of equations is as follows:(
B[2](l)

n (ω)
)(0) = F (l)

n (ω)

Cn(ω) − Dll
nn(ω)

; ∀l ∈ B; ∀n ∈ N, (D13)

(
B[2](l)

n (ω)
)(p) = F (l)

n (ω) + ∑
j∈B

∑∞
m=0 D(l j)

nm (ω)(1 − δnmδl j )
(
B[2]( j)

m (ω)
)(p−1)

Cn(ω) − D(ll)
nn (ω)

; p = 1, 2, ...; ∀l ∈ B; ∀n ∈ N. (D14)

A P P E N D I X E : M O DA L A N A LY S I S F O R NB < ∞

E1 The emergence of the natural modes of the configuration from the iterative solution of the integral equation for B[0] (k1,

ω)

Eqs (D6), (D7), etc. show that the nth order iterative approximation of the solution to the integral equation (D1) is of the form

B[0](n)(σ1, ω) = N (n)(σ1, ω)

C(σ1, ω) − E(σ1, σ1, ω)
:= N (n)(σ1, ω)

D(σ1, ω)
; n = 1, 2, ..., (E1)

wherein

N (0)(σ1, ω) = F(σ1, ω), (E2)
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N (n>0)(σ1, ω) = F(σ1, ω) +
∫ ∞

−∞
E(σ1, S1, ω) [1 − δ(S1 − σ1)] B[0](n−1)(S1, ω)d S1, (E3)

from which it becomes apparent that the solution B[0](n) (σ 1, ω), to any order of approximation, is expressed as a fraction, the denominator

D(σ1, ω) of which (not depending on the order of approximation), can become small for certain values of σ 1 and ω so as to make B[0](n) (σ 1,

ω), and (possibly) the field in the substratum, large for these values. When this happens, a natural mode of the configuration, comprising the

blocks, the soft layer and the hard substratum, is excited, this taking the form of a resonance with respect to B[0](n) (σ 1, ω), that is, with respect

to a plane wave component of the field in the substratum. As B[0] (k 1, ω) is related to A[1] (σ 1, ω) and B[1] (σ 1) via (C4)–(C5), the structural

resonance manifests itself for the same σ 1 and ω as concerns the field in the layer.

We say that B[0](n) (σ 1, ω), and the fields in the layer and substratum, can become possibly large at resonance because until now we have

not taken into account the numerator N (n)(σ1, ω), which might be small when the denominator is small, or such as to prevent, by other means,

the fields in the layer and substratum from becoming large. Moreover, since the field is expressed as a sum of plane waves, the fact that

B[0] (k 1, ω) may become large for some k�
1, does not necessarily mean that the sum of plane waves (including waves whose horizontal

wavenumber k 1 	= k�
1), and therefore the field, will be large at a resonance frequency.

E2 Quasi Love modes

Let us return to the denominator of the expression of B[0](n), which, for convenience, we rewrite in terms of k1:

D(k1, ω) = C(k1, ω) − k[0] D(k1, k1, ω)

=
[

cos
(

k[1]
2 h

)
− i

μ[1]k[1]
2

μ[0]k[0]
2

sin
(

k[1]
2 h

)]
−

[
cos

(
k[1]

2 h
)

− i
μ[0]k[0]

2

μ[1]k[1]
2

sin
(

k[1]
2 h

)]

× i

2π

∑
j∈B

∞∑
m=0

εm
μ[2]k[2]( j)

2m w j

μ[0]k[0]
2

tan
(
k[2]( j)

2m b j

)
I ( j)−

m (k1)I ( j)+
m (k1); ∀k1 ∈ R, (E4)

wherein it is easy to show that

I ( j)±
m (k1) = im

2
e±ik1

w j
2

[
sinc

(±k1w j

2
+ mπ

2

)
+ (−1)msinc

(±k1w j

2
− mπ

2

)]
, (E5)

with sinc(ζ ) := sin(ζ )

ζ
. Since C(k1, ω) := C(k1, ω) = 0 is the dispersion relation for (i.e. providing the means of determining the (k 1, ω)

couples leading to a possible resonance associated with the excitation of) Love modes, we can say that (E4) is the dispersion relation for quasi
Love modes. We note that: (i) quasi Love modes are different from Love modes which, at present, means that the (k 1, ω) couples for which

D(k1, ω) = 0 are not identical to the (k 1, ω) couples for which C(k1, ω) = 0, (ii) when b j → 0; ∀ j ∈ B, the dispersion relation for quasi

Love modes becomes the dispersion relation for Love modes, (iii) for small k[2]( j)
20 b and/or small μ[2]/μ[1] and/or k[2] w, the quasi Love modes

are a small perturbation of Love modes, which means here that the (k 1, ω) couples for which D(k1, ω) = 0 are close to the (k 1, ω) couples

for which C(k1, ω) = 0, (iv) the dispersion relation for quasi Love modes is independent of the number of blocks (provided this number is

greater than 0).

To substantiate these remarks (when necessary) and obtain a more detailed picture of the features of the quasi Love modes as compared to

those of the Love modes, we must analyse more closely (E4). For m = 0 we have

I ( j)±
0 (k1) = e±ik1

w j
2 sinc

(
k1w j

2

)
, (E6)

and for k 1w 	= ± mπ , we have

I ( j)±
m (k1) = ±2k1w j i

m(
k1w j

)2 − (mπ )2
e±ik1

w
2 sin

(±k1w j

2
+ mπ

2

)
. (E7)

To make a complex issue relatively simple, we assume that k 1 w is effectively such as to be different from mπ for m = 0, 1, 2, . . . . Then

D(k1, ω) = cos
(

k[1]
2 h

)
− i

μ[1]k[1]
2

μ[0]k[0]
2

sin
(

k[1]
2 h

)
−

[
μ[1]k[1]

2

μ[0]k[0]
2

cos
(

k[1]
2 h

)
− i sin

(
k[1]

2 h
)]

× i

2π

μ[2]

μ[1]

∑
j∈B

{
k[2]

k[1]
2

tan
(
k[2]b j

)
sinc2

(
k1w j

2

)
+ 2

∞∑
m=1

k[2]
2m

k[1]
2

4(k1w j )
2

[(k1w)2 − (mπ )2]2

× sin

(
k1w j

2
+ mπ

2

)
sin

(
− k1w j

2
+ mπ

2

)
tan

(
k[2]( j)

2m b j

)}
, (E8)

which rather clearly substantiates the aforementioned remarks.

Consider the first term in {..}. This term is significant only for small k 1w j/2 due to the sinc function whose modulus decays rapidly as

its argument increases. Another feature of this term is that it vanishes when k[2]b j = lπ ; l = 0, 1, 2, ..., which occurs when the zeroth-order
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quasi-mode in a block encounters a stress-free boundary condition at the base of the block (i.e., u[2]( j)
,2 |x2=0 = 0), in which case the latter is

disconnected from the underground (since no wave can penetrate into the layer) from the point of view of the fundamental block quasi mode.

This corresponds to the stress-free base block mode. It is then logical that this quasi mode of the block should not perturb the dispersion

characteristics of the mode of the whole configuration.

The analysis of the series term in {..} is more difficult. It is clear that a few terms of this series should be retained, unless k[2] b and/or

k 1w are very small. The subsequent terms of the series become rapidly small (with m) due to the fact that tan (k[2]( j)
2m b j ) ∼ i tanh (mπ b j/w j )

→ i ; m → ∞ and k[2]( j)
2m

4(k1w j )2i
[(k1w j )2−(mπ )2]2 = O(m−3); m → ∞.

In any case, it seems legitimate to adopt the following picture of what is going on: the base of a given block is a location where diffraction

is produced resulting in incident (from either the block into the underground or from the underground into the block) bulk waves being

transformed into diffracted bulk and surface waves, as is testified by the presence of the terms I ( j)+
m and I ( j)−

m in the series, and by the fact that

these diffraction effects disappear as the width of the base segment goes to zero. Naturally, the presence of these locally produced diffracted

waves perturbs the overall wave structure (with respect to what it was in the absence of the blocks) and therefore results in a modification of

the characteristics of the modes in the layer and substratum (which were Love modes when the blocks were absent). This picture is consistent

with the observation that the diffracted waves are more difficult to produce when the base segment of a block appears as a stress-free surface

due to the fact that either k[2] b j = lπ ; l = 0, 1, 2, ... or μ[2]/μ[1] < <1.

Beyond this, it is necessary to carry out a numerical study in order to see how the different parameters involved in the problem, notably

those of the block, modify the dispersion characteristics of the modes of the configuration with respect to what these modes were (i.e. Love

modes) in the absence of the blocks. The numerical study should also seek to evaluate the modification of the response (notably on the ground)

of the configuration due to the presence of blocks.

E3 The emergence of the natural modes of the configuration from the linear system of equations for B[2](l)
m : quasi

displacement-free base block modes

Eqs (D13)–(D14) signify that (B[2](l)
n )(p) becomes large when C n − D(ll)

nn becomes small, and that this occurs at all orders p of approximation.

The fact that (B[2](l)
n )(p) becomes inordinately large is associated with the excitation of a natural mode of the configuration. The equation C n(ω)

− D(ll)
nn (ω) = 0 is the approximate dispersion relation of the nth natural mode of the configuration.

Let us examine this relation in more detail.

cot
(
k[2](l)

2n bl

) − iμ[2]k[2](l)
2n wl

2πμ[0]

∫ ∞

−∞
I (l)+

n (k1)I (l)−
n (k1)

⎡⎢⎣ cos
(

k[1]
2 h

)
− i

μ[0]k
[0]
2

μ[1]k
[1]
2

sin
(

k[1]
2 h

)
cos

(
k[1]

2 h
)

− i
μ[1]k

[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

)
⎤⎥⎦ dk1

k[0]
2

:= F (l)
1n (ω) − F (l)

2n (ω) = 0, (E9)

which shows that the natural modes of the configuration result from the interaction of the fields in two substructures: the superstructure (i.e.

block(s) above the ground), associated with the term F (l)
1n (ω), and the substructure (i.e. soft layer plus hard half-space below the ground),

associated with the term F (l)
2n (ω). Each of these two substructures possesses its own natural modes, that is, arising from F (l)

1n = 0 for the

superstructure, and F (l)
2n = 0 for the substructure, but the natural modes of the complete structure (superstructure plus substructure) are

neither the modes of the superstructure nor those of the substructure since they are defined by F (l)
1n − F (l)

2n = 0.

In order to find the natural frequencies of the complete structure, we first analyse the natural frequencies of each substructure and assume

that all media in the structure are non-dissipative (i.e. elastic).

The solutions of the dispersion relation for the superstructure are:

F (l)
1n (ω) := cot

(
k[2](l)

2n bl

)
= 0 ⇔ ω = ω(l)

nm = c[2]

√(
(2m + 1) π

2bl

)2

+
(

nπ

wl

)2

; m, n = 0, 1, 2, ..., (E10)

which are the natural frequencies of vibration of a block with a displacement-free base (i.e. at these natural frequencies, u[2](l)
∣∣

x2=0
vanishes

on the base segment of the block).

Now consider the dispersion relation for the substructure of the entire structure. Due to the fact that the integrand is an even function of k1,

it becomes

F (l)
2n (ω) := iμ[2]k[2](l)

2n wl

πμ[0]

∫ ∞

0

I (l)+
n (k1)I (l)−

n (k1)

⎡⎢⎣ cos
(

k[1]
2 h

)
− i

μ[0]k
[0]
2

μ[1]k
[1]
2

sin
(

k[1]
2 h

)
cos

(
k[1]

2 h
)

− i
μ[1]k

[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

)
⎤⎥⎦ dk1

k[0]
2

= 0. (E11)

A few preliminary remarks are in order: i) since the term F (l)
2n in the dispersion relation is absent in the absence of the infrastructure, we

can say that the natural modes of the complete configuration are quasi displacement-free base block modes; quasi displacement-free base

block modes are different from displacement-free base block modes which, at present, means that the (n, ω) couples for which F (l)
1n = 0

are not identical to the (n, ω) couples for which F (l)
2n = 0, ii) for small μ[2]/μ[1], the quasi displacement-free base block modes are a small

perturbation of displacement-free base block modes, which means here that the (n, ω) couples for which F (l)
1n = 0 are close to the (n, ω)

couples for which F (l)
2n = 0; this is a relatively logical result in that when μ[2]/μ[1] is small, the waves coming from the infrastructure have
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more trouble penetrating into the blocks and modifying therein the modal structure, iii) the dispersion relation for quasi displacement-free

base block modes is independent of the number of blocks (provided this number is greater than 0); this is a somewhat surprising result related

to the choice of the iteration method for solving the linear system of equations for B[2](l)
n , since a more accurate choice of method (one of

which is described in Section E4) can be shown to lead to a somewhat different (although much more complicated) dispersion relation which

depends on the number of blocks in the configuration.

We now analyse in more detail F (l)
2n , and, in particular, F (l)

20 . Recalling (E6), we get:

F (l)
20 = ik[2]wl

π

μ[2]

μ[0]

∫ ∞

0

sinc2

(
k1wl

2

) ⎡⎢⎣ cos
(

k[1]
2 h

)
− i

μ[0]k
[0]
2

μ[1]k
[1]
2

sin
(

k[1]
2 h

)
cos

(
k[1]

2 h
)

− i
μ[1]k

[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

)
⎤⎥⎦ dk1

k[0]
2

:=
∫ ∞

0

G(k1, ω)dk1. (E12)

Proceeding as Groby & Wirgin (2005a) and Groby & Wirgin (2005b), we decompose the integral into three parts (under the assumption

k[1] > k[0] > 0) so as to obtain:

F (l)
20 = F1(l)

20 + F 2(l)
20 + F 3(l)

20 (E13)

wherein

F 1(l)
20 =

∫ k[0]

0

G(k1, ω)dk1 F 2(l)
20 =

∫ k[1]

k[0]

G(k1, ω)dk1

∫ ∞

k[1]

G(k1, ω)dk1. (E14)

As shown in Groby & Wirgin (2005a) and Groby & Wirgin (2005b), F2
20 usually dominates the other two terms, and this is due to the fact

that the denominator in the integrand of F 2
20 can vanish for k1 over a large portion of the interval of integration for frequencies at which Love

modes are excited in the infrastructure, this occurring near the Haskell frequencies

νL OV E
l ≈ νH ASK

m = 2m + 1

2

c[1]

2h
; m ∈ N, (E15)

which corresponds to

k[0] L OV E
m ≈ k[0] H ASK

m = 2πνH ASK
m

c[0]
= 2m + 1

2

πc[1]

hc[0]
; m ∈ N. (E16)

k[1] L OV E
m ≈ k[1] H ASK

m = 2πνH ASK
m

c[1]
= 2m + 1

2

π

h
; m ∈ N. (E17)

The sinc2 function in the integrand of F 2
20 is significantly large only in the interval [0, 2π/w], so that a minimal requirement for capturing

most of the contribution of the Love modes in F 2
20 at their frequencies of resonance is that kL OV E

1 < 2π

w
.

Of course, there exist other terms in the dispersion relation of the n = 0 mode, that is, F 1
20, F3

20, and the contributions of the higher-than-

fundamental Love modes to F 2
20. As concerns F1

20 and F3
20, we note that the former is complex and the latter is pure imaginary, whereas F1

10,

is real, so that we would expect to have F 1
20 and F 3

20 to contribute less to the dispersion relation than F2
20. The contribution to the nth order

natural mode of higher-than-fundamental Love modes to F 2
20 is empirically found to be always less than that of the zeroth order Love mode.

The analysis of the n > 0 natural modes of the complete structure proceeds in the same manner as previously, and will not be given here.

E4 Another look at quasi displacement-free base block modes

The system of linear equations (D8) can be written as

B[2](l)
n (ω) = P (l)

n (ω) +
∑
j∈B

∞∑
m=0

Q(l j)
nm (ω)B2( j)

m (ω); ∀l ∈ B; ∀n ∈ Z, (E18)

wherein

P (l)
n (ω) = 2εn

cos
(
k[2](l)

2n bl

) ∫ ∞

−∞
A[0]−(k1, ω)e−ik

[0]
2 h

⎡⎢⎣ I (l)+
n (k1)eik1(dl −wl /2)

cos
(

k[1]
2 h

)
− i

μ[1]k
[1]
2

μ[0]k
[0]
2

i sin
(

k[1]
2 h

)
⎤⎥⎦ dk1

k0
2

; ∀l ∈ B; ∀n ∈ Z, (E19)

and

Q(l j)
nm (ω) = iw j

2π

εn

cos
(
k[2]( j)

2n b j

) μ[2]k[2]
2m

μ[0]
sin

(
k[2](l)

2m bl

)

×
∫ ∞

−∞
I (l)+

n (k1)I ( j)−
m (k1)

⎡⎢⎣ cos
(

k[1]
2 h

)
− i

μ[0]k
[0]
2

μ[1]k
[1]
2

sin
(

k[1]
2 h

)
cos

(
k[1]

2 h
) − i

μ[1]k[1]
2

μ[0]k[0]
2

sin
(

k[1]
2 h

)⎤⎥⎦ eik1((dl −d j )− wl −w j
2 ) dk1

k[0]
2

; ∀l, j ∈ B; ∀n, m ∈ Z. (E20)
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The factor P (l)
n (ω) is clearly related to the driving function and must be set to zero in a modal analysis. The resulting set of equations, has

a non trivial solution only if its determinant vanishes. The dispersion relation det {δnm δ lj − Q(lj)
nm} = 0 can then be solved by a procedure,

called the partition method, particularly appropriate if the off-diagonal elements of the matrix {δnm δ lj − Q(lj)
nm} are small compared to the

diagonal elements: first one considers the matrix to have one row and one column,

1 − Q(11)
00 = 0, (E21)

then to have two rows and two columns,

det

⎛⎝ 1 − Q(11)
00 −Q(11)

01

−Q(11)
10 1 − Q(11)

11

⎞⎠ = 0 ⇒
(

1 − Q(11)
00

) (
1 − Q(11)

11

)
− Q(11)

01 Q(11)
10 = 0, (E22)

etc.

If the off-diagonal elements of the matrix are considered to be negligible compared to the diagonal elements, the dispersion relation (E22)

is simply that the product of the diagonal elements of the matrix should be nil, which means that any diagonal element of the matrix should

be nil.

Consider the case in which it is 1 − Q(11)
00 that vanishes. This is equivalent to

0 = cot(k[2]b) − ik[2]w1

2π

μ[2]

μ[0]

∫ ∞

−∞
I (1)+

0 (k1)I (1)−
0 (k1)

⎡⎢⎣ cos
(

k[1]
2 h

)
− i

μ[0]k
[0]
2

μ[1]k
[1]
2

sin
(

k[1]
2 h

)
cos

(
k[1]

2 h
)

− i
μ[1]k

[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

)
⎤⎥⎦ dk1

k[0]
2

, (E23)

which is the same as the dispersion relation of the zeroth-order quasi displacement-free base block mode obtained in the previous section.

Thus, there is no apparent gain in adopting the analysis of the present section over that of the previous section in an attempt to resolve the

difficulty mentioned previously connected with the fact that the dispersion relations do not depend on the number N b of blocks in the city.

To resolve this problem, we must take into account the off-diagonal elements of the matrix because these elements contain the information on

the number of blocks. Unfortunately, the inclusion of these off-diagonal elements makes the dispersion relation increasingly complicated and

difficult to analyse as the order of approximation of the partition method (which consists in solving increases (it is already quite complicated

at first order). The only way to solve these dispersion relations (which consist in equating determinants of increasing rank to zero) is by

numerical computation.

When more than one block (e.g. 2 blocks) are present, the dispersion relations becomes (if the off-diagonal elements of the matrix for each

block considered independently can be neglected):

det

(
1 − Q(11)

00 −Q(12)
00

−Q(21)
00 1 − Q(22)

00

)
=

(
1 − Q(11)

00

) (
1 − Q(22)

00

)
− Q(12)

00 Q(21)
00 = 0 (E24)

which is quite different from the zeroth-order quasi displacement-free base block dispersion relation because the coupling term Q(12)
00 Q(21)

00

does not vanish and cannot be neglected. This term corresponds to the so-called structure–soil–structure interaction and accounts for the

distance separating the two buildings. Its form is close to that of the term representative of the action of the geophysical structure. Nevertheless,

due to its complexity, it is difficult to carry out an analytical study of this relation.

The partition method emphasizes the role of the global superstructure, while the iteration method, described in Section E3, emphasizes the

role of only one component (i.e. one block) of the superstructure. The partition method also accounts for all the possible interactions between

blocks (the term cot(k20bl )) and the geophysical structure through the terms Q(ll)
nm , and the interaction between blocks through the terms Q(lj)

nm

and Q( j l)
nm .

Ultimately, the choice of method reduces to determining which one gives the best results, that is, results that are closest to reality. This

can be determined only by full-blown numerical studies, the results of which will have to be compared to those of the FE method (employed

as a reference). In fact, we find that the partition method gives the best results, and is therefore employed in all the subsequent numerical

computations.

A P P E N D I X F : E X P R E S S I O N O F T H E F I E L D S u [2](J ) ( x, ω) , u [1] ( x, ω) A N D u [0] ( x, ω) F O R

L I N E S O U RC E E X C I TAT I O N

Once the quasi-modal coefficients B[2](l)
m , ∀m ∈ N, ∀l ∈ B are obtained from the system of equations (E18), the field in the block domain

�[2](l) is computed via (B10). This field vanishes on the ground at the frequency of occurrence of the displacement-free base mode of the

block.

If m > 0, quasi modal coefficients can be neglected, so that the field in the block l ∈ B takes the form

u[2](l) ≈ B[2](l)
0 (ω) cos

(
k[2] (x2 + bl )

)
(F1)

which indicates that the displacement field is independent of x1 and takes the form of a standing wave in the block.

Let us next consider the field in the layer. Combining (C1), (C3), (C4) and (C5), leads, via (B9), to:

u[1](x, ω) = u[1]
c (x, ω) +

∑
l∈B

u[1](l)
B (x, ω), (F2)
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with

u[1]
c (x, ω) = iS(ω)

2π

∫ ∞

−∞

cos
(

k[1]
2 x2

)
e
i
(

k1(x1−xs
1)+k

[0]
2 (xs

2−h)
)

cos
(

k[1]
2 h

)
− i

μ[1]k
[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

) dk1

k[0]
2

, (F3)

and

u[1](l)
B (x, ω) = i

2π

∞∑
n=0

μ[2]

μ[0]
B[2](l)

n k[2](l)
2n wl sin

(
k[2](l)

2n bl

)

×
∫ ∞

∞

cos
(

k[1]
2 (x2 − h)

)
+ i

μ[0]k
[0]
2

μ[1]k
[1]
2

sin
(

k[1]
2 (x2 − h)

)
cos

(
k[1]

2 h
)

− i
μ[1]k

[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

) I (l)−
n (k1)eik1(x1−(dl − wl

2 )) dk1

k[0]
2

. (F4)

This expression indicates that the field in the layer is composed of: i) the field obtained in the absence of blocks and induced by the incident

cylindrical wave, ii) the fields induced by the presence of each block. The displacement field u[1] (x, ω) − u[1]
c (x, ω) appears as a sum of block

fields which are strongly linked together, since each coefficient B[2]( j)
n is calculated by taking into account the presence of the other blocks via

(E18).

Let us finally consider the field in the substratum. Combining (C1), (C3), (C4) and (C5), leads, via (B8), to:

u[0](x, ω) = {
ui (x, ω) + ud[0]

c (x, ω)
} +

∑
j∈B

u[0](l)
B (x, ω) (F5)

with

ud[0]
c (x, ω) = iS(ω)

4π

∫ ∞

−∞

cos
(

k[1]
2 h

)
+ i

μ[1]k
[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

)
cos

(
k[1]

2 h
)

− i
μ[1]k

[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

) ei(k1(x1−xs
1)+k

[0]
2 (x2+xs

2−2h)) dk1

k[0]
2

, (F6)

and

u[0](l)
B (x, ω) = i

2π

∞∑
n=0

μ[2]

μ[0]
B[2](l)

n k[2](l)
2n wl sin

(
k[2](l)

2n bl

)

×
∫ ∞

∞

I (l)−
n (k1)ei(k1(x1−(dl − wl

2 )+k
[0]
2 (x2−h)))

cos
(

k[1]
2 h

)
− i

μ[1]k
[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

) dk1

k[0]
2

. (F7)

This expression indicates that the field in the substratum is composed of: (i) the field obtained in the absence of blocks, including the incident

plus diffracted fields, the latter being induced by the incident cylindrical wave, (ii) the fields induced by the presence of each block; the latter

takes the form of a sum of block fields which are strongly linked together, since each coefficient B[2]( j)
n is calculated by taking into account

the presence of the other blocks via (E18).

F1 Computational details for Nb < ∞
All intervals over the which integration is performed in the calculation of the quasi-modal coefficients, through the linear system (E18), that

is, in the calculation of P (l)
n and of Q( jl)

nm , (n, m) ∈ N2, ( j, l) ∈ B2, and in the calculation of the displacement fields u[1] = u[1]
c +

∑
l∈B

u[1](l)
B and

u[0] = ui + u[0]d
c +

∑
l∈B

u[0](l)
B , are first reduced to

∫ +∞

0

. These intervals are then separated into I1 = [0, Re (k0)] (interference of propagative

waves), I2 = [Re (k0), Re
(
k1

)
] (excitation of quasi-Love waves) and I3 = [Re (k1), +∞[ (evanescent waves in the layer) in order to point

out the different type of waves associated with the different possible phenomena in the geophysical structure. The numerical evaluation of

these integrals is carried out by the procedure described in Groby & Wirgin (2005b).

F2 Interpretation of the fields u
0( j)
B and u

[1]( j)
B

If the leading term of the quasi modal representation in each block l ∈ B is dominant (i.e. the higher-order terms can be neglected), the fields

u[0]( j)
B (x, ω) in (F4) and u[1]( j)

B (x, ω) in (F7) reduce to:

u[1]( j)
B (x, ω) = i

2π

μ[2]

μ[0]
B[2]( j)

0 k[2]w j sin
(
k[2]b j

) ∫ ∞

−∞

[
cos(k[1]

2 (x2 − h)) + i
μ[0]k

[0]
2

μ[1]k
[1]
2

sin(k[1]
2 (x2 − h))

]
sinc

(
k1

w j

2

)
ei(k1(x1−d j )+k

[0]
2 (x2−h)))

cos
(

k[1]
2 h

)
− i

μ[1]k
[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

) dk1

k[0]
2

,

(F8)
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u[0]( j)
B (x, ω) = i

2π

μ[2]

μ[0]
B[2]( j)

0 k[2]w j sin
(
k[2]b j

) ∫ ∞

−∞

sinc
(
k1

w j

2

)
ei(k1(x1−d j )+k

[0]
2 (x2−h)))

cos
(

k[1]
2 h

)
− i

μ[1]k
[1]
2

μ[0]k
[0]
2

sin
(

k[1]
2 h

) dk1

k[0]
2

. (F9)

It can be shown that each u[0]( j)
B (x, ω) may be interpreted as the field radiated by a ribbon source of width w j , located at the base of each block

j ∈ B, and whose amplitude is of the form
μ[1]

μ[2]
B[2]( j)

0 k[2]w j sin
(
k[2]b j

)
. These sources are induced sources, that is, they do not introduce

energy into the system, but each of them induces a modification of the repartition of the energy over the excitation frequency bandwidth.

These sources are located at the top of the layer and should excite quasi-Love waves, as shown in Groby & Wirgin (2005a,b) and Groby &

Wirgin (2004) (for applied sources).

If m > 0 quasi modes are relevant, the even-order modes correspond to ribbon sources of width w l , located at dl , l ∈ B, while the odd-order

modes correspond to line sources located at the edges of the blocks. The amplitudes of both of these types of induced sources depend on the

order of the quasi modes and on the characteristics of the corresponding block.

A P P E N D I X G : F I E L D R E P R E S E N TAT I O N S I N T H E S PA C E – F R E Q U E N C Y

F R A M E W O R K F O R NB = ∞
The formulation for the case of N b < ∞ identical (or non-identical) blocks was given in Appendix B.

The new feature here is the existence of an infinite number (i.e. N b = ∞) of identical (in shape, dimensions and composition) blocks,

separated (horizontally) one from the other by the constant distance d (called the period).

At present, the blocks are identified by indices in the set B = {..., −1, 0, 1, ...} = Z, with the understanding that the centre of the segment

�0
bs is at the origin.

Owing to the assumed plane wave nature of the incident wave, the periodic nature of �G , and the fact that the blocks are assumed to

be identical in height (b), width (w), and composition, the field is quasi-periodic spatially speaking (this constituting the so-called Floquet
relation, that is,

u[ j](x1 + nd, x2) = u[ j](x1, x2)eiki
1nd ; ∀x ∈ � j ; ∀n ∈ Z; j = 0, 1. (G1)

wherein ki
1:= k[0] si , si = sin θ i , and θ i is the incident angle.

By virtue of separation of variables and the Floquet relation it is found that

u[0](x, ω) = ui (x, ω) +
∞∑

n=−∞
B[0]

n exp
{

i
[
k1n x1 + k[0]

2n (x2 − h)
]}

; x ∈ �0. (G2)

However, we can write

ui (x, ω) =
∞∑

n=−∞
Ai

n exp
{

i
[
k1n x1 − k[0]

2n x2

]}
; x ∈ R2, (G3)

wherein

Ai
n = S(ω)δn0, (G4)

k 10 = ki
1, and k[ j]

20 =
√

(k[ j])2 − (
ki

1

)2
:= k[ j]i

2 , so that

u[0](x, ω) =
∞∑

n=−∞
Ai

n exp
{

i
[
k1n x1 − k[0]

2n x2

]}

+
∞∑

n=−∞
B[0]

n exp
{

i
[
k1n x1 + k[0]

2n (x2 − h)
]}

; x ∈ �0. (G5)

In the same manner we find:

u[1](x, ω) =
∞∑

n=−∞
A[1]

n exp
{

i
[
k1n x1 − k[1]

2n x2

]}

+
∞∑

n=−∞
B[1]

n exp
{

i
[
k1n x1 + k[1]

2n x2

]}
; x ∈ �1. (G6)

The Floquet relation actually extends to �2 wherein it takes the form

u[2] j (x1, x2, ω) = u[2]0(x1, x2, ω)eiki
1 jd ; j ∈ Z, (G7)
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wherein (as for the case N b < ∞)

u[2]0(x, ω) : = u[2](x, ω) =
∞∑

m=0

B[2]
m cos

[
k[2]

1m

(
x1 + w

2

)]
cos

[
k[2]

2m (x2 + b)
]

; x ∈ �
(0)
2 ,

(G8)

with:

k[2]
1m = mπ

w
k[2]

2m =
√

(k[2])2 − (k[2]
1m)2 Re k[2]

2m ≥ 0 Imk[2]
2m ≥ 0 ω ≥ 0. (G9)

A P P E N D I X H : I N T E R R E L AT I O N S B E T W E E N T H E VA R I O U S U N K N O W N

C O E F F I C I E N T S F O R T H E C A S E NB = ∞
By applying the various boundary conditions, we find:

A[1]
n − B[1]

n = w

id
eik1nw/2

∞∑
m=0

B[2]
m

μ[2]k[2]
2m

μ[1]k[1]
2n

I −
mn sin

(
k[2]

2mb
)
; ∀n ∈ Z, (H1)

B[2]
m = εm

cos
(
k[2]

2mb
) ∑

n∈Z

[
A[1]

n + B[1]
n

]
Imne−ik1nw/2; ∀m = 0, 1, 2, ...., (H2)

−μ[0]k[0]
2n A[0]

n e−ik
[0]
2n h + μ[0]k[0]

2n B[0]
n + μ[1]k[1]

2n A[1]
n e−ik

[1]
2n h − μ[1]k[1]

2n B[1]
n eik

[1]
2n h = 0 ;

∀n ∈ Z,

(H3)

A[0]
n e−ik

[0]
2n h + B[0]

n − A[1]
n e−ik

[1]
2n h − B[1]

n eik
[1]
2n h = 0; ∀n ∈ Z, (H4)

wherein

I ±
mn =

∫ 1

0

exp(±ik1nwη) cos
(
k[2]

1mwη
)
dη

= im

2
e±ik1n

w
2

{
sinc

[(
k[2]

1m ± k1n

)w

2

]
+ (−1)msinc

[( − k[2]
1m ± k1n

)w

2

]}
. (H5)

A P P E N D I X I : D E T E R M I N AT I O N O F T H E VA R I O U S U N K N O W N S

I1 Elimination of B[2]
m to obtain a linear system of equations for B [0]

n .

After a series of substitutions (see Appendix H), the following matrix equation is obtained for B[0]
n :

C [10]
n B[0]

n −
∞∑

m=−∞
Dnm B[0]

m = Fn ; ∀n ∈ Z, (I1)

wherein:

C [ jl]
n := cos

(
k[1]

2n h
)

− i
μ[ j]k[ j]

2n

μ[l]k[l]
2n

sin
(

k[1]
2n h

)
; ∀n ∈ Z, j, l = 0, 1, (I2)

Dnm :=
∞∑

l=0

iεlμ2k[2]
2l w

μ[0]k[0]
2n d

I −
ln I +

lm tan
(

k[2]
2l b

)
C [01]

m ei(k1n−k1m )w/2, (I3)

and

Fn = S(ω)e−ik
[0]
2n hC [10]

n δn0 +
∞∑

l=0

iS(ω)e−ik
[0]
20 hwεlμ

[2]k2
2l sin

(
k2

2l b
)

I −
ln I +

l0

μ[0]k[0]
2n d

C [01]
0 ei(k1n−ki

1)w/2. (I4)

Eq. (I1) is a matrix equation, which, in principle, enables the determination of the vector b[0] : {B[0]
n ; n = 0, ± 1, ± 2, ...}.
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I2 Elimination of B [0]
n to obtain a linear system of equations for B [2]

m

The procedure is again to make a series of substitutions (see Appendix H) which now leads to the linear system for B[2]
l ; ∀l ∈ N:

B[2]
l = Pl +

∞∑
m=0

Qml B[2]
m ; ∀l ∈ N, (I5)

wherein

Qml =
∞∑

n=−∞

iεlwk[2]
2mμ[2] sin

(
k[2]

2mb
)

I −
mn I +

ln C [01]
n

μ[0]k[0]
n2 d cos

(
k[2]

2l b
)

C [10]
n

, (I6)

and

Pl =
∞∑

n=−∞
Ai

n

2εl exp
(
−ik[0]

n2 h
)

exp
(−ikn1

w

2

)
I +
ln

cos
(

k[2]
2l b

)
C [10]

n

= S(ω)
2εl exp

(−iki
2h

)
exp

(−iki
1

w

2

)
I +
l0

cos
(

k[2]
2l b

)
C [10]

0

. (I7)

Eq. (I5) is a matrix equation, which, in principle, enables the determination of the vector b[2] : {B[2]
m ; m = 0, 1, 2, ...}.

A P P E N D I X J : M O DA L A N A LY S I S F O R NB = ∞

J1 General considerations

At this point, it is important to recall that the ultimate goal of this investigation is to predict the response of an urban site to a seismic wave.

This response takes the form of the displacement field at various locations on the ground as a function of time. Thus, the field quantities of

interest are the space–time expressions of u[ j] ; j = 0, 1, 2.

On account of what was written above, the space–time framework diffracted field in �0 can be written as

u[0]d (x, ω) =
∫ ∞

−∞
dk1

∫ ∞

−∞
dω B[0](k1, ω) exp

{
i
[
k1x1 + k[0]

2 (x2 − h) − ωt
]}

, (J1)

with similar types of expressions for the fields in �1 and �2, as well as for the (incident) excitation field (note that B[0](k1) =∑∞
n=−∞ B[0]

n δ (k1n − k1) in the case of a periodic city). These expressions possess at least four important features.

The first feature, underlined in Groby & Wirgin (2005a) and Groby & Wirgin (2005b), is that the time framework fields are expressed as

integrals over the horizontal wavenumber k1 and angular frequency ω of functions that represent, for each k1 and ω (and assuming there is no

material attenuation in the media), either a propagating or evanescent plane wave, the amplitude of which is a function such as B[0] (k 1, ω).

A second important feature, underlined in Groby & Wirgin (2005a,b) and in the first part of this paper, is that the amplitude functions, such

as B[0] (k 1, ω), exhibit resonant behaviour (i.e. can become large in the presence of material losses, or even larger (and sometimes, infinite)

in the absence of material losses), in the neighborhood of certain values, k�
1 of k1 and ω� of ω, which are characteristic of the modes of the

structure giving rise to these fields.

The third feature, brought out in Groby & Wirgin (2005a) and Groby & Wirgin (2005b), is that resonances can be provoked by the solicitation

when: a) the frequency ω of one of the spectral components of the latter is equal to one of the natural frequencies ω� and b) the horizontal

wavenumber of one of the component plane waves of the excitation field is equal to k�
1.

The fourth feature is that a mode (such as the well-known Love mode) corresponds to ‖k�
1 ‖ larger than ‖k[0] ‖, which means that the plane

wave associated with an excited mode is necessarily evanescent in �0. Consequently, to bring ‖k 1 ‖ (which is a sort of momentum) up to

the required level, requires a momentum boost which is provided either by the incident field (i.e. the latter should contain evanescent wave

components with horizontal wavenumbers ‖k 1 ‖ > |k[0] ‖) and/or by the scattering structure (site) itself.

In Groby & Wirgin (2005a) and Groby & Wirgin (2005b), the site had horizontal, flat boundaries and interfaces and all the media were

homogeneous, so that it could not provide the required momentum boost. Moreover, it was shown in Groby & Wirgin (2005a) and Groby &

Wirgin (2005b) (and again, earlier herein) that if the incident field takes the form of a propagating (bulk) plane wave, the (Love) modes of

the site cannot be excited, this being possible only if the incident field contains the required evanescent wave component, as is the situation

in which the wave is radiated by a line source.

At present, the incident field takes the form of a propagating plane wave and the momentum boost is provided by the periodic uneveness

of the surface (in quanta of 2π

d ), as manifested by the presence of evanescent waves in the field representations, so that we can expect the

configuration to exhibit resonant behaviour corresponding to the excitation of some sort of modes.

The remainder of this section is devoted to the characterization of these modes and to the methods for finding the (k�
1, ω�) with which they

are associated.

J2 The emergence of the quasi-Love modes of the configuration from the iterative solution of the matrix equation for B0
n

Eq. (I1) can be rewritten as

B[0]
n =

∑∞
m=−∞ Dnm B[0]

m (1 − δmn) + Fn

C [10]
n − Dnn

; ∀n ∈ Z. (J2)
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which can be solved in iterative manner as follows:

B[0](l)
n = N (l)

n

C [10]
n − Dnn

:= N (l)
n

Dn
, (J3)

wherein

N (0)
n = Fn, (J4)

N (l>0)
n = Fn +

∞∑
m=−∞

Dnm B[0](l−1)
m (1 − δmn) , (J5)

from which it becomes apparent that the solution B[0](l)
n , to any order l of approximation, is expressed as a fraction, the denominator of which

(not depending on the order of approximation), can become small for certain values of k 1n and ω so as to make B[0](l)
n (ω), and (possibly) the

field in the substratum, large at these values.

When this happens, a natural mode of the configuration, comprising the blocks, the soft layer and the hard half substratum, is excited, this

taking the form of a resonance with respect to B[0](l)
n , that is, with respect to the field in the substratum. As B[0]

n is related to A[1]
n and B[1]

n via

(H3)–(H4), the structural resonance also manifests itself in the layer for the same k 1n and ω.

The matrix equation (98) can be written as

(C − D) b0 = f (J6)

wherein: the matrix C[10] has components C [10]
nm = C [10]

n δnm, D has components Dnm, and the vectors b0 and f have components B0
n and F n ,

respectively. The modes of the configuration are obtained by turning off the excitation (Wirgin & Bard 1996), embodied in the vector f. Thus,

the non-trivial solution of the homogeneous matrix equation (J6) is the solution of (the dispersion relation)

det
(
C[10] − D

) = 0. (J7)

The equations

Dn = C [10]
n − Dnn = C [10]

n −
∞∑

l=0

iεlμ2k[2]
2l w

μ[0]k[0]
2n d

I −
ln I +

ln tan
(

k[2]
2l b

)
C [01]

n ; n = 0, ±1, ...., (J8)

associated with a singularity in the iterative procedure (J3), also correspond to an approximation of the dispersion equation of the modes (J7)

when the off-diagonal elements of the matrix C[10] −D are small compared to the diagonal elements. Such a situation does not necessarily

prevail, but it is nevertheless useful to obtain a first idea of the natural frequencies of the modes from the simple relations (J8) rather than

from the much more complicated relation (J7).

We note that:

C [10]
n = 0, (J9)

is the dispersion relation for ordinary Love modes. Consequently,

Dn = 0, (J10)

is the dispersion relation of what we term quasi-Love modes which are generally different from ordinary Love modes.

When b → 0, the dispersion relation for quasi-Love modes becomes the dispersion relation Dn = C [10]
n = 0 for ordinary Love modes, and

for small
μ2k[2]

2mw

μ1k[1]
2n d

, the quasi-Love modes are a small perturbation of ordinary Love modes.

J3 The emergence of the quasi displacement-free base block modes and quasi-Cutler modes of the configuration from

iterative solutions of the linear system of equations for B [2](l)
m

J3.1 Approximate dispersion relations arising from the first type of iterative scheme

An iterative procedure for solving the linear set of equations (I5) is expressed by:

B[2](0)
l = Pl

1 − Qll
; ∀l ∈ N, (J11)

B[2](p)
l (ω) = B[2](0)

l (ω) +
∑∞

m=0 Qml (1 − δml ) B[2](p−1)
m

1 − Qll
; l = 1, 2, ...; p = 1, 2, .... (J12)

The fact that B[2](p)
l becomes large when 1 − Qll is small (which occurs at all orders p of approximation) is associated with the excitation

of a natural mode of the configuration. The equations 1 − Qll = 0; l ∈ N are the approximate dispersion relations of the lth natural modes

(l ∈ N) of the configuration. They are approximate in nature because they are obtained by neglecting the off-diagonal terms in the matrix

equation (I5).

C© 2007 The Authors, GJI

Journal compilation C© 2007 RAS
103



December 5, 2007 16:0 Geophysical Journal International gji3678

Seismic response in urban sites 31

Nevertheless, let us examine this dispersion relation in more detail:

Fm := cot
(

k[2]
2mb

)
−

∞∑
n=−∞

iεm
w

d

k[2]
2mμ[2]

k[0]
2n μ[0]

C [01]
n

C [10]
n

I −
mn I +

ln := F1m − F2m = 0; m ∈ N, (J13)

which shows that the modes of the configuration result from the interaction of the fields in two substructures: the superstructure (i.e. the

blocks above the ground), associated with the term F1m and the substructure (i.e. the soft layer plus the hard half space below the ground)

associated with the term F2m . Each of these two substructures possesses its own modes, that is, arising from F1m = 0, for the superstructure,

and F2m = 0, for the substructure, but the modes of the complete structure are neither the modes of the superstructure nor those of the

substructure, since they are defined by F1m − F2m = 0; m ∈ N.

In order to obtain the natural frequencies of the complete structure, we first analyse the natural frequencies of each substructure, and assume

that all the media are non-dissipative (i.e. elastic).

The solutions of the (approximate) dispersion relations for the superstructure are:

F1m := cot
(

k[2]
2mb

)
= 0 ⇔ ω = ωmn = c[2]

√(
(2n + 1)π

2b

)2

+
(mπ

w

)2

; n, m = 0, 1, 2, ..., (J14)

which are the natural frequencies of vibration of a block with displacement-free base (i.e. at these natural frequencies, u[2]|x2=0 vanishes on

the base segment of the block).

Next consider the dispersion relations for the geophysical (sub)structure F2m = 0; m ∈ N. As pointed out earlier in this paper, the sum in

this relation can be split into three parts corresponding to: (i) propagative waves in both the substratum and the layer, (ii) evanescent waves

in the substratum and propagative waves the layer, (iii) evanescent waves in both the substratum and layer. Only the second part can lead to a

vanishing denominator, and also to the satisfaction of the dispersion relation of Love modes.

We note that for small μ[2]

μ[0] , and/or small w

d , the quasi displacement-free base block modes are a small perturbation of the displacement-free

base block modes. We also note that the approximate dispersion relations for the configuration involving an infinite set of equi-spaced identical

blocks are similar to the dispersion relations obtained above for a small number of blocks, in that they betray the existence of a combination

of quasi-Love and quasi displacement-free base block modes.

J3.2 Approximate dispersion relations resulting from a second type of iterative scheme

Let Q denote the matrix of components Qml, I the identity matrix, and b and p the vectors of components B[2]
l and P l , respectively.

The system of linear equations (I5) can be written as the matrix equation (for the determination of the unknown vector b)

(I − Q) b = p. (J15)

The modes of the configuration are obtained by turning off the excitation (Wirgin 1995), embodied in p. The non-trivial solutions of (J15) are

then obtained from

det (I − Q) = 0. (J16)

An iterative (partition) procedure for solving this equation, which is different from the preceding one, and is particularly appropriate if the

off-diagonal elements of the matrix are small (but non neglected) compared to the diagonal elements, is first to consider the matrix to have

one row and one column, that is,

1 − Q00 = 0, (J17)

then to consider it to have two rows and two columns,

det

(
1 − Q00 −Q01

Q10 1 − Q11

)
= (1 − Q00) (1 − Q11) − Q01 Q10 = 0, (J18)

and so forth.

We shall not go into the details of these various approximate expressions of the dispersion relation because they become extremely involved

beyond (J17). However, it is of historical and didactic interest to examine (J17) in detail. This is done in the next section.

J3.3 Solution of the zeroth-order dispersion relation arising in the two types of iterative schemes: the Cutler mode

We rewrite the lowest-order approximation of the dispersion relation (J15) (equivalent to (J8) for n = 0) in the form first given in Wirgin

(1988):

D0 = 1 − i
w

d

k[2]μ[2]

k[0]μ[0]
tan

(
k[2]b

) ∑
n∈Z

k[0]

k[0]
2n

sinc2
(

k1n
w

2

) C [01]
n

C [10]
n

= 0. (J19)

We now consider the cases (first studied in Cutler 1944; Rotman 1951; Hurd 1954; Borgnis & Papas 1958; Hougardy & Hansen 1958; Auld

et al. 1976; Gulyaev & Plesskii 1978; Wirgin 1988) in which the layer is filled with the same material M [0] as that of the substratum (actually,

in most of the cited publications, M [2] was also taken equal to M [0], but this is not done here, for the moment at least). Thus, μ[1] = μ[0] and
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k[1] = k[0]. In addition, we recall that M [0] is non-dissipative, so that μ[0] and k[0] are real. We shall also suppose, to simplify matters, that μ[2]

and k[2] are real (i.e. M [2] is lossless).

Then

D0 = 1 − iδκ tan
(
k[2]b

) ∑
n∈Z

k[0]

k[0]
2n

sinc2
(

k1n
w

2

)
= 0, (J20)

in which δ := w

d α := k[2]

k[0] , κ := k
[2]
2 μ[2]

k[0]μ[0] = α μ[2]

μ[0] β = b
d . Suppose that there exists an integer N for which one of the terms in the series is

very large compared to the rest of the series. We thus can write

D0 = 1 − iδκ tan
(
k[2]b

) [
k[0]

k[0]
2N

sinc2
(

k1N
w

2

)
+ R0

]
= 0, (J21)

with

R0 :=
∑

n∈(Z−{N })

k[0]

k[0]
2n

sinc2
(

k1n
w

2

)
. (J22)

Let k 1 := k 1N and k 2 := k[0]
2N . It follows that

k1n = k1 + 2(n − N )
π

d
⇒ k1n

w

2
= k1

w

2
+ (n − N )π

w

d
= k1

w

2
+ (n − N )πδ. (J23)

Now, for the n = N term to be large, at the very least ‖k1
w

2
‖ � 1 and k[0]

2N ≈ 0. The first of these two conditions is synonymous with

sinc
(

k1

w

2

)
≈ 1. (J24)

A corollary is that

sin
(

k1n
w

2

)
= sin

(
k1

w

2

)
cos ((n − N )πδ) + cos

(
k1

w

2

)
sin ((n − N )πδ) ≈ sin ((n − N )πδ) . (J25)

We shall also assume that δ ≈ 1 so that sin(k1n
w

2
) ≈ sin((n − N )π ) ≈ 0 ⇒ R0 ≈ 0, whence

1 − iδκ tan
(
k[2]b

) k[0]

k2

sinc2
(

k1

w

2

)
= 0, (J26)

which is the dispersion relation obtained by Rotman (1951).

If account is taken of (J24), then

1 − iδκ tan
(
k[2]b

) k[0]

k2

= 0, (J27)

which, when κ = 1 (i.e. the case M [2] = M [0]), constitutes the dispersion relation first obtained by Cutler (1944).

Let us examine this relation in detail. Since all the parameters in the Cutler dispersion relation are real, the latter has no solution unless

k2 = √
(k[0])2 − (k1)2 is imaginary, that is, k2 = i‖√(k[1])2 − (k0)2‖, which occurs if |k 1 | > k[0]. If we recall that imaginary k2 corresponds

to an evanescent (i.e. surface) wave, then we can say that the Cutler mode is associated with the excitation of a surface wave.

We now inquire as to the conditions in which the Cutler mode can be excited. The first step is to find the values of (k 1, ω) which are solutions

of

1 − δκ tan
(
k[2]b

) k[0]

‖k2‖ = 0; |k1| > k[0]. (J28)

Another point of view is to consider k1 to be the wavenumber (of a surface wave) to which is associated the phase velocity c1 such that k1 = ω

c1
.

Then it is easy to obtain (from J28)

c1 = c[0]

√
1

1 + [
δκ tan

(
ωb
c[2]

)]2
. (J29)

This relation, first published in Gulyaev & Plesskii (1978), shows that even if M [2] is non-dispersive (recall that it was assumed, from the

start, that M [0] is non-dispersive), then the phase velocity of the Cutler mode is dispersive, that is, c1 = c1(ω) [which, of course, is the reason

why one speaks of a dispersion relation in connection with a (e.g. Cutler) mode].

Several remarks are in order: (i) the Cutler mode corresponds to a slow (surface) wave with respect to the bulk plane waves in �0, since

c1 ≤ c[0], (ii) c1(ω) is a periodic function of ω, since c1(ω + lπc[2]

b ) = c1(ω); ∀l ∈ N, (iii) c1(ω) = c[0] for ωb
c[2] = lπ ; ∀l ∈ N, iv) c1(ω) = 0 for

ωb
c[2] = (2l + 1) π

2
; ∀l ∈ N, v) the phase velocity of the Cutler mode is all the closer to the phase velocity of bulk waves in M [0] for all ω, the

smaller is κ , vi) on the contrary, for a Cutler mode with phase velocity very different from that of bulk waves in M [0], we must have a large

contrast between the material properties of M [0] and M [2].

Let us now inquire as to the means of actually exciting a Cutler mode with an incident plane bulk wave. At first, this seems impossible

(for the same reason it is not possible to excite a Love mode with an incident plane bulk wave). But we must not forget that the field in �0 is
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composed not only of diffracted plane bulk waves, but also of diffracted evanescent waves, the possibility of these waves to exist being due

to the uneven (at present, periodically uneven) geometry of the stress-free surface at the site.

The discussion concerning the Cutler mode began with the assumptions: (i) the term in the expression of the diffracted field in �0

corresponding to the N th order diffracted plane wave dominates all the other terms, and (ii) this diffracted wave is an evanescent wave, that

is, k[0]
2N is imaginary. In the dispersion equation context, k1 is a variable that has no particular connection with the solicitation. When the site

is solicited by a plane bulk wave, then k1N = ki
1 + 2π

d N , with ki
1 = k[0] sin θ i the factor directly related to the solicitation (θ i the angle of

incidence). Thus, for the N th order evanescent diffracted wave to be excited, we must have

k1 = k1N ⇒ k1 = ki
1 + 2π

d
N , (J30)

with N such that k[0]
2N = i‖√(k1N )2 − (k[0])2‖. This so-called coupling relation, that is (J30), translates the fact that the periodic topography

adds the momentum 2π

d N necessary to convert the incident bulk wave into an evanescent wave (whose phase velocity is smaller than that of

the bulk wave, and whose horizontal wavenumber is therefore larger than the wavenumber k[0] of the incident bulk wave).

In order for a resonance to occur in the N th order mode, the frequency of one of the components of the spectrum of the excitation must be

equal to a natural frequency of the mode. Although this is a necessary condition, it is not a sufficient condition, because we must also have

‖k 1‖ = ‖k 1N ‖ > ‖k[0]‖.

A remark is in order concerning what happens when R0 is not neglected in the expression of D0. The subset, in this remainder term,

involving the n for which k 2n is imaginary (i.e. corresponding to evanescent waves), will modify somewhat the (real) solutions of what

formerly constituted the Cutler dispersion relation, whereas the subset involving the n for which k 2n is real (i.e. corresponding to propagative

waves) adds an imaginary part to the (real) solutions of what formerly constituted the Cutler dispersion relation. Thus, the evanescent Cutler

wave becomes a leaky wave, that is, a wave with complex k1.

J3.4 Solution of the zeroth-order dispersion relation when M [1] 	= M [0]: the quasi-Cutler mode

The dispersion relation (J19) has been studied in Wirgin (1988) and is a subset of the dispersion relations analysed in Section J2 of Appendix

J. Not much more, other than what is revealed by a numerical analysis, can be added to the text in Sections J2 and J3.3, due to the complexity

of (J19).

To make a long story short, one finds that the presence of the layer transforms the Cutler mode into a quasi Cutler mode which is all the

closer to a Cutler mode the smaller is the layer thickness h and/or the closer the material parameters of the layer are to those of the substratum.

If, on the other hand, h is not very small, and/or the material parameters of the layer are very different from those of the substratum, then the

quasi-Cutler mode becomes an entity entirely different from that of the Cutler mode; in fact, it resembles a Love mode, so that it is better to

represent the phenomena in terms of quasi-Love modes (as in Section J2) than in terms of quasi-Cutler modes.

A P P E N D I X K : C O M P U TAT I O N O F T H E F I E L D S U [0], U [1] A N D U [2] F O R NB = ∞
The quasi-modal coefficients B[2]

m (ω), ∀m ∈ N are obtained by employing the partition procedure (i.e. reducing the infinite-order matrix in

(J15) to a M × M matrix and the vectors to M-tuple vectors, solving the finite-order matrix equation so obtained, and increasing M until

convergence is obtained of the successive M th order approximate solutions). Once the B[2]
m (ω), ∀m ∈ N are computed in this manner, the field

in the block domain �2 is obtained via (G8). This field vanishes on the ground at the frequencies of occurrence of the displacement-free base
modes of the block.

Let us next consider the field in the layer. Combining (H1)–(H4) leads, via (G5), to:

u[1](x, ω) =
2S(ω) exp

[
i
(

ki
1x1 − k[2]

02 h
)]

cos
(
k[1]

02 x2

)
C [10]

0

+
∞∑

n=−∞

∞∑
m=0

B[2]
m i

μ[2]k[2]
2mw

μ[0]k[0]
n2 d

I −
mn

C [10]
n

sin
(

k[2]
2mb

)
exp

[
ikn1

(w

2
+ x1

)]

×
{

cos
[
k[1]

n2 (x2 − h)
]

+ i
μ[0]k[0]

n2

μ[1]k[1]
n2

sin
[
k[1]

n2 (x2 − h)
]}

. (K1)

Let us finally consider the field in the substratum. Combining (H1)–(H4) leads, via (G6), to:

u[0](x, ω) = ui (x, ω)

+ S(ω) exp
{

i
[
ki

1x1 + k[0]
02 (x2 − 2h)

]} cos
(

k[1]
02 h

)
+ i

μ[1]k
[1]
02

μ[0]k
[0]
02

sin
(

k[1]
02 h

)
C [10]

0

+
∞∑

n=−∞
i exp

{
i
[
kn1x1 + k[0]

n2 (x2 − h)
]} ∞∑

m=0

B[2]
m

μ2k[2]
2mw

μ[0]k[0]
n2 d

I −
mn

C [10]
0

sin
(

k[2]
2mb

)
exp

(
ikn1

w

2

)
. (K2)
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Expressions (K1) and (K2) indicate that both displacement fields u[1] (x, ω) and u[2] (x, ω) are composed of: (i) the field obtained in the

absence of the blocks and induced in the layer or substratum by the incident plane wave, (ii) the field induced by the presence of the blocks,

which appears as a field radiated by an infinite number of identical source distributions (each one related to a given block). In particular,

each of these induced sources takes the form of a ribbon source of width w located at the base segment of a block when it is related to the

zeroth-order quasi-mode (see the companion paper).

When a mode is excited (i.e. at a resonance frequency), one or several of the B[2]
m can become large, in which case it is possible for the

fields to become large at resonance. This will be demonstrated in the numerical examples which follow.
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The acoustic properties of a porous sheet of medium static air flow resistivity (around

10 000 N m s�4), in which a periodic set of circular inclusions is embedded and which is backed by

a rigid plate, are investigated. The inclusions and porous skeleton are assumed motionless. Such a

structure behaves like a multi-component diffraction grating. Numerical results show that this struc-

ture presents a quasi-total (close to unity) absorption peak below the quarter-wavelength resonance

of the porous sheet in absence of inclusions. This result is explained by the excitation of a complex

trapped mode. When more than one inclusion per spatial period is considered, additional quasi-total

absorption peaks are observed. The numerical results, as calculated with the help of the mode-

matching method described in this paper, agree with those calculated using a finite element method.
VC 2011 Acoustical Society of America. [DOI: 10.1121/1.3652865]

PACS number(s): 43.55.Ev, 43.20.Fn, 43.20.Ks, 43.20.Gp [KVH] Pages: 3771–3780

I. INTRODUCTION

Porous materials suffer from a lack of absorption at low

frequencies, when compared to their efficiency at higher fre-

quencies. The purpose of the present article is to investigate

an alternative to multi-layering by considering periodic

inclusions embedded in a porous sheet attached to a rigid

plate. This configuration results in a diffraction grating and a

sonic- crystal,1 constituted by the grating and its image or by

the combination of grating, used in reflection. The inclusions

and porous skeleton are assumed motionless.

The influence of a volume heterogeneity on absorption

and transmission of a porous layer without rigid backing was

previously investigated by use of the multipole method in

Refs. 1 and 2. This was done by embedding a periodic set of

high-contrast inclusions in a macroscopically homogeneous

porous layer. The sizes of the inclusions are comparable to the

wavelength in the porous medium, and the thickness and

weight of the porous layer are relatively small for better effi-

ciency when compared to those of usual multilayered pack-

ages. This leads either to an increase of the absorption

coefficient, in the case of one layer of inclusions, or to band-

gaps and a total absorption peak, in case of multi-layered set

of inclusions (sonic crystal). The influence on the absorption

was explained by mode excitation of the configuration,

enabled by the periodic inclusions, whose structure leads to

energy entrapment. Other works related to volume heteroge-

neities in macroscopically homogeneous porous material were

carried out essentially by means of the homogenization proce-

dure,3,4 possibly leading to double porosity materials,5 when

the wavelength is larger than the size of heterogeneities.

The influence of the irregularities of the rigid plate, on

which porous sheets are often attached, on the absorption

coefficient was previously investigated by use of the multi-

modal method in Ref. 6, by considering periodic rectangular

irregularities filled with air. In the particular case of one

irregularity per spatial period, this leads to a total absorption

peak associated with excitation of the fundamental modified

mode of the backed plate. This is excited thanks to the sur-

face grating. Other works related to surface irregularities

were carried out, notably related to local resonances associ-

ated with fractal irregularities.7,8

Local resonance and trapped modes are another possibil-

ity to localize the field. Trapped modes were largely studied

in waveguides9 or in periodic structures.10 Here, both theoreti-

cally and numerically, we investigate the changes in the

absorption coefficient due to the embedding of a multiple

inclusions grating in a rigid frame porous layer glued against

a rigid wall. The effects of the modified mode of the plate and

Bragg interference are clearly visible on the absorption curve,

while a quasi-total (close to unity) absorption is obtained for a

frequency below the fundamental quarter-wavelength reso-

nance of the backed porous sheet. This peak exhibits some of

the specific features of a trapped mode excitation.

II. FORMULATION OF THE PROBLEM

A. Description of the configuration

Both the incident plane acoustic wave and the porous

layer are assumed to be invariant with respect to the

a)Author to whom correspondence should be addressed. Electronic mail:

Jean-Philippe.Groby@univ-lemans.fr
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Cartesian coordinate x3. A cross-sectional x1 � x2 plane

view of the 2D scattering problem is shown Fig. 1.

Before the addition of the cylindric inclusions, the layer

is made of a porous material saturated by air (e.g., a foam),

which is modeled (by homogenization) as a macroscopically

homogeneous equivalent fluid M½1�. The porous sheet is

backed by a rigid surface. The upper and lower flat,

mutually-parallel boundaries of the layer, whose x2 coordi-

nates are H and 0, are designated by CH and C0, respectively.

M½0�, the ambient fluid that occupies X½0�, and M½1� are in firm

contact through CH, making the pressure and normal veloc-

ity continuous across CH (½pðxÞ� ¼ 0 and ½q�1@npðxÞ� ¼ 0,

wherein n denotes the generic unit vector normal to a bound-

ary and @n designates the operator @n ¼ n � r). C0 is rigid

[Neumann type boundary conditions, @npðxÞ ¼ 0].

Nc inclusions, with a common spatial periodicity d, are

embedded in the porous layer and create a diffraction grating

in the x1 direction. Depending on the arrangement of the Nc

inclusions in the unit cell, a diffraction grating or a sonic-

crystal of period dc can be formed (dc � d). The set of indi-

ces by which the cylinders within the unit cell are identified

is denoted by N c 2N. The jth inclusion occupies the disk

X½2
ðjÞ� of radius RðjÞ and is centered at xðjÞ ¼ ðxðjÞ1 ; x

ðjÞ
2 Þ,

j 2 N c
. The inclusions are infinitely rigid (Neumann type

boundary conditions on CðjÞ), i.e., the contrast between the

material that occupies X½2
ðjÞ� and M½1� is very large. This also

means that the inclusions can consist in rigid tubes or holes

posteriorly processed to create a rigid bound, because the

only important thing is the Neumann type boundary condi-

tions at the exterior boundary of the inclusion. This process

can be used to reduce the weight of the final structure. Two

subspaces X½1
6� 2 X½1� are also defined, corresponding to the

upper and lower part, respectively, of the porous layer with-

out inclusions. The inclusions and porous skeleton are

assumed motionless.

The total pressure, wavenumber, and wave speed are

denoted by the generic symbols p, k, and c; respectively, with

p ¼ p½0�; k ¼ k½0� ¼ x=c½0� in X½0�, and p ¼ p½1�; k ¼ k½1�

¼ x=c½1� in X½1�, wherein x ¼ 2p� is the angular frequency,

with � the frequency.

Rather than to solve directly for the pressure �pðx; tÞ
[with x ¼ ðx1; x2Þ], we prefer to deal with pðx;xÞ, related to

�pðx; tÞ by the Fourier transform pðx;xÞ ¼
Ð1
�1 �pðx; tÞeixtdt.

Henceforth, we drop the x in pðx;xÞ so as to denote the lat-

ter by pðxÞ.
The wavevector ki of the incident plane wave lies in

the sagittal plane and the angle of incidence is hi measured

counterclockwise from the positive x1 axis. The incident

wave propagates initially in X½0� and is expressed by

piðxÞ ¼ Aieiðki
1
x1�k

½0�i
2
ðx2�HÞÞ, wherein ki

1 ¼ �k½0� cos hi, k
½0�i
2

¼ k½0� sin hi, and Ai ¼ AiðxÞ is the signal spectrum.

The plane wave nature of the incident wave and the per-

iodic nature of
S

j2N c X½2
ðjÞ� imply the Floquet relation

pðx1 þ qd; x2Þ ¼ pðx1; x2Þeiki
1
qd; 8x 2 R2; 8q 2 Z: (1)

Consequently, it suffices to examine the field in the central

cell of the plate.

The uniqueness of the solution to the forward-scattering

problem is ensured by the radiation condition:

p½0�ðxÞ � piðxÞ � eik½0��x=
ffiffiffiffiffiffi
jxj

p
; xj j !1; x2 > H: (2)

B. Material modeling

Rigid frame porous material M is modeled using the

Johnson-Champoux-Allard model. The dynamic compressi-

bilty K and dynamic density q, linked to the sound speed

through c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1= Kqð Þ

p
are11,12

1

K
¼ cP0

/ c� c� 1ð Þ 1þ i
x0c

Prx
GðPrxÞ

� ��1
 !;

q ¼
qf a1

/
1þ i

xc

x
FðxÞ

� �
; (3)

wherein xc ¼ r/=qf a1 is the Biot frequency, x0c ¼ r0/=
qf a1, c the specific heat ratio, P0 the atmospheric pressure,

Pr the Prandtl number, qf the density of the fluid in the (inter-

connected) pores, / the open porosity, a1 the high frequency

limit of the tortuosity, r the static air flow resistivity, and r0

the static thermal resistivity. The scaling functions GðPrxÞ13

and FðxÞ14 are given by

GðPrxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� igqf Prx

2a1
r0/K0

� �2
s

;

FðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� igqf x

2a1
r/K

� �2
s

; (4)

where g is the dynamic viscosity of the fluid, K0 the thermal

characteristic length, and K the viscous characteristic length.

The “static thermal resistivity” is related to the thermal char-

acteristic length through r0 ¼ 8a1g=/K02 (Ref. 13).

While the configuration is similar to those already stud-

ied in Refs. 1 and 2, it is different in that the porous sheet is

backed by a rigid plate, but also more complex in that the

unit cell can be composed of more than one non overlapping

inclusion, when the x2-coordinates of the center of two inclu-

sions are separated by a distance lower than the sum of their

radii. In this latter case, the interaction between these inclu-

sions cannot be modeled as exposed in Ref. 1, and a more

complex interaction model should be employed.15 The

method of solution is also briefly summarized hereafter.

FIG. 1. Cross-sectional plane view of the configuration.
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C. Field representations in X[0] and X[16]

The continuity relations across the interfaces CH and C0

are first considered in Sec. III A. The field representations in

X½0� and X½1
6� are needed as the first step. The continuity con-

ditions across CðjÞ, 8j 2 N c
will be treated in Sec. III B.

Separation of variables, the radiation condition, and the

Floquet theorem lead to the representation

p½0�ðxÞ¼
X
q2Z

e�ik
½0�
2q

x2�Hð Þdq þ Rqeik
½0�
2q

x2�Hð Þ
h i

eik1qx1 ; 8x 2 X½0�;

(5)

wherein dq is the Kronecker symbol, k1q ¼ ki
1 þ 2qp=d,

k
½0�
2q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk½0�Þ2 � ðk1qÞ2

q
with Re k

½0�
2q

� �
� 0 and Im k

½0�
2q

� �
�0.

Rq is the reflection coefficient of the plane wave denoted by

the subscript q.
It is first convenient to use Cartesian coordinates x1; x2ð Þ

to represent the field in X½1
6�. This field is composed of the

diffracted field in the plate and the fields scattered by the

inclusions, whose form depends on the position of x, either

below or above the inclusions.16 Refering to Ref. 1, what-

ever the arrangement of the inclusions, x2 is always larger

than maxj2Nc

�
x
ðjÞ
2 þ RðjÞ

�
in X½1

þ�, while x2 is always smaller

than minj2Nc

�
x
ðjÞ
2 � RðjÞ

�
in X½1

��. The total field in X½1
6� can

be written in Cartesian coordinates as

p 16½ � xð Þ ¼
X
q2Z

fqe�ik
1½ �

2q
x2 þ gqeik

1½ �
2q

x2

� �
eik1qx1

þ
X
q2Z

X
j2N c

X
l2Z

K6
ql B

jð Þ
l ei k1q x1�x

jð Þ
1ð Þð Þ6k

1½ �
2q

x2�x
jð Þ

2ð Þ;

(6)

wherein B
ðjÞ
l are the coefficients of the field scattered by the

jth cylinder of the unit cell, fq and gq are the coefficients of

the diffracted waves inside the layer associated with the

plane wave denoted by q, and K6
ql ¼ 2ð�iÞle6ilhq=dk

½1�
2q with

hq such that k½1�eihq ¼ k1q þ ik
½1�
2q (Ref. 15).

III. DETERMINATION OF THE ACOUSTIC
PROPERTIES OF THE CONFIGURATION

A. Application of the continuity conditions across CH

and C0

The continuity of the pressure field and of the normal

component of the velocity is applied across CH and the Neu-

mann condition is applied on C0. After introducing the proper

field representations therein, i.e., Eqs. (5) and (6), and making

use of the orthogonality relation
Ð d=2

�d=2
ei k1n�k1lð Þx1 dx1 ¼ ddnl,

8 l; nð Þ 2 Z2, a linear set of equations results. After some

algebra and rearrangements, this linear set reduces to a

coupled system of equations for solution of Rq, fq and gq in

terms of B
ðjÞ
l .

B. Application of the multipole method

The expressions of fq and gq in terms of B
ðjÞ
l are intro-

duced in the so-called diffracted field inside the layer. The lat-

ter field accounts for the direct, diffracted waves inside the

layer and for the reflected waves at the boundaries C0 and CH,

previously scattered by each inclusions. This expression, when

compared with the expression of the direct scattered field by

the inclusions, is valid in the whole domain X½1�. To proceed

further, the Cartesian form of this field is converted to the cy-

lindrical harmonic form in the polar coordinate system

attached to each inclusion, as stated for example in Ref. 1.

Effectively, central to the multipole method are the local field

expansions or multipole expansions around each inclusion.

Introducing A
ðJÞ
L , the coefficient of the locally-incident

field, the pressure field in the vicinity of the Jth inclusion, in

terms of its attached coordinate system, reads as

p 1½ � rJð Þ¼
X
L2Z

B
Jð Þ

L H
1ð Þ

L k 1½ �rJ

� �
eiLhJ

þ
X
L2Z

X
l2Z

SL�lB
Jð Þ

l þ
X
j6¼J

X
l2Z

S
J;jð Þ

L�l B
jð Þ

l

"

þ
X
j2N c

X
l2Z

X
q2Z

Q
J;jð Þ

Llq B
jð Þ

l þ
X
q2Z

F
Jð Þ

qL

3
5JL k 1½ �rJ

� �
eiLhJ

¼
X
L2Z

B
Jð Þ

L H
1ð Þ

L k 1½ �rJ

� �
þA

Jð Þ
L JL k 1½ �rJ

� �h i
eiLhJ ;

(7)

with

F
Jð Þ

qL ¼
2dqa

0½ �
q

Dq
cos k

1½ �
2qx

Jð Þ
2 �Lhq

� �
eik

1½ �
1q x

Jð Þ
1 ;

SL�l ¼
X1
i¼1

H
ð1Þ
L�l k½1�id
� �

eiki
1
idþ �1ð ÞL�le�iki

1
id

h i
;

Q
J;jð Þ

Llq ¼
2 �ið Þl�Leik1q x

Jð Þ
1
�x

jð Þ
1ð Þ

dk
1½ �

2pDq

	
a 1½ �

q � a 0½ �
q

� �
eik

1½ �
2q H

� cos k
1½ �

2q x
jð Þ

2 � x
Jð Þ

2

� �
� l�Lð Þhq

� �
þ a 1½ �

q cos k
1½ �

2q x
jð Þ

2 þ x
Jð Þ

2 �H
� �

� lþLð Þhq

� �
þ ia 0½ �

q sin k
1½ �

2q x
jð Þ

2 þ x
Jð Þ

2 �H
� �

� lþLð Þhq

� �

;

Dq ¼ a 0½ �
q cos k

1½ �
2qH

� �
� ia 1½ �

q sin k
1½ �

2qH
� �

;

(8)

wherein SL�l is the lattice sum often refered to as the Schlö-

milch series for non-dissipative material, H
ð1Þ
L is the Lth

order Hankel function of the first kind, JL is the Lth order

Bessel function, and a½j�q ¼ k
½j�
2q=q

½j�, j ¼ 0; 1. The terms S
ðJ;jÞ
L�l

account for the coupling between the multiple inclusions

inside the unit cell and take the form

S
ðJ;jÞ
Ll ¼

X
q2Z

ð�iÞL�l
2e6iðL�lÞhq

dk
½1�
2q

� ei k1qðxðJÞ1
�x
ðjÞ
1
Þ6k

½1�
2q
ðxðJÞ

2
�x
ðjÞ
2
Þð Þ 1� dJj

� �
; (9)
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wherein the signsþ and� correspond to xJ
2 � xj

2 and

xJ
2 � xj

2, respectively, which can be found in Ref. 1 when

jxðJÞ2 � x
ðjÞ
2 j > RðjÞ þ RðJÞ or

S
ðJ;jÞ
Ll ¼

"
H
ð1Þ
L�l rj

J

� �
ei l�Lð Þhj

J

þ
X
o2Z

So�lB
ðjÞ
l JL�o k½1�rj

J

� �
ei o�Lð Þhj

J

#
ð1� dJjÞ;

(10)

when jxðJÞ2 � x
ðjÞ
2 j � RðjÞ þ RðJÞ. This latter form agrees with

the one found in Ref. 15 when the inclusions are aligned

inside the unit cell, i.e., x
ðjÞ
2 ¼ x

ðJÞ
2 , 8j 2 N c

, which imposes

hj
J ¼ 0 or hj

J ¼ p. In Eq. (10), ðrj
J; h

j
JÞ is the coordinate of

xðjÞ in the polar coordinate system attached to the Jth inclu-

sions, i.e., centered at xðJÞ.
Finally, it is well known that the coefficients of the scat-

tered field and those of the locally-incident field are linked by

a matrix relation derived from the boundary condition on CðJÞ

only, i.e., B
ðJÞ
L ¼ V

ðJÞ
L A

ðJÞ
L , wherein V

ðJÞ
L are the cylindrical har-

monic reflection coefficients. These coefficients take the form

V
ðJÞ
L ¼ � _H

ð1Þ
L k½1�RðjÞ
� �

=_JL k½1�RðjÞ
� �

in the case of Neumann

type boundary conditions, with _vðxÞ ¼ dv=dx, v being either

Hankel or Bessel functions. Introducing the expression of A
ðJÞ
L

derived from Eq. (7) in the previous relation gives rise to the

linear system of equations for the solution of B
ðjÞ
L . This linear

system may be written in the matrix form, where B denotes

the infinite column matrix of components B
ðjÞ
L ,

I� V SþQð Þð ÞB ¼ VF; (11)

wherein I is the identity matrix and F is a vector of componentsP
q2Z F

ðJÞ
qL : This accounts for the solicitation of the Jth inclu-

sion by a wave that is previously diffracted inside the layer. V is

a diagonal square matrix of components V
ðJÞ
L . S and Q are two

matrices of components SL�l þ S
ðJ;jÞ
L�l , which account for the

coupling between the J-th and the j-th inclusion inside the layer,

and
P

q2Z Q
ðJ;jÞ
Llq accounts for the coupling between the Jth and

the jth inclusion through waves diffracted by the layer.

The expressions of the components involved in I� Vð
SþQð ÞÞB ¼ VF are identical to those found in Ref. 1, when

the half-space behind the layer vanishes and when the center of

the cylinders are defined as they are in the present article.

C. Evaluation of the fields, reflection and absorption
coefficients

Once the linear system (11) is solved, the expression of

Rq in terms of B
ðjÞ
l reads as

Rq¼
a 0½ �icos k

1½ �i
2 L

� �
þ ia 1½ �isin k

1½ �i
2 L

� �
Di

þ
X
q2Z

X
j2N c

X
l2Z

4 �ið Þla 1½ �
q

dk
1½ �

2qDq

B
jð Þ

l cos k
1½ �

2qx
jð Þ

2 �lhq

� �
e�ik1qx

jð Þ
1 :

(12)

The first term corresponds to the reflection coefficient in

terms of waves in absence of inclusion, i.e., for q¼ 0 or for

the incident plane component indexed by i, and the second

term accounts for the inclusions.

Introduced in Eq. (5), the reflected field is expressed as

a sum of the field with inclusions and without. In case of an

incident plane wave with spectrum AiðxÞ, the conservation

of energy relation takes the form

1 ¼ RþA; (13)

with R and A the hemispherical reflection and absorption

coefficients, respectively. R is defined by

R ¼
X
q2Z

Re k
½0�
2q

� �
k
½0�i
2

k Rq k2

k Ai k2
¼
X~qþ

q¼�~q

k
½0�
2q

k
½0�i
2

k Rq k2

k Ai k2
; (14)

wherein ~q	 are such that ~q	 < d=2p k½0�6ki
1

� �
< ~q	 þ 1 and

the expression of Rq are given by Eq. (12). A takes the form6

A ¼ 1

dk
½0�i
2 kAi k2

AD þASð Þ; (15)

whererin

AD ¼
q½0�

Re q½1�ð Þ

ð
X½1�

Im k½1�
� �2
� �

kp½1� xð Þk2 d �x (16)

is the inner absorption of domain X½1�. d �x is the differential

element of surface in the sagittal plane and

AS ¼ Re

ð
CH

q½0�

q½1�
Im q½1�
� �

Re q½1�ð Þ p½1�
 xð Þ�01 � rp½1� xð Þdc (17)

is the surface absorption related to interfaces CH. dc is the

differential arc length in the cross-sectional plane, �01 is the

outward-pointing unit vector to the boundary CH, and p* is

the complex conjuguate of p.
AS accounts for the absorption induced by the viscous

dissipation at the interfaces. Indeed, it is obvious from Eq.

(17) that AS does not vanish because of the presence of Im

(q[1]), which is a consequence of the modeling of viscous

dissipation phenomenon.17

Because of the complicated shape of X½1� and the non-

vanishing term AS A will not be calculated by the expression

given in Ref. 15, but rather by A¼ 1�R.

IV. NUMERICAL RESULTS, VALIDATION AND
DISCUSSION

The infinite sum
P

q2Z over the indices of k1q depends on

the frequency and on the period of the grating. An empirical

truncation rule is employed, as in Refs. 1, 2, and 6, and deter-

mined by performing a large number of numerical experimentsPQþ
q¼�Q�

such that Q	¼ int d=2p 3Re k½1�
� �

6ki
1

� �� �
þ10. In

these equations, int að Þ represents the integer part of a.
The infinite sum

P
m2Z over the indices of the modal

representation of the diffracted field by a cylinder is
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truncated18 as
PM

m¼�M, such that M ¼ intðReð4:05

�ðk½1�RÞ1=3 þ k½1�RÞÞ þ 10.

Finally, the infinite sum (lattice sum) embedded in SL�l in

Eqs. (8) and (10)
P1

i¼1 is found to be slowly convergent, par-

ticularly in the absence of dissipation, and is found to be

strongly dependent on the indice L� l. A large literature exists

on this problem.19,20 Here, the fact that the medium M½1� is dis-

sipative greatly simplifies the evaluation of the Schlömilch se-

ries. The superscript I in S
fIg
L�l identifies the integer over

which the sum is performed, i.e.,
PI

i¼1. This sum is carried out

until the conditions
��Re
��

S
fIþ1g
L�l � S

fIg
L�l

�
=S
fIg
L�l

��� � 10�5 and��Im��SfIþ1g
L�l � S

fIg
L�l

�
=S
fIg
L�l

��� � 10�5 are reached.2

Numerical calculations have been performed for vari-

ous geometrical parameters whose values are reported in

Table I, and within the frequency range of audible sound,

particularly at low frequencies. For all calculations, the am-

bient and saturating fluid is air (q½0� ¼ qf ¼ 1:213 kg m�3,

c½0� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cP0=qf

q
, with P0 ¼ 1:01325� 105Pa, c ¼ 1:4, and

g ¼ 1:839� 10�5 kg m�3 s�1). Two of the main constraints

in designing acoustically absorbing materials are the size

and weight of the configuration. Particular attention is

placed on the thickness and the frequencies of the absorp-

tion gain, which have to be as small as possible. The absorp-

tion gain is defined in reference to the absorption of the

same configuration without inclusion embedded. The initial

configuration consists in a 2 cm thick porous sheet of Fire-

flex (Recticel, Belgium) backed by a rigid plate. The mate-

rial characteristics are reported in Table II and were

determined by use of methods described in Refs. 11, 21–23.

Circular cylinders of 7.5 mm radius are embedded with a

spatial periodicity of 2 cm. As mentioned in Sec. II A, the

inclusions can be constituted of various material (or geome-

tries like tubes), while the outside boundary is circular and

can be modeled with a Neumann type boundary condition.

A. One inclusion per spatial period

We first consider only one inclusion centered in the unit

cell, i.e., ðxð1Þ1 ; x
ð1Þ
2 Þ ¼ ðd=2;H=2Þ ¼ ð1 cm; 1 cmÞ. The first

two modified modes of the plate, which are excited because

of the periodic arrangement of the inclusions, Appendix A,

have frequencies �ð1;1Þ � 14 kHz and �ð2;1Þ � 16 kHz. The

attenuation associated with both modes is relatively large

(see Fig. 3).

Different types of waves correspond to each kind of

mode related to the grating, i.e., mode of the grating (MG)

and modified mode of the backed layer (MMBL): evanescent

waves in X½1� (and also in X½0�) for the MG, and evanescent

waves in X½0� and propagative waves in X½1� for the MMBL.

In order to determine which type of mode is excited by the

plane incident wave, we have plotted in Fig. 2 the transfer

function as calculated by TFð�Þ ¼ pðx; �Þ=p½0�iðx; �Þ on C0

(x2 ¼ 0) at 1 cm from the center of the inclusion (between

two inclusions), when excited at normal incidence. The

transfer function is separated on the different intervals corre-

sponding to the different type of waves that are involved in

the total pressure calculation: TF(�) is the total transfer func-

tion, TF1ð�Þ is the contribution of the propagative waves in

both X½0� and X½1�, TF2ð�Þ is the contribution of the evanes-

cent waves in X½0� and propagative ones in X½1�, and TF3ð�Þ
is the contribution of the evanescent waves in both X½0� and

X½1�. The transfer function possesses a large peak at

� 15 kHz, around �ð1;1Þ and �ð2;1Þ. This also proves that the

MMBL are the most excited modes, related to the grating,

around these frequencies. The peak results from a continuous

transition between evanescent waves in both materials to

evanescent waves in the air medium (around 13 kHz, Fig. 2).

This also means that this peak is neither a MMBL nor a MG,

but results from a complex combination of these two types

of modes, with a structure closer to that of the MMBL.

Because of this structure, the energy is trapped in the layer,

leading to an increase in the absorption coefficient. The

translation of the excitation of these modes in terms of

absorption, i.e., the peak around 17 kHz in Fig. 3, is smaller

than the one depicted in Ref. 6, because (i) the attenuation

associated with the modes in the present configuration is

larger, and (ii) the static flow resistivity of the foam consid-

ered here is larger. The design of a structure composed of a

layer with inclusions embedded is more based on compro-

mises than with irregularities of the rigid backing.6 These

compromises relate the spatial periodicity, the radius of the

TABLE I. Geometry of the considered configurations.

N d (cm) H (cm) ðxðjÞ1 ðcmÞ; x
ðjÞ
2 ðcmÞÞ R(j) (cm)

C1 1 2 2 (1,1) 0.75

C2 2 2 3.5 ðxð1Þ1 ; x
ð1Þ
2 Þ ¼ ð1; 1Þ R(1)¼ 0.75

ðxð2Þ1 ; x
ð2Þ
2 Þ ¼ ð0:5; 1þ

ffiffiffi
3
p

d=2Þ R(2)¼ 0.5

TABLE II. Parameters of the porous foam used in the article.

/ a1 K (lm) K0 (lm) r (N s m�4) vc (Hz)

0.95 1.42 180 360 8900 781

FIG. 2. Configuration C1 – Transfer function, TF (–), on C0 at 1 cm from

the center of the inclusion (between two inclusions), and its different contri-

butions when the configuration is excited at normal incidence: (��) TF1,

(��) TF2, and (��) TF3.

J. Acoust. Soc. Am., Vol. 130, No. 6, December 2011 Groby et al.: Backed porous layer with inclusions 3775

A
u

th
o

r'
s 

co
m

p
lim

en
ta

ry
 c

o
p

y

112



inclusion, or better, the ratio R/d, which cannot be too small

and which constrains the layer thickness and the properties

of the latter.

Figure 3 depicts the absorption coefficient calculated for

this geometry. This result was validated numerically by

matching the absorption coefficient calculated with the pres-

ent method with the one calculated with a finite element

method. Quadratic finite elements were used to approximate

the pressure inside the unit cell, thereby leading to a discre-

tized problem of 2196 elements and 1238 nodes. The perio-

dicity relation, i.e., the Floquet condition, was applied on both

sides of the discretized domain, i.e., at each nodes of x1-coor-

dinate 0 and d. For this periodicity relation to be correctly

implemented, these two sides were discretized with similar

nodes, i.e., identical x2-coordinates. The results match well,

thus validating the described method (see Fig. 3). When com-

pared to the finite element method, the mode-matching tech-

nique enables analytic calculations and is less time consuming

(approximatively a quarter of the time) for the configurations

and frequency range considered in this article. This is due to

the fact that the dimensions and frequency range considered

therein enable to account only for a small number of terms in

the infinite sums over m, q, and for the correct evaluation of

the lattice sum.

Because of the rigid backing, which acts as a perfect mir-

ror, the response of the configuration possesses some particu-

lar features related to multi-layered grating. We also introduce

d2 ¼ 2x
ð1Þ
2 , the distance between the center of the circular cyl-

inder and the center of its image. Each grating interferes with

one another at the Bragg frequencies �b
ðnÞ ¼ nRe c½1�

� �
=2d2. In

particular, the first Bragg frequency, �b
ð1Þ � 6 kHz, is largely

employed to determine the central frequency of the band gaps

for phononic crystals corresponding to a maximum of

reflected energy and to a minimum of transmitted energy—

band gaps—in case of phononic crystal. The absorption coef-

ficient also presents a minimum at �b
ð1Þ.

A particular feature of the response of this configuration

is that the absorption coefficient presents a peak close to

unity at a low frequency �t below the so-called fundamental

quarter-wave resonance frequency, i.e., below what can be

associated with an essential spectrum.

A sensitivity analysis, performed by varying one param-

eter while the others are kept constant at value, shows that

the radius of the inclusion has a large influence on �t and on

the amplitude of the corresponding absorption peak. The ra-

dius R was varied from 1.5 mm to 9.5 mm, Fig. 4(a). In terms

of amplitude of the absorption peak, R¼ 7.5 mm is the opti-

mal value, while �t decreases when R increases. In contrast,

d¼ 2 mm is the optimal value in terms of the peak ampli-

tude, but �t increases when d increases from 1.75 cm to

3.75 cm. The spatial periodicity of the arrangement acts

inversely on �t than it does on the frequencies of the modes

closely related to d like the MMBL and the MG, Appendix.

FIG. 3. Configuration C1 – Absorption coefficient of a H¼ 2 cm thick po-

rous sheet of Fireflex backed by a rigid plate (���) without inclusion em-

bedded and (–) with a R ¼ 7:5 mm radius circular cylinder embedded per

spatial period d¼ 2 cm, when the configuration is excited at normal inci-

dence. The Finite Element result is plotted with (o). The absolute value of

the determinant of the propagation matrix D ¼ I�V SþQð Þ is plotted on

top of the figure.

FIG. 4. Configuration C1 – Absorption coefficient of a H ¼ 2 cm thick porous sheet of Fireflex backed by a rigid plate (a) for a radius R increasing from

1.5 mm to 9.5 mm (with a step of 1 mm) circular cylinder embedded per spatial period d¼ 2 cm, when the configuration is excited at normal incidence, and

(b) for R¼ 7.5 mm radius circular cylinder embedded per spatial period d¼ 2 cm, when the configuration is excited at hi ¼ p=2 (-), hi ¼ p=3 (� � �),

hi ¼ p=4 (���), and hi ¼ p=6 (� � �).
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In fact, the amplitude of the absorption peak increases with

the filling ratio R/d until being close to unity and drastically

decreases after this value. This is either because the wave

can no longer propagate in the layer towards the rigid back-

ing and is mainly reflected on the circular grating, or because

the density of inclusion becomes insignificant. In the same

way, when the angle of incidence decreases ½p=2; p=6�, the

�t increases in opposition to the frequencies of the MMBL

and of the MG. The amplitude of the peak is quite close to

unity until p=6. For smaller values of incidence angle, the

amplitude of this low frequency peak begins to decrease,

Fig. 4(b).

When R ¼ 7:5 mm and d ¼ 20 mm, �t is all the smaller

that the inclusion is distant from the rigid backing, i.e., that

x
ð1Þ
2 , the center of the inclusion, is large. The amplitude of

the peak is close to unity whatever x
ð1Þ
2 , in ½0:8 cm; 1:2 cm�

the range conditioned by the layer thickness and the inclu-

sion radius.

The features of this low frequency absorption peak

ressembles phenomena that are related to trapped modes in

waveguides9 or embedded Rayleigh-Bloch waves.10,24 These

modes have finite energy and correspond to a solution which

decays down away from the perturbation. Figure 5 shows a

snapshot of the module of the pressure field at �t. This clearly

exibits a maximum on the side of the rigid plate and a mini-

mum on the side of C0, which is typical of a trapped mode.

Everything seems to happen as if a Dirichlet waveguide of

thickness 2 H presents symmetric obstacles formed by the

inclusion and its image. In our case, these trapped modes are

complex, because the boundaries of the waveguide are not

Dirichlet conditions but Neumann and continuity conditions,

and because M½1� is a dissipative medium. The determinant as

calculated for the configuration C1, Fig. 3, presents a mini-

mum at �t, which suggests that a complex (trapped) mode

CTM stands at this frequency. In contrast, it is clear from Fig.

2, that the peak around �t is mainly associated with propaga-

tive waves in both domains, a small part of it being associated

with evanescent waves in the layer which entraps the energy.

This phenomena was already encountered in Ref. 25 and

attributed to the periodicty of the configuration. Another ex-

planation of the quasi-absorption peak is related to the modifi-

cation of wave path and structure global properties inside the

porous sheet. For a particular ratio R/d, the pressure gradient

and thereby the velocity, which is a cause of viscous loss, is

large between the inclusions and between the inclusions and

the rigid backing. This loss phenomenon results from a con-

tinuous modification of the quarter-wavelength resonance

when the inclusion radius increases.

Other layer thicknesses were tested. It was found that

for most of the layer thickness, in the suitable range for the

application, and a centered ðxð1Þ1 ; x
ð1Þ
2 Þ ¼ ðd=2;H=2Þ inclu-

sion, a couple ðR; dÞ exists for which a quasi-total absorption

peak exists below the quarter-wavelength resonance

frequency.

Finally, because the parameters of a foam are often diffi-

cult to predict before its polymerization, a sensitivity analysis

has been performed with regards to the acoustic and structural

parameters of the porous sheet. Each parameter of the porous

foam is varied one after the other, while keeping the other

constant at their value as shown in Table II. Each parameter is

assumed to be independent from the other, but their variations

correspond to those encountered in practice. The amplitude

and frequency of the absorption peaks are weakly dependent

on a variation of / (½0:85; 0:95�), K (½160 lm; 200 lm�) and

K0 (½300 lm; 420 lm�). In particular, the amplitude (more

than 0.98) and frequency (a shift of a few decade of Hz) of

the CTM is quasi independent of a variation of these parame-

ters. When a1 increases from 1.02 to 1.42, the sound speed in

the material decreases and �t decreases, while the amplitude

of the associated peak stands close to one. The static flow re-

sistivity r strongly influences the amplitude of the peak.

When it increases, the amplitude admits a maximum and the

peak is wider, while �t increases. The resistivity r
(½3900 N s m�4; 12 900 N s m�4�) is the parameter that mostly

influences the results, and its value has to be close to the one

used in the simulations, i.e., in our case, a value between

7000 N s m�4 and 11 000 N s m�4 is acceptable.

B. Two or more inclusions per spatial period

Various configurations were tested, involving two or

more inclusions per spatial period. The frequency band

investigated stands below the quarter-wavelength resonance

frequency of the associated porous sheet or at least below

the first Bragg frequency, i.e., below the frequency of the

first modified mode of the porous sheet. The lowest fre-

quency bound is naturally the solid-fluid decoupling fre-

quency or at least the Biot frequency.

Two absorption peaks close to unity were found for a

H ¼ 3:5 cm thick porous sheet, when a second circular cyl-

inder of radius Rð2Þ ¼ 5 mm is added to the configuration

C1, Fig. 6. The center of this cylinder is such that

r2
1 ¼ d ¼ 2 cm and h2

1 ¼ p=3. The configuration C2 was

derived from a triangular lattice by reducing the radius of

the upper cylinder to decrease the structure thickness. The

first absorption peak stands around �
ð1Þ
t � 1850 Hz, just

below the first quarter-wavelength resonance frequency of

the H ¼ 3:5 cm thick porous sheet, and the second stands

around �
ð2Þ
t � 4120 Hz. These two peaks correspond to a

minimum of jdet Dð Þj and can therefore be explained by exci-

tation of trapped modes, shifted in the complex plane.

FIG. 5. Configuration C1 – Snapshot of the module of the pressure field

inside the porous sheet at �t ¼ 2674 Hz, when the configuration is excited at

normal incidence.
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When the inclusions are inversely placed, i.e., the center

of the first inclusion is (1 cm, 2.5 cm) and r2
1 ¼ d ¼ 2 cm

and h2
1 ¼ �p=3, results are not identical and no quasi-total

absorption peak is encountered. This means that the configu-

ration is not reversible.

The procedure was run a second time with the addition of

a third inclusion of radius Rð3Þ ¼ 2:5 mm to the configuration

C2, r3
2 ¼ d ¼ 2 cm and h3

2 ¼ 2p=3. Three quasi-total absorp-

tion peaks were encountered around �
ð1Þ
t � 1500 Hz,

�
ð2Þ
t � 3300 Hz, and �

ð3Þ
t � 5000 Hz.

This phenomenon was already encountered in Ref. 26,

where N trapped modes were found when N cylinders were

placed across a wave tank. Nevertheless, this configuration

imposes use of H¼ 5 cm thick plate, and the absorption gain

was considered insignificant over the whole frequency range

considered. The addition of inclusions that imposes a thick-

ening of the structure is rapidly becoming of no practical use

because of the large absorption of the porous layer itself.

Based on the fact that the frequency �
ð1Þ
t decreases when

x
ð1Þ
2 increases, several attempts were followed to construct a

porous sheet with a unit cell composed of varying x
ðjÞ
2 central

coordinate circular cylinder arranged in a kind of garland. For

example, the absorption coefficient of eight circular cylinders

per unit cell, embedded in a 2 cm thick porous sheet, was stud-

ied. The radius of the eight cylinders was RðjÞ ¼ 75 mm and

the projection of the center-to-center distance between two ad-

jacent cylinders x
ðj;jþ1Þ
1 was 2 cm. The x

ðjÞ
2 were chosen such

that x
ð1Þ
2 ¼ 1:1 cm, x

ð2Þ
2 ¼ 1:05 cm, x

ð3Þ
2 ¼ 1 cm, x

ð4Þ
2

¼ 0:95 cm, x
ð5Þ
2 ¼ 0:9 cm, x

ð6Þ
2 ¼ 0:95 cm, x

ð7Þ
2 ¼ 1 cm, and

x
ð8Þ
2 ¼ 1:05 cm. The absorption peak at �t was no more total,

and no particular increase of its width was noticed. This

means that the periodicity has a large influence on the results

and that the phenomenon cannot be simply explained by

trapped modes but rather by complex embedded Rayleigh-

Bloch waves. A similar procedure was followed by decreasing

the radius and the center-to-center distance, the cylinders

being aligned, without particular effects on the absorption.

V. CONCLUSION

The influence of embedding periodic circular inclusions

on the absorption of a porous sheet attached to a rigid plate

was studied theoretically and numerically. In addition to the

absorption features related to the excitation of modified

modes of the plate and to Bragg interference, it is shown that

the structure can possess a quasi-total (close to unity)

absorption peak below the quarter-wavelength resonance fre-

quency. This occurs in case of one array of cylinders embed-

ded in a porous sheet, whose thickness and parameters,

mainly the static flow resistivity, are correctly chosen. This

particular feature enables the design of small dimension

absorption packages and was explained by complex trapped

mode excitation, which leads to an increase of the pressure

gradient inside the layer. This quasi-total absorption peak

was validated by use of the finite element method, thus vali-

dating the described method and results.

In case of more than one circular cylinder per spatial pe-

riod, it was found that the Nc quasi-total absorption peak can

be obtained for a particular arrangement along the porous

thickness, i.e., close to triangular lattice. Nevertheless, this

rapidly leads to a large thickness of the structure, and the

embedding of the additional inclusions become useless. Gar-

land arrangements were also tested without particular effect,

or at least without as spectacular effect as the one already

observed for one inclusion per spatial period.

The method offers an alternative to multi-layering and

double porosity materials for the design of sound absorption

packages. Nevertheless, accounting for the full Biot theory

to model the behavior of the porous sheet and the possible

coupling between the frame and the inclusions, would be of

large interests for lower frequency applications.
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APPENDIX: MODAL ANALYSIS OF THE
CONFIGURATION

The modes of the configuration without inclusions em-

bedded (i.e., a rigid porous layer backed with a planar rigid

wall), whose dispersion relation is

Di ¼ a½0�i cos k
½1�i
2 H

� �
� ia½1�i sin k

½1�i
2 H

� �
¼ 0; (A1)

wherein a½j�0 ¼ a½j�i, j ¼ 0; 1, and k
½1�
20 ¼ k

½1�i
2 , j ¼ 0; 1, cannot

be excited by a plane incident wave initially traveling in the

air medium.6 Effectively, Fig. 7 depicts the real and the

FIG. 6. Configuration C2 – Absorption coefficient of a H ¼ 3:5 cm thick

porous sheet of Fireflex backed by a rigid plate (���) without inclusion

embedded and (-) with a Rð1Þ ¼ 75 mm radius circular cylinder and a

Rð2Þ ¼ 5 mm radius circular cylinder embedded with d ¼ 2 cm, when the

configuration is excited at normal incidence.
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imaginary parts of the roots c
ðnÞðxÞ ¼ x=k
1;ðnÞðxÞ of

Eq. (A1), as calculated for a H ¼ 2 cm thick porous layer,

whose acoustical characteristics are those used in Sec. IV.

Under the rigid frame assumption and for frequencies higher

than the Biot frequency (and lower than the diffusion limit),

a porous material can be considered as a modified fluid, its

associated dissipation being considered as a perturbation of a

fluid. For Eq. (A1) to be true without dissipation, k
½0� i
2 should

be purely imaginary while k
½1� i
2 should be purely real. Under

the previous assumptions, this implies that Reðc
ðnÞÞ should

stand in ½Re c½1�
� �

; c½0��, i.e., jki
1j should stand in

½k½0�; Re k½1�
� �

�. Or for a plane incident wave initially propa-

gating in the air medium jki
1j is always smaller than k½0�. It is

also necessary to note that in the diffusion regime, i.e., for

frequencies largely below the Biot Frequency, any mode

exists. This fact constitutes the major difference when com-

pared with a traditional fluid. Effectively, largely below the

Biot frequency, k½1� is purely imaginary. This implies that

k
½1� i
2 is also purely imaginary for all values of ki

1 and that Di

never vanishes.

When inclusions are periodically embedded in the porous

sheet, the dispersion relation of the modes of the configuration

is det I� V SþQð Þð Þ ¼ 0. The roots of this dispersion rela-

tion are difficult to determine because of the complex nature

of the matrix I� V SþQð Þ. Here, we focus on the case of

only one grating, i.e., Nc ¼ 1, in order emphasize the excita-

tion of the modified mode of the backed layer (MMBL)

(Ref. 6). Proceeding as in Ref. 2, an iterative scheme can be

employed to solve.11 The equation is re-written in the form

ð1� VLMLLÞBL ¼ VLF L þ VL

P
l2ZMLlBlð1� dLlÞ. The

iterative scheme reads as

B
0f g

L ¼ VLF L= 1 �MLLð Þ

B
fnþ1g
L ¼ VL

P
l2Z

MLlB
fng
l 1 � dLlð Þ þ VLF L

� ��
1 � VLMLLð Þ;

8>>><
>>>:

(A2)

from which it becomes apparent that the solution B
fng
L , to

any order of approximation, is expressed as a fraction, the

denominator of which not depending on the order of approx-

imation can become small for certain couples ðk1q;xÞ, so as

to make B
fng
L , and possibly the field large.

When this happens, a natural mode of the configuration,

comprising the inclusions and the plate, is excited, thus tak-

ing the form of a resonance with respect to B
fng
L , i.e., with

respect to a plane wave component of the field in the plate

relative to the inclusions. As B
fng
L is related to fq, gq, and Rq,

the structural resonance manifests itself for the same

ðk1q;xÞ, in the fields of the plate and in the air.

The approximate dispersion relation

DL ¼ 1� VL S0 þ
X
q2Z

QLLq

 !
¼ 0; (A3)

is the sum of a term linked to the grating embodied in VLS0

with a term linked to the plate embodied in VL

P
q2Z QLLq,

whose expressions are given in Eq. (8).

This can be interpreted as a perturbation of the disper-

sion relation of the gratings by the presence of the plate. The

zeroth order lattice sum can be rewritten20 in the formP
q2Z 2=dk

½1�
2q (additional constants are neglected). Introduc-

ing this expression into (A3) gives

DL ¼ 1� VL

X
q2Z

2N Lq

dk
½1�
2qDq

¼ 0; (A4)

with

N Lq ¼ a 1½ �
q cos k

1½ �
2qH

� �
� ia 1½ �

q sin k
1½ �

2qH
� �

þ a 1½ �
q cos k

1½ �
2q 2x

1ð Þ
2 � H

� �
� 2Lhq

� �
þ ia 0½ �

q sin k
1½ �

2q 2x
1ð Þ

2 � H
� �

� 2Lhq

� �
: (A5)

It is then convenient, for the clarity of the explanations, to con-

sider (i) M½1� to be a non-dissipative medium (a perfect fluid)

and (ii) the low frequency approximation of VL, valid when

k½1�Rð1Þ � 1. The latter hypothesis ensures that the VL reduces

to Vl � ð�1Þlpðk½1�Rð1ÞÞ2=i4þ O
�
ðk½1�Rð1ÞÞ2

�
, l ¼ �1; 0; 1.

Equation (A4) then reduces to

Dl � 1�
X
q2Z

ð�1Þlðk½1�Rð1ÞÞ2

2idk
½1�
2qDq=N lq

¼ 0; l ¼ �1; 0; 1: (A6)

By referring to the Cutler mode,27 but also to the modal anal-

ysis carried out in Ref. 2, the latter dispersion relation is sat-

isfied (in the non-dissipative case) when the denominator of

Eq. (A6) is purely imaginary and vanishes. These conditions

are achieved when jk1qj 2 ½k½0�;Re k½1�
� �

� and when either

Dq ¼ 0 or a½1�q ¼ 0 (i.e., k
½1�
2q ¼ 0), which respectively corre-

sponds to modified modes of the backed-layer (MMBL) and

to modes of the grating (MG). Both of them are determined

by the intersection of c1q ¼ x=k1q respectively with c
ðnÞðxÞ

FIG. 7. Real and imaginary part of the root of the dispersion relation in ab-

sence of inclusions c
ðnÞ, n ¼ 1; 2 (–), of the sound speed in air (��), and of

the sound speed in the homogeneous porous material (��). Real part of the

modified mode of the backed layer c
ðn;qÞ, n ¼ 1; 2, q ¼ 1; 2, for d ¼ 2 cm

are pointed out by dot.
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as calculated for the backed-layer and with Re c½1�
� �

. The

MMBL are pointed out by the dots in Fig. 7. The associated

attenuation of each mode can then be determined by the val-

ues of Imðc
ðnÞÞ and Im c½1�
� �

at the frequencies at which the

modes are excited. The attenuation associated with MG is

also higher than the one associated with MMBL for all fre-

quencies. Moreover, MG corresponds to the highest bound-

ary of jk1qj for Eq. (A6) to be true. This implies that MG

should be difficult to excite. The latter type of mode can

only be poorly excited by a plane incident wave, particularly

at low frequencies.
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This paper studies the acoustical properties of hard-backed porous layers with periodically embed-

ded air filled Helmholtz resonators. It is demonstrated that some enhancements in the acoustic

absorption coefficient can be achieved in the viscous and inertial regimes at wavelengths much

larger than the layer thickness. This enhancement is attributed to the excitation of two specific

modes: Helmholtz resonance in the viscous regime and a trapped mode in the inertial regime. The

enhancement in the absorption that is attributed to the Helmholtz resonance can be further

improved when a small amount of porous material is removed from the resonator necks. In this way

the frequency range in which these porous materials exhibit high values of the absorption coeffi-

cient can be extended by using Helmholtz resonators with a range of carefully tuned neck lengths.
VC 2015 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4904534]

[KVH] Pages: 273–280

I. INTRODUCTION

Air saturated porous materials, namely, foams and wools,

are often used as sound absorbing materials. Nevertheless,

they suffer from a lack of absorption efficiency at low fre-

quencies which is inherent to their absorption mechanisms,

even when used as optimized multilayer or graded porous

materials. Actually, these mechanisms only rely on viscous

and thermal losses. In the inertial and adiabatic regimes,1

when the frequencies are higher than the Biot frequency f�,
relatively thin porous plates provide excellent tools to absorb

sound, but they fail in the viscous and isothermal regimes,

i.e., at lower frequencies. In the inertial and adiabatic regimes,

the acoustic pressure satisfies an Helmholtz equation, with

losses, while in the viscous and isothermal regimes, it satisfies

a diffusion equation.

These last decades, several solutions have been pro-

posed to overcome this lack of efficiency. They usually con-

sist in coupling the viscous and thermal losses of porous

materials with additional absorption mechanisms, mainly

associated with resonance phenomenon arising from the

addition of heterogeneities.

(1) The absorption enhancement of double porosity materi-

als2–4 arises from resonances of the microporous mate-

rial (pressure diffusion mechanisms) excited by the

macropores in case of a initial porous material layer. The

theory describing the behavior of these materials is well

established by homogenization. For high contrast flow

resistivity between the micro and the macro porous

materials, the absorption enhancement is obtained at the

diffusion frequency fd, which only depends on the geom-

etry and organization of the holes in infinite double po-

rosity medium. For an optimal absorption efficiency of a

double porosity plate, fd should be in practice around the

frequency for which the penetration depth is of the same

order of the homogeneous microporous plate thickness.

This theory can also be used to model porogranular

materials,5 but the low frequency properties of activated

carbon (large resistivity contrast) cannot be completely

explained by their double porosity structure, but also by

sorption mechanisms.

(2) Another possibility consists in plugging dead-end pores,

i.e., quarter-wavelength resonators, on open pores to cre-

ate dead-end porosity materials.6 This results in anoma-

lies in the absorption coefficient when the wavelength is

on the order of the dead-end pore length. Nevertheless,

the absorption enhancement is still not completely

understood and is subjected to the inertial regime with

regards to the dead-end pores. Moreover, the current

manufacturing process involving salt grains and liquid

metal does not yet offer the possibility of the full control

over the densities and the lengths of the dead-end pores.

(3) Metaporous materials, in which modes are excited, trap-

ping the energy between periodic rigid inclusions em-

bedded in the porous plate and the rigid backing or in the

inclusions themselves (split-ring resonators), have been

proposed. The absorption properties of the porous plate

are enhanced at lower frequencies than the quarter wave-

length frequency,7,8 when the absorption of the initial

plate is not unity at this frequency. When split-ring reso-

nators are correctly arranged and coupled with the rigid

backing, the absorption coefficient can be higher than

0.9 for wavelengths smaller than 10 times the material

thickness and over a large frequency band, which largely

a)Author to whom correspondence should be addressed. Electronic mail:

jean-philippe.groby@univ-lemans.fr
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overcome the usual limit of the quarter wavelength.9

Moreover, this last technique is only efficient in the iner-

tial regime, because the split-ring resonators are filled by

porous materials enabling to lower their resonance fre-

quency. This means that it is possible to absorb the

energy at frequencies higher than the Biot frequency f�
with very thin structures, but that an increase of the

metaporous plate thickness does not necessarily lead to

enhanced absorption for lower frequencies. Indeed, the

resonators cannot resonate when filled by a porous mate-

rial in the viscous and isothermal regime, because the

pressure field satisfies a diffusion equation. Adding peri-

odic air cavities to the rigid backing enable to partially

solve this problem, but it requires either deep cavity or

large lateral periodicity.10,11

Recently, membrane-type metamaterials that exhibit

nearly total reflection at an anti-resonance frequency12 or

nearly total absorption due to the flapping motion of asym-

metric rigid platelets added to the membrane13 have been pro-

posed, but their absorption properties are limited in the

metamaterial resonance frequency range. The use of

Helmholtz resonators as sound attenuators in ducts has al-

ready been proposed,14–16 but not their use together with

acoustic porous materials as common sound absorbing materi-

als. Metamaterials have induced a revival of interest in

Helmholtz resonators (HRs) to manufacture negative bulk

modulus and mass density materials.17,18 In Ref. 17, split hol-

low sphere were embedded in a sponge matrix. This material

exhibit negative bulk modulus at the HR resonance. The

effective properties, mainly wave velocity and effective stiff-

ness, of an infinite porous material with embedded resonators

were recently investigated in Ref. 19 by homogenization. The

scale separation assumption implies long wavelength condi-

tion. Different behavior depending on the ratio between the

HR resonant frequency fr and f� were exhibited, while nega-

tive stiffness was demonstrated around the resonance fre-

quency, but the absorption properties of the structure were not

analyzed.

The aim of this paper is to improve the absorbing prop-

erties of a porous material by periodically embedding HRs.

The analysis is performed in the viscous and inertial regimes

of the porous material thanks to a finite element method.20

HR has two main effects: (1) an additional internal reso-

nance, that dominates the absorbing material response at fr;
(2) another additional resonance, that dominates the absorb-

ing properties at higher frequencies.20 Both effects will be

investigated in order to enhanced absorption on a wide fre-

quency range without long-wavelength limitation. The paper

is organized as follows: The configurations and the main

assumptions are described and a parametric study is then

presented; Finally, experimental validations are proposed.

These last results illustrate the main trends of the parametric

study on practical cases.

II. PRELIMINARY REMARKS

The absorption enhancement of metaporous materials

both in viscous and inertial regimes is a multi and intercon-

nected parameter optimization process, which depends on

the porous material parameters, material thickness, dimen-

sions of the inclusions, dimensions of the resonators, and

periodicities. Here, we will focus on the influence of the

periodic embedment of HRs around their resonance, keep-

ing in mind previous conclusions on metaporous materials

(Refs. 7–9 and 20):

(1) If the absorption is not total at the quarter-wavelength

resonance, the embedment of periodic inclusions in a po-

rous slab attached to a rigid backing leads to an increase

of this absorption peak and shifts this peak to lower fre-

quency. This mainly depends on the volume of the inclu-

sion at low frequency. A total absorption peak can be

obtained if the required filling fraction can be reached.

This filling fraction depend on the parameters of the po-

rous materials. Still increasing the filling fraction after

total absorption has been reached, deteriorates the

absorption coefficient, while still shifting the maximum

absorption peak to lower frequencies.

(2) If the absorption coefficient is already total at the quarter-

wavelength resonance, embedding periodic inclusions

shift this peak to low frequency, but the absorption is

deteriorated.

(3) The shift to low frequency depends on the filling fraction

and on the position of the inclusion barycenter. The larger

is the distance between the inclusion and the rigid back-

ing, the lower is the absorption peak frequency. This

absorption enhancement is subjected to the periodic set of

inclusions and its interaction with its image, to material

parameters, but not directly to the plate thickness.7,20

(4) When the total absorption peak is obtained, the acoustic

energy is trapped between the inclusion and the rigid

backing.

(5) When a total absorption peak can be obtained, the

required filling fraction is larger in 3D than in 2D.20

Moreover, the frequency at which this total absorption

peaks is reached is higher in 3D than in 2D for a given

material properties and thickness.

The studied configurations also derived from two-

dimensional ones, because it enables lower filling fraction

and larger resonator volume. The neck of the embedded HRs

will not be outer but rather inner also enabling larger resona-

tor volume and larger filling fraction, both being constrain

by the structure thickness. Inner neck enable to save volume

when compared to outer neck. The studied HRs derive from

the configuration studied in Ref. 21, without outer neck.

Moreover, the HRs being embedded in a porous material the

viscous dissipation in the neck is neglected when compared

to the dissipation in the porous material.

III. FORMULATION OF THE PROBLEM

A. Description of the configuration

A parallelepiped unit cell of the 3D scattering problem

together with a sketch of one HR are shown in Fig. 1. Before

the addition of the HR, the layer is a rigid frame porous ma-

terial saturated by air (e.g., a foam or a wool) which is mod-

eled as a macroscopically homogeneous equivalent fluid Mp

using the Johnson-Champoux-Allard model.1,22 The upper
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and lower flat and mutually parallel boundaries of the layer,

whose x3 coordinates are L and 0, are designated by CL and

C0, respectively. The upper semi-infinite material Ma, i.e.,

the ambient fluid that occupies Xa, and Mp are in a firm con-

tact at the boundary CL, i.e., the pressure and normal velocity

are continuous across CL. A Neumann type boundary condi-

tion is applied on C0, i.e., the normal velocity vanishes on

C0.

HRs deriving from 2D configuration are embedded in

the porous layer with a spatial periodicity d ¼ hd1; d2; 0i and

create a two-dimensional diffraction grating in the plane x1–

x2. The lengths of the HRs are d2, while the lengths of the

HR cavities are l
ðjÞ
i , outer and inner radii are rðjÞe and r

ðjÞ
i . HRs

positions are referred to as the barycenter of the outer vol-

ume ðxðjÞ1 ; d2=2; x
ðjÞ
3 Þ. HR necks are cylinders of circular

cross-sections of lengths lðjÞn . The outer and inner radii of the

neck are rðjÞne and r
ðjÞ
ni , respectively. The neck x2-coordinates

are x
ðjÞ
2n , while their angular positions are UðjÞ. The inner vol-

ume and the neck of the HRs are filled with air medium.

The incident wave propagates in Xa and is expressed by

piðxÞ ¼ Aieiðki
1
x1þki

2
x2�kai

3
ðx3�LÞÞ, wherein ki

1¼�ka sinhi coswi,

ki
2¼�ka sinhi sinwi, kai

3 ¼ka coshi, and Ai¼AiðxÞ is the sig-

nal spectrum. The azimuth of the incident wave vector is wi

and its elevation hi.

In each domain Xa (a ¼ a,p), the pressure field fulfills

the Helmholtz equation

r � 1

qa
rpa

� �
þ kað Þ2

qa
pa ¼ 0; (1)

with the density qa and the wave number ka ¼ x=ca, defined

as the ratio between the angular frequency x and the sound

speed ca.

As the problem is periodic and the excitation is due to a

plane wave, each field (X) satisfies the Floquet-Bloch

relation

Xðxþ dÞ ¼ XðxÞeiki
?�d; (2)

where ki
? ¼ hki

1; ki
2; 0i is the in-plane component of the

incident wave number. Consequently, it suffices to examine

the field in the elementary cell of the material to get the

fields, via the Floquet relation, in the other cells. The peri-

odic wave equation is solved with a FE method. This FE

method as well as the absorption coefficient calculation

method are described and validated in Ref. 20.

B. Material modeling

The rigid frame porous material is modeled using the

Johnson-Champoux-Allard model. The compressibility and

density, linked to the sound speed through cp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ðKpqpÞ

p
are1,22

1

Kp
¼ cP0

/ c� c� 1ð Þ 1þ i
x0c

Pr x

� �
G Pr xð Þ

� ��1
 ! ;

qp ¼ qaa1
/

1þ i
x�

x
F xð Þ

� �
; (3)

wherein x� ¼ 2pf� ¼ r/=qaa1 is the angular Biot fre-

quency, x0c ¼ r0/=qaa1 is the adiabatic/isothermal cross-

over angular frequency, c the specific heat ratio, P0 the

atmospheric pressure, Pr the Prandtl number, qa the density

of the fluid in the (interconnected) pores, / the porosity, a1
the tortuosity, r the flow resistivity, and r0 the thermal resis-

tivity. The correction functions GðPr xÞ (Ref. 1) and F(x)

(Ref. 22) are given by

G Pr xð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� igqaPr x

2a1
r0/K0

� �2
s

;

F xð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� igqax

2a1
r/K

� �2
s

; (4)

where g is the viscosity of the fluid, K0 the thermal character-

istic length, and K the viscous characteristic length. The

thermal resistivity is related to the thermal characteristic

length1 through r0 ¼ 8a1g=/K02.

IV. PARAMETRIC STUDY, RESULTS, AND DISCUSSION

In this section, the influence of the main parameters will

be investigated for one HR per period and two HRs per pe-

riod. First, the influence of the ratio fr=f� , which summarizes

the porous material main characteristics, is studied. Then,

trends for the main geometric quantities, i.e., the neck orien-

tation and the filling fraction, are drawn. Finally, the influ-

ence of the angle of the incident plane wave is examined to

evaluate the absorption of this material for practical applica-

tions submitted to incident diffuse field.

In all simulations and experimental validations, the

thickness of the porous slab, periodicity along the x2 direc-

tion, x3 position of the HRs, and inner length of the HRs as

well as the outer and inner radius of the neck are fixed at

L ¼ 22.5 mm, d2 ¼ 42 mm, l
ðjÞ
i ¼ 40 mm, x

ðjÞ
3 ¼ 11:5 mm,

rðjÞne ¼ 2 mm, and rðjÞne ¼ 1:5 mm. The inclusion are not placed

at x
ðjÞ
3 ¼ L=2, but at a larger x3-coordinates, enabling a lower

frequency of the trap mode. The volume of the HRs can be

modified by changing the outer and inner radius (and the

neck length), while the neck characteristics can be modified

through their lengths and orientations. The dimensions of the

different studied configuration are reported in Table I.

FIG. 1. Example of a d-periodic fluid-like porous sheet backed by a rigid

wall with a periodic inclusion embedded in.
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Three different materials are considered: A small flow

resistivity foam S1 (refereed to as blue foam in Ref. 23), a

medium flow resistivity Melamine foam S2, and a wool S3

(GR 32 nu, ISOVER). These materials have been chosen in

such a way that the ratio of resonant frequency of the HR

over their Biot frequencies are fr=f� � 1 for S3, fr=f� � 1

for S2, and fr=f� � 1 for S1, respectively. The parameters of

these three porous materials are reported in Table II and

have been evaluated using the traditional methods

(Flowmeter for the resistivity and ultrasonic methods for the

4 other parameters, together with a cross-validation by im-

pedance tube measurement) described in Ref. 24.

A. Results for one HR per period

HRs are designed with ln ¼ 10 mm leading to configura-

tion C1. The HRs resonate, in first approximation, at fr
¼ ðca=2pÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A=Vleff

p
¼ 540 Hz, where A ¼ pr2

ni is the cross-

section area of the neck, V ¼ lipr2
i � ðln � rne þ rniÞpr2

ne the

volume of the resonators, and leff ¼ ln þ 8rne=3p is the effec-

tive length of the neck.25 This frequency is approximated

because no exact formula exists for inner neck resonators.

The main advantage of using HRs is that they can resonate at

a very low frequency for small dimensions19 compared to

other 2D shape resonators (double or simple split-ring

resonators).

1. Influence of the ratio fr=fm and absorption at fr

The effect of the ratio fr=f� is first investigated. Figures

2(a), 2(b), and 2(c) depict the absorption coefficients of con-

figuration C1, when the porous material is S1, S2, and S3,

respectively. The resonance of the HR leads to absorption

enhancement at fr whatever the porous material properties in

particular, the flow resistivity, i.e., whatever the Biot fre-

quency. Nevertheless, this enhancement is large when fr=f� is

larger than or close to unity and decreases when fr becomes

smaller than f� [see Fig. 2(d)]. This conclusion can be

expected from those driven from the analysis of the effective

parameters of infinite porous materials with weak concentra-

tion of HRs.16 However, in the present article, the HR density

is large so that the considered configurations do not fit ho-

mogenization requirements. When fr=f� is larger than unity,

the HRs resonance already leads to a quasi-total absorption

peak. The associated wavelength in the air is 27 times larger

than the sample thickness at fr. This means that the absorption

properties of porous materials in the inertial regime can be

enhanced by embedding air filled HRs, but also that this type

of structure can accurately absorb sound for wavelengths

much larger than the sample thickness. For lower ratio fr=f� ,
modifying the input impedance of the HRs by removing small

amount of porous material just in front of the neck leads to a

larger absorption peak of the configuration at fr [see Fig.

2(d)]. This is due to a lowering of the input impedance, which

enables a larger energy advection. Therefore, a larger velocity

gradient in the neck and in its vicinity is induced leading to a

larger viscous dissipation. Nevertheless, this is associated

with a narrowing of the absorption peak.

At higher frequency, the excitation of the trapped mode

leads to a wide enhanced absorption peak at lower frequency

than the quarter wavelength resonance one when S1 and S2

material are used, while the absorption is lower in case of S3

material. Indeed, the absorption of S3 material is nearly opti-

mal and the addition of a periodic set of rigid inclusions

degrades its performances [see point (1) of Sec. II]. An

absorption enhancement would have been possible in this

last case if the layer thickness would have been smaller. An

important remark is that the outer radius has not been opti-

mized neither for S1 nor S2, therefore the absorption is not

unity at the trapped mode frequency. In particular, the

required filling fraction is around ff ¼ VHR=Vcell ¼ 0:4255

for S2 for a total absorption peak and is larger in the present

case. The first resonance of the HR is excited in each cases

around 4100 Hz, while the absorption is lower at the Bragg

interference around 6500 Hz. Note that the mode of the

backed layer possibly excited by the periodicity d2 is not

excited. This means that the configuration behavior is close

to the one of a two-dimensional configuration, i.e., the neck

has a weak influence on the results at high frequency.

TABLE I. Dimensions of the main studied configurations.

Configuration d1 (mm) x
ðjÞ
1 (mm) x

ðjÞ
2n (mm) ðrðjÞe ; r

ðjÞ
i Þ UðjÞ lðjÞne (mm)

C1 21 10.5 12 (8,6.8) 0 10

C2 21 10.5 12 (8,6.8) 0, p=2, p 10

C3 21, 26, 31, 36 10.5, 13, 15.5, 18 12 (8,6.8) 0 10

C4 42 10.5 12 (8,6.8) 0 11

31.5 12 (8,6.8) 0 10, 8, 6, 4

C5 42 10.5 12 (8,6.8) 0 11

31.5 12 (8,6.8), (7,6.8), (6,6.8) 0 10, 9, 8

C6 42 11.5 12 (8,6.8) 0 10

30.5 12 (8,6.8) 0 10

C7 42 11.5 12 (8,6.8) 0 11

30.5 12 (8,6.8) 0 7

TABLE II. Acoustical parameters of the porous material constituting the

sheet of thickness L.

/ a1 K (lm) K0 (lm) r (N s m�4)

S1 0.96 1.07 273 672 2843

S2 0.98 1.02 180 240 12000

S3 0.97 1.03 56 85 28500

276 J. Acoust. Soc. Am., Vol. 137, No. 1, January 2015 Groby et al.: Porous plates with Helmholtz resonators

 Redistribution subject to ASA license or copyright; see http://acousticalsociety.org/content/terms. Download to IP:  195.221.243.133 On: Wed, 04 Feb 2015 12:07:44
121



2. Influence of the neck orientation and filling fraction

Both the influence of neck orientation and of the filling

fraction are then investigated for configuration C1 and S2

porous material in Figs. 3(a) and 3(b), respectively. The larg-

est absorption enhancement is obtained when the neck is fac-

ing the air interface, i.e., U ¼ 0. In this configuration, the

energy advection by the HR is large. When the neck is facing

the rigid backing, i.e., U ¼ p, the HR and the rigid backing

are coupled, which lowers fr, but the value of the absorption

peak is then lower because of a poor energy advection. The

presence of both the surrounding inclusion and the rigid

backing can be interpreted as a neck extension that lowers fr
when the neck face the rigid backing. The lowering of the

absorption amplitude can be interpreted in terms of penetra-

tion depth: the energy trapped in the HR is larger when the

FIG. 2. (Color online) Absorption coefficient of configuration C1 (black curves) and associated homogeneous sheet (dashed curves) occupied by the foam

(a) S1, fr=f� � 1, (b) S2, fr=f� � 1, and (c) S3, fr=f� � 1, when excited at normal incidence. The insets show zooms of the absorption coefficient around the

HRs frequencies, and the snapshot of the sound pressure field at the frequency of the HR resonance, of the trapped mode, and of the first HR resonance. (d)

absorption coefficient of configuration C1 occupied by the foam S1, S2 and S3 in function of f=f� (solid line) and with a small amount of porous material

removed in front the neck (dashed line).

FIG. 3. Absorption coefficient of (a) configurations C2: U ¼ 0 solid curve, U ¼ p=2 dashed curve and U ¼ p dashed-dotted curve; and (b) configuration C3:

d1 ¼ 21 mm solid curve, d1 ¼ 26 mm dashed curve, d1 ¼ 31 mm dashed-dotted curve and d1 ¼ 36 mm dotted curve. The material layer is the foam S2 and the

configuration is excited at normal incidence. The insets show zooms of the absorption coefficient around the HRs frequencies.

J. Acoust. Soc. Am., Vol. 137, No. 1, January 2015 Groby et al.: Porous plates with Helmholtz resonators 277

 Redistribution subject to ASA license or copyright; see http://acousticalsociety.org/content/terms. Download to IP:  195.221.243.133 On: Wed, 04 Feb 2015 12:07:44
122



neck is close to the interface than when the neck is deep

because it penetrates more easily. Increasing U, lower the

absorption peak associated with the resonance frequency,

similarly to what was found in case of split-ring resonators,9

but lower the amplitude of the absorption peak. The absorp-

tion peak associated with the excitation of the trapped mode

is weakly affected by a modification of U. Decreasing ff by

increasing the periodicity d1 lowers the amplitude of the

absorption peak associated with the HRs resonance, while

largely affects both position and amplitude of trapped mode

associated peak. In particular, the optimal filling fraction

being around ff ¼ 0.4255, the absorption peak is close to

unity when d1 ¼ 26 mm.

The absorption efficiency related to the HR resonance is

largely affected by their concentration.

3. Influence of the angle of incidence

The influence of the angle of incidence is finally investi-

gated for configuration C1 and S2 porous material in Fig. 4

for various elevation at fixed azimuth wi ¼ 0. While a modi-

fication of hi largely modifies the absorption curve, a varia-

tion of wi at fixed hi does not strongly affect the absorption

curves below 6000 Hz. Nevertheless, the absorption curves

have been found symmetric for wi varying from ½0; p=2� and

½p=2; p�, whose fact again is an argument for a two-dimen-

sional like configuration. The frequency of the absorption

peaks association the HRs excitation is by definition not

affected by the variation of hi, while the one associated with

the trapped mode is. This is due to the real and localized res-

onant features of the HR which is not affected by the excita-

tion. Increasing hi increases the amplitude of absorption

peak at fr because the initial absorption of the porous layer is

larger. Similarly, the larger hi is the larger is the amplitude

of the absorption peak associated with the trapped mode.

To conclude, the HR resonance induce an increase of

the absorption coefficient in the viscous regime which is

larger when the input impedance is smaller, when the HR

spatial density is larger and when the neck is closer to the

porous/air interface. At higher frequencies than the viscous

regime, this configuration behaves as a 2D one, and can ena-

ble to reach a total absorption peak at the trapped mode

resonance frequency for a lower filling fraction than if 3D

inclusions would have been embedded in.

B. Results for two HRs per period

It is found to be quite difficult to accurately couple the

HRs as it is the case with split-ring resonators,9,26 particu-

larly when modifying the neck orientation. This can be

explained because the opening of a 3D-extruded split ring

tends to a slit, which yields a larger coupling surface. A near

field coupling of resonators27 has not been exhibited in our

configuration when the HR necks are facing one with each

other, even for tiny distance between the necks. The actual

coupling between the HRs is also qualified as “far field” cou-

pling. The largest absorption enhancement is obtained when

the neck is facing the air interface. The neck x2-coordinate

was also investigated without particular modification of the

associated absorption peak.

In what follows, two HRs per period are considered and

the coupling between these two HRs is investigated. Either

the outer radius or the neck length of one HR is modified in

order to widen the large absorption peak associated with the

HR resonances. Obviously, the modification of one induce a

modification of the other. Figure 5 depicts the absorption

coefficient of configuration C4 when lð2Þn varies from 4 to

11 mm, and of configuration C5 when rð2Þe varies from 8 to

6 mm. Decreasing lð2Þn widen the absorption peak till the HRs

are decoupled. The modification of the neck length of one of

the HRs does not modify the absorption curve at higher fre-

quencies. Decreasing rð2Þe also widen the large absorption

peak till the HRs are decoupled. The absorption follows sim-

ilar trend when rð2Þe decreases as when lð2Þn decreases.

However, the absorption is modified at higher frequencies

when rð2Þe is modified. The peak associated with the trapped

mode excitation possesses an optimum (in amplitude) for ff
¼ 0.4255, which means that this filling fraction can be

obtained with two different scatterers in case of two scatter-

ers per spatial period. The fundamental modified mode of

the backed layer, associated with the periodicity d2 ¼ 42 mm,

is excited around 8000 Hz because the unit cell is now quite

different from the one containing only one scatterer. This

offers the possibility of an absorption enhancement at the

location of the Bragg interference by optimizing the excitation

of this mode around 6000 Hz.

To conclude, the detuning of HRs in a unit cell enables

to widen the enhanced absorption frequency band due the

HRs resonance. The modification of neck length is easier

and seems to be more efficient than a modification of the

volume cavity to achieve this widening.

V. EXPERIMENTAL VALIDATION

The sample is composed of a Melamine foam S2 as the

porous matrix and two HRs of cylindrical shapes as shown

in Fig. 6(a). The brass hollow cylindrical shells are 8 mm

outer radius, 6.8 mm inner radius, and 40 mm long. They are

closed by two 1 mm thick circular aluminum plates glued on

both ends of each shell. Therefore, the total length of the res-

onator is 42 mm. The x3 coordinate of both cylinder axis is

11.5 mm, while x
ð1Þ
1 ¼ 11:5 mm and x

ð2Þ
1 ¼ 30:5 mm defining

FIG. 4. Absorption coefficient of the configurations C1 occupied by the foam

S2 when excited at hi ¼ 0, hi ¼ p=6, hi ¼ p=4, and hi ¼ p=3 for wi ¼ 0. The

insets show zooms of the absorption coefficient around the HRs frequencies.
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configuration C6. The HRs are drilled at 12 mm from one

end with a 4 mm diameter hole. Aluminum necks of inner ra-

dius 1.5 mm and length ln are inserted in. The initial

22.5 mm-thick Melamine foam is drilled and the resonators

are embedded in. The sample is placed at the end of an im-

pedance tube having a square cross-section with a side

length 42 mm, against a copper plug that closes the tube and

acts as a rigid boundary. By assuming that plane waves

propagate below the cut-off frequency of the tube 4150 Hz,

the infinitely rigid boundary conditions of the tube act like

perfect mirrors and create a periodicity pattern in the x1 and

x2 directions with a periodicity of 42 mm. This technique

was previously used in Refs. 9–11 and 20 and allows to

determine experimentally the absorption coefficient of a

quasi-infinite 3D periodic structure just with one or a cor-

rectly arranged small number of unit cells.

FIG. 5. Absorption coefficient of configurations C4 (a) when lð2Þn vary from 4 to 11 mm, and of configurations C5 (b) when rð2Þe vary from 8 to 6 mm and of the

associated homogeneous sheet (dashed curves) occupied by the foam S2 when excited at normal incidence. The insets show zooms of the absorption coeffi-

cients around the HRs frequencies.

FIG. 6. (Color online) (a) Pictures of the sample. (b) Absorption coefficient of the Melamine foam with two embedded HRs, configuration C6. (c) Absorption

coefficient of the Melamine foam with two HRs embedded in, configuration C6, with a small amount of porous material removed in front the neck.

(d) Absorption coefficient of the Melamine foam with lð1Þn ¼ 11 mm and lð2Þn ¼ 7 mm HRs embedded in, configuration C7, with the porous material removed

in front of the neck. FE calculations (solid curves) and corresponding experimental results (dashed-dotted curves) are shown. The insets show zooms of the

absorption coefficient around the HRs frequencies. The absorption coefficient of the initial Melamine foam is also shown (dashed line).
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The absorption coefficient of this sample is depicted in

Fig. 6(b), showing a good agreement between the FE model-

ing and the measurements. The differences are attributed to

imperfections in the sample manufacturing and material pa-

rameters. When compared to the initial Melamine plate, the

absorption is largely increased around 3000 Hz, because of

the excitation of a trapped mode that traps the energy between

the cylindrical inclusions and the rigid backing, and around

560 Hz because of the HR resonance. In particular, the absorp-

tion coefficient is 0.65 at fr which corresponds to an increase

of nearly 250% of the initial Melamine plate absorption.

When a small amount of porous material is removed

just in front of the neck, the input impedance of HRs is

smaller allowing the advection to be larger. The amplitude

of the absorption coefficient at the resonance frequency of

the HRs is 26% larger and reaches 0.82, as shown in Fig.

6(c). The narrowing of the absorption peak is also observed.

The lengths of the HRs necks are modified to be lð1Þn

¼ 11 mm (f
ð1Þ
r ¼ 521 Hz) and lð2Þn ¼ 7 mm (f

ð2Þ
r ¼ 618 Hz),

configuration C7, in order to validate the widening of the

high absorption frequency band. These two lengths have

been determined in order to shift the two modes in frequency

to enlarge the enhanced absorption bandwidth but not suffi-

ciently to lead to two separated peaks. While the absorption

coefficient is modified around the resonance frequency of

the HRs, the absorption coefficient is unchanged at higher

frequency [see Fig. 6(d)]. The absorption coefficient is larger

than 0.5 over a 120 Hz range (between 500 Hz and 620 Hz)

in the case of two identical resonators, while it is over a

190 Hz range (between 500 Hz and 690 Hz) in case of these

two different resonators, which represents a widening of

60% of the enhanced absorption bandwidth.

VI. CONCLUSION

The absorption of a small thickness porous foam is

enhanced both in the viscous and inertial regimes by periodi-

cally embedding HRs. This embedment leads to trapped

mode excitation that enhance the absorption coefficient for

frequencies lower than the quarter-wavelength frequency

and to HR excitation. In particular, a large absorption is

reached for wavelength in the air 27 times larger than the

sample thickness. The absorption amplitude and bandwidth

is then enlarged by removing porous material in front of the

HR neck, enabling a lower input impedance of the global

effective material, and by adjusting the resonance frequen-

cies of detuned HRs. The numerical parametric analysis and

the experimentally tested configurations, pave the way of

future development of very thin broadband large absorption

metamaterials based on optimized HRs coupled with porous

materials. In particular, compound cells with slightly

detuned HRs seems to be a promising direction.
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a b s t r a c t

The optimization of acoustic absorption by metaporous materials made of complex unit cells with 2D
resonant inclusions is realized using genetic algorithm. A nearly total absorption over a wide frequency
band can be obtained for thin structures, even for frequencies below the quarter wavelength resonances
i.e., in a sub-wavelength regime. The high absorption performances of this material are due to the interplay
of usual visco-thermal losses, local resonances and trapped modes. The density of resonant and trapped
modes in this dissipative porous layer, is a key parameter for broadband absorption. The best configura-
tions and critical coupling conditions are found by genetic algorithm optimization. Several types of res-
onators are included gradually in the studied configurations (split-rings, Helmholtz resonators, back
cavities) with increasing complexity. The optimization leads to a metaporous structure with a 2-cm
sub-wavelength layer thickness, exhibiting a nearly total absorption between 1800 Hz and 7000 Hz.
The influence of the incidence angle on the absorption properties is also shown.

� 2015 Published by Elsevier Ltd.

1. Introduction

Acoustic porous materials are widely used in noise control
applications for their interesting sound absorbing properties in
the middle and high frequency ranges (>1000 Hz) but they suffer
from a lack of efficiency at lower frequencies [1]. These last dec-
ades, several ways to avoid the problem of absorption in the low
part of the audible frequency range (<1000 Hz) have been pro-
posed. The generally implemented solutions make use of
multi-layer packages. This solution has limits at low frequencies
while trying to keep the thickness of the treatment relatively small
compared to the incident wavelength that has to be absorbed.
Recently, new directions have been explored, based on combining
resonant and scattering phenomena with the traditional viscous
and thermal losses. Whatever the frequency is, the key is to excite
modes of the structure that will trap the energy inside it for a long
time and therefore enhance the absorption of the whole structure.
Among different studied configurations, i.e., double porosity [2,3],
dead-end porosity [4], multiple scattering [5], we focus here on
configurations composed of periodic rigid inclusions and resonant
inclusions embedded in a porous layer (often refereed as meta-
porous materials) [6–8].

The effect on the absorption properties of a periodic
embedment of both non-resonant and resonant inclusions in a
porous layer has been studied in two (or three) dimensions, when
the porous layer is either backed by a rigid backing [6–9], possibly
incorporating cavities [10], or radiating in a semi-infinite
half-space [11] in the case of transmission problems. Different
inclusion shapes have been studied [6,7,12,13] showing similar
results at low frequencies. The enhanced absorption compared to
simple porous media has been explained by the coupling of several
phenomena: scattering by periodic inclusions and/or back cavities
local resonances that trap the energy inside the inclusions or cav-
ities, excitation of a localized mode that traps energy between the
rigid backing and the inclusions, and excitation of the modified
mode of the backed layer similar to Wood’s anomaly. The rigid
backing acts as a perfect mirror and allows interaction between
the inclusion and its image to excite the trapped mode [6]. In these
previous studies, the relatively simple configurations allowed for
some analytical and semi-analytical modeling, together with
numerical simulations and experiments. Consequently, the
observed effects of perfect absorption (i.e. the absorption coeffi-
cient is 1), or nearly perfect absorption (the absorption coefficient
is close to 1) for narrow frequency bands could be interpreted and
associated to specific processes. The dependencies of the absorp-
tion properties on the metaporous cell parameters (such as the
inclusion shape, size, position, and resonance frequency) could be
interpreted and in some cases predicted and tailored.
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In the present article, we propose a way to design metaporous
materials able to strongly absorb the incident acoustic energy over
a wide frequency band, for wavelengths in air larger than the
material thickness. As mentioned previously, the density of modes
trapping the energy inside the layer should be large enough in the
frequency range of interest, which requires complex metaporous
unit cells (or super-cells). The number of parameters defining the
metaporous super-cell can consequently become large (all geomet-
rical parameters of the inclusions and back cavities, parameters of
the porous medium) and the effect of varying one of them on the
absorption properties is unpredictable due to the influence on sev-
eral coupled or competing absorption processes. In particular, the
perfect absorption condition which can be analytically found in
some configurations defined by only few parameters (see e.g. the
one-dimensional case of a weakly lossy resonator, critically cou-
pled to a waveguide cavity in [14], or the two-dimensional case
of membrane resonator panel in [15]) is impossible to predict in
the case of metaporous two-dimensional and three-dimensional
super-cells composed of several resonators, back cavities and a
porous material with frequency dependent acoustic properties.
Therefore, in order to find metaporous super-cell configurations
having high and broadband absorption, we make use of Genetic
Algorithm (GA) optimization. In other words, we find empirically
the metaporous super-cell parameters such that the different wave

processes (scattering, trapped modes, local resonances and critical
coupling, frequency dependent wave dissipation. . .) play together
for high and broadband absorption.

The configuration analyzed in the following is composed of an
infinite periodic set of two-dimensional (2D) metaporous
super-cells. Each super-cell can contain 2D resonant inclusions
embedded in a porous layer which is backed by a hard wall with
or without resonant cavities. For the sake of clarity and to analyze
the influence of each elements, we decided to make an incremental
study where the complexity of the super-cells increases by the suc-
cessive addition of ingredients. The optimization by the in-home
genetic algorithm code begins with a previous configuration ana-
lyzed in [8] and evolves to account for more resonators per
super-cells and a larger number of degrees of freedom.

2. Optimization by genetic algorithm

The genetic algorithm is set to find the configuration having the
highest acoustic absorption in average over 80 points on the fre-
quency range from 100 Hz to 7 kHz.

The geometry of the problem is two-dimensional and periodic,
the inclusions being split-rings and 2D Helmholtz resonators and
the cavities being 2D. The problem therefore reduces to the solu-
tion of the pressure field in the unit cell because of the periodicity
and excitation by a plane incident wave. Bloch-Floquet conditions
are applied to the left and right boundaries to consider the infinite
periodicity as explained in [16]. For this to be correctly imple-
mented, the two sides were discretized with similar nodes, i.e.
identical vertical coordinates. All simulations are performed by
considering a normal incident wave arising from a semi infinite
space to the bottom of the cell. The top of the cell is considered
perfectly rigid (Neumann type boundary condition). All the geo-
metrical parameters are chosen by the algorithm except two: the
thickness (20 mm) of the plate and the spatial periodicity
(40 mm). The other parameters (summarized in Table 1) are set
in a range of values that allow almost all configurations: where
i ¼ 1 or 2; xi and yi are respectively the longitudinal and the vertical
position of the inclusion i;/i is the angular position of the slit, the
origin is chosen centered on each inclusion and the direction is
�y; ri is the internal radius of the inclusion and ei is the thickness.

The program is coded in Fortran and uses classical minimum
search (selection, mutation and crossover [17,18]) and fast conver-
gence (sharing, scaling and elitism [17,19]) routines. Because of the
possible high number of parameters, these routines are configured

Table 1
Supercells geometric parameters range values.

xi (mm) yi (mm) /i (rad) ri (mm) ei (%)

[4; 16] [4; 16] [0; 2p] [2; 10] [10; 90]

Table 2
Parameters used for the routines.

Routine Selection Mutation Crossover Sharing Scaling

Type Roulette Multipoint Non-
uniform

Large
exploration

Exponential

Parameter 3 b ¼ 1 a ¼ 0:8
r ¼ 0:95

q ¼ 1

Fig. 1. Outline of a random unit cell.

Table 3
Parameters of the porous foam used in the article.

/ a1 K ðlmÞ K0 ðlmÞ r ðN s m�4Þ f m ðHzÞ

0.95 1.42 180 360 8900 781

Fig. 2. Absorption coefficient for a super-cell composed of two split-rings.
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to ensure a large exploration of the possibilities. All the types of
routines and factors used are summarized in Table 2.

During an iteration of the optimization process, a population is
set with different geometry parameters, then each individual
acoustic response is simulated with a Finite Element Method
(FEM) program. This program has been developed and validated
in [16,6,8] and uses the open source software FreeFem++ to mesh
each configurations. Linear finite elements are used to approxi-
mate the pressure inside the unit cell, thereby leading to a dis-
cretized problem of 1500 elements and 800 nodes. The porous
mesh is configured to be adaptive and to always have elements
10 times smaller than the smallest wavelength in air (k ¼ 5 cm
for 7 kHz in this case). The mesh is refined in the inclusion opening
to ensure a good discretization of the pressure field. For each indi-
vidual, the size and the number of mesh elements are recalculated
according to the size of the inclusions. The optimization is done by
comparing each absorption coefficient and by choosing the best
geometries for the next iteration. The implemented porous model
is an equivalent fluid where the effective density is modeled by the
Johnson et al. model [20] and the bulk modulus by the Champoux–
Allard model [21]. The inclusions are considered rigid. The FEM
program gives the absorption coefficient as:

AðjÞ ¼ 1�
X

q

Reðk2qÞ
ki

20

jRqðjÞj2 ð1Þ

with RqðjÞ the reflexion coefficients of the qth Bloch-wave for the
frequency j; k2q the Bloch-wavenumber along the normal incidence

and ki
20 the incident plane wave.

Here, the fitness [17,18] is linked to the absorption coefficient
averaged over the considered frequency range and defined such
as f i ¼ 1� ai, where

ai ¼
1

nfreq

Xnfreq

j¼1

AðjÞ; ð2Þ

with nfreq the number of frequencies of the absorption coefficient
calculated by the FEM code. To avoid optimization results providing
non-realistic geometries, the GA needs to be constrained. The solu-
tion chosen here is to make the list of all non-realistic solutions
(overlapping inclusions for example) and to penalize the fitness if
the GA chooses one of them (if non-realistic solution:
f i ¼ 1; f i ¼ 1� ai else). All simulations are done with populations
of 30 individuals and 1000 generations to ensure a good conver-
gence of the results.

The genetic algorithm is first used to optimize a metaporous,
whose unit cell is composed of a porous plate (fireflex�, Recticel�,
a porous material widely used for its good acoustic and fire resis-
tant properties) backed with a rigid wall and two resonant inclu-
sions. Fig. 1 depicts one of the unit cell analyzed during the
optimization process and Table 3 gives porous matrix parameters.

With r the static flow resistivity, a1 the tortuosity, / the poros-
ity, K the viscous characteristic length, K0 the thermal characteris-
tic length and f m the Biot frequency.

Table 4
Geometric parameter values for the first optimization results called GA.

x1 (mm) x2 (mm) y1 (mm) y2 (mm) /1 (rad) /2 (rad) r1 (mm) r2 (mm) e1 (mm) e2 (mm)

15 24 10 5 1:25p 22 7 4 0.85 0.75

Fig. 3. Absorption coefficient for a supercell composed of two 2D Helmholtz
resonators.

Table 5
Geometric parameters values for the second optimization results called HR.

x1 (mm) x2 (mm) y1 (mm) y2 (mm) /1 (rad) /2 (rad) r1 (mm) r2 (mm) l1 (mm) l2 (mm)

12.5 30 14 13.5 0:91p 1:25p 4 6 0.1 0.14

Fig. 4. Absorption coefficient for a supercell composed of two 2D Helmholtz
resonators and two cavities.
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3. Optimization results

Compared to the previously studied configurations [8], the
split-ring positions, radii and split-ring thicknesses are here opti-
mized by the GA. Fig. 2 shows a comparison of the results of a first
optimization, the previously proposed unit cell and the foam with-
out any inclusion. GA results (dimensions summarized in Table 4)
exhibit a very good enhancement of the absorption properties with
a fitness of 0.25 while the unit cell of the previous configuration
has a fitness of 0.42 and the foam alone 0.41. In the GA optimized
cell, the two inclusions are almost in contact. It is still manufac-
turable by inserting these two inclusions in contact, or by consid-
ering only one inclusion with this special shape manufactured with
a 3D printer.

In Fig. 2 two different localized modes are observed: at 3500 Hz,
snapshot (b) and at 6500 Hz snapshot (d), that trap the energy
between the rigid backing and the inclusions. The two other peaks
are clearly due to the resonance of the inclusions (snapshot (a) and
(c)). The addition of this four phenomena leads to the absorption
enhancement over the frequency band considered. Even if the
absorption coefficient of the GA results is lower than the previous
study in the lowest frequency range, it does not exhibit the Bragg
effect around 6 kHz. This effect appears in periodic media when the
periodicity is half wavelength of the incident wave [22]. In here, it
is related to the distance between the inclusion and its image with
respect to the rigid backing. Here it is minimized by tuning the res-
onance effects near this frequency (the resonance of an inclusion
snapshot (c) and a localized mode snapshot (d)).

Unfortunately, these resonance frequencies are all related to the
size and position of the inclusions and it is not possible to reach a
larger absorption coefficient at low frequency without considering
split-rings larger than the thickness of the plate. This possibility is
not compatible with our constrain of fixed thickness. To try to
solve this problem, a neck is added to the split-rings to lower the
resonance frequency and to add another degree of freedom in
the GA. This type of inclusion is called in this paper 2D Helmholtz
Resonator or 2DHR (see Fig. 3).

The results are close to the first simulation with a fitness of
0.24. The absorption coefficient is now lower below 2600 Hz but
larger elsewhere, in particular near the Bragg frequency where it
has completely vanished. These results are different from what
we where expecting by using inclusions that can have lower reso-
nance frequencies but changing resonances for the low frequency
range, would have destroyed the absorption coefficient elsewhere
resulting in a much higher fitness (see Table 5).

Another way to overcome this limit is to add air filled back cav-
ity. They can act as quarter wavelength resonators but must be
very long in comparison to the dimension of the plate to have a
sufficiently low resonance frequency and this is also out of the
scope of this article. However, these cavities can be curved allow-
ing to make a ultra thin low frequency sound absorbing panels
based on coplanar spiral tubes or coplanar Helmholtz resonators
[23].

The initial goal of enhancing the absorption coefficient below
the Biot frequency with the inclusions or with the back cavities

Table 6
Geometric parameters values for the optimizations with HR and back cavity.

Inclusions x1 (mm) x2 (mm) y1 (mm) y2 (mm) /1 (rad) /2 (rad) r1 (mm) r2 (mm) l1 (mm) l2 (mm)

HRC1 10 32 10.5 13 p 0:91p 5 3 1.2 1
HRC2 10.5 24.5 12 15.5 1:08p 1:16p 6 2 1.2 1.6

Cavity h1 (mm) h2 (mm) w1 (mm) w2sðmmÞ x1 (mm) x2 (mm)

HRC1 9.8 9 10 2 15 35
HRC2 10 5 12.5 4 14 31

Fig. 5. Absorption coefficient for a supercell composed of two 2D HR and two
Helmholtz air cavity.

Fig. 6. Comparison of the absorption coefficient in function of the incidence angle.
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is aborted because of this dimensions constraint. Now cavities are
still added, but with reasonable dimensions (less that the thickness
of the plate) to add more resonances and to keep the absorption
coefficient near 1 over a larger frequency range. The rigid backing
is now modified and present two rectangular cavities per spatial
period. Two other runs are performed, one with the cavity filled
with the same porous media and a second one with a cavity filled
with air (see Fig. 4).

These two results (dimensions are summarized in Table 6) pre-
sent respectively a fitness of 0.22 and 0.21 that are better than the
previous one(s). The absorption coefficient is compared with the
one of the two corresponding homogeneous layer thicknesses:
20 mm and 29 mm. This last value corresponds to the total thick-
ness of the porous plate + cavity. The absorption coefficient now
reaches 1 near 2000 Hz and stays close to unity for higher frequen-
cies, except near 4200 Hz. In this simulations, the GA tends to place
again the inclusions in front of the cavity, with the slit facing the
back cavity. This results in the excitation of coupled modes
between one inclusion and one cavity and gives rise to the absorp-
tion coefficient for frequencies lower than the resonance frequency
of both elements. For example, in case of a unit cell with air cavity,
a coupled mode is excited at 1800 Hz whereas the split-ring reso-
nance is near 2400 Hz. This phenomenon is developed in the next
simulation. As expected, even with these optimizations the meta-
porous cannot reach high absorption at very low frequency. There
is clearly a limit at 1500 Hz due to the Biot frequency (f m ¼ 781 Hz
for Fireflex material). Below this value, the acoustic propagation is
described by a diffusion equation, that cannot allow the HR (filled
with porous material) to resonate. Thus, below this frequency, this
kind of resonators are of poor interest, unless the porous inside is
removed. In this case, the resonance frequency will increase and
this will not be interesting anymore for our application.

The next simulations consider a similar configuration as before
with air filled back cavities and partially closed openings. This
allows to lower the resonance frequency of the cavities because
it is now considered as an Helmholtz resonator.

This optimized geometry reaches a fitness of 0.17, which is the
best metaporous that can be obtained here. The frequency band of
high absorption is now close to unity from 1600 Hz to 7000 Hz
with the same thickness than previously (2 cm layer thickness
and 9 mm of depth back cavity). The phenomenon of interaction
between two elements is clearly visible. At 1600 (snapshot a of
Fig. 5) the left HR and the left cavity resonate together and a high
pressure zone is clearly visible between them. This exhibits a cou-
pled mode and lower the resonance frequency of the ensemble
(same phenomenon at 3400 Hz, snapshot c for the right inclusion
and cavity). At 2800 Hz (snapshot b) of Fig. 5) the two elements
resonate again but this time, the pressure is localized inside each
resonator (same phenomenon at 4500 Hz, snapshot d). This mean
that they resonate at their own resonance frequency.

Geometries depicted here are also efficient for other incidence
angle. In Fig. 6 only the results of simulation for the last geometry
are plotted but the other exhibit the identical behavior. The figure
shows the absorption coefficient for incidence angles from 0� (nor-
mal incidence, the black curve) to 90� (grazing incidence, gray
curves). This is summarized in Fig. 7 where the averaged absorp-
tion coefficient over the frequency is plotted in function of the inci-
dence angle. These figures show that the absorption coefficient
remains large for a wide range of angle incidence (from 0� to
75�) and only decreases near the grazing incidence. This means
that only optimizing for the incidence angle is acceptable to design
geometries efficient for diffuse field.

The absorption increases at low frequency when the incidence
angle increases because the incident wave propagate over a longer
distance to reach the rigid backing and being reflected. Other phe-
nomena are not angle dependent like the inclusions or back cavi-
ties resonances and can be always excited.

4. Conclusion

Absorption by metaporous materials is driven by several pro-
cesses, local resonances, localized mode excitation and mode cou-
plings. It is difficult to tune all of these processes to tailor a high
absorption over a wide frequency band because it requires com-
plex geometry super-cells with numerous and interconnected geo-
metrical degrees of freedom. We have successfully used a genetic
algorithm to find nearly perfect absorption conditions over a fre-
quency band of 100–7000 Hz: it appears that for a 2-cm thick layer,
it is possible to have an almost unity absorption band from
1800 Hz to 7000 Hz by using split-rings (with necks) and back cav-
ities. It is also shown that this optimized unit cell is efficient for
non normal incidence angles and provides a good absorption even
for incidence angles close from the grazing one. This study only
focuses on super-cells with a couple of resonators but there are
numerous configurations that could be advantageous. In particular,
Helmholtz resonators filled with air (instead of porous medium)
could lead to resonances with moderate quality factors below the
porous medium Biot frequency, which is not possible with porous
filled resonators. If the neck is sufficiently long, it is possible to
obtain an arbitrary low resonance frequency and improve even
more the absorption properties at long wavelengths.

References

[1] Allard J-F, Atalla N. Propagation of sound in porous media: modelling sound
absorbing materials. Chichester: John Wiley & Sons; 2009 [chapter 5].

[2] Olny X, Boutin C. Acoustic wave propagation in double porosity media. J Acoust
Soc Am 2003;114:73–89.

[3] Auriault J, Boutin C. Deformable porous media with double porosity iii:
acoustics. Trans Porous Media 1994;14(2):143–62.

[4] Dupont T, Leclaire P, Sicot O, Gong X, Panneton R. Acoustic properties of air-
saturated porous materials containing dead-end porosity. J Appl Phys
2011;110:094903.

[5] Tournat V, Pagneux V, Lafarge D, Jaouen L. Multiple scattering of acoustic
waves and porous absorbing media. Phys Rev E 2004;70:026609.

[6] Groby J-P, Duclos A, Dazel O, Boeckx L, Kelders L. Enhancing absorption
coefficient of a backed rigid frame porous layer by embedding circular periodic
inclusions. J Acoust Soc Am 2011;130:3771–80.

[7] Nennig B, Renoux Y, Groby J-P, Aurégan Y. A mode matching approach for
modeling two dimensional porous grating with infinitely rigid or soft
inclusions. J Acoust Soc Am 2012;131:3841–52.

[8] Lagarrigue C, Groby J, Tournat V, Dazel O, Umnova O. Absorption of sound by
porous layers with embedded periodic arrays of resonant inclusions. J Acoust
Soc Am 2013;134(6):4670–80.

[9] Groby J-P, Lagarrigue C, Brouard B, Dazel O, Tournat V, Nennig B. Using simple
shape three-dimensional rigid inclusions to enhance porous layer absorption. J
Acoust Soc Am 2014;136(3):1139–48.

[10] Groby J-P, Duclos A, Dazel O, Boeckx L, Lauriks W. Absorption of a rigid frame
porous layer with periodic circular inclusions backed by a periodic grating. J
Acoust Soc Am 2011;129:3035–46.

[11] Groby J-P, Wirgin A, Ogam E. Acoustic response of a periodic distribution of
macroscopic inclusions within a rigid frame porous plate. Waves Random
Complex Media 2008;18:409–33.

Fig. 7. Averaged absorption coefficient in function of the incidence angle.

C. Lagarrigue et al. / Applied Acoustics 102 (2016) 49–54 53

130



[12] Lagarrigue C, Groby J-P, Tournat V, Dazel O. Parametric study of a metaporous
made of inclusions embedded in a rigid frame porous material glued on a rigid
backing. In: Proc of acoustics 2012; 2012 [hal-00810737].

[13] Hyun H, Siu-Kit L. Effects of inclusion shapes within rigid porous materials on
acoustic performance. In: 164th meeting of the acoust soc Am, Kansas City,
vol. 132; 2012. p. 1905.

[14] Romero-García V, Theocharis G, Richoux O, Merkel A, Tournat V, Pagneux V.
Perfect and broadband acoustic absorption by critical coupling. Available
from: 1501.00191.

[15] Ma G, Yang M, Xiao S, Yang Z, Sheng P. Acoustic metasurface with hybrid
resonances. Nat Mater 2014;13(9):873–8. <http://dx.doi.org/10.1038/
nmat3994>.

[16] Allard J, Dazel O, Gautier G, Groby J, Lauriks W. Prediction of sound reflection
by corrugated porous surfaces. J Acoust Soc Am 2011;129:1696.

[17] Goldberg D. Genetic algorithms in search, optimization, and machine learning.
1st ed. Addison-Wesley Professional; 1989.

[18] Spears WM, De Jong KA. An analysis of multi-point crossover; 1991. p. 301–15.
[19] Michalewicz Z. Genetic algorithms + data structures = evolution programs.

Springer; 1998.
[20] Johnson D, Koplik J, Dashen R. Theory of dynamic permeability and tortuosity

in fluid-saturated porous media. J Fluid Mech 1987;176(1):379–402.
[21] Champoux Y, Allard J. Dynamic tortuosity and bulk modulus in air-saturated

porous media. J Appl Phys 1991;70(4):1975–9.
[22] Joannopoulos J. Photonic crystals: molding the flow of light. Princeton Univ Pr;

2008 [chapters 5 and 10].
[23] Cai X, Guo Q, Hu G, Yang J. Ultrathin low-frequency sound absorbing panels

based on coplanar spiral tubes or coplanar Helmholtz resonators. Appl Phys
Lett 2014;105(12):121901.

54 C. Lagarrigue et al. / Applied Acoustics 102 (2016) 49–54

131



Chapter 7
Articles related to Chapter 2: Periodic and
macroscopically inhomogeneous bulk
materials and their limitations

Contents
Appl. Phys. Lett., 90:181901, 2007 . . . . . . . . . . . . . . . . . . . . . . 133
J. Acoust. Soc. Am., 130:1390-1398, 2011 . . . . . . . . . . . . . . . . . . 136
J. Acoust. Soc. Am., 133:247-254, 2013 . . . . . . . . . . . . . . . . . . . 145
J. Acoust. Soc. Am., 139:1660-1671, 2016 . . . . . . . . . . . . . . . . . . 153
Appl. Phys. Lett., 109:121902, 2016 . . . . . . . . . . . . . . . . . . . . . 165
arXiv:1708.03343v1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
Sci. Rep., 7:5389, 2017 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

132



Acoustic wave propagation in a macroscopically inhomogeneous porous
medium saturated by a fluid

L. De Ryck, J.-P. Groby, P. Leclaire,a� and W. Lauriksb�

Laboratorium voor Akoestiek en Thermische Fysica, K. U. Leuven, Celestijnenlaan 200D, 3001 Heverlee,
Belgium

A. Wirgin and Z. E. A. Fellah
Laboratoire de Mécanique et d’Acoustique, UPR 7051 CNRS, 31 chemin Joseph Aiguier, 13009 Marseille,
France

C. Depollier
Laboratoire d’Acoustique de l’Université du Maine, Avenue Olivier Messiaen, 72000 Le Mans, France

�Received 10 August 2006; accepted 9 December 2006; published online 30 April 2007�

The equations of motion in a macroscopically inhomogeneous porous medium saturated by a fluid
are derived. As a verification of their validity, these equations are reduced and solved for rigid frame
porous systems. The reflection and transmission coefficients and their corresponding time signals
are calculated numerically using wave splitting Green’s function approach for a two-layer porous
system considered as one single porous layer with a sudden change in physical properties. The
results are compared to experimental results and to those of the classical transfer matrix method for
materials saturated by air in the ultrasonic frequency range. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2431570�

An inhomogeneous medium is one with properties that
vary with position. Inhomogeneous and layered materials
can be found in many fields of physics, for instance, in optics
and electromagnetism1,2 or in acoustics.3,4 Other examples
are geophysical5 or granular6 media. The study of the acous-
tic wave propagation in inhomogeneous porous media is of
great interest in building and civil engineering and in petro-
leum prospection.

In this letter, acoustic propagation in fluid-saturated mac-
roscopically inhomogeneous porous materials is studied.
These media have received far less attention than homoge-
neous porous media.7–10 It is assumed that the wavelengths
are greater than the average heterogeneity size at the pore
scale so that the physical properties are homogenized. How-
ever, these properties can vary with the observation point
within the material at the macroscopic scale of the specimen.
The equations of motion are derived from Biot’s alternative
formulation of 1962 �Ref. 11� in which the total stress tensor,
the fluid pressure, the solid displacement, and the fluid/solid
relative displacement are used. It was briefly stated by Biot11

and confirmed12 that these variables should be employed for
porous media with inhomogeneous porosity. The equations
of motion for an inhomogeneous porous medium with elastic
skeleton are derived. A verification of their validity is the
study of a porous material saturated by air in the rigid frame
approximation, i.e., when the fluid is light and the solid skel-
eton immobile.10 In this case, a wave equation is derived and
solved numerically for a two-layer porous system treated as
one single porous medium with a sudden but continuous
change in physical properties. This provides an excellent
means of comparing the proposed method: wave splitting
Green’s function approach �WS-GF�,2 which is applicable to
any depth-dependent inhomogeneous system, to the results
of the well established transfer matrix method �TMM� devel-

oped to calculate the acoustical properties of multilayer po-
rous systems.10 Experimental results obtained at ultrasonic
frequencies in a two-layer material saturated by air are com-
pared to the simulations.

The constitutive linear stress-strain relations in an ini-
tially stress-free, isotropic porous medium are11

�ij = 2��ij + �ij��c� − �M�� , �1�

p = M�− �� + �� , �2�

where �ij is the total stress tensor and p the fluid pressure in
the pores; �ij denotes the Kronecker symbol �the summation
on repeated indices is implied�; �=� ·u and �=−� ·w are,
respectively, the dilatation of the solid and the variation of
fluid content where u is the solid displacement and w
=	�U−u� the fluid/solid relative displacement �U is the fluid
displacement�; 	 is the porosity; �ij =

1
2 �ui,j +uj,i� the strain

tensor of the solid �the comma denotes spatial partial deriva-
tives�; �c=�+�2M, where �, �, M are elastic constants and
� a coefficient of elastic coupling. These parameters were
defined by Biot and Willis.13 Applying the momentum con-
servation law in the absence of body forces, the equations of
motion are written

� · � = 
ü + 
 fẅ , �3�

− �p = 
 fü + mẅ +
�

�
Fẇ , �4�

where the dot and double dot notations refer to the first and
second order time derivatives, respectively; 
 f is the density
of the fluid in the �interconnected� pores, 
 the bulk density
of the porous medium, such that 
= �1−	�
s+	
 f, where 
s

is the density of the solid; m=
 f� /	 is a mass parameter
defined by Biot,11 � is the tortuosity, � the viscosity of the
fluid, � the permeability, and F the viscosity correction func-
tion. For an inhomogeneous porous layer or a half space
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whose properties vary along the depth x, the following pa-
rameters in the above equations are now dependent on x: �,
�, �c, �, M, 	, 
, m, �, �, and F. Inserting Eqs. �1� and �2�
into Eqs. �3� and �4� yields the equations of motion in terms
of the displacements

����c + 2�� � · u + �M � · w� − � ∧ �� � ∧ u�

− 2 � � � · u + 2 � � ∧ �� ∧ u� + 2��� · ��u = 
ü

+ 
 fẅ ,

��M � · w + �M � · u� = 
 fü + mẅ +
�

�
Fẇ , �5�

where the x dependence of the constitutive parameters has
been removed to simplify the notations.

Under the assumption of a rigid frame, u=0, Eqs. �1�
and �3� vanish. The system of equations reduces to Eqs. �2�
and �4� and can be written in the frequency domain in a more
suitable form for acoustical applications as

− j�p = Ke�x,�� � . �	�x�U̇� , �6�

− �p = j�
e�x,��	�x�U̇ , �7�

where 
e�x ,�� and Ke�x ,�� are, respectively, the effective
density and bulk modulus of the inhomogeneous equivalent
fluid. Their expressions are


e�x,�� = 
 f
��x�
	�x� �1 − j

Rf�x�	�x�
�
 f�

F�x,��� , �8�

Ke�x,��

=
�P0/	�x�

� − �� − 1��1 − jRf�x�	�x�G�x,B2��/B2�
 f��−1 ,

�9�

where � is the specific heat ratio, P0 the atmospheric pres-
sure, and B2 the Prandtl number. The correction functions
F�x ,�� and G�x ,B2�� depend on x for inhomogeneous me-
dia. They are well-defined functions incorporating, respec-
tively, the viscous characteristic length � of Johnson et al.9

and the thermal characteristic length �� of Champoux and
Allard.14 The effective density and bulk modulus of the in-
homogeneous equivalent fluid are functions of the
frequency-independent parameters 	�x�, ��x�, ��x�, ���x�,
and of the flow resistivity Rf�x�=� /��x�. The wave equation
in p can be obtained by combining Eqs. �6� and �7�.

The second order differential operator of the wave
equation in a homogeneous fluid can be factorized and this
yields a system of two coupled first order differential equa-
tions. This is the wave splitting description, which was

mainly used in scattering problems in the time domain in
electromagnetism15 and then adapted to the frequency
domain.2 An inhomogeneous porous slab on which impinges
an incident wave is shown in Fig. 1. Applied to the wave
equation in the ambient fluid, the so-called “vacuum wave

splitting transformation”2 is p±= �p±Z0	�x�U̇ ·n� /2, where
Z0=
 fc0 is the characteristic impedance of the fluid
surrounding the slab �used instead of Ze�x ,��
=�
e�x ,��Ke�x ,�� of the fluid in the slab� and n the unit
normal vector �Fig. 1�. A system of linear first order coupled
differential equations is obtained from Eqs. �6� and �7�:

�xp
+ = A+�x,��p+ + A−�x,��p−,

�xp
− = − A−�x,��p+ − A+�x,��p−, �10�

with A±�x ,��= j� /2��Z0 /Ke�x ,���± �
e�x ,�� /Z0��.
The computation principle is the following: p± are first

calculated in the surrounding homogeneous fluid at x=L. An
infinitely thin homogeneous layer of thickness dx is inserted
at x=L−dx with the corresponding values of 
e and Ke. At
x=L a new set of p± is determined with the help of Eq. �10�.
A new layer is added at x=L−2dx. Using the updated values
of p± at x=L, the pressure subfields p±�L−dx ,�� are calcu-
lated. The operation is repeated until the last layer is added at
x=0. For each new layer, the continuity conditions on p and

	�x�U̇ ·n are implicitly accounted for on both sides of the
cumulated slab. The initialization of the procedure requires
that p± must be determined at x=L. To avoid this calculation,
Green’s function approach2,15 is used. Two Green’s functions
G± are defined by ∀x� �0,L�, p±�x ,��=G±�x ,��p+�L ,��.
Green’s functions are characteristic of the sole material prop-
erties and describe the internal field. The boundary condi-
tions at x=L are known and are G+�L ,��=1 and G−�L ,��
=0. The system of coupled first order linear differential equa-
tions in G± obtained by inserting Green’s functions in Eq.

TABLE I. Properties of the two-layer medium studied.

	 �

�

��m�
��

��m�
Rf

�Ns m−4�
Thickness

�mm�

Layer 1 0.96 1.07 273 672 2843 7.1
Layer 2 0.99 1.001 230 250 12 000 10.0

FIG. 1. Slab of inhomogeneous porous material and example of a simulated
inhomogeneity profile for 	�x�.

FIG. 2. Signal �a� reflected and �b� transmitted by a two-layer porous sys-
tem. The incidence is normal.
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�10� can be solved numerically using a Runge-Kutta routine.
The reflection and transmission coefficients R��� and T���
are deduced from p±,

p−�0,�� = R���p+�0,�� , �11�

p+�L,�� = T���p+�0,�� . �12�

In the numerical simulations of the reflected and transmitted
waves, the physical properties are multiplied by a function
I�x� to create the change of their values with depth. This
function can be called “inhomogeneity function” and is
given by I�x�=1+C�1−erf�−�x−x0� /r��, where C is a con-
stant �different for each property modeled�, erf the error
function, x0 the position of the jump, and r a steepness factor.
The steeper is the jump the finer the stepping dx must be for
better accuracy. 400 points were chosen to discretize the total
slab and dx=17.1/400=0.0428 mm. The value chosen for r
was r=0.1dx. Smaller values of r had little effect on the
computed results. Smoothing the jump by taking r=10dx
resulted in an important reduction of the signal reflected at
the interface between the two layers.

The experimental principle and the inhomogeneity func-
tion are shown in Fig. 1, where an airborne ultrasonic wave
is generated and detected by specially designed �ULTRAN�
transducers in a frequency range between 150 and 250 kHz.
The incident wave is partly reflected, partly transmitted, and
partly absorbed by layers of highly porous polyurethane
foams put in contact, not glued. The physical parameters
�Table I� of each layer were measured16 and, within the
bounds of the experimental error, those of layer 2 were ad-
justed to best fit the results for the layered system. The ther-

mal length can be interpreted as a measure of the average
pore size �although the “pore” is not straightforwardly de-
fined� while the viscous characteristic length would corre-
spond to an average size of the “constrictions” in the porous
medium. The two materials considered are structurally dif-
ferent as one has a fairly high thermal length, resulting in a
fairly low flow resistivity. The reflection experiment was car-
ried out with a single transducer used in the pulse-echo
mode.17 Another transducer was required on the other side of
the specimen to measure the transmission. A particularly
good agreement between the experimental and the simulated
results is found for the reflected and transmitted signals
�Figs. 2�a� and 2�b��. The waveforms were calculated from
the experimental incident wave form, which was recorded
and introduced into the simulation routines. The agreement is
also very good for the reflection and transmission coeffi-
cients �Fig. 3� in the frequency range of 170–230 kHz. In all
figures, the WS-GF curves cannot be distinguished from the
TMM curves. The discrepancies below 170 and above
230 kHz in Fig. 3 are attributed to the limited bandwidth of
the incident signal, making the experimental results more
sensitive to noise outside the useful bandwidth.

The authors are grateful to O. Matsuda for his useful
comments on earlier versions of this letter.
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Wave propagation in macroscopically inhomogeneous porous materials has received much atten-

tion in recent years. The wave equation, derived from the alternative formulation of Biot’s theory

of 1962, was reduced and solved recently in the case of rigid frame inhomogeneous porous materials.

This paper focuses on the solution of the full wave equation in which the acoustic and the elastic

properties of the poroelastic material vary in one-dimension. The reflection coefficient of a one-

dimensional macroscopically inhomogeneous porous material on a rigid backing is obtained

numerically using the state vector (or the so-called Stroh) formalism and Peano series. This coeffi-

cient can then be used to straightforwardly calculate the scattered field. To validate the method of

resolution, results obtained by the present method are compared to those calculated by the classical

transfer matrix method at both normal and oblique incidence and to experimental measurements at

normal incidence for a known two-layers porous material, considered as a single inhomogeneous

layer. Finally, discussion about the absorption coefficient for various inhomogeneity profiles gives

further perspectives. VC 2011 Acoustical Society of America. [DOI: 10.1121/1.3605530]

PACS number(s): 43.55.Ev, 43.20.Gp, 43.20.Fn, 43.20.Bi [KVH] Pages: 1390–1398

I. INTRODUCTION

The study of wave propagation in macroscopically inho-

mogeneous porous media was initially motivated by (1) the

design of sound absorbing porous materials with optimal ma-

terial and geometrical property profiles1 and (2) the retrieval

of the spatially varying material parameters of industrial

foams.2 These, and other inverse problems, are of great im-

portance in connection with the characterization of the me-

chanical properties of naturally occurring macroscopically

inhomogeneous porous materials, such as bones. The litera-

ture on inhomogeneous media is extensive in several fields

of physics, from optics and electromagnetism,3,4 to acous-

tics,5,6 and geophysics7 and granular media.8 Many natural

and man-made materials are porous, and therefore heteroge-

neous at a microscopic scale. The wave equation in macro-

scopically inhomogeneous porous media was derived from

the alternative formulation of Biot’s theory9 in Ref. 10 and

solved in the case of rigid frame inhomogeneous porous

materials via the Wave Splitting method and “transmission”

Green’s functions approach or via an iterative Born approxi-

mation procedure based on the specific Green’s function of

the configuration.11 The recovery of several profiles of spa-

tially varying material parameters by means of an optimiza-

tion approach, was then achieved in Ref. 2 still in the rigid

frame approximation.

When saturated by a light fluid such as air, the frame

is moving below the solid/fluid decoupling frequency.

Moreover, in many applications porous materials are satu-

rated by a heavy fluid such as water or bone marrow. They

can also be excited mechanically. In these cases, the rigid

frame approximation is not valid and the full macroscopi-

cally inhomogeneous poroelastic model should be used

and solved.

It is assumed that the wavelengths are larger than the

average heterogeneity size at the pore scale so that the physi-

cal properties are homogenized. However, these properties

can vary with the observation point within the material at the

macroscopic scale of the specimen. Macroscopically inho-

mogeneous poroelastic materials imply that both acoustic

and elastic properties are space-dependent at the macro-

scopic scale.

First, the constitutive linear stress-strain relations and

the momentum conservation law in the absence of body

forces are recalled for an inhomogeneous poroelastic mate-

rial. These equations are then solved for a one-dimensional

macroscopically inhomogeneous poroelastic material via the

a)Author to whom correspondence should be addressed. Electronic mail:

jean-philippe.groby@univ-lemans.fr
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state vector formalism or the so-called Stroh formalism12 to-

gether with Peano series.13,14 The Stroh formalism is largely

used to model acoustic wave propagation in stratified aniso-

tropic elastic materials.15,16 Similar methods (transmission

matrix method) are used in electromagnetism to model the

propagation of electromagnetic waves in anisotropic or

gyrotropic stratified materials.17,18 In the frequency domain,

it consists in the rewriting of the constitutive linear stress-

strain relations and the momentum conservation law in

terms of the state vector, whose components can be chosen

arbitrarily as long as they are continuous along the inhomo-

geneity of the material. This leads after spatial Fourier trans-

form to a first-order ordinary differential system of

equations whose unknown is the state vector. The spatial

dependence of the materials properties are accounted for

through the spatially dependent matrix components. The

solution of the system appears in terms of Peano series,

which are well fitted for wave propagation problems in func-

tionally graded materials.19 These series apply to continu-

ously varying poroelastic properties and avoids problems

related to a lack of discretization when the materials are

approximated by stratified ones. Numerical results obtained

with this method are compared to calculations of the classi-

cal transfer matrix method performed with the validated

MAINE3A code20 for a known two-layers porous material,

considered as a single inhomogeneous layer. The transfer

matrix method is particularly suitable to solve problems

involving a layered configuration.

Numerical results are also compared to experimental

measurements at normal incidence. The experiment consists

in recording waves reflected by the chosen two-layered

porous medium laid on the floor of a semi-anechoic room

when excited at normal incidence by a dipolar source.

Finally, applications in material design for engineering

applications are treated, by comparing the absorption coeffi-

cient of a macroscopically inhomogeneous porous plate with

various inhomogeneity profiles that are either continuous or

discontinuous.

II. EQUATIONS OF MACROSCOPICALLY
INHOMOGENEOUS POROUS MATERIALS

As pointed out by several authors,9,21,22 the generalized

formulation of the Biot theory9 is suitable to macroscopi-

cally inhomogeneous porous media and also to take into

account anisotropy and viscoelastic frames. Recently,

another formulation was proposed in Ref. 23 that is also suit-

able to macroscopically inhomogeneous porous media. The

article focuses on the alternative Biot’s formulation, which

is largely employed in acoustics and geophysics.

Rather than dealing directly with the arbitrary field �sðx; tÞ
[with x¼ (x1,x2)], we prefer to deal with the s(x,x), related to

�sðx; tÞ by the Fourier transform �sðx; tÞ ¼
Ð1
�1 sðx;xÞeixtdx,

wherein x ¼ 2p� is the angular frequency, with v the fre-

quency. Henceforth, we drop the x in s(x,x) so that it is writ-

ten s(x).

From the alternative formulation of Biot,9 the stress

strain relations in an initially stress free, statistically iso-

tropic poroelastic material take the form

rij ¼ 2Neij þ kch� aMfð Þdij;
p ¼ M f� ahð Þ;

�
(1)

where in dij denotes the Kronecker symbol. The components

of the total stress tensor are rij, the fluid pressure in the

pores is p, and the components of the strain tensor are

eij¼ 1/2(ui,jþ uji), with the solid displacement u, h¼ ui,i,

and f¼—wi,i with the fluid/solid relative displacement

w¼/ (U — u) (U being the fluid displacement and / the

porosity). The Einstein summation notation is implicit in the

expressions of h and f. The material properties24 are the bulk

modulus of the closed porosity system, i.e., in which the

pore volume is sealed, kc ¼ kþ a2M, the Lamé coefficients

of the elastic frame k and N, an additional elastic parameter

M, and an elastic coupling coefficient a.

These mechanical coefficients are related to the more

commonly used in acoustics P, Q, and R coefficients from

the original formulation25 through

a ¼ / Qþ Rð Þ=R; M ¼ R=/2;

kc ¼ P� Q2=R� 2N þ a2M: (2)

The expressions of P, Q, and R, in case of air saturated mate-

rials, reduce to26

R ¼ / ~Kf ;Q ¼ ~Kf ð1� /Þ;
P ¼ Kb þ 4N=3þ 1� /ð Þ2 ~Kf =/; (3)

wherein the bulk modulus of the skeleton is Kb¼ 2N (1þ v)/

3 (1 – 2v), the Poisson coefficient (of the skeleton) is v, and

~Kf ¼
cP0

c� c� 1ð Þ 1þ i
x0c
xPr

GðxPrÞ
� ��1

: (4)

The correction function G(xPr), introduced in Ref. 27 to

account for the thermal losses, is

GðxPrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� igqf xPr

2s1
R0t/K0

� �2
s

; (5)

whith x0c ¼ R0t/=qf s1; c the specific heat ratio, Pr the Prandtl

number, s1 the tortuosity, R0t the “thermal resistivity,” and K0

the thermal characteristic length. The thermal resistivity

is related to the thermal characteristic length27 through

R0t ¼ 8s1g=/K02.

In the absence of body forces, the conservation of mo-

mentum and the generalized Darcy’s law lead to the follow-

ing equations in the frequency domain:

x2qf wi þ x2qui ¼ �rij;j;

x2qf ui þ x2 ~qeqwi ¼ p;i;

�
(6)

wherein the bulk density of the porous medium is q, such

that q ¼ ð1� /Þqs þ /qf with qs the density of the solid
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and qf the density of the saturating fluid, and the mass pa-

rameter ~qeq (Refs. 9 and 28) is

~qeq ¼
qf s1

/
1þ i

xc

x
FðxÞ

h i
: (7)

The correction function F(x), introduced in Ref. 28 and

which accounts for the viscous losses, is given by

FðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� igqf x

2s1
Rf /K

� �2
s

; (8)

with the Biot frequency xc ¼ Rf /=qf s1, the flow resistivity

Rf and the viscous characteristic length K. The mass parame-

ter ~qeq is the complex frequency dependent equivalent density

used in the rigid frame approximation, while the complex fre-

quency dependent equivalent bulk modulus ~Keq used in this

approximation is related to ~Kf through ~Kf ¼ / ~Keq. For most

foams, the elastic coupling coefficient a reduces to 1,

M ¼ ~Keq and kc reduces to kc ¼ Kb � 2=3N þ a2M.

In the previous equations, N, k (and v), kc, a, M, /, s1,

K, K0, R0t, Rf are x dependent.

III. NUMERICAL EVALUATION OF THE PRESSURE
FIELD

A. Description of the configuration

Both the incident plane acoustic wave and the plate are

assumed to be invariant with respect to the Cartesian coordi-

nate x3. A cross-sectional x1-x2 plane view of the 2D scatter-

ing problem is shown in Fig. 1.

The upper and lower boundaries of the layer are flat and

parallel. They are designated by CL and C0 and their x2 coor-

dinates are L and 0. The porous material M[1] occupies the

domain X[1]. The inhomogeneity of the plate occurs along

the x2 direction, i.e., N, k (and v), kc, a, M, /,s1, K, K0, R0t,
Rf are x2-dependent. An isotropic macroscopically inhomo-

geneous porous material is considered. The material can be

viewed as a functionally graded material. The surrounding

and saturating fluid is the air medium (density qf¼ 1.213 kg

m�3, atmospheric pressure P0¼ 1.01325� 105 Pa, and vis-

cosity g¼ 1.839� 105 kg m�1 s�1). The inhomogeneous po-

rous layer is backed by a rigid plate at C0.

We denote the total pressure, wavevector and density,

respectively, with p[0], k[0] and q[0] in X[0] and the total stress

tensor, the fluid pressure in the pores, the solid displacement,

and solid/fluid relative displacement respectively with r[1],

p[1], u[1] and w[1] in X[1].

The wavevector k
i of the incident plane wave lies in the

sagittal plane and the angle of incidence is hi measured

counterclockwise from the positive x1 axis. The incident

wave, initially propagating in X[0], is expressed by piðxÞ
¼ Aiei k1x1�k

½0�
2

x2�Lð Þð Þ, wherein k1 ¼ �k½0� cos hi, k
½0�
2 ¼ k½0�

sin hi and Ai¼Ai(x) is the signal spectrum.

The uniqueness of the solution to the forward-scattering

problem is ensured by the radiation condition:

p½0�ðxÞ�piðxÞ� outgoing waves; xj j!1; x2 >L: (9)

B. The state vector formalism and Peano series

The spatial Fourier transform of the Eqs. (1) and (6) is first

performed. The transform ŝðx2; k1Þ of s(x) is also introduced

and can be written in the form sðxÞ ¼ ŝðx2; k1Þeik1x1 because

of the plane wave nature of the excitation. Henceforth, we

drop the k1 in ŝðx2; k1Þ so that it is written ŝðx2Þ. The geome-

try of the configuration being planar and infinite along the

x2-axis, the fields components that are continuous along the

inhomogeneity and the boundary conditions apply either to

s(x) or to ŝðx2Þ.
Inside the domain X[1] the normal components of the

total stress tensor,r 1½ �
12 and r 1½ �

22, the pressure p[1], the solid

displacements, u
1½ �

1 and u
1½ �

2 , and the normal component of

the solid/fluid relative displacement w
1½ �

2 are continuous

along the x2-axis. It seems natural to choose these 6 parame-

ters as components of the state vector. Nevertheless,

it seems better to adapt these components to the considered

boundary problem. On one hand, at the interface CL,

the normal components of the stress tensor

ðr½1�12 ¼ 0; r½1�22 ¼ �p½0�Þ, the pressure (p[1]¼ p[0]), and normal

component of the velocity �ixðw½1�2 þ u
½1�
2 Þ ¼ V

½0�
2 with V

½0�
2

the normal component of the velocity in X[0]) are continu-

ous. On the other hand, the solid displacement and the

normal component of the solid/fluid relative velocity

vanish at the interface C0, i.e., u
½1�
1 ¼ 0; u

½1�
2 ¼ 0 and

�ixðw½1�2 þ u
½1�
2 Þ ¼ 0. Because u

½1�
2 and w

½1�
2 are continuous at

any x2 in X[1], the normal component of the velocity

�ixðw½1�2 þ u
½1�
2 Þ is also continuous. The normal component

of the solid/fluid relative displacement w2 is also replaced

by V
½1�
2 ¼ �ixðw½1�2 þ u

½1�
2 Þ in Eqs. (1) and (6). This parame-

ter is preferred to w
½1�
2 to define the wave vector.

After spatial transform, the Eqs. (1) and (6) split into

two systems of equations (see the Appendix): one set of six

first order differential equations only depending on the

components of the column state vector Ŵ ¼< r̂½1�12 ; r̂
½1�
22 ; p̂

½1�;

û
½1�
1 ; û

½1�
2 ; V̂

½1�
2 > , and one set of two equations that linked the

two last unknows, br 1½ �
11 and bw 1½ �

11, to the components of the

state vector. The problem also reduces to the solution of

the first order differential matrix system composed of the

first six first order differential equations:

@

@x2

bW � A bW ¼ 0; (10)

with A¼— B21D, wherein

B ¼

1 0 0 0 ik1 kc � aMð Þ �k1aM

x
0 1 0 0 0 0

0 0 �1 0 0 0

0 0 0 N 0 0

0 0 0 0 kc þ 2N � aM i
aM

x

0 0 0 0 a� 1ð ÞM i
M

x

26666666666664

37777777777775
; (11)
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and

D ¼

0 0 ik1

qf

~qeq

� k2
1aM

~qeqx2

 !
qx2 �

q2
f

~qeq

x2 � k2
1 kc þ 2N �

qf

~qeq

aM

 !
0 0

ik1 0 0 0 q� qf

� 	
x2 iqf x

0 0 0 0 qf � ~qeq

� 	
x2 i~qeqx

�1 0 0 0 ik1N 0

0 �1 �k2
1aM

~qeqx2
ik1 kc �

qf

~qeq

aM

 !
0 0

0 0 1� k2
1M

~qeqx2
ik1M a�

qf

~qeq

 !
0 0

26666666666666664

37777777777777775
: (12)

The matrices B and D are x2-dependent, because kc(x2),
a(x2), M(x2), N(x2),~qeq x2ð Þ, and q(x2) are x2-dependent. This

dependence has not been detailed in (11) and (12) for

conciseness.

The solution of system (10) takes the form

ŴðLÞ ¼ MŴð0Þ; (13)

wherein M is the so-called matricant,14 which relates the

value of the state vector Ŵð0Þ, at x2¼ 0, to the value of the

state vector ŴðLÞ, at x2¼L. Since A is x2 dependent (i.e., the

plate is not homogeneous or piecewise constant) and A does

not commute for different values of x2, i.e., ½Aðx2Þ;Aðx02Þ�
¼ Aðx2ÞAðx02Þ � Aðx02ÞAðx2Þ 6¼ 0, 8 x2; x

0
2

� 	
2 0; L½ �2; x2 6¼ x02,

the matricant M does not contain matrix exponentials or mul-

tiplications of matrix exponentials. The matricant is rather

defined by the so-called multiplicative integral satisfying the

Peano expansion.13,14,19,29 This avoids any problem related to

lack of discretization when the continuously varying material

is approximated by a piecewise constant material. The Peano

series reads as

M¼ Iþ
ðL

0

Aðx2Þdx2þ
ðL

0

Aðx2Þ
ðx2

0

AðfÞdf

� �
dx2þ��� (14)

and the evaluation of M is performed via the iterative

scheme

Mf0g ¼ I;

Mfng ¼ Iþ
ðL

0

Aðx2ÞMfn�1gðx2Þdx2;

8<: (15)

such that limn!1Mn ¼ M.

C. The boundary problem

The application of the boundary conditions at both inter-

faces CL ½r̂½1�12 ¼ 0; r̂½1�22 ¼ �p̂½0�; p̂½1� ¼ p̂½0�; V̂
½1�
2 ¼ V̂

½0�
2 ¼ �i=

xq@p̂½0�

@x2
� and C0 û1 ¼ 0; û2 ¼ 0; V̂

½1�
2 ¼ 0


 �
yields the state

vectors ŴðLÞ and Ŵð0Þ, which are required to solve the

problem. From the separation of variables, the radiation con-

ditions, and the spatial Fourier transform, the pressure field

in X[0] can be written as

bp½0� ¼ Aie�ik
½0�
2

x2�Lð Þ þ AiReik
½0�
2

x2�Lð Þ; (16)

where R is the reflection coefficient. The state vectors become

cWðLÞ ¼
br½1�12ðLÞbr½1�22ðLÞbp½1�ðLÞbu½1�1 ðLÞbu½1�2 ðLÞbu½1�2 ðLÞ

266666666664

377777777775
¼

0

�bp½0�ðLÞbp½0�ðLÞbu½1�1 ðLÞbu½1�2 ðLÞ

� i
xq
@bp½0�
@x2

����
x2¼L

2666666666664

3777777777775
¼ SþLL �

AiRbu½1�1 ðLÞbu½1�2 ðLÞ

264
375;

(17)

and

cWð0Þ¼
br½1�12ð0Þbr½1�22ð0Þbp½1�ð0Þbu½1�1 ð0Þbu½1�2 ð0ÞbV½1�2 ð0Þ

266666666664

377777777775
¼

br½1�12ð0Þbr½1�22ð0Þbp½1�ð0Þ
0

0

0

26666666664

37777777775
¼L0 �

br½1�12ð0Þbr½1�22ð0Þbp½1�ð0Þ
264

375; (18)

FIG. 1. Cross-sectional plane view of the configuration.
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wherein S accounts for the excitation of the system by the

plane incident wave, LL relates the unknowns R; û
½1�
1 (L) and

û
½1�
2 (L) to the state vector cWðLÞ, and L

0 relates the unknowns

r̂½1�12ð0Þ, r̂½1�22ð0Þ and p̂½1�ð0Þ to the state vector cWð0Þ. Their

expressions are

S ¼

0

�Ai

Ai

0

0

�Aik
½0�
2 =xq½0�

266666664

377777775 ; L0 ¼

1 0 0

0 1 0

0 0 1

0 0 0

0 0 0

0 0 0

266666664

377777775; and

LL ¼

0 0 0

�1 0 0

1 0 0

0 1 0

0 0 1

k
½0�
2 =xq½0� 0 0

266666664

377777775:
(19)

Finally, the introduction of (17) and (18) in (13) gives rise to

the final system of equations, whose solution contain the

reflection coefficient R

LL
 �

�M � L0
 � �

�

AiRbu½1�1 ðLÞbu½1�2 ðLÞbr½1�12ð0Þbr½1�22ð0Þbp½1�ð0Þ

266666666664

377777777775
¼ �S: (20)

This system is solved for each frequency and directly pro-

vide the reflection coefficient associated with the plane inci-

dent wave. The pressure field in X[0] can then be calculated

through p½0� ¼ p̂½0�eik1x1 . A similar system can be cast when

the inhomogeneous porous plate is not backed and radiate in

the air medium. In this case, a transmitted field is required

and the transmission coefficient is also calculated.

IV. VALIDATION ON A MULTILAYERED POROUS
MEDIUM

In order to validate the present method, calculations are

performed for a known two-layers poroelastic medium con-

figuration considered as a single poroelastic plate. Each layer

of the plate is a porous foam saturated by air. The character-

istic properties of each layer have been determined by classi-

cal methods26 and are given in Table I. The layer 1 is a

Eurocell foam while layer 2 is a Fireflex (Recticel, Wette-

ren/East-Flanders, Belgium) foam.

The choice of this configuration is motivated by the fact

that the results of the present method can be compared with

known results from the classical Transfer Matrix Method

(TMM) provided by MAINE3A20 and with experimental

measurements.

To consider the slab as a single inhomogeneous mate-

rial, the jump discontinuities in the two-layered system are

smoothed by using the following analytical continuous and

continuously differentiable function:

Iðx2Þ ¼ 1þ C

2
1þ erf

x2 � x0
2

r

� �� �
; (21)

wherein C is the step value, which is different for each

parameter in Table I, erf is the error function, x0
2 is the position

of the jump, and r corresponds to the steepness of the continu-

ous jump such that the smaller r is, the steeper is the jump.

The number of iterations required for the correct evalua-

tion of the matricant increases with frequency. A change of

variable like that proposed in Refs. 30 and 31 seems inaccu-

rate, because the characteristic parameters are frequency de-

pendent for porous materials. Moreover, a large number of

iterations is required for the correct evaluation, because

poroelastic materials are highly dissipative.

The configuration is discretized in with 1000 points

and the number of iterations for the evaluation of the Peano

series is 250. The jump position and its slope are fixed to

x0
2 ¼ 50 mm and r¼ 10�6, while the total thickness is

L¼ 69.8 mm.

A. Numerical validation

The results calculated with the present method are first

compared with those from the classical TMM provided by

MAINE3A at normal and oblique incidences. Figure 2 depicts

the real and imaginary parts of the reflection coefficient at

normal and oblique incidences by the two-layers medium

studied. The curves cannot be distinguished one from another.

This provides a validation of the model and of the solv-

ing method.

The real and imaginary part of the reflection coefficient

calculated with MAINE3A under the rigid frame approxima-

tion (�) and with the Limp model32 (h) are also plotted Fig.

2. Below 4000 Hz the rigid frame approximation is not valid

at the Biot resonances. This test emphasizes the added value

of the new method modeling the wave propagation in macro-

scopically inhomogeneous poroelastic foams at low frequen-

cies, and validates the method in the high frequency range.

The peaks at low frequencies are also attributed to Biot and

not to Limp effects. The method is also stable and robust.

B. Experimental validation

The principle of the experiment is shown in Fig. 3. A

1.58 m� 1.06 m plate of Eurocell of 5 cm thick is laid on

the floor of the semi-anechoic room available in ATF,

TABLE I. Properties of the two-layer medium studied.

/ s1 K lmð Þ K0 lmð Þ Rf (N s m�4) q (kg m�3) N (Pa) � Thickness (mm)

Layer 1 0.95 1.1 15 45 42000 126 280000 (1-0.05i) 0.24 50

Layer 2 0.96 2.2 110 352 9000 37 60000 (1-0.05i) 0.21 19.8
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KULeuven. A 1.5 m� 2 m plate of Fireflex of 1.98 cm thick

was then laid above of the Eurocell foam. The two foams are

in contact and not glued. The floor is supposed to be rigid.

A dipolar source, radiating a sweep from 100 Hz to 5000

Hz, is placed at the center of the Eurocell foam at

xs
2 ¼ 83 cm above the ground. A microphone is placed suc-

cessively at x
ð1Þ
2 ¼ 8:5 cm and x

ð2Þ
2 ¼ 9:5 cm above the

ground at the center of the source. The source center was

determined by recording the sweep signal with the micro-

phone at various positions along the x1 and x3 axis. The

source center corresponds to the maximum of amplitude

recorded by the microphone. This guaranties that the record-

ings are performed at normal incidence. The x2 position of

both the source and of the microphone ensure that, locally,

the field can be approximated by a plane wave. The recorded

signals are averaged over 30 waveforms. The pressures

recorded at both positions take the form pðjÞ ¼ Aie�ik½0�x
ðjÞ
2

þAiReik½0�x
ðjÞ
2 , j¼ 1, 2 at normal incidence. It directly equals

the spatial Fourier transform p̂ðjÞ ¼ pðjÞ, because the pressure

is recorded at normal incidence. From these two measure-

ments, the reflection coefficient at normal incidence can be

determined through

R ¼ pð1Þe�ik½0�x
ð2Þ
2 � pð2Þe�ik½0�x

ð1Þ
2

pð2Þeik½0�x
ð1Þ
2 � pð1Þeik½0�x

ð2Þ
2

: (22)

This formula is commonly used when the measuring tech-

nique, sometimes referred to as the Tamura method33 or

sometimes referred to as PP-method,34 is used. Figure 4

depicts the absolute value of the experimental reflection

coefficient calculated with the present method and measured

between 500 Hz to 5000 Hz. This frequency bandwidth is

usually considered as being the one over which the reflection

methods give accurate results. A fairly good match is found

between the curves. In particular, the peak around 800 Hz,

which corresponds to a modified Biot resonance of the Euro-

cell, is well recovered. The discrepancies between the two

curves can be explained by the fact that (1) a plane incident

wave is assumed, (2) the foams are of finite size, (3) the

boundary conditions between the rigid backing and the Euro-

cell foam does not correspond to perfectly rigid, (4) the two

foams are not perfectly in contact, and by (5) the spacing

between the two positions of the microphone. In order to

emphasize the pertinence of a macroscopically inhomogene-

ous porous material approach, the absolute value of the

reflection coefficient calculated for an homogeneous plate of

thickness L¼ 6.98 cm of Eurocell and of Fireflex is also

FIG. 2. Real and imaginary part of the reflection coefficient at normal incidence (a) and (b) and at hi¼p/6 (c) and (d) calculated with the present method (—),

with MAINE3A (—), with MAINE3A under the approximation of the equivalent fluid model (�), and with MAINE3A with the Limp model (h).

FIG. 3. Experimental setup.
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plotted Fig. 4. Both results are quite far from the experimen-

tal curve and from the numerical calculation when the

two-layers configuration is modeled as a macroscopically

inhomogeneous material.

V. ASSUMPTION ON OTHER PROPERTY PROFILES

Macroscopically inhomogeneous porous materials offer

the possibility of wider applications in sound absorbing

material design than their macroscopically homogeneous

counterparts. In the following, examples of absorbing mate-

rial design are presented.

First, the acoustical properties of the previously studied

two-layered plate see (Table I) are considered but the jump

occurs at x0
2 ¼ L=2, i.e., the thickness of both foams is

equal to 3.49 cm. The slope is then varied from r¼ 10�6 to

r¼ 10�2. Then, a Hanning profile is considered by using the

following analytical continuous and continuously differen-

tiable function:

HðxÞ ¼ 1þ C

2
1� cos

x

L


 �h i
; (23)

wherein C is the relative difference in amplitude between the

value at both sides and the value in the middle of the slab.

Figure 5 depicts the profile generated for Rf as an exam-

ple (the other parameters also vary with an identical profile)

for r¼ 10�6, r¼ 10�2 and a Hanning profile, together with

the corresponding absorption coefficient A¼ 1� |R|2. The

absorption coefficient is one of the most important parame-

ters when designing a foam. These last years, this coefficient

has received a large attention, particularly the attempt of

increasing its value at low frequencies. Porous foams suffer

from a weak absorption at low frequency when compared to

their efficiency at higher frequencies. While a modification

of the slope only induces a frequency shift at higher frequen-

cies, the use of the Hanning profile enables to increase the

absorption coefficient at low frequency. When the foam

stack is reversed, the absorption coefficient differs in case of

single slope profiles, while it remains the same with symmet-

rical profiles as Hanning profile.

VI. CONCLUSION

A model of the acoustic response of macroscopically in-

homogeneous elastic frame porous materials derived from

the alternative Biot’s theory of 1962 was solved. A fast and

stable numerical method, derived from the state vector for-

malism together with Peano series was developed to solve

the macroscopically inhomogeneous poroelastic wave equa-

tions. To our knowledge, these equations are solved and

these methods are derived for the first time for poroelastic

materials. A validation of this method was made on the

example of a two-layers medium, by comparison to the exact

solution obtained by the transfer matrix method (MAINE3A)

at both normal and oblique incidence and by comparison to

experimental results at normal incidence. In the numerical

procedure, the jump of properties between the layers was

accounted for in the form of a single continuous function.

This result validates the present procedure. Finally, exam-

ples of the absorption coefficient are given for various prop-

erty profiles. These examples illustrate the possibility of

designing acoustically absorbing materials by controlling the

gradient of parameters. This last point requires further inves-

tigation, in particular, how the properties vary when the

foam is compressed. Another possible application of the

equations and method of solution derived here is the devel-

opment of an optimized inversion procedure to characterize

macroscopically inhomogeneous porous materials.

FIG. 4. Comparison between Rj j calculated with the present method (—)

and recovered with the measurement (�) and Rj j for a L-thick homogene-

ous plate of Fireflex (	 	 	) and of Eurocell (—).

FIG. 5. Example of the a profile considered (a) and the corresponding absorption coefficient (b): slope profiles with r¼ 10�6 (—) and r¼ 10�2 (- - -) and Han-

ning profile (	 	 	).
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APPENDIX: DERIVATION OF THE FIRST-ORDER
LINEAR ORDINARY DIFFERENTIAL SYSTEM

The expanded form of the spatial Fourier transform of

(1) and (6) is

r̂½1�11 ¼ ik1 kc þ 2Nð Þû½1�1 þ kc
@û
½1�
2

@x2

þ ik1aMbw1 þ aM
@ bw½1�2

@x2

;

r̂½1�12 ¼ ik1Nû
½1�
2 þ N

@û
½1�
1

@x2

;

r̂½1�22 ¼ ðkc þ 2NÞ@û
½1�
2

@x2

þ ik1kcû
½1�
1 þ ik1aMbw1 þ aM

@ bw½1�2

@x2

;

p̂½1� ¼ �aMik1û
½1�
1 � aM

@û
½1�
2

@x2

� ik1Mbw1 �M
@ bw½1�2

@x2

;

qx2û
½1�
1 þ qf x

2 bw1 ¼ �ik1r̂
½1�
11 �

@r̂½1�12

@x2

;

qx2û
½1�
2 þ qf x

2 bw½1�2 ¼ �ik1r̂
½1�
12 �

@r̂½1�22

@x2

;

qf x
2û
½1�
1 þ ~qeqx

2 bw1 ¼ ik1 ~p½1�;

qf x
2û
½1�
2 þ ~qeqx

2 bw½1�2 ¼
@~p½1�
@x2

: (A1)

The solid/fluid relative displacement ŵ
½1�
2 is then replaced by

V̂
½1�
2 ¼ �ixðŵ½1�2 þ û

½1�
2 Þ. From the first and seventh equations

of (A1), ŵ
½1�
1 and r̂½1�11 can be expressed in terms of p̂½1�, û

½1�
1 ,

û
½1�
2 , V̂

½1�
2

ŵ
½1�
1 ¼

1

~qeqx2
ik1p̂½1��qf x

2û
½1�
1


 �
;r̂½1�11¼ik1ðkcþ2NÞû½1�1

þðkc�aMÞ@û
½1�
2

@x2

þi
aM

x
@V̂
½1�
2

@x2

þik1aMŵ1¼ ik1ðkcþ2N�aM
qf

q̂eq

Þû½1�1

þðkc�aMÞ@û
½1�
2

@x2

þaM

x
@V̂
½1�
2

@x2

� k2
1

q̂eqx2
aMp̂½1�: (A2)

The introduction of (A2) in the six other equations of the

system (A1) leads to six first-order linear differential equa-

tions in terms of r̂½1�12, r̂½1�22, p̂½1�, û
½1�
1 , û

½1�
2 , and V̂

½1�
2 :

@r̂½1�12

@x2

þ ik1 kc � aMð Þ@û
½1�
2

@x2

� k1aM

x
@V̂
½1�
2

@x2

þ ik1

qf

~qeq

� k2
1

~qeqx2
aM

 !
p̂½1� þ qx2 �

q2
f

~qeq

x� k2
1 kc þ 2N � aM

qf

~qeq

 ! !
û
½1�
1 ¼ 0 ;

@r̂½1�22

@x2

þ ik1r̂
½1�
12 þx2 q� qf

� 	
û
½1�
2 þ iqf xV̂

½1�
2 ¼ 0 ; � @p̂½1�

@x2

þx2 qf � ~qeq

� 	
û
½1�
2 þ i~qeqxV̂

½1�
2 ¼ 0 ;

N
@û
½1�
1

@x2

� r̂½1�12 þ ik1Nû
½1�
2 ¼ 0 ;

kc þ 2N � aMð Þ @û
½1�
2

@x2

þ i
aM

x
@V̂
½1�
2

@x2

� r̂½1�22 þ ik1 kc �
qf

~qeq

aM

 !
û
½1�
1 �

k2
1aM

~qeqx2
p̂½1� ¼ 0 ;

M a� 1ð Þ @û
½1�
2

@x2

þ i
M

x
@V̂
½1�
2

@x2

þ 1� k2
1

~qeqx2
M

 !
p̂½1� þ ik1M a�

qf

~qeq

 !
û
½1�
1 ¼ 0 : (A3)

Introducing the state vector Ŵ ¼ hr̂½1�12 ; r̂
½1�
22 ; p̂

½1�; û
½1�
1 ;

û
½1�
2 ; V̂

½1�
2 i, the first-order linear ordinary differential system

can be written in the form

B
@

@x2

Ŵþ DŴ ¼ 0; (A4)

wherein B and D are defined in Eqs. (11) and (12).
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Sustainable sonic crystal made of resonating bamboo rods
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The acoustic transmission coefficient of a resonant sonic crystal made of hollow bamboo rods is

studied experimentally and theoretically. The plane wave expansion and multiple scattering theory

(MST) are used to predict the bandgap in transmission coefficient of a non-resonant sonic crystal

composed of rods without holes. The predicted results are validated against experimental data for

the acoustic transmission coefficient. It is shown that a sonic crystal made from a natural material

with some irregularities can exhibit a clear transmission bandgap. Then, the hollow bamboo rods

are drilled between each node to create an array of Helmholtz resonators. It is shown that the

presence of Helmholtz resonators leads to an additional bandgap in the low-frequency part of the

transmission coefficient. The MST is modified in order to account for the resonance effect of the holes

in the drilled bamboo rods. This resonant multiple scattering theory is validated experimentally and

could be further used for the description and optimization of more complex resonant sonic crystals.
VC 2013 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4769783]

PACS number(s): 43.55.Ev, 43.55.Rg, 43.55.Ti, 43.20.Fn [KVH] Pages: 247–254

I. INTRODUCTION

With the growing interest for sustainable development,

new acoustic materials more respectful to the environment

should be designed.1 In acoustics, the usual absorbing and

insulating materials, that can be found in buildings, for

example, come from the petrochemical industry and can be

hazardous to one’s health. However, some more ecological

and natural solutions exist involving natural porous materials

or sonic crystals made of recycled materials.2

Phononic crystals have received much more attention

from the acoustical community in the last decade because of

their particular acoustic properties, including bandgaps.3

Numerous studies have been reported in the ultrasonics

frequency range for steel rods embedded in water,4 epoxy,5

or air.6 Indeed, the acoustic waves cannot propagate through

this periodic arrangement over some frequency bands

depending on the characteristics of a unit cell.7 This is due

to multiple scattering leading to destructive interferences

between the rods.

In order to improve the width and central frequencies of

the bandgaps for acoustic insulation, structure characteristics

should be adapted. We denote by “suitable lattice” the lattice

with the best desired characteristics in the audible frequency

range designed in accordance with the bamboo mean radius.

By acting on the characteristics of the individual cells, trans-

mission loss related to the periodicity can be combined with

additional resonant effects at low frequencies, improving the

acoustic properties of the structure. Until now, research has

mostly focused on split ring like resonators.8,9 This type of

resonator is easy to build, can be very well calibrated,

and can resonate for frequencies below the first bandgap

frequency. Such structures are useful for acoustic insulation10

because of the transmission losses increasing due to these

resonances at low frequencies. The bandgap can be enhanced,

by tuning the resonators, to create “metamaterials” with more

efficient or different properties, like those of an acoustic

lens.11

In this paper, the sonic crystal is made with resonant

bamboos. By drilling a hole in each initially closed cavity, a

bamboo rod becomes a stack of Helmholtz resonators (HRs).

The dimensions of bamboo rods used in this paper enable

resonance of the HR at very low frequencies. The use of

natural material induces dispersion on the dimensions of the

scatterers hence on their resonance frequencies. This disper-

sion can be useful to design a wide frequency range acoustic

insulator. The so-designed structure possesses a low trans-

mission coefficient around 300 Hz. These frequencies have

never been reached before with natural materials, to our

knowledge.

The first part of the paper is devoted to the determina-

tion of suitable parameters for a bamboo rod sonic crystal

efficient in the audible frequency range by use of the plane

wave expansion (PWE) method. Previous investigations on

airborne sonic crystals with resonant inclusions have been

achieved by using a semi analytical method.12,13 Here, the

experimental response of the sample is then compared with

multiple scattering theory (MST) calculations.14 Finally, a

careful study of the Helmholtz resonator associated bandgap

(orientation of the neck, effect of the number of the lines)

allows one to account for the resonant character of the scat-

terers in the MST calculations and to correctly predict the

acoustic behavior of the sample.

II. DESIGN OF THE SONIC CRYSTAL

The phononic crystal under study is a periodic arrange-

ment of rods in air, i.e., a sonic crystal (SC). Typically, rods

are arranged in a square or triangular lattice.15 To determine

whether or not a bandgap could exist, an important parameter
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is the filling ratio (Fr), between the area of the scatterer and

the area of the unit cell, given by

Fr ¼ pd2

2a2
ffiffiffi
3
p (1)

for a triangular arrangement where the unit cell is a regular

hexagon. The diameter of a rod is d ¼ 2R and the distance

between two adjacent rod centers, i.e., the lattice periodicity,

is a, see Fig. 1. In order to create sufficiently strong destruc-

tive interactions between diffracted waves by each rods and

to observe a forbidden band, it is usually observed that Fr
yields between 0.4 and 0.6 (Ref. 16) for a square arrange-

ment. In this range, the destructive interferences create

an absolute bandgap where no wave can propagate in any

direction inside the crystal. When the Fr is out of this range

only a pseudo bandgap (bandgap in only one direction) is

observed. A specific feature of the triangular arrangement is

the possibility of creating absolute bandgap for Fr below 0.4

and have a full bandgap in a lower frequency range.17

No wave can propagate through a SC in the frequency

range of the bandgap, and consequently, such an arrange-

ment is a good candidate to achieve acoustic shielding. The

bandgap width depends on Fr and a bandgap appears when

the half of the wavelength is equal to the separation distance

between the successive rows. The central frequency of

the first bandgap can then be easily calculated through

f ¼ c=
ffiffiffi
3
p

a (where c is the speed of sound in the medium) as

a first approximation. The determination of the bandgap can

be achieved by using the PWE. A large contrast between the

impedance of the fluid and the impedance of the rods is

required for the energy to be strongly scattered in any direc-

tions and so for the SC to be efficient.

A. Determination of the lattice periodicity

The goal is to design a natural sonic crystal efficient in

the audible frequency range. Because of their peculiar shape,

bamboo rods are used. They are made of a wood tough

enough for them to be approximated as infinitely rigid scat-

terers. Each rods is 2.60 m high with an external diameter dn

between 3.7 and 4.3 cm. As a first approximation, the mean

diameter of all the bamboo rods can be used as the diameter

of each scatterers for a PWE calculation. This mean diameter

is d ¼ 2R ¼ 4 cm, wherein R is the mean radius of all the

bamboo rods. The PWE is used to determine the more suita-

ble bandgap for a low frequency application (the widest with

the lowest central frequency as possible with regards to the

radius constraint) and so, the most suitable lattice shape and

periodicity. The acoustic wave equation is rewritten in the

reciprocal space (2D spatial Fourier transform) where the

problem becomes a standard eigenvalue problem. This

eigenvalue problem is solved numerically over the first

Brillouin zone. A triangular lattice is chosen because such

lattices enable absolute bandgap with a larger periodicity

than a square lattice. The acoustic field is calculated for a

unit cell along the First Brillouin zone with coordinates

C ¼ ð0; 0Þ, X ¼ ð4p=a; 0Þ, and M ¼ ðp=a; p=
ffiffiffi
3
p

aÞ.
To ensure a good convergence of the results, the PWE is

computed with 169 waves. When the periodicity increases,

the bandgap central frequency decreases, but its width drasti-

cally shrinks and then the absolute character of the bandgap

disappears. A lattice constant of 9 cm is chosen. The corre-

sponding filling ratio is Fr ¼ 0:18. This value seems to be

the best compromise between the bandgap width and a low

bandgap central frequency. With these parameters the first

absolute bandgap lies between 2000 Hz and 2550 Hz and

particularly, the bandgap lies between 1600 and 2550 Hz in

the CX direction (see Fig. 2). This configuration is used in

the following.

The PWE is useful to determine bandgaps for a sonic

crystal made of perfectly rigid cylinders but is limited to the

study of infinite structures. PWE cannot take into account the

diffraction effects on the boundaries of a finite SC. For finite

structures of sufficiently large extend, the global behavior

remains almost the same as the one of the corresponding and

PWE results constitute a first good approximation. As ultra-

sound in water can easily be highly directive, diffraction

issues due to the finite size of the experimental device can be

easily avoided. However, measurements are quite sensitive to

these diffraction issues in the audible frequency range. To

account for the finite size of the sonic crystal and for the posi-

tion of the microphone, another method should be used. The

finite difference time domain method3 or multiple scattering

theory18 (MST) are good candidates. The MST is used here to

calculate the acoustic field transmitted through the SC, which

FIG. 1. Diagram of a triangular lattice for an ideal sonic crystal. (a) Direct

space, where rods have a radius r and a lattice constant a. (b) Reciprocal

space with the irreducible Brillouin zone.

FIG. 2. Band diagram for a sonic crystal in a triangular lattice with a radius

of 2 cm and a lattice constant of 9 cm. Dispersion curves are plotted along

the direction of the irreducible Brillouin zone CXM where CX is the normal

incidence. The grey area shows the absolute bandgap.
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is compared with experimental results. The MST also account

for the dispersion of rod radii. However, the rod position is

fixed by the lattice periodicity, because accounting for it

would requires a large amount of (and complicated) distance

measurements. Moreover, the PWE does not allow for inter-

nal resonance. Moreover, the MST is modified (see Sec. III C)

to account for possible resonant effects of the scatterers.

B. Determination of the transmission loss with
multiple scattering theory

MST, usually known as the Korringa–Kohn–Rostoker

approach, was mainly developed for the calculation of elec-

tronic band structures. This method was widely used in elas-

ticity and electromagnetism.19 The main idea is to separate

the fields distributed in the 2D space into non-overlapped

regions, each of them containing a rod. The total acoustic

field is calculated for each region as being the sum of the dif-

fracted field by the scatterer and the incident field on this

scatterer, the latter being composed of the scattered field by

the other scatterers (Graf’s addition theorem) and by the

direct incident field. Let us consider a structure made of N
parallel circular cylinders, identified by superscript n 2 N , of

radius rn, located at rn ¼ ðrn; hnÞ in the global polar coordi-

nate system in the cross-sectional plane. As indicated above,

the key to the multiple scattering method are the local field

expansions or multiple expansions in the vicinity of each cyl-

inder in the polar coordinate system linked to that cylinder

pðrnÞ ¼
X
m2Z

�
An

mHð1Þm ðkrnÞ þ Bn
mJmðkrnÞ

�
eimhn

; (2)

where Hð1Þm is the first-kind Hankel function of order m, Jm is

the Bessel function of order m, An
m are the coefficients of the

scattered field by the n-th cylinder, Bn
m are those of the inci-

dent field impinging upon the n-th cylinder. The local incident

field on the n-th cylinder is generated by the actual incident

field pinc as well as by the fields that are scattered by all other

cylinders j, j 6¼ n. Their coefficients also take the form

Bn
m ¼ Kn

m þ
X

j2N 6¼n

X
q2Z

Snj
mqBj

q; (3)

where Kn
m are the coefficients of the actual incident field,

i.e., a planar incident wave in the cross-sectional plane,

Kn
m ¼ ð�iÞmexpðikrn cosðhi � hnÞ � imhiÞ, and Snj

mp ¼ Hð1Þm�q

ðkrj
nÞeiðq�mÞhj

n are translation terms, ðrj
n; h

j
nÞ being the coordi-

nates of the j-th cylinder in the polar coordinate system asso-

ciated with the n-th cylinder. Coefficients An
m and Bn

m are

related together via the boundary condition on the n-th cylin-

der, i.e., An
m ¼ Dn

mBn
m, wherein Dn

m is the scattering coeffi-

cient. This leads to the final linear system, which may be

written in the matrix form, where B denotes the infinite

column matrix of components Bn
m

ðI� DSÞB ¼ K; (4)

wherein I is the identity matrix, S is the matrix of compo-

nents Snj
mp, D ¼ diagDn

m, and K is the infinite column matrix

of components Kn
m.

Once Eq. (4) is solved for Bn
m, the field in the entire

space can then be calculated.20 The infinite sum
P

m2Z over

the indices of the modal representation of the diffracted field

by a cylinder is truncated21 as
PM

m¼�M such that M ¼ int

ðReð4:05� ðkrnÞ1=3 þ krnÞÞ þ 10. In the former equation,

intðaÞ represents the integer part of a and 10 is a security

factor.

MST accounts for the properties (radius, position, and

filling property) of each scatterer,18 for visco-thermal dissi-

pation, and allows one to calculate the acoustic field at any

location of the system. Nevertheless, only one incidence

angle of a plane wave can be considered at each calculation.

Each rod radius is measured and used in the model to be the

closest to the real SC described in Sec. II C. The acoustic

field behind the SC is averaged along the lateral direction on

17 points.22 The air medium can be considered as a perfect

fluid (without dissipation) and Neumann type boundary con-

dition can be used at the air-bamboo interface. The scattering

coefficient Dn
m of the n� th bamboo rod accounted for in the

calculation through An
m ¼ Dn

mBn
m takes the form (in the e�ixt

temporal convention)

Dn
m ¼ �

J0mðkRnÞ
H
0ð1Þ
m ðkRnÞ

; (5)

where J0m and H0ð1Þm are the derivatives of, respectively, the

Bessel and Hankel functions of the first kind with respect to

the radial coordinate.

To validate the hypothesis of perfect fluid and Neumann

type boundary condition, results calculated under this hy-

pothesis and those calculated with an impedance condi-

tion23,24 are compared in Fig. 3. In this latter case, the

scattering coefficient Dn
m takes the form

Dn
m ¼ �

J0mðkRnÞ þ ibmJmðkRnÞ
H
0ð1Þ
m ðkRnÞ þ ibmH

ð1Þ
m ðkRnÞ

; (6)

where the characteristic surface admittance bn
m expresses the

thermo-viscous effects in the boundary layers. The expres-

sion of the characteristic surface admittance in this case is

bn
m ¼

1� i

2
k

m2

k2ðRnÞ2
dv þ ðc� 1Þdh

" #
; (7)

FIG. 3. Transmission coefficient of the SC calculated with MST and a lattice

constant of 9 cm in normal wave incidence(CX). Neumann type boundary con-

dition (—) and impedance conditions are used ð� ��Þ at the air-rod interface.

The grey rectangle depicts the bandgap location calculated with PWE.
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where dv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�v =x

p
is the viscous skin depth (the air kine-

matic viscosity is �v ¼ 1:5� 10�5 m2 s�1), dh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2�h=x

p
is

the heat skin depth (the air thermal diffusivity is

�h ¼ 2:5� 10�5 m2 s�1) and c ¼ 1:4 the capacity ratio. In

the frequency range of interest, dimensions of the skin

depths are negligible in comparison with the dimensions of

the crystal and of the rods. The visco-thermal effects have a

small influence on the acoustic field below 6 kHz for our SC,

see Fig. 3. The fluid can be considered as a perfect fluid and

Neumann type boundary conditions are used in the

following.

Results exhibit a bandgap in the transmission coefficient

curve between 1600 and 2550 Hz in the CX direction that

confirm the PWE estimation (see Fig. 2).

C. Experimental results

The sample is a SC made of N ¼ 45 bamboos of radius

ranging between 3.7 and 4.3 cm, i.e., Rn 2 ½3:7 cm; 4:3 cm�,
and 2.60 m high. The crystal consists of 9 rows of 5 columns

(see Fig. 4).

This SC can be considered has a 2D SC because its

height is larger than the dimensions in the other directions.

All experiments are performed in an anechoic room. Figure

5 depicts the experimental set-up. A loudspeaker connected

to the low frequency generator output of the spectrum ana-

lyzer (Stanford Research SR785) produces a chirp signal

between 100 and 4000 Hz. The loudspeaker is placed far

enough (2.80 m) from the SC for the incident wave to be

considered as a plane incident wave in the CX direction. A

Microphone B&K 1/4-inch records the transmitted field at

9 cm behind the SC (i.e., a lattice period) to minimize dif-

fraction due to the finite nature of our sample. The transmit-

ted signal is recorded on 17 points along the x2 coordinate

over two lattice periods around the central rod (one on each

side), and is sent to the spectrum analyzer. Two measure-

ments are conducted, with and without the sample. The

ratio between the two recorded spectra averaged over the 17

points of measurement gives the transmission coefficient.

Experimental results are compared to MST calculations in

Fig. 6. A bandgap is observed between 1600 and 2550 Hz,

with a transmission coefficient below 0.2, which corresponds

to an attenuation of about 14 dB. MST captures well the spe-

cific features of the wave interaction by the SC: diffraction

due to the finite size, small dispersion of the rod radii, etc.

The transmission coefficient calculated when the rod radii

dispersion is accounted for and when the radii of all the rods

are equal to the mean radius value, i.e., Rn ¼ R ¼ 2 cm, are

almost the same. This means that the radii dispersion weakly

affects the first bandgap for this SC. Discrepancies between

experimental and MST calculated transmission coefficient

appear for frequencies higher than 4000 Hz. They can be

attributed to the surface irregularities and to the position

dispersion of bamboos that introduce disorder not accounted

for in the MST calculation.

In Fig. 6 the calculated and experimental transmission

coefficients are sometimes higher than 1. Passive structures

cannot create energy and the transmission coefficient cannot

be higher than 1. In our case the microphone is close enough

to the device to record constructive interferences created by

the multiple scattering inside the SC leading to transmission

coefficient higher than 1. These constructive interferences

are normally trapped inside the SC but can be recorded near

the crystal boundaries. This effect disappears when the

microphone is placed far enough from the SC but then dif-

fraction phenomena related to the finite size of the sample

FIG. 4. (Color online) Picture of the tested structure.

FIG. 5. Experimental setup.

FIG. 6. Comparison between the transmission coefficient calculated by

MST with all the radii accounted for (—), by MST with the mean radius

(� � �), and mesured experimentally (���) for a triangular lattice sonic

crystal of 9� 5 rods of 4 cm of diameter.
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appear and quickly degrade the experimental and numerical

results. Another possibility would be to use an intensity

probe to record the energy flow.

Experimental results are validated by PWE and MST

calculations and prove the efficiency of a natural sonic crys-

tal in the audible frequency range. Moreover, natural disor-

der does not influence the efficiency of the scattering effect

in the considered frequency range.

III. SONIC CRYSTAL WITH LOCALLY RESONANT
SCATTERERS

The idea to improve the transmission losses of the so-

designed sonic crystal is to combine bandgap with resonance

phenomena.25 Current research use resonant scatterers like

split ring26,27 or Helmholtz resonators.28 This kind of scatterer

can resonate for frequencies below the first bandgap and the

corresponding wavelength is larger than the scatterer radius

or the lattice periodicity. Helmholtz resonators (HRs) are

already used in architectural acoustics to reduce undesirable

low frequency noise through perforated plates,29 for example.

In bamboos, the internodal regions of the stem are hol-

low and closed which creates a stack of closed cavities. By

drilling a hole of 9 mm diameter in each cavity, bamboo

becomes a stack of HRs. The holes were drilled at approxi-

mately a third of the internodal length of each cavity. This

was empirically determined in order to mostly excite the HR

fundamental resonance. For a specific rod, the holes are

drilled in such a way that they are all aligned along the axis

of the rod. The angle that measures the orientation of the

holes (the neck) with respect to the incident plane wave is

also identical for all the HRs of a specific rod. In the same

way, all the HRs of a specific rod are considered identical,

because the incident wave strikes a rod in the middle region,

where the dimension of the internodal length and external

radius are almost the same. Under the long wavelength

approximation, i.e., in low frequencies, the behavior of each

rod constituted by a stack of HRs can be accounted for as

an unique equivalent HR. The n-th rod HR fundamental

resonance frequency can be estimated, under the long wave-

length approximation, as

f n
H ¼

c

2p
Rh

Rn
i

ffiffiffiffiffiffiffi
Ldl
p ; (8)

with Rh the radius of the hole, Rn
i the internal radius of the

n-th bamboo cavity, L the internodal length, whose value is

the mean of the internodal lengths measured on all bamboos,

dl ¼ lþ 0:48
ffiffiffiffiffiffiffiffi
pR2

h

q
the corrected thickness of the rod wall,30

i.e., the corrected neck length, describing an additional vol-

ume of fluid constrained to flow into or out of the openings,

wherein l is the neck length, and c the sound velocity of the

fluid (here, c ¼ 340 m s�1). The angle of the neck an of the

n-th rod is measured counter-clockwise from the incident

wave orientation.

A. Influence of the Helmholtz resonator

The distance between two nodes yields between 20 and

28 cm, because of the natural heterogeneity in the rod shape.

For Rh ¼ 0:45 cm, Rn
i from 1:55–1:85 cm, and l ¼ 0:3 cm,

the resonance frequency is estimated between 230 and

380 Hz by Eq. (8). The thickness of the wall of each cavity,

which is the neck length, is considered constant, so that

the variation in the internal radius is accounted for through

Rn
i ¼ Rn � l. Several experiments are performed to deter-

mine the influence of the Helmholtz resonators on the acous-

tic properties of the structure. A comparison between the

transmission coefficient of the sonic crystal with and without

HR is shown in Fig. 7. The neck of each rod is oriented

along the same axis, i.e., an ¼ a, 8n 2 ½0; 45�, in front of the

incident wave, i.e., a ¼ 08.

The HR resonance influence is clearly visible in the

transmission coefficient, around 300 Hz, which corresponds

to the fundamental frequency estimated above. Higher order

resonances are also excited and enhance the transmission

losses around 500 and 800 Hz. The bandgap, between 1600

and 2550 Hz, due to the periodicity of the arrangement is not

modified. Replacing rigid scatterers by resonant ones does

not influence the bandgap associated to periodicity when

keeping identical dimensions and when f n
H is far enough

from the bandgap location. Another peak in the transmission

coefficient is added. The width of the HR “bandgap” is

around 150 Hz, which is wider than the one of the peak

induced by the resonance of a single HR, because of radius

and cavity length spread in the natural Helmholtz resonator

sonic crystal (HRSC).

B. Influence of the neck orientation of the Helmholtz
resonator

In order to analyze the influence of the neck orientation

on the structure behavior, the same experiment is repeated

with a ¼ 45� and 90�. The experimental transmission coeffi-

cients for a ¼ 0�, 45�, and 90� are compared in Fig. 8.

The orientation of the HR neck does not seem to influ-

ence the transmission coefficient. Another measurement,

which is not shown here, was performed with randomly cho-

sen an, i.e., the neck are randomly oriented. No strong influ-

ence was again observed. Small discrepancies are visible for

frequencies higher than 2600 Hz. These are due to surface

irregularities and to the fact that bamboos are not straight.

Indeed, by turning each bamboo around its axis, the distance

between some of them might be changed of a few milli-

meters. In the HR frequency range (between 230 and 380 Hz),

FIG. 7. Experimental transmission coefficient of a triangular lattice sonic

crystal of 45 bamboos with (—) and without (���) Helmholtz resonators.
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the wavelength is much larger than the external radius of a

rod, i.e., krn � 1, 8n 2 ½1; 45�. The low frequency approxi-

mation of the scattering by the cylinders is also valid. Conse-

quently, the scattering by the resonant rod can be considered

as originated from a line scatterer and is then independent of

the scatterer orientation.

These experiments confirm that creating a sonic crystal

with this kind of resonator improves the acoustic insulation

by adding more transmission losses in the low frequency

range. Helmholtz resonators absorb sound at their resonance

frequency, independently of the position of their neck.

The expected effect of the Helmholtz resonance on the

solid rod crystal band structure is the opening of an hybrid-

ization gap around the resonator natural frequency, covering

the whole Brillouin zone, i.e., independent of the wave vec-

tor. A PWE simulated band structure taking account for the

Helmholtz resonator effects is in principle possible, but

would not account for the three-dimensional character of this

problem of finite size resonator stacks, and for the distribu-

tion of resonances.

C. Implementation of the resonant behavior
in the MST

The resonance of the HR can be implemented in a

straightforward manner in the MST, because the scattered

field is independent from the angle an, by multiplying the

scattering coefficient by a Lorentzian band-cut filter function

[see Eq.(5)] in order to account for the resonance effect of

the holes in the drilled bamboo rods. The central frequency

of this function is equal to the resonance frequency of the

resonator. The scattering coefficients ~Dn

m become

~Dn

m ¼ Dn
mRbn; (9)

with

Rbn ¼ 1�Pn Q

1� iQ
x
xn

H

� xn
H

x

� �
0
BB@

1
CCA; (10)

wherein Pn is a rectangular function centered at xn
H and of

width 40 Hz, xn
H ¼ 2pf n

H is the resonance frequency of n-th

bamboo rod estimated by considering a constant internodal

length L ¼ 24 cm, and Q is the quality factor. The resonance

frequency f n
H depends on the internal radius [Eq. (8)] and is

also dependent on the considered bamboo rod. The quality

factor Q was hypothesized independent from the rod. It

was determined by adjusting, in the MST (now called

RMST), the frequency width of the transmission coefficient

deep due to the HR and amplitude around xn
H with experi-

mental results measured in the one line configuration. The

so-determined value is Q ¼ 20. Experimental and simulated

results for the whole configuration, i.e., with five lines,

are presented in Fig. 9 and exhibit good agreement. This

validates the way the HR resonances are implemented in the

RMST.

The RMST predicts the bandgap associated with the HR

well. In this HR bandgap, a transmission coefficient of 0:4 is

reached which corresponds to a 8 dB attenuation. Neverthe-

less, the experimental HR bandgap is wider and of lower

amplitude than the one predicted. This small discrepancy is

due to the dispersion of the bamboo internal radius and inter-

nodal length, i.e., dispersion of the HR dimensions. While

the variation of the internal radius is accounted for, the one

of the cavity length is fixed at L ¼ 24 cm. In practice, L
varies from 20 to 28 cm. This variation could modify sub-

stantially the resonance frequencies and enlarge the HR

bandgap. Because of this enlargement, the amount of energy

that is trapped is also lower, explaining the differences in the

HR bandgap depth.

To improve the HRSC performances, the HR bandgap

effect can be increased by adding resonators, i.e., by adding

bamboos. The number of bamboos is raised from N ¼ 45 to

84 by designing an HRSC of 7 lines of 12 bamboos each.

D. Influence of the crystal size

Experimental measurements are done with a crystal of 12

bamboos per line with increasing number of lines from 1 to 7.

The SC bandgap is practically unchanged, so that special

attention is paid to the HR deep in the transmission. Figure 10

depicts the transmission coefficient for frequencies around the

HR frequency resonance for these configurations. The 7 lines

crystal exhibits a transmission coefficient of 0:2, which corre-

sponds to a 14 dB attenuation. The HR deep is also deeper

than in the 45 bamboos configuration. Two minima, respec-

tively at 290 and 340 Hz, are noticed. These are due to the

FIG. 8. Experimental transmission coefficient showing the influence of HR

orientation for triangular lattice SC of constant lattice of 9 cm and 9� 5

bamboos. ~Pi corresponds to the direction of propagation of the incident

wave.

FIG. 9. Comparison between the RMST calculation and experimental results

obtained for a triangular lattice sonic crystal of 45 resonant bamboos with a

lattice period of 9 cm.
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smaller radius additional bamboos. Indeed, the external radius

of the added bamboos are smaller than those used in the 45

bamboo configuration. Their radius lies between 3.3 and

3.8 cm. The resonance contribution of the added bamboos is

slightly different than the one of the bamboos used in the ini-

tial HRSC. The difference makes these resonances distinct,

therefore leading to two peaks. If they were closer, a coupled

mode would have been excited, with only one thinner peak of

deeper amplitude. Nevertheless, the advantage is an enlarge-

ment of the HR deep. The figure shows that the difference

between the resonance frequencies of two consecutive lines

must be less than 20 Hz to couple these resonances.

The RMST shows good agreement with experimental

results, Fig. 10. RMST predicts that a wider HR bandgap

could have been obtained with a smoother radius variation

along coordinate x1.

IV. CONCLUSION AND DISCUSSION

The behavior of a triangular sonic crystal predicted

with the PWE method and made with natural scatterers is

studied for the audible frequency range. The scatterers are

bamboo rods and are arranged periodically with a lattice

constant of 9 cm. The multiple scattering by this sonic crys-

tal induces a bandgap between 1600 and 2500 Hz. Because

of the considered frequency range, the inherent disorder and

surface irregularities of natural materials as well as visco-

thermal effects, do not influence the results and a quite effi-

cient bandgap for a small sample (45 scatterers, 9 lines, and

5 rows) is observed. All experiments are validated with a

multiple scattering theory algorithm. To improve properties

of the SC, bamboos are drilled to transform the cylindrical

rigid scatterers into stacks of Helmholtz resonators and

create a locally resonant sonic crystal. These resonances

add anomalies in the transmission coefficient at very low

frequency (300 Hz) and do not affect the SC bandgap. A

careful study of the behavior of the HR resonance has

enabled us to modify the MST to account for the resonant

features of the HR. The transmission coefficient amplitude

inside the HR bandgap is 0.4, which corresponds to a loss of

8 dB, for a 45 bamboos configuration and 0.2, which corre-

sponds to a loss of 14 dB, for an 84 bamboos configuration.

This lack of efficiency is due to the too few number of reso-

nators excited in the recorded zone.

However, the transmission losses due to the resonance

effect seems to be widened and deepened by the careful

choice of the distribution of HRs. The next step could be to

design a sonic crystal with a gradient of properties, in partic-

ular, a gradient of HR resonances.
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Use of slow sound to design perfect and broadband passive sound
absorbing materials
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Perfect (100%) absorption by thin structures consisting of a periodic arrangement of rectangular

quarter-wavelength channels with side detuned quarter-wavelength resonators is demonstrated. The

thickness of these structures is 13–17 times thinner than the acoustic wavelength. This low fre-

quency absorption is due to a slow sound wave propagating in the main rectangular channel. A the-

oretical model is proposed to predict the complex wavenumber in this channel. It is shown that the

speed of sound in the channel is much lower than in the air, almost independent of the frequency in

the low frequency range, and it is dispersive inside the induced transparency band which is

observed. The perfect absorption condition is found to be caused by a critical coupling between the

rectangular channel (sub-wavelength resonators) and the incoming wave. It is shown that the width

of a large absorption peak in the frequency spectrum can be broadened if several rectangular chan-

nels in the unit cell are detuned. The detuning is achieved by varying the length of the side resona-

tors for each channel. The predicted absorption coefficients are validated experimentally. Two

resonant cells were produced with stereolithography which enabled the authors to incorporate

curved side resonators. VC 2016 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4945101]

[KVH] Pages: 1660–1671

I. INTRODUCTION

A perfect absorber, i.e., a structure which absorbs 100%

of the incident acoustic energy, of very small thickness is of

great scientific and engineering interest. Until now, porous or

fibrous materials1 have been the common choice for noise pas-

sive control due to their ability to dissipate sound through ther-

mal and viscous losses. This results in limitations: to absorb

low frequency sound, bulky and heavy treatments are required

even when optimized multilayer or graded materials2 are used.

Acoustic absorption can also be performed by means of micro-

perforated panels3,4 with tuned cavity depth behind the panels.

A large review of the existing acoustic absorbing structures

can be found in Ref. 5. To overcome imperfect impedance

matching to the incoming wave on structures with dimensions

comparable to the wavelength, several strategies have been

followed these last decades usually consisting in coupling

porous materials with resonant features, double porosity

materials,6 metaporous materials,7–10 dead-end porosity mate-

rials,11,12 or in coupling purely resonant components, mem-

branes,13–15 Helmholtz resonators,15,16 or quarter-wavelength

resonators (QWRs) making use of slow sound.12,17

In these last types of passive absorption systems the bal-

ance between the rate of energy leakage and the inherent

losses of the resonators is of fundamental relevance for their

reflection properties.15,18 When these are well balanced, the

critical coupling condition is fulfilled, leading to an imped-

ance matching and maximum absorption at the resonance

frequency. In the present article, we critically couple periodic

QWRs loaded by detuned QWRs to lower their resonance fre-

quencies making use of the slow sound propagation together

with the inherent attenuation. In acoustics, most of the theoret-

ical and experimental evidences of slow sound have been

achieved by considering sound propagation (i) in pipes with a

series of detuned resonators (mostly Helmholtz resonators)

separated by a subwavelength distance creating an induced

transparency band (ITB),19 or with a series of tuned or

detuned resonators separated by half of the wavelength giving

rise to a coupling between the resonators and the Bragg

bandgap;20 (ii) in waveguided sonic crystals;21 or (iii) in lined

ducts.22 So far, only a few studies have been focusing on the

dissipation (dispersion and attenuation) of slow sound propa-

gation,23 even if dissipation has been sometimes noticed or

discussed19,20,24 and only a few studies make use of the slow

sound together with its attenuation to design a sub-wavelength

acoustic absorber in two dimensions.17

A periodic structure whose unit cell consists of unique

QWR of rectangular cross-section, named pore in the follow-

ing, loaded by detuned QWRs is first critically coupled. The

main advantage of this subwavelength resonator when com-

pared to a usual Helmholtz one is a relatively large aperture

enabling easy tuning of the resistivity of the structure. To

some extent, it acts similarly as tapered labyrinthine acoustic

metamaterials.25 In a second step, a periodic structure whose

unit cell consists in several pores of rectangular cross-

section also loaded by different detuned QWRs are critically

coupled. This pore differs from the length of the side resona-

tors. Perfect absorption can be achieved over a large fre-

quency band for wavelength again much larger than the

usual 4 times the depth of the structure limit. Absorption ina)Electronic mail: Jean-Philippe.Groby@univ-lemans.fr
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diffuse field is also investigated. Absorption at higher fre-

quencies is also large in this configuration thanks to the cou-

pling between the higher order resonances of the pores and

ITBs of each pore avoiding the bandgap. The effective pa-

rameters enabling the description of the structure behavior

are derived. It is shown that detuning enables to open the

ITB. Slow sound propagation is demonstrated and equations

of the speed of sound are derived. The speed of sound pos-

sesses a plateau at low frequency and is necessarily disper-

sive inside the ITB.19 Finally, experimental validations are

performed at normal incidence on samples with curved load-

ing QWRs produced by stereolithography showing good

agreement with the calculations.

II. DESCRIPTION OF THE CONFIGURATION

A unit cell of the three-dimensional (3D) scattering

problem together with a sketch of a loaded rectangular pore

are shown in Figs. 1(a) and 1(b). Before the addition of

the loading QWRs, the unit cell is composed of N rectangu-

lar cross-section straight pores. The nth pore of section w
ðnÞ
1

�w
ðnÞ
2 and height L(n) is occupied by a material Mp(n), whose

parameters account for both the viscous and thermal losses

at each lateral boundary and are recalled in Appendix A. The

total thickness of the structure is L ¼ maxn2NðLðnÞÞ. The

upper and lower flat and mutually parallel boundaries of the

structure, whose x3 coordinates are L and L – L(n), are desig-

nated by CL and CðnÞ0 , respectively. The thermal (and vis-

cous) losses are neglected on these two boundaries and a

Neumann type boundary condition is applied on them, i.e.,

the normal velocity vanishes on CL and CðnÞ0 . The corner of

the nth tube is located at x1 ¼ d
ðnÞ
1 and x2 ¼ d

ðnÞ
2 , which both

refer to the boundary on which a Neumann type boundary

condition is applied, i.e., the interface CðnÞN , or to the lower

left corner in case of loading on two opposite sides of the

pore. The upper semi-infinite material Ma, i.e., the ambient

fluid that occupies Xa, and Mp(n) are in firm contact at the

boundaries CðnÞap ; 8n 2 N , i.e., the pressure and normal ve-

locity are continuous across CðnÞap .

A periodic set of QWRs (r
ðnÞ
n in radii and l

ðnÞ
n in length

tubes) are plugged on the pore lateral sides of inner normal

n, i.e., n¼61 if the tubes are plugged along the positive or

negative x1 axis or n¼62 if the tubes are plugged along the

positive or negative x2 axis. These QWRs are arranged with

a square lattice of size a
ðnÞ
n . The material M

tðnÞ
n that occupies

each tube XtðnÞ
n is modeled as a circular tube where both the

viscous and thermal losses are accounted for, see Appendix

A. This material is in firm contact with Mp(n) through CptðnÞ
n ,

i.e., the pressure and normal velocity are continuous

across CptðnÞ
n . The thermal losses are neglected at the surfaces

ending each tube and a Neumann type boundary condition

is applied on these boundaries. The conditions on CptðnÞ
n

also reduce to an impedance one applied on the whole inter-

face CðnÞn in the following, because the considered wave-

lengths are much larger than the dimensions of CptðnÞ
n and the

periodicity of this arrangement a
ðnÞ
n . This impedance classically

reads as Z
ðnÞ
n ¼6iZ

tðnÞ
n cotanðktðnÞ

n l
tðnÞ
n Þ=/tðnÞ

n , wherein Z
tðnÞ
n

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qtðnÞ

n K
tðnÞ
n

q
is the impedance of M

tðnÞ
n ;k

tðnÞ
n is the wavenum-

ber inside the tube, /tðnÞ
n is the ratio between the area of CptðnÞ

n

over one of the unit cells, i.e., a surface porosity /tðnÞ
n

¼pðrðnÞn Þ2=ðaðnÞn Þ2. The sign 6 depends on whether the reso-

nators are plugged on the right/top (þ sign) or left/bottom

(� sign) side of the pore. In what follows, only the positive

sign will be used and

Z
ðnÞ
n ¼ iZ

tðnÞ
n cotanðktðnÞ

n l
tðnÞ
n Þ=/tðnÞ

n : (1)

Note that the use of an impedance condition is suitable

in the presence of a series of side resonators along the main

pore. Therefore, a single pair of side detuned resonators can

hardly be modeled through an impedance condition.26

The incident wave propagates in Xa and is expressed by

piðxÞ¼Aieiðki
1
x1þiðki

2
x2�kai

3
ðx3�LÞÞ, wherein ki

1¼�ka coshi sin/i;

kai
2 ¼ ka coshi cos/i, with hi the elevation and Ui the azimuth,

and Ai¼Ai(x) is the signal spectrum.

In each domain Xa (a¼ a, p(n), t(n)), the pressure field

fulfills the Helmholtz equation

r � 1

qa
rpa

� �
þ kað Þ2

qa
pa ¼ 0; (2)

with the density qa and the wavenumber ka¼x/ca, defined

as the ratio between the angular frequency x and the sound

speed ca ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ka=qa

p
.

As the problem is periodic and the excitation is due to a

plane wave, each field (X) satisfies the Floquet-Bloch relation

Xðxþ dÞ ¼ XðxÞeiki
1
d: (3)

Consequently, it suffices to examine the field in the elemen-

tary cell of the material to get the fields, via the Floquet rela-

tion, in the other cells.

III. SOLUTION OF THE PROBLEM

A. Field representations

Separation of variables, radiation conditions, and Floquet

theorem lead to the representations

FIG. 1. (a) Example of a d1� d2-periodic structure, whose unit cell is com-

posed of two rectangular pores and (b) sketch of a loaded rectangular pore

by a periodic set of QWRs of circular cross-section.
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paðxÞ ¼
X
ðq;gÞ2Z2

½Aie�ika
3qgðx3�LÞdqg

þ Rqgeika
3qgðx3�LÞ�eika

1qx1þika
2gx2 ; 8x 2 Xa ; (4)

wherein dqg is the Kronecker symbol, ka
1q ¼ ki

1 þ ð2qp=d1Þ;

ka
2g ¼ ki

2 þ ð2gp=d2Þ, and ka
3qg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkaÞ2 � ðka

1qÞ
2 � ðka

2gÞ
2

q
,

with Reðka
3qgÞ � 0 and Imðka

3qgÞ � 0. The reflection coeffi-

cient of the plane wave denoted by the subscripts q and g is

Rqg.

According to Refs. 27 and 28, the pressure field p(n)

admits the pseudo-modal representation, that already

accounts for the boundary conditions on CðnÞ0 , CN, and CðnÞn ,

pðnÞ ¼
X

ðm;oÞ2N2

AðnÞmoU
ðnÞ
1mðx1 � d

ðnÞ
1 ÞU

ðnÞ
2o ðx2 � d

ðnÞ
2 Þ

� cos ðkðnÞ3moðx3 þ LðnÞ � LÞÞ; 8x 2 XðnÞ ; (5)

wherein AðnÞmo are the coefficients of the pseudo-modal repre-

sentation, k
ðnÞ
3mo ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkðnÞÞ2 � ðkðnÞ1mÞ

2 � ðkðnÞ2o Þ
2

q
, with ReðkðnÞ3moÞ

� 0 and ImðkðnÞ3moÞ � 0, and UðnÞ1mðx1Þ and UðnÞ2o ðx2Þ are the

mode in the x1 and x2 directions, respectively. The different

modal expansion and mode dispersion relations are pre-

sented in Appendix B, depending on either the impedance

condition is applied on any, one, or two opposite sides of the

pore. For simplicity, we will consider the modal decomposi-

tion only in the x1 direction. The modes UðnÞ1mðx1Þ are either

orthogonal or bi-orthogonal and the orthogonality relation

reads as
Ð w1

0
UðnÞ1mðx1ÞUðnÞ1Mðx1Þdx1 ¼ dMmw

ðnÞ
1 N

ðnÞ
1m . In particu-

lar, the zero-order low frequency approximation ~k
ðnÞ
10 , arising

from the condition k
ðnÞ
10 w1 � 1, is

~k
nð Þ

10 ¼
1

w
nð Þ

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ixqp nð Þw

nð Þ
1

Z
nð Þ

1

vuut ; (6)

when an impedance condition is applied on a single side and is

~k
nð Þ

10 ¼
1

w
nð Þ

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ixqp nð Þw

nð Þ
1 Z

nð Þ
1 þ Z

nð Þ
�1 � ixqp nð Þw

nð Þ
1

� �
Z

nð Þ
1 Z

nð Þ
�1

vuuut ;

(7)

when impedance conditions are applied on both sides of the pores.

B. The linear system for the solution of Rqg

The application of the boundary conditions on each

interface CðnÞap leads to two sets of coupled equations in terms

of AðnÞmo and Rqg.

The combination of these two sets of equations leads to

the solution either in terms of Rqg or in terms of AðnÞmo , these

two solutions being linked one with each other. In particular,

the linear system of equations for the solution for Rqg,

8ðq; gÞ 2 Z2, is

Rqg �
iqa

k3qg

X
Q;Gð Þ2Z2

RQG

X
n2N

X
m;oð Þ2Z2

k
nð Þ

3mo/
p nð Þ

qp nð ÞN
nð Þ

1m N
nð Þ

2o

� tan k
nð Þ

3moL nð Þ
� �

I
nð Þ�

1mq I
nð Þ�

2og I
nð Þþ

1mQ I
nð Þþ

2oG

¼ Aidqg þ Ai
X
n2N

X
m;oð Þ2Z2

iqak
nð Þ

3mo/
p nð Þ

k
nð Þ

3qgq
p nð ÞN

nð Þ
1m N

nð Þ
2o

� tan k
nð Þ

3moL nð Þ
� �

I
nð Þ�

1mq I
nð Þ�

2og I
nð Þþ

1m0 I
nð Þþ

2o0 ; (8)

where /pðnÞ ¼ w
ðnÞ
1 w

ðnÞ
2 =d1d2 is the surface porosity of the

nth pore, such that [n2N/pðnÞ ¼ /p is the global surface po-

rosity of the structure, and I
ðnÞ6
mq depicts the aperture of the

pore on the semi-infinite half space through CðnÞap . The expres-

sions of I
ðnÞ6
mq are given in Appendix C.

The system [Eq. (8)] is solved for each (q, g) pair. The

absorption coefficient A is then calculated through

A ¼ 1�
X
ðqgÞ2Z2

Re ka
3qg

� �
ka

300

kRqgk2: (9)

The dimensions of the studied configurations are given

in Table I.

IV. ANALYSIS OF THE DISPERSION RELATION IN A PORE

For simplicity, the superscript p refers to the pore, while

the exponent t refers to the QWR. In Ref. 17, the dispersion

relation [Eq. (B1)] was analyzed showing that the low fre-

quency solution [Eq. (6)] could be used as a first approxima-

tion and exhibits a combined effect of a large decrease of the

sound speed together with an increase of the attenuation in a

slit of width w1 with the ratio /tl=w1. Following this idea and

considering one straight pore of cross section w1�w2 loaded

by two sets of identical QWRs, two cases should be analyzed:

when the impedances are applied on two adjacent sides of the

pore (case 1) and when they are applied on two opposite sides

of the pore, for example, along the x1 axis (case 2). At low fre-

quency (ktl � 1), the speed of sound in the pore, c ¼ x=~k
p

3,

reads as c ¼ cp=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðZpcp/tl=ZtctÞð1=w1 þ 1=w2Þ

p
for case

1 and as c ¼ cp=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2Zpcp/tl=Ztctw1Þ

p
for case 2. In this

last case, the last term of the numerator of Eq. (7), which tra-

duces the coupling between the two sets of QWRs, vanishes

because it is of second order in terms of ktl and therefore does

not influence the speed of sound at low frequency. No cou-

pling can be noticed at low frequency. The formulas only dif-

fer from the dependence in terms of w2. In case 1, both w1 and

w2 are constrained by the presence of the QWRs, i.e., w1� a
and w2� a, while in case 2 w1 can be very small, allowing the

speed of sound to be very small and increasing the attenua-

tion, Imð~kp

3Þ ¼ Imðkp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2Zpcp/tl=Ztctw1Þ

p
Þ. This last

case also appears more efficient, and we will also focus on

cases where the impedances are applied on opposite sides.

Let us now consider the detuned case when both sets of

QWRs only differ from their length, i.e., l1 and l–1, and in

particular, the dimension of configuration C1. Figures 2(a)

and 2(b) depict, respectively, the real and imaginary part of

kp
3 and the real part of cp

3. Again, the low frequency solution
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[Eq. (7)] can be used as a good approximation of k
ðnÞ
10 . The

slope of Reðkp
3Þ is smaller than the one of Re(kp) inside the

passband, which again shows a decrease of the sound speed

in the pore. At low frequency, the speed of sound reads as

c ¼ cp=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½Zpcp/tðl1 þ l�1Þ=Ztctw1�

p
. This behavior is

identical to the one of a configuration comprising a single set

of QWR of length ltot¼ l1þ l–1. The first advantage of using

two sets of resonators instead of a single one is to shift the

first bandgap, due to the quarter-wavelength resonance of

the tubes, at a higher frequency, because obviously c/

4ltot< c/4l1 and c/4ltot< c/4l–1. This allows propagation of

waves at a small speed over a larger frequency band leading

to possible large absorption. The second advantage lies in

the detuning allowed by the balance of this total length on

both sides of the pore leading to an ITB, Fig. 2(a). The

bandgap arises when Reð~k10Þ > ReðkpÞ at first approxima-

tion. Around the resonances of the two sets of resonators

tan ðktljÞ � �1=ðktlj � p=2Þ; j ¼ 61. The frequencies for

which Reð~kp

3Þ ¼ 0 satisfies the equation Refkt þ ðZpcp/t=
Ztctw1Þð½p � ktðl1 þ l�1Þ � ktw1/

tqp=qt�=ðktl1 � p=2Þðktl�1

�p=2ÞÞg ¼ 0. This equation clearly exhibits the two

resonances of the QWRs and a third frequency coupling the

resonators. The low frequency bounds of both bandgaps are

f
ð1Þ
l � 2400 Hz and f

ð2Þ
l � 3500 Hz and correspond to the

QWRs resonance, while the higher frequency bound of

the first bandgap is f
ð1Þ
h � 2800 Hz. The higher bound of the

second bandgap can be found through the approximation

tan ðktljÞ � ktlj � p; j ¼ 61. This clearly shows that the

ITB is due to the interaction of the first resonances of both

resonators. In absence of losses, it can be shown that k10

goes to infinity at the first resonance, while the higher order

modes k1n, n> 1 shift down of a value of p/w1. Similarly, at

the second resonance, k11 goes to infinity, while the higher

order modes k1n, n> 2 again shift down of a value of p/w1.

When losses are accounted for, and for a small value

of k1nw1, these modes do not intersect anymore and a

single continuous function ~k10 is found. The speed of sound

reads as

c¼ cp

, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þZpcp/t

Ztctw1

p=kt�ðl1þ l�1Þ�w1/
tqp=qt

ðktl1�p=2Þðktl�1�p=2Þ

 !vuut

inside the ITB, where the last term of the numerator traduces

the coupling between the two resonators. An important

remark is that while the speed of sound possesses a plateau

at low frequency, where the velocity is not dispersive, the

speed of sound inside the ITB is necessarily dispersive and

accounts for the coupling between the detuned resonators.

V. DERIVATION OF THE EFFECTIVE PARAMETERS

Adopting the same type of analysis as in Ref. 17, i.e.,

assuming the unique propagation of the modes m¼ 0 and

o¼ 0 in the pores, k
ðnÞ
1 w

ðnÞ
1 � 1 and k

ðnÞ
2 w

ðnÞ
2 � 1, and the

dominance of the zeroth order terms in I6
0q ensuring

Iþ00I�00=N0 � 1, the system Eq. (8) reduces to the unique cal-

culation of R00, which takes the following form:

TABLE I. Dimension of the considered configurations (mm).

Conf. L d1� d2 w
ðnÞ
1 � w

ðnÞ
2 d

ðnÞ
1 � d

ðnÞ
2 l1, l�1 a r

C1 30 84� 42 1.5� 20 (24.5� 11); (58� 11) (35, 24); (24, 35) 5 1.75

C1, Eq. (12) # 42� 42 # / 35, 24 # #

C2 28 84� 84 3.25� 7 (2.5� 7.65); (9.5� 13.4) (50, 30); (43, 23) 7 2.5

# (16.5� 19.4) (35, 19) # #

# (74.5� 7.65); (67.5� 13.4) (50, 30); (43, 23) # #

# (60.5� 19.4) (35, 19) # #

# (2.5� 73.1); (9.5� 67.35) (30, 50); (23, 43) # #

# (16.5� 61.35) (19, 35) # #

# (74.5� 73.1); (67.5� 67.35) (30, 50); (23, 43) # #

# (60.5� 61.35) (19, 35) # #

C2, Eq. (12) # (42� 42) # / (50, 30); (43, 23) # #

# / (35, 19) # #

FIG. 2. Configuration 1. (a) Real and

imaginary parts of kp
3 (solid line) and

~k
p

3 (dashed line), both real and imagi-

nary parts of kp (dotted line) and of ~k
p

3

when only the first (o) and the second

(�) set of QWRs are present are also

plotted. The inset shows a zoom at low

frequency of the imaginary part. (b)

Real part of cp
3 (solid line) and ~cp

3

(dashed line) together with its low fre-

quency approximation (x) and its

approximation inside the ITB (�).

Real part of cp (dotted line) and ca (o)

are also plotted.
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R00 ¼ Ai

sin hi

Z0

þ
XN

n

i/p nð Þk
nð Þ

3 tan k
nð Þ

3 L nð Þ
� �

xq nð Þ

sin hi

Z0

�
XN

n

i/p nð Þk
nð Þ

3 tan k
nð Þ

3 L nð Þ
� �

xq nð Þ

: (10)

It is very important to specify that the condition leading to

the dominance of the zeroth order terms in I6
0q is only

attached to the arrangement of the pores in the unit cell. A

simple identification with the classical formula of the reflec-

tion coefficient of a rigidly backed homogeneous slab leads

to a surface admittance of each pore

Y
nð Þ

eff ¼
�i/p nð Þk

nð Þ
3 tan k

nð Þ
3 L nð Þ

� �
xq nð Þ ; (11)

which does not depend on the angle of incidence. Another

identification leads to Z
ðnÞ
eff ¼ xqðnÞ=k

ðnÞ
3 /pðnÞ and k

ðnÞ
eff ¼ k

ðnÞ
3

for this locally reacting material,1 considering each pore in-

dependently. Let us also consider only one straight pore per

spatial period for simplicity.

Similar to what was done in Ref. 17, the total porosity

of the pore /tot ¼ /pð1þ /tðl1 þ l�1Þ=w1Þ should be intro-

duced for these quantities to be consistent and in

particular, for limx!0/totKeff ¼ P0. The effective density

and bulk modulus, where the approximation [Eq. (7)] is

made, reads as

qeff ¼ 1þ /t l1 þ l�1ð Þ
w1

� �
q 1ð Þ

/tot

; Keff ¼
Kp 1þ /t l1 þ l�1ð Þ

w1

� �

/tot 1þ Zp/t

w1Ztkp
tan ktl1ð Þ þ tan ktl�1ð Þ � qpw1kt/t

qt
tan ktl1ð Þtan ktl�1ð Þ

 ! ! :

(12)

At low frequency, when ktl1� 1 and ktl–1� 1, the effec-

tive bulk modulus reduces to Keff¼Kp½1þð/tðl1þ l�1Þ=w1Þ�=
/tot½1þðKp/tðl1þ l�1Þ=w1KtÞ�. Particularly noticeable is the

comparison with the first order homogenization theory.29–31

Classically, the homogenized bulk modulus Khom and density

qhom are

1

qhom

¼ /tot

q
¼ /p

q 1ð Þ ;

1

Khom

¼ /tot

K
¼ /p

Kp
þ /p l1 þ l�1ð Þw2

Ktd1d2

¼ /p

Kp
1þ /tKp l1 þ l�1ð Þ

Ktw1

� �
; (13)

which fit the low frequency approximation of Eq. (12).

Figure 3 depicts the real [Fig 3(a)] and imaginary [Fig.

3(b)] part of both effective parameters normalized by

/tot=P0 for the bulk modulus and by /tot=q
a for the density.

The bulk modulus is lower than in absence of the resonators

while a large tortuosity-like effect is exhibited for the effec-

tive density. This tortuosity-like effect is responsible for the

low speed of sound encountered at the low frequency. It is

closer to the concept of static tortuosity introduced in the

Pride-Lafarge model1 than the usual tortuosity which refers

to high frequency behavior of regular porous materials. The

expressions of the effective bulk modulus and density are

valid below the first bandgap for the whole material, because

of the arrangement of the pores and dispersion of ~k10 close

to the bandgap as explained in Ref. 17, while still valid for

what happens in the pore. In the latter, the effective bulk mod-

ulus is negative inside the bandgaps as noticed by several

authors since the seminal publication.32 The classical homog-

enization result for Khom/tot=P0 is also plotted and fits well

the result below 750 Hz, i.e., far below the first bandgap.

Effective parameters of configurations involving several

pores can be derived in a similar way, i.e., deriving the effec-

tive properties for each pore. Noticeable is the fact that the

classical homogenization theory is not necessarily suitable;

the scale separation between the pores being not always sat-

isfied in the general case. Effectively, let us consider a unit

cell composed of N pores loaded by QWRs oriented along

the x1 axis only differing from their length l
ðnÞ
1 and l

ðnÞ
�1. The

homogenized density and bulk modulus are in this case

FIG. 3. Configuration 1. (a) Real (solid line) and imaginary (dashed line) of

Keff/tot=P0 and (b) real (solid line) and imaginary (dashed line) of

qeff/tot=q
a. The low frequency approximation, which fit the classical ho-

mogenization theory, of Keff/tot=P0 also plotted (o).
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1

qhom

¼ /tot

q
¼
XN

n¼1

N/ nð Þ

q nð Þ ¼
N/ 1ð Þ

q 1ð Þ ;

1

Khom

¼ /tot

K
¼
XN

n¼1

/ nð Þ

Kp
þ / nð Þ ln

1 þ ln
�1ð Þw2

Ktd1d2

¼ N
/ 1ð Þ

Kp
1þ /tKp

Ktw1

XN

n¼1

l
nð Þ

1 þ l
nð Þ
�1

� �
N

0
@

1
A ; (14)

which are the parameters of N identical pores loaded by

the mean value of the resonators lengths +N
n¼1
ðlðnÞ1 þ l

ðnÞ
�1Þ=N

¼ meanðlðnÞ1 þ l
ðnÞ
�1Þ. This can only lead to one absorption

peak around the quarter-wavelength resonance of the pores

which is different from what is expected, for example, in

Sec. VI A. In other words, this representation is suitable only

when all tan ðkðnÞ3 LðnÞÞ are of the same order.

Noticeable is also the fact that more refine homogeniza-

tion procedures such as the multi-scale asymptotic method9

or non-local theory33 can be used to account for the resonant

features of the present problem in the effective parameters.

VI. RESULTS AND DISCUSSION

A. One pore per spatial period and critical coupling analysis

We first focus on the absorption at normal incidence and

low frequency, using the previously derived effective

parameters qeff and Keff, Eq. (12), for configuration 1. We note

that these effective parameters derived for configuration 1 are

those of half of the unit cell, because these parameters do not

depend on the pore location and QWR orientations. The criti-

cal coupling analysis is performed by use of these parameters

and not for the whole calculation because it avoids any

problem related to the choice of the correct Riemann

sheet. Effectively, the choice of the higher order mode in

complex frequency analysis is usually not detailed in the litera-

ture. The acoustic response of the configuration can be ana-

lyzed as the coupling of resonators. The reflection coefficient

takes the classical form R00 ¼ ½iZeffcotanðkeffLÞ � Z0�=
½iZeffcotanðkeffLÞ þ Z0�. In Ref. 34, the authors performed an

analysis of jR00j2 in the complex frequency plan X¼xþ iXi.

Figure 4(a) depicts log jR00j2 for configuration 1 showing that

the viscous and thermal losses exactly compensate the radia-

tion losses. In absence of losses, the first zero and pole of

jR00j2 are symmetric with respect to the real frequency axis,

zero in the upper half space and pole in the lower half space.

The leakage does not exactly correspond to Qleak ¼
ImðXPÞ=2ReðXPÞ where XP is the complex frequency of the

pole in the absence of dissipation, because Q�1
leak is not small

compared to 1 in this case. The introduction of losses induces

a complex frequency map deformation. The first zero and pole

become symmetric with respect to ImðZeffcotanðkeffLÞÞ ¼ 0,

and therefore the former can be exactly located on the real fre-

quency axis leading to a perfect absorption, Fig. 4(c). The

FIG. 4. (Color online) Configuration 1. (a) Map of log ðjR0j2Þ in a function of X, the white line depicts the isovalue of an absorption coefficient of 0.9. The

evolution of the zero position in function of hi is also plotted. (b) Zoom of the log ðjR0j2Þ around the perfect absorption point and evolution of the zero position

in function of r, w1, w2, l1, and L: the stars show the exact location in the parametric analysis. (c) Absorption coefficient calculated with the present method

(solid line), calculated with the effective parameters derived in Sec. V without (dashed line) and with (dashed–dotted line) length correction, and calculated

with the low frequency approximation of the effective parameters derived in Sec. V, i.e., with the classical homogenization theory (dotted line). (d) Map of

log ðjR0j2Þ in function of X when length correction is accounted for, and (e) diffuse field absorption coefficient calculated with length correction.
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reflection coefficient vanishes for f¼ 663 Hz. The perfect

absorption obtained for this configuration is due to an imped-

ance matching, so to interference phenomena and not to a

mode excitation.

The main interest of this representation yields in the

parametric analysis. The upper half space is forbidden

because it corresponds to exponentially growing terms with

increasing t. This is particularly true when the pole is located

in this half space. Here we are interested in the effect of the

localization of the zero in the complex frequency map on the

reflection coefficient along the real axis. Figure 4(b) shows

the evolution of the location of zero in the complex fre-

quency map when the different dimensions of the structure

vary: r varies in [1.4 mm, 2.35 mm] with a step of 0.05 mm,

w1 varies in [1.3 mm, 1.7 mm] with a step of 0.1 mm, w2

varies in [1.5 cm, 2.5 cm] with a step of 5 mm, l1 varies in

[2 cm, 7 cm] with a step of 5 mm, and L varies in [2.5 cm,

4 cm] with a step of 5 mm. Some of these steps are con-

strained by a and obviously a variation of r induces a varia-

tion of /t. This parametric study is quite important despite

the fact that some of the results are obvious, because it ena-

bles to determine which parameter to tune to locate the zero

of jR00j2 on the real frequency axis allowing a perfect

absorption condition. Of particular interest is the influence

of w2 which greatly influences the position of zero thanks to

a modification of /p. Similarly, a modification of l1 (l–1 leads

to identical results) mainly influences the zero position along

the real frequency, but poorly along the imaginary fre-

quency. The zeros corresponding to the higher order

resonances of the pore are located below the real frequency

axis [Fig. 4(d)], and therefore cannot lead to perfect absorp-

tion, but to peaks of large absorption.

Figure 4(c) depicts the absorption coefficient at normal

incidence calculated with the effective parameters, Eq. (12),

and calculated with the whole procedure, Eq. (8). The

absorption is perfect for the effective parameter calculation

at 663 Hz and very close to unity for the full calculation at

645 Hz. This is due to the radiation by the pore, which would

require a length correction lcorr in the effective parameters

derivation. This correction length can be evaluated numeri-

cally by reconstructing an equivalent impedance ~Z from the

reflection coefficient of the zeroth order Block mode (unique

propagating mode over the frequency band considered) cal-

culated with the whole model through

~Z � iZeffcotan keffLð Þ ¼ �ix
q0

/p lcorr: (15)

It is therefore obviously frequency dependent and complex,

but we considered the mean value of its real part at low fre-

quency leading to lcorr¼ 1.2 mm. This value corresponds nei-

ther to the one of a rectangular orifice in baffle nor to the one

of a grid of slits.35 Accounting for this correction length let

both calculations matched over the frequency band be con-

sidered. The absorption is nearly total for the whole calcula-

tion. The classical homogenization theory provides

satisfying results below 1200 Hz, which is higher than the

one encountered for in Sec. V, but still lower than the first

bandgap. Despite the fact that the homogenized parameters

are different from the effective ones as calculated in the

present paper, they are still close to them until 1200 Hz. The

structure exhibits a full absorption coefficient for wavelength

in the air �17.7 times its thickness. Before the bandgap, the

efficiency of the calculation performed with the effective pa-

rameters, without correction length, decreases because of the

large influence of the higher order Bloch modes enabled by

the dispersion of the modes inside the pores. This is usually

accounted for through Drude layers,36,37 but we show here

that a correctly chosen correction length leads to similar

results. This implicitly means that in the present case, the

Drude layers would only account for an added mass at the

entrance of the main pores. The absorption inside the ITB

reaches 0.3.

The evolution of the location of the first zero in the com-

plex frequency plan in function of the angle of incidence hi

is plotted [Fig. 4(a)]. The cross depicts the location of the

zero for hi¼ [90	, 80	, 70	, 60	, 50	, 40	, 30	, 20	]. The evo-

lution of the position of the zero is almost vertical. The reso-

nance frequency of the pore, i.e., a QWR, does not depend

on the angle of incidence. A small shift at high frequency

is noticed for near grazing incidence, which is due to the

curvature of the complex frequency plan. The isovalue corre-

sponding to an absorption of 0.9 is an ellipse with the semi-

major axis along the imaginary frequency. While this

implies that the absorption peak is relatively narrow in

frequency, Fig. 4(c), it also implies that the absorption is

relatively stable when the position of the zeros is shifted

along the imaginary frequency, i.e., when hi decreases for

example. In practice, the absorption peak is larger than

0.9 for hi> 30	, but rapidly decreases for smaller hi. This

means that this configuration is relatively efficient for diffuse

field excitation. The diffuse field absorption as calculated

through
Ð p=2

0
ð1�kR00ðhÞk2Þcosh sinhdh=

Ð p=2

0
cos h sinhdh,1

is depicted in Fig. 4(e), showing an absorption in diffuse

field higher than 0.9 at 643Hz. Note that the first Wood

anomaly arises around 2000Hz at grazing incidence and so

does not contribute around the first absorption peak. We will

now focus on the normal incidence.

B. Various pores per spatial period and critical
coupling analysis

Different coupling between the pores exists: either lead-

ing to a single peak whose frequency width is broadened

when the resonance frequencies are close enough, or leading

to N peaks which can overlap. The first solution enables a

perfect absorption from the coupling between pores which

does not lead to perfect absorption independently. This par-

ticularly enables to consider the coupling of pores of small

porosity /pðnÞ, due to a very small width enabling low fre-

quency absorption. Nevertheless, the large absorption fre-

quency band is still narrow in this case, but the parameters

resulting from the classical homogenization theory, Eq. (14),

can be used. The second possibility widens the large absorp-

tion frequency band with N perfect absorption peaks.

Another design strategy could consist in tuning the different

pore contributions for the absorption to be large or perfect at

various angles of incidence. Effectively, Eq. (16) clearly

1666 J. Acoust. Soc. Am. 139 (4), April 2016 Groby et al.

 Redistribution subject to ASA license or copyright; see http://acousticalsociety.org/content/terms. Download to IP:  195.221.243.133 On: Wed, 06 Apr 2016 14:05:48
159



exhibits a dependence on the angle of incidences. While the

absorption peak frequency due to the resonance of each pore

is not dependent from the angle of incidence, its amplitude

is. Designing the pores for one to take over another one at

various angles of incidence is doable. We follow the second

possibility, focusing on the normal incidence.

Based on the conclusion of Sec. VI A, a unit cell with

three pores has been designed using effective parameters in

order to broaden the large absorption band by varying the

lengths of the loading QWRs. The effective parameters

derived for configuration 2 are those of a quarter of the unit

cell, see Table I. The reflection coefficient takes the form of

Eq. (10). If the resonance frequencies of the pores are close,

it suggests to let the numerator of jR00j2 vanish, which will

result in the critical coupling condition to be satisfied. In

other words it suggests to minimize the following quantity

over a specific frequency band:

sin hi

Z0

�
XN

n

i/ nð Þk
nð Þ

3 k
nð Þ

3 L nð Þ � p
2

� �
xq nð Þ

								

								

2

: (16)

Doing so at low frequency leads to an optimal configu-

ration exhibiting perfect absorption peaks with identical

length resonators loading each pore. Effectively, the main

differences of loading a pore with different length resonators

happen at a higher frequency, Sec. IV, around the bandgaps

and in the ITB, which is absent in the case of identical

QWRs. We also adopted a similar technique as for Sec.

VI A. The correction length of each pore has been deter-

mined independently through the formula used in Sec. VI A.

These correction lengths are almost identical, therefore we

used lcorr¼ 1.9 mm for each pore.

Figure 5(a) depicts log ðjR00j2Þ in the complex fre-

quency plan for configuration C2. The three zeros of jR0j2
are almost aligned on the real frequency axis, proving criti-

cal coupling for different frequencies. This time the defor-

mation of the complex frequency map is performed through

the equation +nImðZðnÞeff tan ðkðnÞeff LÞÞ ¼ 0. A similar

parametric analysis was performed, showing the interde-

pendence of each parameter, i.e., the coupling between the

pores. For clarity of the presentation, this parametric study is

not depicted here, the conclusion being more difficult to

draw. The absorption coefficient of configuration C2 is

depicted in Fig. 5(b). Again the perfect absorption peaks for

the whole calculation are encountered for frequencies which

are lower than those obtained with calculations run with the

equivalent parameters without correction lengths accounted

for. Of particular interest is that the absorption coefficient is

larger than 0.7 for frequency in [760 Hz; 990 Hz] and perfect

for 790, 870, and 960 Hz. The first perfect absorption fre-

quency corresponds to a wavelength in the air 15 times

larger than the sample thickness, while the third perfect

absorption frequency corresponds to a wavelength in the air

13 times larger than the structure thickness. This time the

absorption is larger than 0.9 for angle of incidence hi> 20	,
but the three peaks collapse into two for hi< 40	 because of

the coupling which is performed through interferences.

The frequency band over which the absorption is larger

than 0.7 for configuration 1 is [609 Hz; 680 Hz]. Defining an

indicator as being q¼Df/fmean, where Df is the frequency

range and fmean is the central frequency of this frequency

range, we find q¼ 0.1 for configuration 1 and q¼ 0.2 for

configuration 2, which means that configuration 2 provides,

on average, twice more absorption than the first one using

this criteria. Another particular interest of this configuration

is that no bandgap is noticed anymore at high frequency.

This is due to the interference of the higher resonances of

the pores and of the waves within in the ITB.

VII. EXPERIMENTAL VALIDATION

Two epoxy resin (Accura 60) samples 4.2 cm� 4.2 cm

� 4.2 cm were produced by stereolithography. The loading

resonators were curved in order for them to fit in the unit

cell. It is important to note that the total length for configura-

tion 1 for example, l1þw1þ l–1¼ 6.05 cm is larger than the

diagonal of the elementary cell 42�
ffiffiffi
2
p
� 5:94 cm. It is

even worse for configuration 2 where the maximum length

reaches l1þw1þ l–1¼ 8.325 cm.

FIG. 5. (Color online) Configuration 2. (a) Map of log ðjR0j2Þ in function of X (the two white curves depict the absorption contours for, respectively, 0.7 and

0.9) and (b) absorption coefficient calculated with the present method (solid line) and calculated with the effective parameters derived in Sec. V without

(dashed line) and with (dashed–dotted line) correction length.
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In Ref. 38, simple quarter-wavelength (and Helmholtz)

resonators were already produced in a spiral showing correct

agreement with the calculations. Figures 6(a) and 6(c) depict

a frontal section along the QWR diameter cut plane of sam-

ple 1 and 2. This pattern is repeated 6 times for samples 1

and 4 times for sample 2 along the x3 axis leading to a 3 cm

thick pore sample 1 and a 2.8 cm thick pore sample 2. The

bottom of the pore is also included in both samples.

The absorption coefficient of the samples is measured in

an impedance tube with a square cross section 4.2 cm� 4.2 cm.

The tube cutoff frequency is 4200 Hz. By assuming that plane

waves propagate below the cutoff frequency, the infinitely rigid

boundary conditions of the tube act like perfect mirrors and cre-

ate a periodicity pattern in the x1 and x2 directions. Samples 1

and 2 are placed in the end of the tube against a copper plug

that closes the tube and acts as a rigid boundary, therefore cre-

ating a periodicity along the x1 and x2 directions of, respec-

tively, 8.4 and 4.2 cm for sample 1 and of, respectively, 8.4 and

8.4 cm for sample 2. This technique was previously used in var-

ious articles8,17,39 and allows to determine experimentally the

absorption coefficient at normal incidence of a quasi-infinite

two-dimensional or 3D periodic structure just with half or a

quarter of the unit cell.

Figures 6(e) and 6(f) depict the experimental absorp-

tion coefficients of samples 1 and 2 and the calculated

ones. The discrepancies, in particular, the shift at high

frequency of the absorption peaks between the experi-

ments and the calculation, are due to imperfections in

manufacturing. Effectively, stereolithography consists in

solidifying the liquid resin thanks to a laser. The remain-

ing liquid resin is then removed by use of a solvent.

Because of the complicated shape of the samples it was

found almost impossible to remove the remaining resin

from the bottom loading QWRs resulting in discrepancies

in the QWR lengths, which are randomly distributed. In

particular, some resonators in the bottom of the sample,

where it is the most difficult to remove the resin, are

obstructed at half of their lengths. This increases the

speed of the waves traveling in the pore leading to a shift

of the perfect absorption peak at higher frequencies.

Another discrepancy arises from the location of the

bandgap and ITB, which are both shifted at low

frequency. This suggests that the longest loading QWRs

are longer than they should be. Their lengths were deter-

mined by equaling the neutral fiber of the curved resona-

tors with the expected length. This result suggests that

the correct way of designing them is not to consider the

neutral fiber length but the longest curve of the resona-

tors. Moreover, even if the curved resonators were drawn

taking care of the curvatures, some of them exhibit very

large ones, almost p/2. Nevertheless, the experimental

curves are in good agreement with the calculations, par-

ticularly exhibiting broadband perfect absorption and large

absorption in the transparency band for wavelength im-

pinging the structure much larger than 4 times its

thickness.

VIII. CONCLUSION

The acoustic properties of a sound absorbing structure

consisting in a periodic arrangement of rectangular cross-

section pores loaded by detuned QWRs are analyzed. In

case of only one pore spatial period, the loading by two

sets of QWRs on the opposite lateral faces was found

preferable because it enables us (1) to consider smaller

section dimension of the pore lowering very efficiently

the speed of sound, (2) to shift the first bandgap, in

which no absorption can be achieved, to the higher fre-

quency when compared to a configuration with only one

set of QWRs, and (3) to reduce the frequency width of

the first bandgap by opening an ITB arising from the

coupling of the two sets of QWRs. It was shown that the

speed of sound possesses a plateau at low frequency

whose value is much smaller than the speed of sound in

the air. The speed of sound inside the ITB is also much

smaller than the speed of sound in the air but is necessar-

ily dispersive. It was shown that these pores are critically

coupled to the incoming wave leading to perfect absorp-

tion for a wavelength in the air 17 times larger than the

structure thickness. The complex frequency analysis, ena-

bling the determination of the critical coupling condition,

showed that while the large absorption frequency band is

relatively narrow, its amplitude is stable for various

angles of incidence, with an absorption peak larger than

FIG. 6. Frontal section along the reso-

nator diameter cut plane of samples 1

(a) and 2 (c), pictures of samples 1 (b)

and 2 (d), and absorption coefficient

measured (solid line with crosses) and

simulated with the full model (solid

line) of samples 1 (e) and 2 (f).
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0.9 for the angle of incidence in the range of [90	; 30	].
This offers interesting properties to explore in diffuse

field perfect absorbers. The case of a unit cell consisting

in three pores differing in terms of the lengths of the

loading QWRs was then analyzed. The different types of

coupling were discussed and the critical coupling condi-

tion was found to be more difficult to realize a broadband

perfect absorption. Still, the configuration exhibits a

broadband large absorption, with 3 perfect absorption

peaks, for wavelength in the air 13 to 15 times the thick-

ness of the structure. The pertinence of this structure to

maintain a large absorption over the same frequency band

was analyzed for various angles of incidence. Absorption

at higher frequency can be large due to interferences of

higher order quarter-wavelength resonances and waves

arising from the ITB. These two configurations were

then validated experimentally. The two samples were

manufactured by stereolithography. The loading resona-

tors were curved in order to fit in the unit cell. It was

shown that the experimental data agreed with the model

and exhibited perfect absorption for wavelength 17 times

larger than the thickness of the first structure and

between 13 to 15 times larger than the thickness of the

second structure. Stereolithography was not necessarily

the most adequate rapid manufacturing technique to

manufacture such material because (1) it is difficult to

remove entirely the photosensitive liquid resin from the

bottom loading resonators and (2) the correct length of

the corresponding straight resonators is probably larger

than the length of the neutral axis. These results offer

quite interesting perspectives in terms of the design of

perfect, broadband, and incident angular independent

more complex sound absorbing structures, involving res-

onators of different natures.
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APPENDIX A: MATERIAL PARAMETERS IN STRAIGHT
RECTANGULAR AND STRAIGHT CIRCULAR TUBES

When only plane wave propagates in a rectangular tube

of section w1�w2, the equivalent complex and frequency

dependent bulk modulus and density are40

Kp ¼ cP0

cþ 4iPrqax c� 1ð Þ
g w1=2ð Þ2 w2=2ð Þ2

X
k2N

X
m2N

a2
kb

2
m a2

k þ b2
m

� �
� iPrxqa

g

� ��1
; qp ¼ �g w1=2ð Þ2 w2=2ð Þ2

4ix
X
k2N

X
m2N

a2
kb

2
m a2

k þ b2
m

� �
� ixqa

g

� ��1
;

(A1)

wherein c is the specific heat ratio, P0 is the atmospheric pressure, Pr is the Prandtl number, g is the dynamic viscosity, and qa

is the air density, and ak¼ 2(kþ 1/2)p/w1 and bm¼ 2(nþ 1/2)p/w2.

When only a plane wave propagates in a circular tube of radius r, the equivalent complex and frequency dependent bulk

modulus and density are

Kt ¼ cP0

1þ 2 c� 1ð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqaPrx=g

p
J1 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqaPrx=g

p� �
=rJ0 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqaPrx=g

p� � ;
qt ¼ qa

1� 2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqax=g

p
J1 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqax=g

p� �
=rJ0 r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iqax=g

p� � ; (A2)

wherein Jn is the Bessel function of nth order.

APPENDIX B: MODAL REPRESENTATION IN A PORE
AND DISPERSION RELATIONS

When both opposite surfaces of the pore are rigid,

UðnÞ1mðx1Þ ¼ cos ðkðnÞ1m x1Þ and k
ðnÞ
1m ¼ mp=w

nð Þ
1 . These modes are

said orthogonal and the orthogonality relation classically

reads as
Ð w1

0
UðnÞ1mðx1ÞUðnÞ1Mðx1Þdx1 ¼ dMmw

ðnÞ
1 =�m, with �0¼ 1

and �m¼ 2 for m> 1.

When one surface is rigid and on the other an imped-

ance condition is applied, UðnÞ1mðx1Þ ¼ cos ðkðnÞ1mx1Þ and k
ðnÞ
1m

stratifies the dispersion relation

k
nð Þ

1m tan k
nð Þ

1m w
nð Þ

1

� �
¼ �ixqp nð Þ

Z
nð Þ

1

: (B1)

This last equation is solved by use of a Muller’s algorithm ini-

tiated with the low frequency approximations, k
ðnÞ
1m w

ðnÞ
1 � 1.17

These modes are said to be bi-orthogonal and the bi-

orthogonality relation reads as27ðw1

0

U nð Þ
1m x1ð ÞU nð Þ

1M x1ð Þdx1 ¼
dMmw

nð Þ
1

2
1þ sinc 2k

nð Þ
1mw1

� �� �
¼ dMmw

nð Þ
1 N

nð Þ
1m : (B2)

Finally, when impedance conditions are applied on both

surfaces, UðnÞ1mðx1Þ¼ sinðkðnÞ1m x1Þþ ik
ðnÞ
1m Z

ðnÞ
�1 cosðkðnÞ1m x1Þ=xqpðnÞ

and k
ðnÞ
1m satisfies the dispersion relation
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tan k
nð Þ

1m w
nð Þ

1

� �
xqp nð Þ
� �2

Z
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�1Z

nð Þ
1

þ k
nð Þ

1m

� �2

0
@

1
A

þ ik
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1

Z
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1

þ 1

Z
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 !
xqp nð Þ ¼ 0: (B3)

This last equation is also solved by use of a Muller’s algo-

rithm initiated with the low frequency approximations. These

modes are again bi-orthogonal and the bi-orthogonality rela-

tion reads as28ðw1

0

U nð Þ
1m x1ð ÞU nð Þ

1M x1ð Þdx1

¼ dMmw
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1

 
1

2
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APPENDIX C: EXPRESSION OF I
(n)6
mq

The terms I
ðnÞ6
mq account for the aperture of the pore and

are given by

I nð Þ6
mq ¼ e6ik1q d nð Þþ w=2ð Þð Þ

2



eik1m w=2ð Þsinc k1m6k1qð Þ

w

2

� �

þ e�ik1m w=2ð Þsinc k1m7k1qð Þ
w

2

� ��
; (C1)

when one impedance condition is applied on the right/top

surface of the nth pore and

I nð Þ6
mq ¼ e6ik1q d nð Þ� w=2ð Þð Þ

2



e�ik1m w=2ð Þsinc k1m6k1qð Þ

w

2

� �

þ eik1m w=2ð Þsinc k1m7k1qð Þ
w

2

� ��
; (C2)

when one impedance condition is applied on the left/bottom

surface of the nth pore and

I nð Þ6
mq ¼ e6ik1q d nð Þþ w=2ð Þð Þ

2



eik1m w=2ð Þsinc k1m6k1qð Þ

w

2

� �

� ikmZ nð Þ
�
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 !
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� sinc k1m7k1qð Þ
w

2
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ikmZ nð Þ

�
xqp nð Þ þ i

 !�
; (C3)

when an impedance condition is applied on two opposite

surfaces.
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Using the concepts of slow sound and critical coupling, an ultra-thin acoustic metamaterial panel

for perfect and quasi-omnidirectional absorption is theoretically and experimentally conceived

in this work. The system is made of a rigid panel with a periodic distribution of thin closed slits,

the upper wall of which is loaded by Helmholtz Resonators (HRs). The presence of resonators

produces a slow sound propagation shifting the resonance frequency of the slit to the deep sub-

wavelength regime (k=88). By controlling the geometry of the slit and the HRs, the intrinsic visco-

thermal losses can be tuned in order to exactly compensate the energy leakage of the system and

fulfill the critical coupling condition to create the perfect absorption of sound in a large range of

incidence angles due to the deep subwavelength behavior. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4962328]

The ability to perfectly absorb an incoming wave field

in a sub-wavelength material is advantageous for several

applications in wave physics as energy conversion,1 time

reversal technology,2 coherent perfect absorbers,3 or sound-

proofing4 among others. The solution of this challenge

requires to solve a complex problem: reducing the geometric

dimensions of the structure while increasing the density of

states at low frequencies and finding the good conditions to

match the impedance to the background medium.

A successful approach for increasing the density of states

at low frequencies with reduced dimensions is the use of

metamaterials. Recently, several possibilities based on these

systems have been proposed to design sound absorbing struc-

tures which can present simultaneously sub-wavelength

dimensions and strong acoustic absorption.5 One strategy to

design these sub-wavelength systems consists of using space-

coiling structures.6,7 Another way is to use sub-wavelength

resonators as membranes4,8 or Helmholtz resonators

(HRs).9,10 Recently, a new type of sub-wavelength metamate-

rials based on the concept of slow sound propagation has been

used for the same purpose. This last type of metamateri-

als11–13 makes use of its strong dispersion for generating

slow-sound conditions inside the material and, therefore, dras-

tically decreasing frequency of the absorption peaks. Hence,

the structure thickness becomes deeply sub-wavelength. All

of these structures, however, while they bring potentially solu-

tions to reduce the geometric dimensions, face the challenge

of impedance mismatch to the background medium.

The interaction of an incoming wave with a lossy reso-

nant structure, in particular, the impedance matching with

the background field, is one of the most studied processes in

the field of wave physics.1–3 These open systems, at the reso-

nant frequency, are characterized by both the leakage rate of

energy (i.e., the coupling of the resonant elements with the

propagating medium) and the intrinsic losses of the resona-

tor. The balance between the leakage and the losses activates

the condition of critical coupling, trapping the energy around

the resonant elements and generating a maximum of energy

absorption.14 In the case of transmission systems, degenerate

critically coupled resonators with symmetric and antisym-

metric resonances should be used to perfectly absorb the

incoming energy by trapping the energy in the resonant ele-

ment, i.e., without reflection or transmission.15,16 In the case

of purely reflecting system, either symmetric or antisymmet-

ric resonances that are critically coupled can be used to

obtain perfect absorption of energy by a perfect trapping of

energy around the resonators.17,18

In this work, using the concepts of slow sound and crit-

ical coupling, we theoretically and experimentally report a

prefect and quasi-omnidirectional absorbing metamaterial

panel with deep sub-wavelength thickness. As shown in

Fig. 1, the system consists of a thin panel perforated with a

periodic arrangement of slits, of thickness h, with periodic-

ity d along the x1 direction. The upper wall of the slit is

loaded by N identical HRs arranged in a square array of

side a. The HRs, of square cross-section, are characterized

by a neck and a cavity width wn and wc, and lengths ln and

lc, respectively. The presence of the HRs introduces a

strong dispersion in the slit producing slow sound propaga-

tion, in such a way that the resonance of the slit is down

shifted: the slit becomes a deep sub-wavelength resonator.

The visco-thermal losses in the system are considered in

both the resonators and the slit by using effective complex

and frequency dependent parameters.19 Therefore, by modi-

fying the geometry, the intrinsic losses of the system can be

efficiently tuned and the critical coupling condition can be

fulfilled to solve the impedance matching to the exterior

medium.

We start by analyzing the dispersion properties, along

the dimension x2, inside the slit in order to inspect the slow

sound behavior. Periodic boundary conditions are assumed

in the x1 dimension at boundaries Cx1¼0 and Cx1¼d , which for

normal incidence reduce to symmetry boundary conditions.

At this stage, we have to notice that through this work,a)Electronic mail: noe.jimenez@univ-lemans.fr
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several theoretical models are used to analyze the structure:

a full modal expansion model (MEM), its low frequency

approximation that gives the effective parameters, an

approach based on the transfer matrix method (TMM), and

the finite element method (FEM). See supplementary

material for more details of the models. Figure 2(a) shows

the real part of the phase velocity in the slit, calculated both

in the lossless and in the lossy cases, for a metamaterial with

parameters h¼ 1.2 mm, a¼ 1.2 cm, wn ¼ a=6; wc ¼ a=2,

d¼ 7 cm, ln ¼ d=3, and lc ¼ d � h� ln. Figure 2(b) shows

the corresponding dispersion relation, where a band gap can

be observed above the resonant frequency of the HRs, fHR.

Due to the presence of this band gap, slow sound propagation

conditions are achieved in the dispersive band below fHR. In

the lossless case, zero phase velocity can be observed for fre-

quencies just below fHR. Note also that the maximum wave-

number inside the slit is limited by the discreteness to the

value kmax ¼ pN=L, as shown by the TMM calculations

(dashed blue curve in Fig. 2(b)). In the lossy case, the losses

limit the minimum value of group velocity,20 but in our sys-

tem slow sound velocity can be achieved in the dispersive

band below fHR. The average sound speed in the low fre-

quency range is much lower (50 m/s) than the speed of sound

in air. Therefore, the collective resonances produced by the

array of HRs will be in the deep sub-wavelength regime

compared with the length, L, of the slit.

The resonant scattering problem analyzed in this work

can be characterized by the reflection coefficient. A simple

way to obtain this reflection coefficient consists of using

the effective bulk modulus, je, and effective density, qe, of

the system. The reflection coefficient reads as

Re hð Þ ¼ iZ0ecot keLð Þ � ixDlslit=/tc0 � 1= cos hð Þ
iZ0ecot keLð Þ � ixDlslit=/tc0 þ 1= cos hð Þ

; (1)

where the normalized effective impedance is Z0e¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qeje=q0j0

p
(q0 and j0 are the density and bulk modulus of air), the effective

wavenumber ke ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffi
qe=je

p
; Dlslit is the end correction of

the slit accounting for the radiation from the slit to the free

space, /t ¼ h=d is the total porosity of the metamaterial, x is

the angular frequency, c0 is the sound speed of air, and h is the

angle of incidence. The effective parameters can be obtained in

the low frequency approximation of the MEM as

je ¼
js

/t

1þ js/ vcjn þ vnjcð Þ
jnh Snjc � vcqnlnx2ð Þ

� ��1

; (2)

qe ¼
qs

/t

; (3)

where qs and qn are the effective densities of the slit and

neck; js, jn, and jc are the effective bulk modulus of the slit,

neck, and cavity, respectively; vn and vc are the volumes of

the neck and cavity of the HRs, respectively.

In the complex frequency plane, the reflection coefficient

has pairs of zeros and poles that are complex conjugates one

from another in the lossless case. In the expð�ixtÞ sign con-

vention, the zeros are located in the positive imaginary plane.

The imaginary part of the complex frequency of the poles of

the reflection coefficient represents the energy leakage of the

system into the free space.18 Once the intrinsic losses are

introduced in the system, the zeros of the reflection coefficient

move downwards to the real frequency axis.21 For a given fre-

quency, if the intrinsic losses perfectly balance the energy

FIG. 1. (a) Conceptual view of the thin

panel placed on a rigid wall with one

layer of square cross-section Helmholtz

resonators, N¼ 1. (b) Scheme of the

unit cell of the panel composed of a set

of N Helmholtz resonators. Symmetry

boundary conditions are applied at

boundaries Cx1¼d and Cx1¼0.

FIG. 2. (a) Phase speed for a panel of

N¼ 3 resonators calculated by full

modal expansion (continuous gray),

effective parameters (dotted), and

TMM (dashed) for the lossless case

(blue) including thermo-viscous losses

(red). (b) Corresponding wavenumber,

where k0 is the wavenumber in air. (c)

Absorption of the panel. The dashed-

dotted line marks the resonant frequency

of the HRs and the shaded area corre-

sponds to the band-gap. (d) Complex-

frequency planes of the reflection coeffi-

cient calculated by TMM, where fr and

fi are the real and imaginary parts of the

complex frequency.

121902-2 Jim�enez et al. Appl. Phys. Lett. 109, 121902 (2016)

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Download to IP:  195.221.243.133 On: Fri, 07 Oct 2016

07:41:42
166



leakage of the system, a zero of the reflection coefficient is

exactly located on the real frequency axis and therefore per-

fect absorption, a ¼ 1� jRej2 ¼ 1, can be obtained. This con-

dition is known as critical coupling.14–18,21

Figure 2(c) shows the absorption predicted by the differ-

ent models when the geometry of the system has been tuned

to introduce the exact amount of intrinsic losses that exactly

compensates the energy leakage of the system at 275 Hz

for N¼ 3. In this situation, as shown in Fig. 2(d), the lower

frequency zero is located on the real axis, leading to a peak

of perfect absorption. In addition, as we have N¼ 3 resona-

tors, other two secondary peaks of absorption are observed at

higher frequencies, e.g., 442 Hz and 471 Hz. Their corre-

sponding zeros are located close to the real axis and, although

the critical coupling condition is not exactly fulfilled, high

absorption values can be observed at these frequencies. The

differences between the several model predictions observed in

the absorption coefficient are due to the fact that the effect of

the discreteness is not captured by neither the MEM nor its

effective parameters. MEM leads to an infinite number of

zeros and poles close to the resonance, producing the artificial

increase of the absorption observed in Fig. 2(c) near fHR.

Consequently, the prediction of absorption by MEM is accu-

rate only if these zeros do not interact with the real axis or if

the number of resonators is considerably increased. The TMM

captures this discreteness effect and shows good results in this

range of frequencies (400–500 Hz).

The previous sample provides perfect absorption for a

thickness of L ¼ 3a ¼ k=34:5. Using an optimization method

(sequential quadratic programming (SQP) method22), the

geometry of the system can be tuned in order to minimize the

thickness of the material, providing structures with perfect

absorption and deep sub-wavelength dimensions. The TMM

was employed in the optimization to consider the discreteness

effects on the reflection coefficient. The resulting structure from

the optimization procedure is shown in Figure 3(a): a sample

with a single layer of resonators, N¼ 1 with h¼ 2.63 mm,

d¼ 14.9 cm, a ¼ L ¼ d=13 ¼ 1:1 cm; wn ¼ 2:25 mm; wc

¼ 4:98 mm; ln ¼ 2:31 cm; lc ¼ 12:33 cm. The width of the

impedance tube used for measurements, d, allows to fit 13 reso-

nators in the transversal dimension as shown in Fig. 3(a). The

sample was built using stereolithography techniques using a

photosensitive epoxy polymer (Accura 60
VR

, 3D Systems

Corporation, Rock Hill, SC 29730, USA), where the acoustic

properties of the solid phase are q0¼ 1210 kg/m3, c0¼ [1570,

1690] m/s. The structure presents a peak of perfect absorption

at f¼ 338.5 Hz (different than that of the HR, fHR¼ 370 Hz)

with a thickness L ¼ k=88.

Figure 3(b) shows the absorption coefficient at normal

incidence calculated with the different semi-analytical meth-

ods, predicted numerically by FEM and measured experimen-

tally. At f¼ 338.5 Hz, perfect absorption can be observed. The

maximum absorption measured experimentally was a¼ 0.97,

as shown in the inset of Fig. 3(b). This small discrepancy

between the measurements and the models can be caused by

experimental reasons including the non perfect fitting of the

slit on the impedance tube and the excitation of plate modes

of the solid medium that composes the metamaterial.

On the other hand, Fig. 3(c) shows the corresponding

reflection coefficient in the complex frequency plane calcu-

lated with MEM. The color map corresponds to the case in

which the critical coupling condition is fulfilled, i.e., the zero

of the reflection coefficient is exactly located on the real fre-

quency axis. As long as the intrinsic losses depend on the

geometry of the resonators and the thickness of the slits, we

also represent in Fig. 3(c) the trajectory of this zero as the

geometry of the system is modified. The crossing of the tra-

jectories with the real frequency axis implies that perfect

FIG. 3. (a) Photograph of the experimen-

tal setup with a vertical unit cell, N¼ 1,

in the interior of the impedance tube.

The translucent resin allows to see the

array of HRs. Picture shows the tube

open, but it was closed for the experi-

ments. (b) Absorption of the system mea-

sured experimentally (crosses), calculated

by the full modal expansion (thick contin-

uous gray), effective parameters (dashed

red), transfer matrix method (continuous

blue), and finite element method (circles).

(c) Representation of the reflection coeffi-

cient in the complex frequency plane for

the optimized sample. Each line shows

the trajectory of its zero by changing a

geometry parameter. (d) Absorption peak

as a function of the angle of incidence

calculated by the effective parameters

(dashed red), transfer matrix method

(continuous blue). The inset in (d) shows

the absorption coefficient in diffuse field

as a function of frequency.
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absorption can be achieved with this system at this particular

frequency. It can be seen that the trajectories linked to the

resonators geometry, wn, wc, ln have a strong effect in the

real part of the complex frequency of the zero, as they mod-

ify the HRs resonant frequency. In the case of ln, due to the

geometric constraint d � hþ ln þ lc, increasing the length of

the neck implies also that the reduction of the cavity and the

trajectory of the zero is twisted. The trajectory of the slit

thickness, h, shows that the intrinsic losses are excessively

increased for very narrow slits and critical coupling condi-

tion cannot be fulfilled. For very wide slits, the geometrical

constraints also imply the reduction of the size of the resona-

tors and therefore the resonant frequency is increased.

Finally, the trajectory linked to the lattice size, a, shows how

the depth of the slit, L¼Na, is mainly linked to the intrinsic

losses of the system: the peak absorption frequency is almost

independent of a; it mostly depends on the resonator reso-

nant frequency. Moreover, as the slow sound conditions are

caused by the local resonance of the HRs, the periodicity of

the array of HRs is not a necessary condition for these per-

fect absorbing panels. However, considering periodicity

allows us to design and tune the system using the present

analytical methods.

Finally, Fig. 3(d) shows the absorption of the metamate-

rial panel as a function of the angle of incidence. It can be

observed that almost perfect absorption is obtained for a broad

range of angles, being a > 0:90 for incident waves with

h < 60�. The inset of Fig. 3(d) shows the absorption in diffuse

field23 calculated as adiff ¼ 2
Ð p=2

0
aðhÞ cosðhÞ sinðhÞdh, where

at the working frequency it reaches a value of adiff ¼ 0:93,

showing the quasi-omnidirectional behavior of the absorption

in this sub-wavelength structure.

Realistic panels for sound perfect absorption with sub-

wavelength sizes are designed in this work with simple struc-

tures made of bricks with Helmholtz resonators. Perfect

absorption of sound is achieved at 338.5 Hz with a panel thick-

ness of L¼ k/88¼ 1.1 cm and without added porous material.

It is worth noting here that the total panel size in the vertical

dimension is also sub-wavelength d¼ k/6.5¼ 14.5 cm. The

sub-wavelength feature of the presented structure provides per-

fect absorption for a wide range of incident angles. This almost

omnidirectional sound absorber can be employed in practical

applications where the omnidirectional feature is mandatory.

In addition, several theoretical approaches have been presented

and validated experimentally, where their limits of validity

are discussed. In order to provide accurate models, we have

presented the design with standard Helmholtz resonators.

However, the thickness of the structure can be even reduced

by engineering the geometry using coiled-up channels or

embedding the neck into the cavity of the HRs. These promis-

ing results open the possibilities to study different configura-

tions based on these metamaterials and to extend the results to

broadband and omnidirectional perfect absorption with deep

sub-wavelength structures.

See supplementary material at for more details of the

models.
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Rainbow-trapping absorbers: Broadband, perfect and asymmetric sound
absorption by subwavelength panels with ventilation

Noé Jiménez*,1 Vicent Romero-Garćıa,1 Vincent Pagneux,1 and Jean-Philippe Groby1

Laboratoire d’Acoustique de l’Université du Maine - CNRS UMR 6613, Le Mans,
France

Perfect, broadband and asymmetric sound absorption is theoretically, numerically and experimentally re-
ported by using subwavelength thickness panels in a transmission problem. The panels are composed of
a periodic array of varying cross-section waveguides, each of them being loaded by an array of Helmholtz
resonators (HRs) with graded dimensions. The low cut-off frequency of the absorption band is fixed by the
resonance frequency of the deepest HR, that reduces drastically the transmission. The preceding HR is de-
signed with a slightly higher resonance frequency with a geometry that allows the impedance matching to the
surrounding medium. Therefore, reflection vanishes and the structure is critically coupled. This results in
perfect sound absorption at a single frequency. We report perfect absorption at 300 Hz for a structure whose
thickness is 40 times smaller than the wavelength. Moreover, this process is repeated by adding HRs to the
waveguide, each of them with a higher resonance frequency than the preceding one. Using this frequency
cascade effect, we report quasi-perfect sound absorption over almost two frequency octaves ranging from 300
to 1000 Hz for a panel composed of 9 resonators with a total thickness of 11 cm, i.e., 10 times smaller than
the wavelength at 300 Hz.

Keywords: Metamaterials, perfect absorption, critical coupling, acoustic absorbers

I. INTRODUCTION

Wave manipulation using metamaterials has been ex-
tensively studied in electromagnetism1, elasticity2,3 or
acoustics4,5, and among the very innovative systems
that have been demonstrated are the metamaterial wave
absorbers6–11. In the particular case of sound waves, the
selective bandwidth of most studied metamaterials lim-
its their practical applications for audible frequencies:
the audible frequency band covers more than ten fre-
quency octaves, while in contrast, visible light spectrum
covers less than one octave. Nevertheless, acoustic meta-
materials have found practical applications in the de-
sign of selective low-frequency sound absorbing materials
composed of membrane-type resonators4,12–14, quarter-
wavelength resonators (QWRs)15–19 and Helmholtz res-
onators (HRs)20–23.

By using the strong dispersion produced by local res-
onances, slow sound can be generated inside acoustic
materials24. Recently, slow sound phenomena have been
exploited to design deep-subwavelength thickness absorb-
ing structures16–18,21,22. Of particular interest are perfect
absorbing materials, facing the challenge of impedance
mismatch to the surrounding medium. To achieve per-
fect absorption, the intrinsic losses of the system must
exactly compensate the energy leakage at one resonance
of the structure14,20,25,26. When this condition is fulfilled
the system is critically coupled with the exterior medium
and perfect absorption is observed.

Perfect acoustic absorption has been reported in
rigidly-backed subwavelength structures by using slow
sound and QWRs18 or HRs21, or by using membranes
and plates4,13,14. Until now, only a few works have pre-
sented perfect and broadband absorption in rigid-backed
subwavelength metamaterials. One kind of broadband

absorbers are metaporous materials27–30, whose low fre-
quency performance is limited by the inertial regime of
the porous matrix material. Other configurations include
the use of panels composed of a parallel arrangement of
different QWRs designed to be impedance matched at
selected frequencies, e.g, the used in optimized absorbers
based in sound diffusers31 or, in the same way, optimally
designed panels to the limit imposed by causality32. The
use of poroelastic plates that exhibit low quality factor
resonances to extend the absorption bandwidth has been
also proposed14. In Ref15 the authors used a graded
set of QWRs in a slightly-subwavelength thickness struc-
ture to obtain quasi-perfect and broadband absorption.
This last configuration can also fulfil the critical coupling
conditions at more than one frequency, then, exhibiting
perfect and broadband absorption18. In Ref.20 a similar
approach was presented using detuned HRs in a rigidly-
backed waveguide. Finally, an extension of these ideas
has been used to produce multiple slow waves inside a
rigidly-backed graded structure of porous material to im-
prove the broadband behaviour33, but critical coupling
conditions were not fulfilled at most resonances and per-
fect absorption was only observed at a single frequency.

However, when the system is not rigidly-backed and
transmission is allowed, obtaining perfect absorption be-
comes challenging because the scattering matrix of the
system presents two different eigenvalues. In order to ob-
tain perfect absorption both eigenvalues must vanish at
the same frequency34. This implies that symmetric and
antisymmetric modes must be simultaneously critically
coupled at a given frequency35. When the eigenvalues
are both zero but at different frequencies, then the sys-
tem cannot present perfect absorption, but quasi-perfect
absorption can be achieved by approaching the symmet-
ric and antisymmetric modes using strong dispersion22.
Perfect acoustic absorption in transmission problems can
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be obtained by using degenerate resonators, exciting a
monopolar and a dipolar mode at the same frequency36.
Using elastic membranes decorated with designed pat-
terns of rigid platelets12 very selective low-frequency per-
fect absorption can be observed. Another strategy con-
sists in using asymmetric graded materials, e.g., chirped
layered porous structures37, but these structures lack of
subwavelength resonances and therefore its thickness is
of the order of half of the incoming wavelength. A final
configuration to achieve perfect absorption in transmis-
sion consists in breaking the symmetry of the structure
by making use of double-interacting resonators, then per-
fect absorption was observed in waveguides at a particu-
lar frequency34.

In this work, we address the problem of per-
fect and broadband acoustic absorption using deep-
subwavelength structures, which to our knowledge was
never addressed before in non rigidly-backed panels.
To do so, we design panels composed of monopolar
resonators with graded dimensions, namely rainbow-
trapping absorbers. The designed panels present broad-
band, perfect and asymmetric sound absorption, and,
due to slow sound, their thickness is reduced to the deep-
subwavelength regime. Rainbow trapping phenomenon,
i.e., the localization of energy due to a gradual reduc-
tion of the group velocity in graded structures, has been
observed in optics38, acoustics39,40 or elastodynamics41.
However, losses were not accounted for and, therefore,
absorption was not studied in these works. In the present
configuration, a set of graded HRs is used, allowing to
reduce, in addition to the thickness of the panels, the
dimension of the unit cell to the deep-subwavelength
regime. Using QWRs15,33, rigidly-backed absorbers are
about 4 times smaller than the wavelength in the trans-
verse direction of propagation, while in the configuration
presented in this paper, and using non-rigidly backed
conditions, the size of the structure in the transverse
direction is up to 30 times smaller than the absorbed
wavelength.

In particular, the structures are composed of a rigid
panel, of thickness L, periodically perforated with series
of identical waveguides of variable square cross-section
loaded by an array of N HRs of different dimensions, as
shown in Figs. 1 (a, b). Each waveguide is therefore di-

vided in N segments of length a[n], width h
[n]
1 and height

h
[n]
3 . The HRs are located in the middle of each waveg-

uide section. Two samples were designed. The first one,
namely subwavelength asymmetric panel (SAP) was com-
posed of N = 2 HRs and it is shown in Fig. 1 (a). The
second one, namely rainbow-trapping absorber (RTA) was
composed first, in a design stage, by N = 8 and, fi-
nally, N = 9 HRs for the experimental tests, as shown in
Fig. 1 (b). The SAP was designed to produce a single-
frequency peak of perfect absorption while the RTAs were
designed to exhibit broadband perfect absorption. The
geometrical parameters of both structures were tuned us-
ing optimization methods (sequential quadratic program-
ming (SQP)42). In the case of the SAP (N = 2) the cost

function minimized during the optimization process was
εSAP = |R−|2 + |T |2, i.e., to maximize the absorption at
a given frequency, in this case we selected 300 Hz. The
length of the SAP was constrained to L = 2.64 cm, i.e.,
a panel 40 times thinner than the incoming wavelength.
In the case of the rainbow trapping absorber (N = 9),

the cost function was εRTA =
∫ fN
f1
|R−|2 + |T |2df , i.e.,

to maximize the absorption in a broad frequency band-
width, that was chosen from f1 = 300 to fN = 1000 Hz.
In the case of the RTA the length of the panel was con-
strained to L = 11.3 cm, i.e. a panel 10 times thinner
than the wavelength at 300 Hz. The geometrical param-
eters obtained by the optimization process are given in
Tables I,III for the SAP and RTA, respectively.

II. RESULTS

A. Subwavelength asymmetric panel (SAP)

We start analysing the behaviour of the designed SAP
with N = 2 HRs, considering the two directions of in-
cidence, namely forward and backward, as depicted in
Figs. 2 (a,b). Figures 2 (c-f) show the corresponding
absorption, reflection and transmission coefficients for
each case. The results is calculated analytically using the
transfer matrix method (TMM) in which the thermovis-
cous losses are accounted for, numerically using finite ele-
ment method (FEM) and experimentally validated using
stereo-lithographic 3D printed structures and impedance
tube measurements. See Section Methods for further de-
tails. Good agreement is observed between analytical,
numerical and experimental results.

First, in the forward configuration, shown in Fig. 2 (a),
the resonator n = 1 of the waveguide presents a res-
onance frequency at f1 = 285 Hz. As a consequence,
above f1, a band gap is introduced and the transmis-
sion is strongly reduced, the HR acting effectively as a
rigidly-backed wall for the right ingoing waves. Then,
the resonator n = 2, with a superior resonance frequency
at f2 = 310 Hz, is tuned by the optimization process to
critically couple the system with the exterior medium,
matching the impedance of the waveguide to that of the
surrounding medium. This is achieved at 300 Hz. As a
consequence, no reflected waves are produced at this par-
ticular frequency and therefore, α = 1−|R−|2−|T |2 = 1
holds. In this situation, perfect absorption is observed in
a panel with a thickness 40 times smaller that the wave-
length, i.e., a panel of thickness L = 2.64 cm. It is worth
noting here that the change of section in the main waveg-
uide helps to achieve the impedance matching, specially
for very thin SAPs as the one presented here. We will
see later on that this steeped change in the cross-section
is analogous to the graded profile of the main waveguide
for the broadband structure.

Second, in the backward propagation shown in
Fig. 2 (b), the wave impinges first the lowest resonance
frequency resonator, f1. Now at 300 Hz the wave al-
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FIG. 1. (a) Conceptual view of a subwavelength asymmetric panel (SAP) (N = 2 resonators), where cross-section shows the
waveguide and the loading HRs. (b) Conceptual view of a rainbow trapping absorber (RTA) with N = 8 HRs. Scheme showing
the geometrical variables for (c) the SAP and (d) RTA panels.

most no transmission is allowed in the waveguide. As
the waveguide is not impedance matched at 300 Hz in
backward direction, reflection is high and absorption is
poor (α+ = 0.05). For frequencies below f2, propaga-
tion is allowed in the main waveguide and the effect of
the second HR may be visible inducing a decrease of the
reflection coefficient. However, the impedance matching
in the backward direction is not fully achieved and only
a small amount of absorption is observed near the res-
onance frequency of the first resonator. Therefore, the
absorption in this configuration is highly asymmetric.

In order to go further in the physical understanding of
the scattering problem, we analyse the eigenvalues and
eigenvectors of the S-matrix of the SAP in the complex
frequency plane. At this stage, it is worth noting that
perfect absorption can only be obtained when the two
eigenvalues of the S-matrix are zero at the same purely
real frequency. Let us start by considering the lossless
propagation, neglecting the thermo-viscous losses by us-
ing the air parameters in the calculations. It can be ob-
served that the eigenvalues shown in Fig. 3 (a, b) present
pairs of zeros and poles, each pole identified with a reso-
nance of the system. The position of the zeros and poles

in the complex frequency plane characterizes the physical
transmission and reflection properties along the real fre-
quency axis. In the lossless case each pole presents a zero
that is its complex conjugate, i.e., they are located at the
same real frequency but in the opposite half-space20.

Now we turn to the lossy case, accounting for the visco-
thermal losses in the resonators and the waveguides. In
general, once losses are introduced the zero-pole struc-
ture of a given system is translated in the complex plane
(also slightly deformed), approaching the zeros to the
real frequency axis. Figures 3 (c, d) show the eigenval-
ues of the S-matrix once thermo-viscous losses are in-
troduced. At 300 Hz, both eigenvalues, λ1,2, given by
Eq. (9), present a zero exactly located at the real axis.

This implies T =
√
R+R− = 0. When this occurs exactly

at the real frequency axis and at the same frequency, it
implies perfect absorption, as it was observed in the pre-
vious section.

However, the information provided by the eigenvalues
is not sufficient to determine from which side the perfect
absorption is produced. The only information provided
when the eigenvalues are zero is that the transmission
coefficient and at least one of the two reflection coeffi-
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FIG. 2. Scheme of the subwavelength asymmetric panel in (a) forward and (b) reverse configuration. (c) Absorption for the
forward configuration obtained using TMM (continuous line), FEM (circles), and experiment (dotted line). Corresponding
reflection and transmission coefficients. (d) Absorption for the backward configuration. (f) Corresponding reflection and
transmission coefficients. The arrows mark the resonance frequencies of the HRs, f1 and f2.

cients vanish at this frequency. Thus, in order to draw
the complete picture of the physical process, the corre-
sponding eigenvectors are analysed. Figures 3 (e, f) and
Figs. 3 (g, h) show the eigenvectors corresponding to λ1

and λ2, given by Eqs. (10), respectively. From the com-
plex frequency representation of the eigenvectors we can
obtain the remaining information, i.e., the reflection co-
efficients from each side. In this case, we can see that
R− = 0 at 300 Hz, while R+ 6= 0. This implies that the
structure is only critically coupled with the surrounding
medium when the incoming wave impinges the SAP from
one side, i.e., in the forward direction the present case.
Therefore, asymmetric perfect absorption is observed. In
particular, α = 1 and α+ < 1 for the designed SAP at
the critical coupling frequency (f = 300 Hz).

B. Rainbow-trapping absorbers (RTA)

The concept of the SAP can be applied to design
broadband perfect absorbers. The idea is to create a
frequency-cascade of band-gaps and critically coupled
resonators in order to generate a rainbow-trapping ef-
fect. The process is as follows. First, we tune the deep-
est resonator (n = 1) in the waveguide to reduce the
transmission above a frequency f1. Second, in the same
way as previously done in the SAP, a second resonator

with slightly higher resonance frequency, f2, is placed in
the preceding segment of the waveguide. The geometry
of this resonator and the section of the waveguide are
tuned to impedance match the system at this frequency.
Therefore, the reflection vanishes and a peak of perfect
absorption is achieved in the same way as in the SAPs.
Note this latter HR also reduces the transmission at even
higher frequencies. Then, the process can be repeated by
extending the waveguide with more segments, each one
with a tuned HR being its resonance frequency higher
than the preceding one.

Following this process, a rainbow-trapping absorber
(RTA) is designed using N = 8 resonators. Figure 4
depicts the design process in detail. First, a panel com-
posed of N = 2 HRs is optimized. Here, the geometry
of the metamaterial is tuned in the same way as in the
SAP. Figure 4 (a) shows a peak of perfect absorption
and, as shown in Figs. 4 (b-c), both eigenvalues of the
scattering matrix present a zero at the same real fre-
quency (as we have already discussed the relevance of
the eigenvectors in the previous Section, here we only
show the eigenvalues for the sake of simplicity). Then,
another HR is added with a slightly higher resonance fre-
quency. The system is again tuned, but this time look-
ing for perfect absorption at two single frequencies, 300
and 320 Hz. Figure 4 (d) shows the obtained absorp-
tion coefficients where two peaks of perfect absorption
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are observed, as demonstrated also by the location of the
zeros of the eigenvalues of the scattering matrix on the
real frequency axis, shown in Figs. 4 (e-f). This process
is repeated iteratively until N = 8 HRs were included.
Figures 4 (g-i) show the N − 1 peaks of perfect absorp-
tion and the corresponding complex frequency plane rep-
resentation of the eigenvalues of the scattering matrix,
respectively. Note that strictly speaking perfect absorp-
tion can only be achieved at N − 1 singular frequencies
due to frequency cascade effect. However, flatter absorp-
tion can be generated due to the overlapping of the zeros
of λ1,2 if the quality factor of the resonances is reduced.
This can be achieved by tuning again the geometrical pa-
rameters of the system, using as the initial condition to
the optimization algorithm the previous geometry, and
using a cost function covering a broad frequency band as

εRTA =
∫ fN
f1
|R−|2 + |T |2df . The optimized geometrical

parameters are listed in Table II. The final flatter, broad-
band and quasi-perfect absorption is shown in Fig. 4 (j).
It is worth noting here that using a wide-bandwidth cost
function does not ensure that all the resonances remain
critically coupled, as it is shown in the complex frequency
plane representation of the eigenvalues of the scattering
matrix in Figs. 4 (k-l). However, the ripples in the ab-
sorption can be strongly reduced and the total absorption
of energy in a frequency band can be maximized.

Due to machine precision of the available 3D printing
system (the minimum step was 0.1 mm), the RTA pre-

sented previously cannot be easily manufactured. The
main limitation was related to the loss of accuracy of
the diameters of the small necks that compose the HRs.
Under this technological constraint we redesign the RTA
using N = 9 HRs and quantizing the dimensions of all the
geometrical elements that compose the structure to the
machine precision. The manufactured sample is shown
in Fig. 5 (a) and the quantized geometrical parameters
are listed in Table III. Figures 5 (b-c) show the absorp-
tion, reflection and transmission of the device calculated
with the TMM, FEM and measured experimentally. The
deepest resonator (n = 1) presents a resonance frequency
of f1 = fgap = 259 Hz, causing the transmission to drop.
A set of 8 resonators were tuned following the process pre-
viously described, with increasing resonance frequencies
ranging from 330 to 917 Hz. As a result of the frequency-
cascade process, the impedance of the structure in the
working frequency range is matched with the exterior
medium while the transmission vanishes. As a conse-
quence, the RTA presents a flat and quasi-perfect absorp-
tion coefficient in this frequency range (see Fig. 5 (b)).
Excellent agreement is found between the TMM predic-
tions and FEM simulations, while good agreement is ob-
served between the experimental measurements and both
models. It can be observed that at low frequencies there
are small differences between the measurements and the
models. These disagreements are mainly caused by im-
perfections in the sample manufacturing, by imperfect
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FIG. 4. Process to critically couple the rainbow-trapping absorbers. (a) Absorption using N = 2 HRs obtained using TMM
(continuous lines) and FEM simulations (markers), (b-c) corresponding complex frequency plane representation of the eigenval-
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using N = 8 HRs and (h-i) complex frequency plane. (j) Optimized broadband and flat absorption using N = 8 HRs, (k-l)
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fitting of the structure to the impedance tube, by the pos-
sible evanescent coupling between adjacent waveguides
and adjacent HRs, and/or by the limitations of the visco-
thermal model used at the joints between waveguide sec-
tions.

The corresponding representation of the the two eigen-
values of the S-matrix in the complex frequency plane
is shown in Figs. 5 (d-e). We can see that even under
the constraints imposed by the metamaterial construc-
tion process, all the N − 1 zeros of the eigenvalues that
produce the critical coupling of the structure are located
very close to the real axis being the zeros of λ1 at the
same frequencies as λ2. Note in the manufactured sys-
tem, not all the zeros are located exactly on the real axis,
but the quality factor of the resonances is very low (note
the logarithmic colour scale in Fig. 5 (c-d)). Therefore
they overlap producing quasi-perfect sound absorption
in a frequency band from 300 to 1000 Hz for a panel 10

times thinner than the wavelength at 300 Hz in air.

Finally, the pressure field calculated using FEM sim-
ulations is shown in Fig. 6 along the sagittal plane
x1 = d1/2 for frequencies corresponding to the peaks of
absorption, i.e., f = [300, 386, 450, 530, 610, 706, 803, 923]
Hz. It can be observed that for each frequency the acous-
tic field is mostly localized in a single resonator, being
the field at lower frequencies localized at the deepest res-
onator, and the higher frequencies at the outer HRs of the
metamaterial, thus, creating the rainbow-trapping effect.
Note this behaviour is somehow similar to what was ob-
served in sawtooth broadband absorbers10,11,15, but here
transmission was considered. It is worth noting here that
for low number of resonators, e.g., the previous cases of
N = 2 and N = 3 in Figs. 4 (a,d), the change of sec-
tion was not mandatory. However, to obtain broadband
absorption, the optimization of the geometry produces
always a graded profile of the main waveguide. This
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graded profile helps to obtain the broadband impedance
matching by making use of the cavity resonance in the
main waveguide. This cavity mode can be observed at
around 923 Hz in the main waveguide, see Fig. 6 (h), and
is produced by the quarter-wavelength resonance of the

waveguide f ≈ c/4
∑N−1

1 a[n]. We notice that this reso-
nance was also observed at the complex frequency plane
in Fig. 5 (d-e), represented by the pairs of zero-poles lo-
cated at f ≈ 1000 ± i100 Hz. Due to the geometrical
constraints of the metamaterial, the critical coupling of
this quarter-wavelength resonance is not possible. How-
ever, this cavity resonance also contributes, in a moder-
ate way to generate broadband and flat absorption. It
is worth noting here that a similar cavity resonance was
also visible in Figs. 4 (k-l). Therefore, the graded profile
of the main waveguides contributes also to generate the
flat absorption curve.

III. DISCUSSION

We reported perfect acoustic absorption over a broad
frequency band in deep-subwavelength thickness panels
including transmission using the rainbow-trapping effect.
In particular, we first presented monochromatic perfect
absorption for a subwavelength asymmetric panel (SAP)
40 times smaller than the incoming wavelength (2.64 cm
at 300 Hz) using two double-interacting Helmholtz res-
onators. Then, we reported flat and perfect absorption
over a frequency range covering from 300 to 1000 Hz,
i.e., almost two octaves, using a rainbow-trapping ab-
sorber (RTA) composed of nine resonators and ten times
smaller than the wavelength at 300 Hz (11.3 cm). We
showed that to obtain broadband and perfect absorption
in the transmission problem, three conditions must be
simultaneously fulfilled: (i) the zeros of the eigenvalues

of the scattering matrix must be located on the real fre-
quency axis, (ii) the zeros of both eigenvalues, λ1,2, must
be at same frequencies, and, (iii) the quality factor of the
resonances must be low to overlap in frequency. These
three conditions are mandatory to maximize the broad-
band absorption of the panels and were satisfied by the
optimization process.

The limitations to obtain perfect absorption in realistic
panels were tested. It is worth noting here that although
achieving perfect absorption is theoretically possible, the
maximum absorption is, in general, limited in a real sit-
uation. Factors as the changes in temperature, the con-
tribution of nonlinearity for finite amplitude waves or
manufacturing constraints produce small changes in the
resonances and the critical coupling conditions cannot be
exactly fulfilled. However, under such considerations we
demonstrated that the structures analysed here produce
extraordinary values of absorption: for SAP an absorp-
tion peak of 0.995 in the analytical model and 0.982 in
the measurements was observed, while in the RTA the
maximum absorption was 0.999 in the analytical model
and 0.989 in the measurements.

The metamaterials presented here paves the way to
new investigations by using the rainbow-trapping effect
produced by other types of resonators as graded arrange-
ments of membranes or poroelastic plates. The current
subwavelength thickness configuration using Helmholtz
resonators can also has potential applications managing
acoustic waves in civil, automotive or aerospace engineer-
ing.

1Zheludev, N. I. & Kivshar, Y. S. From metamaterials to metade-
vices. Nature materials 11, 917–924 (2012).

2Ding, Y., Liu, Z., Qiu, C. & Shi, J. Metamaterial with simultane-
ously negative bulk modulus and mass density. Physical review
letters 99, 093904 (2007).

3Christensen, J., Kadic, M., Kraft, O. & Wegener, M. Vibrant

175



8

|P |=1 Pa |P |=0 Pa

|P |=1 Pa |P |=0 Pa

|P |=1 Pa |P |=0 Pa

|P |=1 Pa |P |=0 Pa

|P |=1 Pa |P |=0 Pa

|P |=1 Pa |P |=0 Pa

|P |=1 Pa |P |=0 Pa

z
 (

m
m

)
z
 (

m
m

)
z
 (

m
m

)
z
 (

m
m

)
z
 (

m
m

)
z
 (

m
m

)
z
 (

m
m

)
z
 (

m
m

)

|P |=1 Pa |P |=0 Pa

-200 -150 -100 -50 0 100 150 200 250 300

0

20

40

0

20

40

0

20

40

0

20

40

0

20

40

0

3

9

6

0

20

40

0

3

6

0

20

40

0

3

6
0

20

40

0

3

6

y   (mm)

923 Hz

803 Hz

706 Hz

610 Hz

530 Hz

450 Hz

386 Hz

300 Hz (a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

0

3

9

6

0

6

12

0

6

12

0

6

12

50

FIG. 6. (a-h) Pressure field inside the structure at x1 = d1/2 for frequencies corresponding to the peaks of absorption, i.e.,
f = [300, 386, 450, 530, 610, 706, 803, 923] Hz. Colormap in |P/P0|2 units, and P0 = 1 Pa.

times for mechanical metamaterials. Mrs Communications 5,
453–462 (2015).

4Yang, Z., Mei, J., Yang, M., Chan, N. & Sheng, P. Membrane-
type acoustic metamaterial with negative dynamic mass. Phys.
Rev. Lett. 101, 204301 (2008).

5Cummer, S. A., Christensen, J. & Alù, A. Controlling sound
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IV. METHODS

A. Theoretical model

The theoretical modelling is performed by using the
transfer matrix method (TMM), which relates the sound
pressure, p, and normal acoustic particle velocity, vx,
at the beginning (x = 0) and at the end of the panel
(x = L). Under the assumption that only plane waves
propagate in the waveguides, the transfer matrix T is de-
rived and the reflection and transmission coefficients can
be calculated. The system is written as

[
p
vx

]

x=0

= T

[
p
vx

]

x=L

=

[
T11 T12

T21 T22

] [
p
vx

]

x=L

, (1)

where T is given by the product of the transfer matri-
ces of the N different cross-section waveguides loaded by
HRs,

T = M
[1]
∆lslit

N∏

n=1

M[n]
s M

[n]
HRM[n]

s M
[n+1]
∆lslit

. (2)

The transmission matrix for the n-th waveguide half-

segment, M
[n]
s , takes the form

M[n]
s =


 cos

(
k

[n]
s

a[n]

2

)
ıZ

[n]
s sin

(
k

[n]
s

a[n]

2

)

ı

Z
[n]
s

sin
(
k

[n]
s

a[n]

2

)
cos
(
k

[n]
s

a[n]

2

)

 , (3)

where k
[n]
s and Z

[n]
s =

√
κ

[n]
s ρ

[n]
s /S

[n]
s are the effective

wavenumber and the characteristic impedance of the n-

th waveguide segment, κ
[n]
s and ρ

[n]
s are the effective bulk

modulus and the density respectively, provided in the

IV D, and S
[n]
s = d

[n]
1 h

[n]
3 are the cross-sectional areas.

The resonators, accounted for as point scatterers in the
middle of each waveguide segment by a transmission ma-

trix M
[n]
HR, and the radiation correction of the n-th waveg-

uide segment due to cross-section changes, M
[n]
∆lslit

, are
respectively

M
[n]
HR =

[
1 0

1/Z
[n]
HR 1

]
, M

[n]
∆lslit

=

[
1 Z

[n]
∆lslit

0 1

]
, (4)

where Z
[n]
HR is the impedance of the HR and Z

[n]
∆lslit

is
the characteristic radiation impedance of the n-th waveg-
uide, both provided in the IV E. Notice that the length
corrections of the HRs are already accounted for in the

impedance Z
[n]
HR.

The reflection coefficients from both sides of the struc-
ture, R+ and R−, and the transmission coefficient, T , are
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given by the elements of the T-matrix as

T =
2eıkL

T11 + T12/Z0 + Z0T21 + T22
, (5)

R− =
T11 + T12/Z0 − Z0T21 − T22

T11 + T12/Z0 + Z0T21 + T22
, (6)

R+ =
−T11 + T12/Z0 − Z0T21 + T22

T11 + T12/Z0 + Z0T21 + T22
, (7)

where Z0 = ρ0c0/S0 is the characteristic impedance of
the surrounding medium, usually air, with S0 = d1d3,
and the superscripts (+,−) denoting the incidence direc-
tion, i.e., the positive and negative x2-axis respectively.
Finally the asymmetric absorption coefficients are cal-

culated as α = α− = 1 − |R−|2 − |T |2 for the positive
x2-axis ingoing waves, namely here and beyond forward

propagation, and α+ = 1 − |R+|2 − |T |2 for the neg-
ative x2-axis ingoing waves, namely backward propaga-
tion. In symmetric systems T11 = T22 and, as a con-
sequence, R+ = R−. This property is not satisfied by
rainbow trapping absorbers and, therefore, the absorp-
tion depends on the direction of incidence. The recipro-
cal behaviour of the system implies that the determinant
of transfer matrix is one (T11T22 − T12T21 = 1). This
property is satisfied by the present linear and time in-
variant system and the transmission does not depend on
the direction of incidence.

On the other hand, the scattering matrix, S, relates
the amplitudes of the incoming waves with those of the
outgoing waves. The total pressures at both sides of the
structure are given by p(xa) = Ae−ıkxa +Beıkxa for xa <
0, and p(xb) = Ce−ıkxb + Deıkxb for xb > L. Thus, the
relation between the amplitudes of both waves is given
by the S-matrix as

[
A
D

]
= S

[
C
B

]
=

[
T R−

R+ T

] [
C
B

]
. (8)

The S-matrix is widely used in wave physics to charac-
terize and interpret the wave scattering. The scattering
matrix possesses two eigenvalues

λ1,2 = T ∓
√
R+R−, (9)

while the eigenvectors corresponding to λ1 and λ2 are

~v1 =
[
R−,−

√
R+R−

]
, ~v2 =

[√
R+R−, R+

]
, (10)

respectively. The poles and zeros of the eigenvalues as
well as the eigenvectors of the S-matrix in the complex-
frequency plane provide rich information, as we will see
later.

B. Numerical model

In order to validate the analytical models we use
a numerical approach based on the Finite Element

Method (FEM) using COMSOL Multiphysics 5.2TM.
The thermo-viscous losses were accounted for by using
the effective parameters of the air in the ducts, i.e., by
using the complex and frequency dependent density and
bulk modulus, given in the IV D. At the external sides
of the panel, rigid boundary conditions were considered
and viscous losses were neglected here. This is justified
because losses are mainly produced by thermo-viscous
processes at the narrow ducts that compose the meta-
material and the contribution of other sources is minor.
The unstructured mesh was designed ensuring a maxi-
mum element size 20 times smaller than the wavelength.

C. Sample design and experiments

Both samples were 3D printed by means of stereo-
lithography techniques using a photosensitive epoxy
polymer (Accura 60 R©, 3D Systems Corporation, Rock
Hill, SC 29730, USA). The acoustic properties of the
solid phase were ρ0 = 1210 kg/m3 and c0 = 1630 ± 60
m/s. Therefore, the characteristic acoustic impedance
was almost 5 thousand times greater than the one of air
and therefore the structure is considered motionless. The
transmission, reflection and absorption were measured in
a impedance tube with squared cross-section whose side
was 15 cm. During the experiments the amplitude of the
acoustic source was low enough to neglect the contribu-
tion of the nonlinearity of the HRs.

D. Visco-thermal losses model

The visco-thermal losses in the system are considered
both in the HRs and in the waveguide by using its effec-
tive complex and frequency dependent parameters. Con-
sidering only plane waves propagate inside the metama-

terial, the effective density, ρ
[n]
i , and bulk modulus, κ

[n]
i ,

of the n-th waveguide segment, ρ
[n]
s , κ

[n]
s , the neck, ρ

[n]
n ,

κ
[n]
n , and the cavity, ρ

[n]
c , κ

[n]
c , of each resonator are given

by43:

ρ
[n]
i = − ρ0b

2
1b

2
2

4G2
ρ

∑
k∈N

∑
m∈N

[
α2
kβ

2
m

(
α2
k + β2

m −G2
ρ

)]−1 ,

(11)

κ
[n]
i =

κ0

γ +
4(γ−1)G2

κ

b21b
2
2

∑
k∈N

∑
m∈N

[α2
kβ

2
m (α2

k + β2
m −G2

κ)]
−1

,

(12)

where Gρ =
√

ıωρ0/η and Gκ =
√

ıωPrρ0/η, γ is the
specific heat ratio of air, P0 is the atmospheric pressure,
Pr is the Prandtl number, η the dynamic viscosity, ρ0

the air density, κ0 = γP0 the air bulk modulus and ω the
angular frequency. The constants αk = 2(k + 1/2)π/b1
and βm = 2(m+ 1/2)π/b2, and b1 and b2 are the dimen-
sions of the duct. Thus, in the case of the n-th waveguide
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segment b1 = h
[n]
1 , b2 = h

[n]
3 ; in the case of the neck of

the HR b1 = b2 = w
[n]
n ; and in the case of the cavity

of the HR b1 = w
[n]
c,1 and b2 = w

[n]
c,2. Finally, the effec-

tive wave number and acoustic impedance are given by

k
[n]
i = ω

√
ρ

[n]
i /κ

[n]
i and Z

[n]
i =

√
κ

[n]
i ρ

[n]
i /b1b2 respec-

tively.

E. Resonator impedance and end corrections

Using the effective parameters for the neck and cav-
ity elements given by Eqs. (11-??), the impedance of a
Helmholtz resonator, including a length correction due
to the radiation can be written as44:

ZnHR = −ı
cos(knnl

n
n) cos(knc l

n
c )− Znnknn∆ln cos(knnl

n
n) sin(knc l

n
c )/Znc − Znn sin(knnl

n
n) sin(knc l

n
c )/Znc

sin(knnl
n
n) cos(knc l

n
c )/Znn − knn∆ln sin(knnl

n
n) sin(knc l

n
c )/Znc + cos(knnl

n
n) sin(knc l

n
c )/Znc

, (13)

where lnn and lnc are the neck and cavity lengths, knn and
knc , are the effective wavenumbers and and Znn and Znc
effective characteristic impedance in the neck and cavities
respectively, and ∆ln the correction length for the HRs.
These correction lengths are deduced from the addition

of two correction lengths ∆ln = ∆l
[n]
1 + ∆l

[n]
2 as

∆l
[n]
1 =0.41


1− 1.35

w
[n]
n

w
[n]
c

+ 0.31

(
w

[n]
n

w
[n]
c

)3

w[n]

n , (14)

∆l
[n]
2 =0.41


1− 0.235

w
[n]
n

ws
− 1.32

(
w

[n]
n

ws

)2

+1.54

(
w

[n]
n

ws

)3

− 0.86

(
w

[n]
n

ws

)4

w[n]

n .

The first length correction, ∆l
[n]
1 , is due to pressure

radiation at the discontinuity from the neck duct to the

cavity of the HR45, while the second ∆l
[n]
2 comes from

the radiation at the discontinuity from the neck to the
principal waveguide46. This correction only depends on
the radius of the waveguides, so it becomes important
when the duct length is comparable to the radius.

Another important end correction arises due the radia-
tion from the waveguides to the free air, and the radiation
correction between waveguides segments due to change of
section. On one hand, in the case of radiation to the free
air, for the element n = N in Eq.(2), the radiation cor-
rection is equivalent to the one of a periodic distribution
of slits, that can be expressed as47:

∆l
[N ]
slit = σh

[N ]
3

∞∑

m=1

sin2 (mπσ)

(mπσ)3
, (15)

with σ = h
[N ]
3 /d3. Using these values, the radiation

impedance of the N waveguide segment is Z
[N ]
∆lslit

=

−iω∆l
[N ]
slitρ0/φ

[N ]
t S0 with φ

[N ]
t = d3/h

[N ]
3 and the unit

cell surface S0 = d1d3. On the other hand, for the radi-
ation correction between slits due to change of section,
i.e., from n = 1 to n = N −1 in Eq.(2), the following end
correction has been applied:

∆l
[n]
slit = 0.82

[
1− 1.35

h[n]

h[n−1]
+ 0.31

(
h[n]

h[n−1]

)3
]
h[n].

(16)

Using this value, the radiation impedance reads Z
[n]
∆lslit

=

−iω∆l
[n]
slitρ0/φ

[n]
t S

[n]
s with φ

[n]
t = h[n−1]/h[n] and S

[n]
s =

h
[n]
1 h

[n]
3 .

F. Geometrical parameters

The geometrical parameters for the SAP (N = 2), cor-
responding to Fig. 2, are listed in Table I. The total
structure thickness is L =

∑
a[n] = 28.6 mm, and its

height and width of the unit cell are d3 = 148.1 mm and
d1 = 14.8 mm respectively.

The geometrical parameters for the RTA (N = 8), cor-
responding to Fig. 4 (j-l), are listed in Table III. The total
structure thickness is L = 120 mm, and its height and
width of the unit cell are d3 = 48.7 mm and d1 = 6.3 mm
respectively.

The geometrical parameters for the RTA (N = 9), cor-
responding to Fig. 5, are listed in Table III. The total
structure thickness is L =

∑
a[n] = 113 mm, and its

height and width of the unit cell are d3 = 48.7 mm and
d1 = 14.6 mm respectively.

ACKNOWLEDGEMENTS

The authors acknowledge financial support from the
Metaudible Project No. ANR-13-BS09-0003, cofunded
by ANR and FRAE.

179



12

n a[n] (mm) h
[n]
3 (mm) h

[n]
1 (mm) l

[n]
n (mm) l

[n]
c (mm) w

[n]
n (mm) w

[n]
c,1 (mm) w

[n]
c,2 (mm)

2 16.8 12.7 13.8 15.4 119.1 4.5 13.8 15.7
1 11.8 1.0 13.8 12.0 134.1 3.2 13.8 10.8

TABLE I. Geometrical parameters for the SAP (N = 2).

n a[n] (mm) h
[n]
3 (mm) h

[n]
1 (mm) l

[n]
n (mm) l

[n]
c (mm) w

[n]
n (mm) w

[n]
c,1 (mm) w

[n]
c,2 (mm)

8 15.0 28.8 5.3 1.0 17.9 0.8 5.3 13.5
7 15.0 27.4 5.3 1.2 19.2 0.8 5.3 14.0
6 15.0 25.9 5.3 1.5 20.3 0.8 5.3 14.0
5 15.0 24.5 5.3 1.8 21.3 0.8 5.3 14.0
4 15.0 23.1 5.3 2.2 22.4 0.7 5.3 14.0
3 15.0 22.1 5.3 2.6 23.0 0.7 5.3 14.0
2 15.0 21.9 5.3 3.2 22.6 0.7 5.3 14.0
1 15.0 0.8 0.8 5.7 41.2 0.7 5.3 13.5

TABLE II. Geometrical parameters for the RTA (N = 8).
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n a[n] (mm) h
[n]
3 (mm) h

[n]
1 (mm) l

[n]
n (mm) l

[n]
c (mm) w

[n]
n (mm) w

[n]
c,1 (mm) w

[n]
c,2 (mm)

9 7.9 25.6 14.0 1.1 21.4 1.2 14.0 7.2
8 9.5 24.2 14.0 1.0 22.8 1.2 14.0 9.0
7 11.0 22.8 14.0 1.7 23.6 1.4 14.0 10.6
6 12.6 21.6 14.0 0.7 25.9 1.0 14.0 12.0
5 14.1 20.2 14.0 1.5 26.5 1.2 14.0 13.6
4 15.7 18.8 14.0 1.1 28.3 1.0 14.0 15.2
3 17.3 17.4 14.0 1.6 29.2 1.0 14.0 16.8
2 18.8 16.0 14.0 1.1 31.2 0.8 14.0 18.4
1 6.4 1.0 1.0 3.0 44.7 0.6 14.0 5.6

TABLE III. Geometrical parameters for the RTA (N = 9).
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Metadiffusers: Deep-subwavelength 
sound diffusers
Noé Jiménez  1, Trevor J. Cox2, Vicent Romero-García1 & Jean-Philippe Groby1

We present deep-subwavelength diffusing surfaces based on acoustic metamaterials, namely 
metadiffusers. These sound diffusers are rigidly backed slotted panels, with each slit being loaded by 
an array of Helmholtz resonators. Strong dispersion is produced in the slits and slow sound conditions 
are induced. Thus, the effective thickness of the panel is lengthened introducing its quarter wavelength 
resonance in the deep-subwavelength regime. By tuning the geometry of the metamaterial, the 
reflection coefficient of the panel can be tailored to obtain either a custom reflection phase, moderate 
or even perfect absorption. Using these concepts, we present ultra-thin diffusers where the geometry 
of the metadiffuser has been tuned to obtain surfaces with spatially dependent reflection coefficients 
having uniform magnitude Fourier transforms. Various designs are presented where, quadratic residue, 
primitive root and ternary sequence diffusers are mimicked by metadiffusers whose thickness are 1/46 
to 1/20 times the design wavelength, i.e., between about a twentieth and a tenth of the thickness 
of traditional designs. Finally, a broadband metadiffuser panel of 3 cm thick was designed using 
optimization methods for frequencies ranging from 250 Hz to 2 kHz.

There are many applications in physics and electrical engineering for objects and surfaces that disperse waves. To 
take a few examples, such scatterers can be applied to sonar and radar camouflage, electromagnetic reverberation 
chambers and reducing unwanted ultrasound reflections from surgical equipment. To study how metamaterials 
might create scattering, this study has focussed on sound diffusers applied in room acoustics. This allows the 
work to build on a large body of knowledge concerning how such surfaces are measured, predicted and designed. 
Common wall treatments are made of flat panels, leading to specular sound reflections. In critical environments 
such as auditoria, professional broadcast and recording control rooms, recording studios or conference rooms, 
such reflections can decrease sound quality due to echoes or cause sound coloration1. Even when these specular 
reflections are damped by absorption, the sound field inside a room may be non-diffuse, affecting the quality of 
the listening. In these situations, diffusers can often help by evenly spreading the acoustic energy in both space 
and time. Specialist diffusers are panels whose scattering function is uniform, so the reflected waves are dispersed 
in many different directions.

The far-field polar pressure distribution can characterize the performance of a diffuser. For a finite panel 
of side 2b, the far-field polar pressure distribution, ps(θ), of a locally-reacting reflecting surface with a spatially 
dependent reflection coefficient, R(x), can be calculated using the Fraunhofer integral as ref. 2

∫θ = θ

−
p R x e dx( ) ( ) , (1)s b

b jk x sin0

where θ is the polar angle and k0 is the wavenumber in air. Note the scattered pressure in the far-field is essentially 
a Fourier transform of the reflected field along the surface. Therefore, structures whose reflection coefficient dis-
tributions present a uniform magnitude Fourier transform present good sound diffusion properties3.

The generation of spatially dependent reflective surfaces have been achieved in the past by using phase grating 
diffusers, also known as Schroeder’s diffusers after its first proposal3 using maximum length sequences. The most 
used configurations are rigid-backed slotted panels where each well acts as a quarter wavelength resonator4, 5, as 
shown in Fig. 1(a). Due to the different resonance frequency of each well, the phase of the reflection coefficient 
locally depends on the wavenumber and depth of each well. Thus, one approach is to set the spatially-dependent 
reflection coefficient according to a number sequence that presents a uniform magnitude Fourier spectrum at the 
design frequency. In this case, a periodic array of the panel presents grating lobes with the same pressure magni-
tude in the far field at the design frequency.
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The maximum phase shift of the reflection coefficient achieved by a single well in a phase grating diffuser 
occurs at its quarter wavelength resonance, i.e., =L c f/40  where f is the frequency, L is the depth of the well and 
c0 is the speed of sound in air. Therefore, a limitation of Schroeder diffusers is that the depth becomes large for low 
design frequencies. This results in thick and heavy panels, limiting the use of phase grating diffusers for 
low-frequencies where the wavelength of sound in air is of the order of several meters. In the context of smart 
building design and sustainable building, leading-edge technologies can be applied to optimize space and design 
lightweight materials, improving the performance of the acoustic solutions using less resources.

Various approaches have been carried in the past to reduce the total thickness of the panels. As the wells 
of Schroeder diffusers present different lengths, well folding strategies have been proposed6–8 to minimize the 
unused space. At high frequencies the sound does not bend through the folded wells and so care in design is 
needed. Using well-folding the total thickness of a diffuser can only be reduced to about half the depth of a 
standard Schroeder diffuser. Other approaches include the use of single Helmholtz resonators instead of quarter 
wavelength resonators to construct the phase grating diffuser. This strategy was first reported by placing perfo-
rated sheets at the front of a Schroeder diffuser9. The added-mass effect reduces the resonance frequency of the 
well and consequently the thickness can be reduced. In this system losses are inevitably introduced and therefore, 
some of these devices were proposed as sound absorbers10. Using “T” shaped wells, 2 dimensional resonators can 
be designed and the full structure can be optimized to extend its low frequency response1. Flat panels have been 
also proposed using hybrid surfaces that combine patches of absorption and reflection11, but their performance 
is limited because of weak edge diffraction. Other approaches include the use of active surfaces12, but their use 
is limited due to cost. Recently, sonic crystals (SC) were used to construct acoustic diffusers13. A SC is a periodic 
arrangement of acoustic scatters, typically rigid bars embedded in air. The periodicity leads to a modification of 
the dispersion relations and propagation through these structures becomes strongly dispersive and anisotropic. 
The diffusion was achieved at low frequencies of a bi-periodic SC mainly caused by the internal Fabri-Pérot res-
onances of the structure. The main drawback of this promising approach is the lack of simple and/or analytical 
methods to design these complex structures. Therefore, optimization of these structures have been proposed14, 
but the lack of fast analytical models make the design tedious and, until now, the inherent thermo-viscous losses 
have not been accounted for in these designs.

Local resonances have also been exploited to introduce strong dispersion in acoustic metamaterials15. In these 
structures the phase speed can be strongly modified and materials with exotic properties as either negative effec-
tive bulk modulus or negative mass density16, 17 can be designed. Metamaterials have been widely used to design 
acoustic absorbers as metaporous materials18–21, dead-end porosity materials22, 23 or absorbing resonant met-
amaterials composed by membrane-type resonators17, 24–26, quarter-wavelength resonators (QWRs)23, 27–29 and 
Helmholtz resonators (HRs)26, 30–32. These last types of metamaterials23, 27, 28, 31, 32 make use of strong dispersion 
giving rise to slow-sound propagation inside the material. Using slow sound results in a decrease of the cavity 
resonance frequency and, hence, the structure thickness can be drastically reduced to the deep-subwavelength 
regime31. Moreover, these structures can fulfil the critical coupling conditions26, having their impedance matched 
with the exterior medium and resulting in perfect absorption (PA), as recently demonstrated for panels using slow 
sound and QWRs28 or HRs31.

In this paper, we present deep-subwavelength diffusers based on acoustic metamaterials to reduce the thick-
ness of Schroeder diffusers. The system works as follows: first, we consider a rigid panel of finite length with a set 
of N slits. Second, we modify the dispersion relations inside each slit by loading one of their walls with a set of 
HRs, as shown in Fig. 1(b). The sound propagation in each slit becomes strongly dispersive and the sound speed 
inside it, cp, can be drastically reduced. Each slit behaves effectively as a deep-subwavelength resonator and, there-
fore, the effective depth of the slits can be strongly reduced as =L c f/4p  holds. By tuning the geometry of the HRs 
and the thickness of the slits, the dispersion relations inside each slit can be modified. As a result the phase of the 
reflection coefficient can be tailored, e.g., to those of an Schroeder phase grating diffuser. Furthermore, by tuning 
the thermo-viscous losses, which are inherent in the HRs and in the narrow slits, the leakage of the structure can 

Figure 1. (a) Scheme of a QRD Schroeder diffuser composed by N = 7 wells or quarter wavelength resonators. 
(b) Metadiffuser composed of N = 7 sub-wavelength slits, each of them loaded by M = 3 Helmholtz resonators, 
with slightly different geometry. (c) Detail of a slit of the metadiffuser showing the geometrical parameters of 
the cavity of a HR (wc and lc) and its neck (wn and ln).
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be compensated by the intrinsic losses of the system and PA can be obtained. Thus, the magnitude of the reflec-
tion coefficient can be also tuned, and the behaviour of the slits ranges from perfect reflectors to perfect absorbers. 
Perfect absorbing slits allows the construct of ternary sequence diffusers33 for low frequencies.

Results
Slow sound and dispersion relations in the slits. We consider a 2D flat panel composed of a periodic 
distribution of unit cells. As shown in Fig. 1(b,c), the unit cell is composed by N slits of width h separated a 
distance d and distributed in the x1 direction. Each slit is loaded by M HRs separated a distance a, each one com-
posed of a squared cross-section neck and a cavity with length and width dimensions ln and wn, lc and wc respec-
tively. The propagation inside each slit was calculated using the transfer matrix method (TMM) and the finite 
element method (FEM) including the thermoviscous losses by means of its effective parameters (see methods 
section). The methods and unit cell used in this work are the same as in refs 31 and 32. In those works, the TMM 
and FEM using the effective parameters were accurately validated experimentally to model the thermoviscous 
losses of metamaterials using a set of N = 13 by M = 1 HRs31 and N = 3 by M = 10 HRs32.

Figure 2(a) shows the dispersion relations inside two different slits, n = 1 and n = 2, obtained by using 
M = 2 HR with the geometrical parameters listed in Table 1. First, above the resonance frequency of the HRs, fn, 
a band gap is generated. Below the resonance frequency of the HRs a dispersive band is observed and the wave-
number is increased with respect to the wavenumber in air. In this regime, slow sound conditions are produced, 
as shown in Fig. 2(b), i.e., the phase speed inside the slits is strongly reduced. The phase of the reflection coeffi-
cient produced by each slit is shown in Fig. 2(c). We can see that for some frequencies the phase of the reflection 
coefficient of both slits (blue and red lines) is strongly modified when compared to the reflection phase of a slit 
without HRs (dashed line). At 2 kHz, the 1st slit (red curve) reacts inverting the phase of the incoming wave, while 
for the 2nd slit (blue curve) this occurs at 3.2 kHz. In this way, by tuning the geometry a specific phase profile can 
be tailored, while the total thickness of the panel can be greatly reduced when compared with a quarter wave-
length resonator of length L. By using these features, we show in this article that the phase profile of Schroeder 
and ternary sequence diffusers can be mimicked by a sub-wavelength metadiffuser in a given frequency band. 
Therefore by tuning the geometry of a metadiffuser we can maximize sound diffusion in a broad frequency band 
for room acoustics applications using a deep sub-wavelength panel.

Quadratic residue metadiffusers. The first numerical sequence mimicked is the one used in quadratic 
residue diffusers (QRD). The sequence is given by sn = n2 mod N, where mod is the least non-negative remainder 
of the prime number N. If the phase grating diffuser is based on quarter wavelength resonators (wells), the depth 
of the wells is given by λ=L s N/2n n 0 , where λ0 is the design wavelength. Here, we use optimization methods, e.g., 
sequential quadratic programming34, to tune the geometry of the metamaterial so the spatially-dependent reflec-
tion coefficient matched between the QR-metadiffuser and the QRD only at 2000 Hz. A QRD with N = 5 QRD, a 
total thickness of L = 27.4 cm and side Nd = 35 cm was designed for a frequency of 500 Hz. Due to the small lateral 
size of the panel, the response was evaluated at 2000 Hz considering 6 repetitions of the unit cell in order to clearly 
generate the characteristic N diffraction grating lobes of the QRD in the far-field. Figure 3(a,b) shows the phase 
and magnitude of the reflection coefficient along the surface the ideal QRD and a QR-metadiffuser of L = 2 cm 
thickness and M = 2 HRs of same lateral dimensions. The geometrical parameters for the metadiffuser are listed 
in Table 1 and a scheme of the panel is shown in Fig. 3(c). Perfect agreement is found between the reflection coef-
ficients of the QR-metadiffuser and the target phase grating QRD. Figure 3(g) shows the far-field calculation at 

Figure 2. (a) Dispersion relation inside the (blue) first and (red) second slits of a metadiffuser for the lossless 
case (continuous lines) and accounting for the thermo-viscous losses (dashed lines), and wavenumber in air 
(dashed-dotted). The resonance frequencies of the HR are shown as f1 and f2. (b) Corresponding phase speed. 
(c) Phase of the reflection coefficient for each individual slit.

n sn h (mm) ln (mm) lc (mm) wn (mm) wc (mm)

1 1.0 14.7 13.0 16.4 6.2 9.0

2 4.0 30.9 9.1 4.3 3.5 9.0

3 4.0 30.9 9.1 4.3 3.5 9.0

4 1.0 15.7 13.3 17.0 6.3 9.0

5 0.0 20.3 18.0 20.7 3.2 9.0

Table 1. Geometrical parameters of the QR-metadiffuser.
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2000 Hz using Eq. (1) for both structures. Excellent agreement is obtained between the polar responses using the 
TMM. To validate the design a full-wave numerical solution using the finite element method (FEM) and account-
ing for the thermo-viscous losses is also provided. The FEM numerical solution agrees with the theoretical pre-
diction, although small discrepancies can be observed. They are caused first because the radiation corrections 
used in the TMM are only approximate, and, second, because the evanescent coupling between near slits in the 
TMM is not considered while it is implicitly included in the FEM simulations. The near field pressure distribu-
tions are shown in Fig. 3(d–f) for the QR-metadiffuser, the QRD and a reference flat surface of the same width, 
respectively. Excellent agreement is observed between both diffusers, where it is clear how the field is scattered in 
other directions rather than specular. The presented QR-metadiffuser is 17.1 times thinner than the QRD (34 
times smaller than the QRD design wavelength (500 Hz) and 8.5 times smaller than the evaluation wavelength 
(2000 Hz).

Primitive root metadiffusers. The second numerical sequence presented here is the primitive root 
sequence, given by sn = rn mod P, where P is a prime number and r is the primitive root of P. The primitive root 
sequence have N = P − 1 different values. A primitive root diffuser (PRD) is constructed using a set of N wells 
with depths λ=L s N/2n n 0 . The scattered field by these diffusers presents a notch at specular directions at multi-
ples of the design frequency4. Figure 4(a,b) show both the phase and magnitude of the spatially-dependent reflec-
tion coefficient of a P = 7 phase grating PRD of thickness L = 17.1 cm with d = 7 cm, and for a PR-metadiffuser of 
L = 3.5 cm and M = 1 HR with the same lateral dimensions. Excellent agreement is found between both responses. 
The corresponding geometrical parameters of the PR-metadiffuser are listed in Table 2, while a scaled scheme is 
drawn in Fig. 4(c). Figure 4(d–f) show the near field corresponding to the PR-metadiffuser, the PRD, and the 
reference plane surface. The characteristic notch is observed at normal reflection angle, i.e., θ = 0. Note, because 
the structures are not symmetric, neither is the field. The far-field is presented in Fig. 4(g), where good agreement 
is found between the theory and the full-wave numerical solutions. Both panels produce the same scattering, but 
the thickness of the PR-metadiffuser is around 10 times thinner than the phase grating PRD (20 times smaller 
than the design wavelength).

Absorption in QR- and PR-metadiffusers. These metamaterials show high flexibility to tailor their reflec-
tion response to a specific spatial function. However, the presented QR- and PR-metadiffusers are tuned to fit the 
desired phase response only at a single frequency. In order to quantify the frequency dependent performance of 
a diffusing panel, the normalized diffusion coefficient, δn, can be evaluated from the far-field polar responses (see 
methods section). This parameter measures the uniformity of the scattering pattern, i.e., a high value indicates 
that there is no privileged reflection direction, zero indicates that the energy is reflected only in one direction. 
The frequency dependent diffusion coefficient is shown in Fig. 5(a,b) for the QR- and PR- metadiffusers respec-
tively. Although the phase of the reflection coefficient of the metadiffusers does not follow the QRD and PRD 

Figure 3. (a) Phase and (b) magnitude of the spatially-dependent reflection coefficient of a QRD (black line) 
and the QR-metadiffuser (red doted). (c) Scaled scheme of the QR-metadiffuser with N = 5 and M = 2. (d) 
Near field pressure distribution at 2 kHz of QR-metadiffuser with thickness L = 2 cm (e) phase grating QRD of 
thickness L = 27.4 cm and (f) flat plane reflector. (g) Far-field polar distribution of the QR-metadiffuser obtained 
by TMM (continuous blue) and FEM (dotted black), the reference QRD (dashed-grey), and a plane reflector 
with same width of the diffusers (continuous red).
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design for all frequencies, the surface impedance still varies spatially and creates dispersion. Note, the magnitude 
of the reflection coefficient is strongly spatially dependent. Compared with the corresponding Schroeder’s dif-
fusers, the magnitude of the diffusion coefficient is of the same order at the design frequency. In the case of the 
QR-metadiffuser a broadband diffusion is observed when compared with the PR-metadiffuser. This broadband 
diffusion is mainly achieved by the multiple collective modes of the HRs32 produced by a higher M value.

In all the previous results, thermo-viscous losses were accounted for in the ducts that comprise the meta-
material. The acoustic absorption due to these thermo-viscous losses is shown in Fig. 5(c,d) for the QR- and 
PR-metadiffusers respectively. It can be observed that for some frequencies, peaks of absorption are generated 
(blue curves in Fig. 5(c,d)). Moreover, if the absorption of each individual slit is calculated, very sharp peaks of 
absorption appear at selected frequencies, as those marked by the arrows (grey curves in Fig. 5(c,d)). For the case 
of the QR-metadiffuser, at f = 2270 Hz the reflection coefficient vanishes at the n = 1 slit because it is impedance 
matched with the exterior air and the critical coupling condition fulfils. The complex frequency plane representa-
tion of the eigenvalues of the scattering matrix, i.e., the reflection coefficient, is shown in the insets for the slits 
n = 5 and n = 1. The different resonances can be identified with zero-pole pairs in the complex frequency plane. 
In the case of n = 5, the zeros of the eigenvalue of the scattering matrix are close to the real frequency axis and, 
therefore, it produces a peak of absorption. In the case of n = 1 slit, we can observe that the eigenvalues of the 
scattering matrix present a zero which is exactly located on the real frequency axis. Therefore, at this particular 
frequency perfect absorption is achieved. It is worth noting here that these structures were first proposed as per-
fect acoustic absorbers31. A similar behaviour is observed for the case of the PRD diffuser at f = 1510 Hz, but in 
this case, imperfect absorption is achieved as also shown in the inset of Fig. 5(d) where the zero of the eigenvalues 
of the scattering matrix is not exactly on the real frequency axis. Thus, in this case, the critical coupling conditions 
are not fulfilled.

Figure 4. (a) Phase and (b) magnitude of the spatially-dependent reflection coefficient of a PRD (black line) 
and the PR-metadiffuser (red doted). (c) Scaled scheme of the metadiffuser using N = 6 and M = 1. (d) Near 
field pressure distribution at 1 kHz of a PR-metadiffuser with prime number P = 7 and thickness L = 3.5 cm (e) 
phase grating QRD of thickness L = 17.1 cm and (f) reference flat plane reflector. (g) Far-field polar distribution 
of the PR-metadiffuser obtained by TMM (continuous blue) and FEM (dotted black), the reference PRD 
(dashed-grey), and a plane reflector with same width of the diffusers (continuous red).

n sn h (mm) ln (mm) lc (mm) wn (mm) wc (mm)

1 1.5 0.5 26.1 23.4 19.4 34.0

2 1.0 14.4 16.7 26.0 14.7 34.0

3 3.0 1.1 5.7 26.2 7.3 34.0

4 2.0 22.0 14.3 19.1 13.9 34.0

5 2.5 14.6 18.6 24.7 14.7 34.0

6 0.5 22.4 14.9 19.9 18.3 34.0

Table 2. Geometrical parameters of the PR-metadiffuser.
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Hybrid metadiffusers. The induced absorption can be used to obtain diffusion. Perfect absorption is man-
datory to design diffusers based on index35, ternary or quadriphase33 sequences. The family of ternary sequence 
diffusers33 are based on numerical sequences composed by 3 possible states, [−1, 0, 1], organized in such a way 
that the magnitude of its Fourier spectrum is uniform. Schroeder’s diffusers based on these sequences use phase 
gratings (quarter wavelength resonators) to obtain the inverted phase reflection, [−1] state, flat surfaces for the 
in-phase reflection, [1] state, and high absorptive materials for the zeros of the sequence, [0] state. This can be 
achieved by filling a well with porous absorbent such as mineral wool. Even when these devices are constructed 
with long wells, the main limitation is that the reflection does not vanish at low and medium frequencies, due to 
the poor impedance matching of the rigidly-backed porous material with the air: the porous material enters in the 
viscous frequency regime and inside it a diffusion-dominated wave equation is satisfied.

The use of metadiffusers offers the possibility of accurately creating both the inverted phase and the zeros 
of ternary sequences: the geometry of the system can be tuned to obtain sub-wavelength wells with inverted 
phase and perfect absorbers (PA)31. In addition, the optimization process is simplified because only 2 differ-
ent sub-wavelength wells are required with independence of the length of the sequence. A PA-metadiffuser was 
designed using N = 8 and M = 1. The phase inverted and perfect absorbers have been obtained by tuning the 
geometry of the metamaterial using optimization methods with the constraint of L < 3 cm, i.e., a panel thickness 
23 times smaller than the wavelength at f = 500 Hz. The retrieved parameters are listed in Table 3 and a scaled 
scheme of the metadiffuser is shown in Fig. 6(c). Figure 6(a,b) show the sequence, sn, used to design a ternary 
sequence diffusers and the corresponding phase and magnitude of the reflection coefficient. Small discrepancies 
can be observed between the ideal and the calculated spatially dependent reflection coefficient, mainly caused 
by the inherent absorption of the phase-inverter slits. When the metadiffuser becomes deep-subwavelength, the 
small ducts that compose the metamaterial lead to unavoidable thermoviscous losses, mainly localized at the 
neck of the HRs. In contrast, the perfect absorbing slits are accurately obtained. Figure 6(d) shows the frequency 
dependent absorption of each slit and the total absorption produced by the metadiffuser. The eigenvalues of the 
scattering matrix in the complex frequency plane are shown in the inset for the PA slit. It can be observed that 
the eigenvalues of the scattering matrix present a zero that is located exactly on the real frequency axis. Under 
these conditions the material is critically coupled to the exterior medium and at this particular frequency sound 
is perfectly absorbed. Figure 6(f) shows the far-field pressure distribution of an ideal ternary sequence diffuser, a 
PA-metadiffuser using TMM and its corresponding FEM simulation accounting for the thermo-viscous losses. 
The characteristic notch in the polar response at the specular direction is obtained because the magnitude of 
the first component of the Fourier spectrum of the used ternary sequence is zero. Only small discrepancies are 
observed caused by the non-perfect phase inverting slits due to the thermo-viscous losses that appear in this 

Figure 5. (a) Diffusion coefficient of the QR-metadiffuser (blue) optimized at 2000 Hz (marker) and a reference 
QRD (red). (b) Diffusion coefficient of the PR-metadiffuser (blue) optimized at 2000 Hz (marker) and a 
reference PRD (red). (c) Corresponding absorption for the QRD case, where the grey lines shows the absorption 
of individual slits n = 1 and n = 5. For these slits, the insets show the complex frequency representation26 of the 
reflection coefficient (log|R(fr, fi)|2), where fr = Re(f) and fi = Im(f). (e) Corresponding absorption for the PRD 
where the complex frequency representation of the reflection coefficient is shown for the individual slit n = 1 in 
the inset.

sn h (mm) ln (mm) lc (mm) wn (mm) wc (mm)

1 0 — — — —

−1 8.5 1.8 88.7 8.4 29.0

0 10.0 69.4 10.2 2.4 29.0

Table 3. Geometrical parameters of the PA-metadifuser.
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deep-subwavelength thickness structure. The frequency dependent diffusion coefficient is shown in Fig. 6(e). Due 
to the fact that the metamaterial only present PA at the design frequency, the diffusion coefficient presents a high 
value only in a narrow frequency band. Note the corresponding correlation scattering coefficient1 is almost one, 
reaching a value of σc = 0.996, indicating that specular reflection almost vanishes. Using PA other sequences with 
flat Fourier spectrum can also be mimicked, including binary maximum length sequences3 or complex Legendre 
sequences based on the index function35.

Broadband optimal metadiffusers. To design a metadiffuser useful for room acoustics, its diffusion must 
be broad in frequency. Thus, we extended the bandwidth of the optimization procedure, where the cost function 
to minimize was ∫ε δ= − df1

f

f
n

low

high . In particular, we look for deep-subwavelength thickness metadiffusers that 
present maximum normalized diffusion coefficient in the frequency range from flow = 250 Hz to fhigh = 2000 Hz. 
Here, we used a set of N = 11 slits separated by d = 12 cm, and constrained the thickness of the panel to L = 3 cm. 
The obtained geometrical parameters are listed in Table 4. Here we used square cross-section HRs. Figure 7(a) 
shows the scheme of the metadiffuser with the retrieved geometry. First, the polar responses at two frequencies, 
300 and 2000 Hz are shown in Fig. 7(b,c). The maximization of the diffusion coefficient implies that the polar 
responses are uniform. In addition, we show the angular dependence of the near field at shorter distances, e.g., at 
1 and 5 m. Due to the lateral dimension of the structure is 1.32 m, Eq. (1) is not accurate at distances much shorter 
than the Rayleigh distance. However, although the near field does not exactly follow the polar distribution given 
by Eq. (1), the structure scatters the waves uniformly in broad range of angles when compared with a flat plane of 

Figure 6. (a) Phase and (b) magnitude of the spatially dependent reflection coefficient for an ideal ternary 
sequence diffuser (black) and a PA-metadiffuser (blue dots). The ternary sequence used, sn, is shown on top. 
(c) Scaled scheme of the geometry of the hybrid PA-metadiffuser. (d) Frequency dependent absorption for 
the total structure (blue curve) and individual slits (black curves). The inset shows the complex frequency 
plane representation of the reflection coefficient for the perfect absorber slits, sn = 0. (e) Frequency dependent 
diffusion for the PA-metadiffuser of L = 3 cm (blue), a ternary sequence diffuser using phase gratings of 
L = 17 cm (dashed red) and ternary sequence diffuser using phase gratings of L = 3 cm (black). (f) Far field polar 
response at 500 Hz of a ternary sequence with N = 8 wells (dashed-grey), the PA-metadiffuser obtained by TMM 
(continuous black) and FEM (dotted black), and a plane reflector of the same width as the diffusers (red line).

n 1 2 3 4 5 6 7 8 9 10 11

h (mm) 5.7 4.9 7.7 82.9 48.4 74.9 20.0 6.6 76.2 29.5 7.6

ln (mm) 16.3 7.3 37.1 0.0 35.3 22.1 14.7 0.1 0.0 0.1 4.8

lc (mm) 97.1 106.8 74.2 36.0 35.3 22.1 84.3 112.2 42.7 89.4 106.5

wn (mm) 6.7 6.5 10.0 29.0 29.0 29.0 14.0 9.5 29.0 27.6 6.2

wc (mm) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0

Table 4. Geometrical parameters used for the broadband metadiffuser using N different slits.
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same dimensions. See Supplementary material for details about the near field produced by this structure. 
Figure 7(d–g) show the frequency dependent polar responses in the far field for a reference flat plane with the 
same width than the metadiffuser, a thick QRD with a design frequency of 250 Hz (LQRD = 56 cm), a thin QRD 
with the same thickness of the metadiffuser LQRD,thin = 3 cm, and the optimized metadiffuser, respectively. Here, 
we calculated the polar responses using 6 repetitions of the panel to clearly observe the diffraction grating lobes. 
First, the scattering of the thin QRD, Fig. 7(e), is almost the same as a flat plane, Fig. 7(d). It only starts to scatter 
waves at different angles above 2 kHz. Second, the deep wells that compose the thick QRD, Fig. 7(f), resonate near 
their quarter-wavelength resonances at lower frequencies and, therefore, the reflection coefficient follows the QR 
sequence and the panel scatters sound waves into oblique angles. Finally, the optimized metadiffuser, Fig. 7(g), 
also shows strong grating lobes, but, in addition, at medium and high frequencies energy is spread in other direc-
tions at low frequencies, e.g., between 250 and 500 Hz.

The normalized diffusion coefficient shown in Fig. 7(h) quantifies this behaviour. It is observed that over the 
optimized range the diffusion coefficient of the metadiffuser takes values with a mean value of about δn = 0.65, 
with peaks of δn = 0.9. When compared to the thick QRD, its frequency band is extended to one octave below. 
The corresponding absorption is shown in Fig. 7(f). Here, the wide slits that form the QRD produce almost no 
losses, while the thermo-viscous losses produced in the narrow ducts that comprise the ultra-flat metamaterial 
lead to some peaks of absorption at the resonance of the cavities. These losses can be reduced if the thickness of 
the panel is increased, but here we presented a structure whose thickness is 46 times smaller than the wavelength. 
It is worth noting here that the size of some of neck of the resonators is almost the same as their cavities, as can 
be observed in Fig. 7(a). In these cases the resonator acts as a coiled QWR and the losses in these wide ducts are 
decreased. The resonance frequency of these QWR is higher than the corresponding HRs, contributing to the 
high frequency diffusion, while, in contrast, the HRs introduce spatial changes on the reflection coefficient at low 
frequencies. Moreover, the position of the low frequency absorption peaks can be engineered to solve other typi-
cal problems in room acoustics, as placing them at the resonant modes of small control rooms to produce a flatter 
spectral response, or reduce sound coloration in the reverberation. This can be achieved using multi-objective 
optimization techniques.

Discussion
Metadiffusers, a novel design of locally reacting surfaces with tailored acoustic scattering was presented. These 
new structures are based on metamaterials comprising a slotted panel, with the slits loaded by a set of Helmholtz 
resonators. The propagation inside the metamaterial presents strong dispersion and the sound speed can be sig-
nificantly reduced so that each slit effectively behaves as a deep-subwavelength resonator. Thus, by tuning the 
material geometry, the dispersion of acoustic waves in the slits is modified and the spatially-dependent reflection 

Figure 7. Far field polar response as a function of the frequency for (a) reference flat plane, (b) N = 11 QRD 
panel with a total thickness of 3 cm, (c) QRD panel with total thickness of 56 cm and (d) optimized metadiffuser 
thickness of 3 cm. (e) Normalized diffusion coefficient or the 3 cm QRD (dashed black), 32 cm QRD (dashed-
dotted red) and optimized metadiffuser using TMM (blue) integrated in third of octaves. The third octave 
integration is shown in thick lines according to ISO 17497-2:201243. (f) Corresponding absorption.
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coefficient can be tailored to specific functions with uniform magnitude Fourier transform. In these conditions, 
the grating lobes produced by a periodic arrangement of the panel all have the same energy. The acoustic energy 
can be scattered in other directions than specular. Different designs were presented based on number-theoretical 
sequences as quadratic residue and primary root sequences (QR and PR-metadiffusers). Moreover, using the con-
cept of critical coupling, sub-wavelength perfect absorbers were introduced to accurately model ternary sequence 
metadiffusers (PA-metadiffusers). Finally, it was shown that the structures can be optimized to work in a broad 
frequency range covering 3 octaves. In particular, we presented a diffuser of 3 cm thickness working from 250 
to 2000 Hz, demonstrating the potential of the metadiffusers to be used in critical listening environments due to 
their deep-subwavelength nature: the thickness of the panels was 1/46 to 1/20 times the design wavelength, i.e., 
between about a twentieth and a tenth of the thickness of traditional designs. In the context of smart building 
design and sustainability, metadiffusers can be used to save space and to produce lightweight materials, improv-
ing the performance of the acoustic solutions using less resources. Moreover, the proposed designs have the 
potential to meet the aesthetic requirements that are mandatory for modern auditoria design.

While the focus of the study has been sound diffusers for rooms, dispersed, broadband reflections are of 
interest beyond architectural acoustics. Example of structures creating diffuse reflections are found in nature, for 
example Cyphochilus and Lepidiota stigma beetles have chitin networks that achieve an exceptionally bright white 
colour from all observation angles36. A second example would be the use of acoustic camouflage by insects to 
avoid predation by bats. The latest research suggests that insects look for rough surfaces, ones that create disper-
sion, to reduce the chances of being detected via echolocation37. We would anticipate applications for deliberately 
designed dispersive surfaces: in underwater acoustics; in airborne acoustics and for other wave types (e.g. light, 
seismic waves). As in nature, applications might involve signalling, reducing interference from unwanted reflec-
tions and acoustic camouflage.

Methods
Transfer matrix method. The system described before has been theoretically modelled by using the trans-
fer matrix method. Under the assumption of plane waves travelling inside the metamaterial, either the transfer 
matrix or the scattering matrix can be obtained, providing directly the reflection of the metamaterial, as well as 
its effective parameters.

The transfer matrix is used to relate the sound pressures and normal acoustic particle velocities at the begin-
ning and at the end of each slit. The transfer matrix of the n-th slit, Tn, of length L, extending from y = 0 to y = L 
is written as
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For an identical set of M resonators, the transmission matrix Tn is written as
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, where S0 = da, ρ0 the air 

density and ∆l n
slit the proper end correction that will be described later.

Finally, the reflection coefficient of the rigidly backed slit can be directly calculated from the elements of the 
matrix Tn as

=
−
+

.R T Z T
T Z T (6)

n
n n

n n
11 0 21

11 0 21

with ρ=Z c S/0 0 0 0, and finally the absorption as α = − R1n n 2. The effective parameters of each slit can be 
obtained from the transfer matrix elements as follows
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In the case of different HRs, the total transfer matrix of the whole system can be obtained by the product of the 
transfer matrices of each layer of the material. Thus, the total transfer matrix method of the system is given by
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,  is calculated for each m resonator in each n slit.

Visco-thermal losses model. The visco-thermal losses in the system are considered both in the HRs and 
in the slits by using its effective complex and frequency dependent parameters. Considering only plane waves 
propagate inside the metamaterial, the effective parameters of the ducts that conform 2D resonators and the slits 
of width 2r are given by ref. 38:

ρ ρ=
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with ωρ η=ρG i /0  and ω ρ η=κG i Pr /0 , and where γ is the specific heat ratio of air, P0 is the atmospheric pres-
sure, Pr is the Prandtl number, η the dynamic viscosity, ρ0 the air density and κ0 = γP0 the air bulk modulus. The 
effective parameters of the n-th main slit, ρn

s  and κ n
s , are obtained by setting r = hn/2 in Eqs (8 and 9). The 

visco-thermal losses inside the 2-dimensional resonator’s neck and cavity are modelled in the same way by these 
effective parameters, ρn m

n
, , κ n m

n
,  and ρn m

c
, , κ n m

c
,  respectively, by setting =r w /2n m

n
,  and =r w /2n m

c
,  for the m-th 

resonator located at the n-th slit.

Resonator impedance and end corrections. Using the effective parameters for the neck and cavity ele-
ments given by Eqs (8 and 9), the impedance of a Helmholtz resonator, including a length correction due to the 
radiation can be written as ref. 39:
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The first length correction, ∆l n m
1

, , is due to pressure radiation at the discontinuity from the neck duct to the cavity 
of the Helmholtz resonator40, while the second ∆l n m

2
,  comes from the radiation at the discontinuity from the neck 

to the principal waveguide41. This correction only depends on the radius of the waveguides, so it becomes impor-
tant when the duct length is comparable to the radius, i.e., for small neck lengths and for frequencies where 

k w 1n m n m
n n

, , .
Another important end correction comes from the radiation from the slits to the free air. The radiation correc-

tion for a periodic distribution of slits can be expressed as ref. 42:
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with σn = hn/d. Note for 0.1 ≤ σn ≤ 0.7 this expression reduces to π π∆ ≈ − σl 2 ln[sin( /2)]/n n
slit .

Diffusion coefficient. The diffusion coefficient43, dφ, is estimated from a polar response as
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where Is(θ) is the polar scattering intensity for a wave with incident angle φ. This coefficient is normalized to that 
of a plane reflector, δflat, to eliminate the effect of the finite size of the structure as δ δ δ δ= − −φ( )/(1 )n flat flat .

Finite element simulations. In order to validate the results we use a numerical approach based on the 
Finite Element Method (FEM) using COMSOL Multiphysics 5.2™. The thermo-viscous losses were accounted 
for using the effective parameters (complex phase speed and complex density) given by Eqs (8 and 9) for each 
domain. Rigid boundary conditions were considered at the external sides of the panel and viscous losses were 
neglected here. This is justified because the losses are mainly produced at the narrow slits that conform the met-
amaterial and the contribution of other sources is minor. Absorbing boundary conditions (a perfectly matched 
layer) with a thickness of λ0, were placed at the boundaries of the numerical domain. The unstructured grid was 
designed ensuring a maximum element size of λ0/20. As usual, to obtain the scattering of the panel a background 
pressure field was set as initial condition in the main domain and the scattered field was computed. By measuring 
the scattered field over a closed contour the far-field can be obtained1.
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A frequency domain method dedicated to the analytic recovery of the four relevant parameters of
macroscopically homogeneous rigid frame porous materials, e.g., plastic foams, at the high
frequency range of the Johnson–Champoux–Allard model is developed and presented. The
reconstructions appeal to experimental data concerning time domain measurements of the ultrasonic
fields reflected and transmitted by a plate of the material at normal incidence. The effective density
and bulk modulus of the material are first reconstructed from the frequency domain reflection and
transmission coefficients. From the latter, the porosity, tortuosity, and thermal and viscous
characteristic lengths are recovered. In a sense, the method presented herein is quite similar in the
ultrasonic range, but also quite complementary, to the method developed by Panneton and Olny �J.
Acoust. Soc. Am. 119, 2027–2040 �2006�; 123, 814–824 �2008�� at low frequency, which appeal
to experimental data measured in an impedance tube.
© 2010 Acoustical Society of America. �DOI: 10.1121/1.3283043�

PACS number�s�: 43.35.Zc, 43.20.Jr, 43.20.Ye, 43.40.Sk �KVH� Pages: 764–772

I. INTRODUCTION

A rigid frame porous material is a porous material whose
frame is immobile. This assumption is not only conditioned
by the saturating fluid usually a light fluid such as air, but
also by the frequency of the acoustic solicitation. The fre-
quency band suitable for the rigid frame approximation is
bounded at high frequency by the diffusion limit, when the
wavelength is of the order of, or smaller than the pore size,
and at low frequency by the fluid-solid decoupling frequency
below which the skeleton may vibrate. These bounds depend
on the material properties, and so on its characteristics.

The equations of motion in a rigid frame porous mate-
rial, derived from Biot’s theory1,2 and in later publications,3–8

reduce to those of an equivalent fluid, with complex
frequency-dependent effective density and bulk modulus.
These later publications present semiphenomenological mod-
els that describe the viscous and thermal dissipations over
specific frequency ranges, assuming known the characteris-
tics of the saturating fluid, i.e., the viscosity �, the saturating
pressure P0, the specific heat ratio �, and density � f. Con-
cerning the viscous dissipation, the Johnson et al. model3

was made to fit the exact high- and low- �imaginary� fre-
quency limits of the effective density, while the Wilson7

model was contrived to match the mid frequency range of
the latter. Concerning the thermal dissipation, the
Champoux–Allard model4 was developed to fit the exact
high frequency limits of the effective bulk modulus, while
the Wilson7 model was contrived to match the mid frequency
range of the latter. Inspired by the fact that the low frequency
development of the Champoux–Allard model is not exact,
Lafarge et al.6 proposed an alternative expression of the ef-
fective bulk modulus and introduce the static thermal perme-
ability. However, this parameter seems to be difficult to de-
termine, even at low frequency.6,9,10

Herein, the Johnson–Champoux–Allard model3,4

�JCAM� is considered, because high frequency measure-
ments are performed. The parameters involved in this model
are the porosity �, which is the ratio of the fluid volume to
the total sample volume; the tortuosity ��, which describes
the change in magnitude and direction of the fluid microv-
elocity due to curliness of the pores; the characteristic vis-
cous and thermal lengths � and ��, which relate to the ge-
ometry of the pores through the viscous and thermal losses;
and the flow resistivity �, which is the ratio of the fluid
viscosity � to the fluid permeability 	 f. The inverse problem
consists in recovering some or all of these five parameters
from measurements of the scattered fields, i.e., the reflected
and transmitted fields in the case of a rigid frame porous
plate.

Subsequent to the experimental apparatus of Beranek11

to determine the porosity �porosimeter�, or the flowmeter of
Brown and Bolt12 to determine the flow resistivity, several
methods have been developed to characterize macroscopi-

a�Author to whom correspondence should be addressed. Electronic mail:
jean-philippe.groby@univ-lemans.fr. Present address: Laboratoire
d’Acoustique de l’Université du Maine, UMR6613 CNRS/Univ. du Maine,
F-72085 Le Mans Cedex 9, France.
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cally homogeneous porous samples, or layered porous
samples. From ultrasonic measurements, methods developed
either in the frequency or in the time domain allow the de-
termination of the porosity,13 the tortuosity,14 the porosity
and tortuosity simultaneously,15 the viscous and thermal
characteristic lengths16 �using the Q
 method�, or the poros-
ity, tortuosity, and viscous characteristic length �the thermal
characteristic length being set to three times the viscous one�
simultaneously.17,18 Specific methods have been developed
for the characterization of highly absorbent porous materials,
based on the variation of the static pressure of the saturating
fluid,19 mainly for the determination of the viscous charac-
teristic length and the tortuosity. Recently, the simultaneous
reconstruction of the three profiles of porosity, tortuosity, and
viscous characteristic length of a macroscopically inhomoge-
neous rigid frame porous plate from simulated reflection co-
efficients for various angles of incidence was carried out20

through an optimization process.
A characteristic of these many studies and methods, par-

ticularly in the frequency domain, is the difference in sensi-
tivity of each parameter on the physical quantities. For ex-
ample, both the density and bulk modulus do not depend on
� in the asymptotic high frequency range. Moreover, most of
the methods for the simultaneous reconstruction of the pa-
rameters appeal to minimization techniques.18,19 On the other
hand, two analytic methods were developed9,10 appealing to
measurements in an impedance tube.21 The idea is first to
reconstruct the equivalent density and bulk modulus for vari-
ous frequencies from the measurement of the impedance and
the acoustic index of refraction and then to recover the pa-
rameters involved in several dissipation models mainly
through analytic inversion, but also after extrapolation if
needed. This leads to four equations at each frequency
formed by the real and imaginary parts of the effective den-
sity and bulk modulus. Concerning the JCAM, these meth-
ods enable the recovery of the tortuosity, viscous and thermal
characteristic lengths, and flow resistivity assuming the po-
rosity to be known. This assumption seems to be due to the
necessary use of the complex form of the complete JCAM,
which involves five parameters, for the correct modeling of
the phenomena in the frequency range considered therein.
For the number of to-be-reconstructed parameters to be
lower than or equal to the number of equations, a simplified
model should be used, for example, the asymptotic high fre-
quency one. In this ultrasonic frequency range, only four
parameters are relevant. Complete analytical recovery of the
latter is also enabled from the knowledge of the complex
density and bulk modulus. The low frequency bound of this
asymptotic regime is not clear and depends on the material,
but it can be assumed that for frequencies higher than 100
kHz, this regime is reached for most of the porous foams.
The high frequency bound is the diffusion limit, which is
related to some of the parameters to be reconstructed, par-
ticularly the characteristic length.22

The aim of this article is to present a simple, efficient,
and analytic frequency domain method for the simultaneous
recovery of the four parameters appealing to the high fre-
quency approximation of the JCAM, i.e., �, ��, �, and ��,
for a macroscopically homogeneous rigid frame porous plate

saturated by air, i.e., �=1.839�10−5 m2 s−1, P0=1.013 25
�105 Pa, � f =1.213 kg m−3, and �=1.4, by means of ultra-
sonic measurements at normal incidence. This method can be
considered as complementary to those proposed in Refs. 9
and 10 for a complete analytical characterization of macro-
scopically homogeneous porous materials.

II. ANALYTICAL CHARACTERIZATION OF A
MACROSCOPICALLY HOMOGENEOUS RIGID FRAME
POROUS PLATE

In what follows, the pressure p�x , t� is related to its Fou-
rier transform P�x ,�� through

p�x,t� = �
−�

�

P�x,��e−i�td� . �1�

A. Basic theoretical retrieval equations

When solicited by a normally incident plane wave, the
reflection R��� and transmission T��� coefficients of a ho-
mogeneous plate of thickness L occupied by the equivalent
fluid medium M�1� and surrounded by the same fluid, denoted
as medium M�0�, take the following forms:23

R =
R�1 − e2ik�1�L�

1 − R2e2ik�1�L
,

T =
�1 − R2�ei�k�1�−k�0��L

1 − R2e2ik�1�L
, �2�

wherein R= �Z�1�−Z�0�� / �Z�1�+Z�0�� is the reflection coeffi-
cient at the interface between two semi-infinite media M�1�

and M�0�, with Z�j�=��j�c�j�=�K�j���j� the impedance of M�j�,
and ��j�, c�j�, and K�j� being the density, sound speed, and
bulk modulus, respectively, j=0,1. Let us now introduce
S11��� and S21���, the coefficients of the scattering matrix S,
related to R and T through

S11 = R =
R�1 − e2ik�0�L�

1 − R2e2ik�0�L
,

S21 = Teik�0�L =
�1 − R2�eik�0�L

1 − R2e2ik�0�L
, �3�

wherein ���=k�1� /k�0�=c�0� /c�1�=�K�0���1� /K�1���0� is the
acoustic index of refraction, i.e., the ratio between the wave-
numbers of media M�1� and M�0�. The acoustic index of
refraction and the impedance ratio z���=
Z�1� /Z�0�=�K�1���1� /K�0���0� can be obtained analytically by
inverting Eq. �3�, yielding24–26

z = ���1 + S11�2 − S21
2

�1 − S11�2 − S21
2 , �4a�

 =
− i

k�0�L
�ln�X � i�1 − X2�� +

2m�

k�0�L
, �4b�

wherein X= �1−S11
2 +S21

2 � /2S21 and m is an integer.
For a rigid frame porous plate, the signs in Eqs. �4a� and

�4b� can be determined by the requirements Re�z��0 and
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Im�z��0 for Eq. �4a�, and Im���0 for Eq. �4b�. Both re-
quirements result from the outgoing wave condition together
with the Fourier transform convention. In fact, z and  are
related and their relationship can be used to determine the
sign in Eqs. �4a� and �4b� as reported in Ref. 24. Effectively,
a small perturbation of S11 and S21 easily produced in experi-
mental measurements may change the sign of Re�z� and
Im��, making it impossible to satisfy the previous require-
ments, as discussed in Ref. 27. The derived method is par-
ticularly adapted when Re�z� and Im�� are close to zero and
is also of impractical interest for rigid frame porous materials
because Re�z� is always greater than unity. Nevertheless,
once the value of z is obtained,  can be determined without
sign ambiguity through

 =
− i

k�0�L
�ln� S21�z + 1�

z + 1 − S11�z − 1��� +
2m�

k�0�L
. �5�

The integer m related to the branch index of Re�� can
be determined by the requirement Re������ �because
Re�c�1������c�0� /����. Its determination is not straightfor-
ward, because the requirement depends on one of the param-
eters to reconstruct.

The condition Re���1 should normally be sufficient
for its correct determination, but problems occur for large ��

and/or for high frequency solicitation because of large k�0�L.
This usually leads authors to use small thickness sample.
This problem can be solved by use of an iterative scheme.
The latter is initialized with m as determined through the
condition Re���1 and consists in adding 1 to the previ-
ously calculated m as long as the slope of Re����� is not
negative. This condition is a mathematical translation of the
fact that the phase velocity c�1���� associated with a rigid
frame porous material is an increasing function of the fre-
quency toward its high frequency limit c�0� /���; i.e., Re��
=Re�c�0� /c�1����� is a decreasing function of �. The latter
iterative scheme is chosen because the condition Re���1
can lead to an underevaluated m for large k�0�L and so an
underevaluated . The reconstructed value of �� is then un-
derevaluated and can reach a nonphysical value less than
unity. An iterative scheme based on the reconstructed value
of �� is also of impractical interest.

Another condition for the correct determination of the
integer m is connected to the fact that both effective density
and bulk modulus should be continuous functions of fre-
quency. This problem was not encountered during the experi-
ments presented here, but is also related to large values of
k�0�L. The reader can also refer to Ref. 24, keeping in mind
that the high frequency limit clearly defines the initialization
of the continuity condition that must be applied.

B. Reconstruction of �, ��, �, and �� from the high
frequency approximation of the JCAM

Let us assume in what follows that z and  can be evalu-
ated for frequencies � ��=2��� in the interval ��1 ,�2� over
which the high frequency approximation of the JCAM is
valid. The equivalent density and bulk modulus ratios reduce
to

�̃ =
��1�

��0� =
��

�
�1 +

2

�
� i�

�� f
� ,

K̃ =
K�1�

K�0� =
1

�
�1 +

2�1 − ��
��

� i�

� Pr � f
� , �6�

wherein Pr=0.71 is the Prandtl number.

Noting that K̃���=z / and �̃���=z, several reconstruc-
tion algorithms can be developed for the recovery of the four
parameters appealing to the high frequency approximation of
the JCAM. The algorithm that was found to give the most
accurate results is based on a phase and amplitude analysis of
both the equivalent density and bulk modulus. At each fre-
quency, a value x̄��� of the parameter x is recovered analyti-
cally, x=�, ��, �, or ��. The final value of x is taken to be
the average value of x̄��� over ��1 ,�2�; i.e., x=mean�x̄����.
The latter operation regularizes the inverse problem.

From Im�K̃� /Re�K̃� and Im��̃� /Re��̃�, which are both
independent of �� and �, the two characteristic lengths are
first recovered from

�̄ =� 2�

�� f
�Re��̃� − Im��̃�

Im��̃�
� ,

��¯ = �1 − ��� 2�

� Pr � f
�Re�K̃� − Im�K̃�

Im�K̃�
� . �7�

Then, � is recovered from 	K̃	 via

�̄ =
1

	K̃	
�1 +

2�1 − ��
��

� 2�

� Pr � f
+

4�1 − ��2�

��2� Pr � f
�1/2

,

�8�

and finally �� is recovered from 	�̃	 by means of

�� = �	�̃	�1 +
2

�
� 2�

�� f
+

4�

�2�� f
�−1/2

. �9�

III. EXAMPLE OF A RECONSTRUCTION FROM
EXPERIMENTAL DATA

The method has been applied to efficiently characterize
several homogeneous rigid frame porous samples �polyure-
thane foam, melamine foam, etc.� with low and medium flow
resistivities.

In what follows, a L=27.5 mm thick medium resistivity
rigid frame porous material sample is considered. This ma-
terial has already been characterized at various frequencies
�100 and 200 kHz� in the ultrasonic range by some of the
authors of the present paper,18 wherein a smaller sample of 7
mm thick was employed. Its characteristic parameters were
also previously determined by use of different methods15,16

and are recalled in Table I. Its flow resistivity is �
=38 000 N m s−4 �measured with a flowmeter�.

A. Experimental setup and procedure

The experimental setup is shown in Fig. 1. Two air-
coupled piezoelectric Ultran NCG100-D25 transducers de-
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noted Ta and Tb, whose central frequencies are 100 kHz, are
placed at xa and xb. The airborne wave is generated by Ta
and detected by Ta in the pulse-echo mode in the reflection
experiments or by Tb in the transmission experiments. All
recorded signals are averaged over 512 waveforms.

The method is very sensitive to small variations of the
sample alignment during the recording of the reflected
pr�xa , t� and the transmitted pt�xb , t� fields. The sample re-
mains in place for the measurement of both of these fields,
its first interface being placed at the origin of the Cartesian
coordinate system such that pr�xa , t� and pt�xb , t� can be re-
corded over the same time window of the oscilloscope; i.e.,
the first interface of the sample is placed approximately at
equal distance from the two transducers; i.e., xa
�xb�. This
procedure avoids problems caused by temporal shift between
the windows used to measure reflected or transmitted waves
with and without the sample, which is a source of error as
discussed in Ref. 28 for the reconstruction of  and z.

The main difficulty with ultrasonic measurements is the
evaluation from the time domain responses of the frequency
domain reflection and transmission coefficients R and T,
with sufficient accuracy for the inversion to be carried out,
and over a sufficiently large interval of frequency for the
inverse problem to be regularized. This operation requires
particular care, because it is often considered to be highly
uncertain and/or ill-posed. This has led some authors to pre-
fer a time domain inversion algorithm based on fractional
derivatives17,18 or to use time domain deconvolution.

The Fourier transforms of pr�xa , t� and pt�xb , t� are re-
lated to R and T through

Pr�xa� = RAieik�0�xa = TPri�xa� ,

Pt�xb� = TAie−ik�0�xb = TPi�xb� , �10�

wherein Ai��� is the spectrum of the incident field, Pi�xb� is
the incident field as recorded with Tb in absence of the
sample, and Pri�xa� corresponds to time delay of the reflected
field between the first interface of the sample and the loca-
tion of Ta. The latter field, abusively called here “incident
field,” can be recorded in time domain with Ta in pulse-echo
mode when a perfectly reflecting plate is placed such that its
first interface is located at the origin. Any time delay be-
tween pri�xa , t� and pr�xa , t� is expected if the first interface
of the sample and the perfectly reflecting plate are located at
the same position. Nevertheless, to avoid such source of er-
ror, pr�xa , t� is translated in time in such a way that its maxi-
mum of amplitude occurs at the same time as the one of
pri�xa , t�. The frequency domain reflection and transmission
coefficients are then evaluated by means of R
= Pr�xa ,�� / Pri�xa ,�� and T= Pt�xb ,�� / Pi�xb ,�� over the in-
tersection of the two −3 dB bandwidths as calculated for
Pri�xa ,�� and Pi�xb ,��. These bandwidths are effectively
different because the latter incorporate, to some extent, trans-
fer functions of the transducers Ta and Tb, which are close
but not identical.

In addition, the amplitude of pr�xa , t� is often very small
with a very poor signal to noise ratio �SNR� for relatively
low and medium flow resistivity porous materials. The noise
in a signal is usually assumed to be a stationary random
process; i.e., its mean value is independent of the time origin.
In the experiments, the acquisitions are done using a trigger-
ing process, which ensures the time origin of the signals.
Recorded signals are averaged. The averaging operation in-
duces a large decrease in the noise that is incoherent with
respect to the trigger signal. Therefore, the main part of the
remaining noise is coherent29 with the trigger signal, which
is the same for all the experiments. The remaining noise is
mainly electronic from the measurement devices. In the re-
flection experiments only one transducer is used. To get rid
of this remaining noise component, which is coherent, repro-
ducible, and somewhat synchronized with the trigger, the
latter, called pn�xa , t�, is recorded without the sample and
perfectly reflecting plate, the emission being still on �the ex-
perimental setup is identical�. The incident and reflected

fields used for the inversion are pr̃�xa , t�= pr�xa , t�− pn�xa , t�
and prĩ�xa , t�= pri�xa , t�− pn�xa , t�, as shown Fig. 2 for

pr̃�xa , t�.
For highly absorbent foam and/or large flow resistivity

porous material, a similar procedure can be employed to de-

termine pt̃�xb , t� and pĩ�xb , t�, by a prior recording of pn�xb , t�
with Tb, without the sample and by turning off the excitation
delivered by Ta. This procedure is certainly less efficient than
the one described for the experiment in reflection because
two transducers are needed in transmission experiments, this
imposing the excitation to be switched off.

In summary, the incident fields are recorded, without the
sample, as follows: �1� Record pi�xb , t� using Tb, �2� record
the noise pn�xa , t� using Ta in pulse-echo mode, �3� place an
infinitely rigid plate �here an aluminum plate is used� whose
first interface is located at the origin, and �4� record pri�xa , t�

TABLE I. Properties of the studied homogeneous material as recovered in
Refs. 15 and 16, as recovered in Ref. 18, and as recovered with our analytic
method.

� ��

�

��m�
��

��m�

Use of Refs. 15 and 16 0.7�0.05 1.25�0.05 50�10 3��=150�30
Ref. 18 0.72–0.74 1.21–1.26 42–66 3��=126–198
Present method 0.752 1.246 55.4 178.4
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FIG. 1. Experimental setup and description of the configuration. The trans-
ducers are Ultran NCG100-D25 air-coupled piezoelectric transducers.
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using Ta in pulse-echo mode. The infinitely rigid plate is then
replaced with the sample, carefully placed at the origin, and
pr�xa , t� is recorded in the pulse-echo mode using Ta while
pt�xb , t� is recorded employing Tb.

B. Numerical reconstruction from experimental data

Once m is correctly determined, the following param-

eters are recovered from �̄���, �����, �̄���, and �����,
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FIG. 2. �a� pr�xa , t� �dotted curve� and pn�xa , t� �solid curve� as recorded on the oscilloscope and �b� pr̃�xa , t� as used for the inversion.
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the two −3 dB bandwidths as calculated for Prĩ�xa ,�� and Pi�xb ,��.
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which are plotted in Fig. 3: �=0.752, ��=1.246, �
=55.4 �m, and ��=178.4 �m. These parameters agree
with those found in Ref. 18 via a time domain method and
other ultrasonic methods15,16 �see Table I�. The unbiased es-
timators of the standard deviation, as calculated for the vec-
tor x as s�x�=�1 / �n−1��i=1

n �xi−mean�x��2, are s���=2
�10−3, s����=3.3�10−3, s���=4.25 �m, and s����
=42.3 �m. The latter estimator for �� seems large at first
glance, but the constraint ��=3� used in Ref. 18 leads to a
value ��=150�30 �m, whose error is also of the same
order as s����. The latter constraint, i.e., ��=3�, is debat-
able because the value of �� is usually between 2� and 3�
for most of the porous foams.22

A specific feature of the reconstruction of the parameters
appealing to the high frequency approximation of the JCAM
is the fact that for given S11 and S21, the reconstruction of �
through Eq. �8� is, as expected, rather insensitive to a varia-
tion of ��, Fig. 4. Likewise, the influence of s���� is not
significant on the reconstruction of the other parameters. The
reconstruction of �� is strongly sensitive on �, Fig. 4.

The reconstructed normalized density and bulk modulus,
as calculated by introducing the reconstructed parameters in
Eq. �6�, over the frequency range used for the reconstruction

are in good agreement with the measured ones, Fig. 5. It is
clear that the developed analytic method for the recovery of
the characteristic parameters realizes some kind of least
squares fitting of both density and bulk modulus. This fit is
much more efficient than a direct fitting of the curve. For
example, use of an algorithm based on a basic fit of
Im���1� /��0��, which is theoretically equal to 1 /��2� /�� f,
leads to a negative value of � because the experimental
slope is clearly positive. Use of such an algorithm would
require reconstructions over a larger frequency range.

The time domain reconstructed reflected and transmitted
fields, as calculated from the reconstructed parameters intro-
duced in Eqs. �6� and �2� via inverse Fourier transform of Eq.
�10�, Pri�xa� and Pi�xb� being the measured incident signals,
agree quite well with the experimentally recorded fields, Fig.
6. The Bravais–Pearson linear correlation coefficients be-
tween the latter fields are 0.9811 in reflection and 0.9819 in
transmission.

The method was applied to characterize various samples
with other piezoelectric Ultran transducers, whose central
frequency is 200 kHz. Table II presents the values of the
parameters as recovered with the present method and
as recovered with other ultrasonic methods.15–17 The flow
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FIG. 4. Absolute value of the relative error of the recovered parameter � as a function of �� �a� and �� as a function of � �b�, over the frequency bandwidth
used for the reconstruction.

FIG. 5. Comparison between experimental �o� and reconstructed �—� real and imaginary parts of �a� the normalized density �̃ and �b� the bulk modulus K̃.
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resistivity of the polyurethane foam is low, i.e., �
=2830 N m s−4, while the one of the melamine is �
=12 000 N m s−4.

C. Discussion

The method is sensitive to the approximation of the con-
tinuous Fourier transform by a discrete one and to the tem-
poral shift, especially for the evaluation of S11, as was
pointed out in Ref. 28. Nevertheless, assuming that the Fou-
rier transformed is correctly performed, and that the pro-
posed process does not lead to temporal shift, other sources
of error arise.

From

�z2

�S21
=

8S21S11

��1 − S11�2 − S21
2 �2 ,

�z2

�S11
=

4�1 − S11
2 − S21

2 �
��1 − S11�2 − S21

2 �2 , �11�

it is obvious that a weak transmission, i.e., large flow resis-
tivity materials, has little influence on the retrieval of z. For
the low and medium flow resistivity foams tested, S11 is

close to zero. The reconstruction is also highly sensitive
when S21 is close to one, which is in contradiction with the
use of thin layer sample, for which reconstruction is much
more efficient. On the other hand, from

�

�S11
=

− 1

ik�0�L

z − 1

z + 1 − S11�z − 1�
,

�

�S21
=

− 1

S21ik
�0�L

, �12�

it is obvious that , for S11 close to zero, is rather insensitive
to S11, while it is very sensitive to S21 when the latter is close
to zero. This also imposes conditions not only on the absorp-
tion of the sample to characterize, but also on its thickness:
both should be small. This method seems particularly
adapted to low and medium resistive materials, but less to
highly resistive ones, for which S21 vanishes.

On the other hand, it is obvious from Eq. �7� that � and

�� are, respectively, highly sensitive to Im��̃� and Im�K̃�,
when the latter is small. Particularly, the reconstructed char-
acteristic lengths are singular when the imaginary part of the
density or of the bulk modulus vanishes. Both of these quan-
tities are close to zero in the asymptotic high frequency re-
gime of the JCAM. The regularization process partly avoids
such problems, but decreasing the frequency of the solicita-
tion is the best way to increase the value of both imaginary
parts. From Eqs. �8� and �9�, it is clear that reconstructed

porosity is highly sensitive to 	K̃	 when the latter is small,
while the reconstructed tortuosity is less sensitive to varia-
tion of 	�̃	.

One of the biggest limitations of the present method is
closely linked to experiments, and particularly to the SNR
for the evaluation of the reflection coefficient. The flow re-
sistivity of the sample should not be very small. Effectively,
very low resistivity foams exhibit quasi-null reflected fields.
Their characterization by the present method is also impos-
sible. A similar remark arises for highly resistive porous ma-
terial, such as rock wool, which exhibits quasi-null transmit-
ted fields.

TABLE II. Properties of other homogeneous materials as recovered with
Refs. 15–17 and as recovered by our analytic method.

L
�mm� � ��

�

��m�
��

��m�

Melamine foam
Use of Refs. 15–17 10 0.99 1.001 150 250
Present method 0.99 1.011 159.2 259.2

Polyurethane foam
Use of Refs. 15–17 27 0.97 1.07 270 670
Present method 0.975 1.057 319.4 621
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FIG. 6. Comparison between experimental �—� and simulated �– – –� signals, with recovered �=0.752, ��=1.246, �=55.4 �m, and ��=178.4 �m: �a�
reflected signal and �b� transmitted signal.
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Another limitation is strongly linked to ultrasonic mea-
surements, for which k�0�L is high. This induces possible dif-
ficulties in the evaluation of the correct branch of Re��. The
frequency band used to perform the inversion, chosen to be
the intersection of the �3 dB bandwidth of both Fourier
transform of the recorded fields by Ta and Tb without sample,
is thin. Use of larger band transducers should help in the
regularization of the inverse problem and in its resolution. In
this case, particular care should be paid to the frequency
range used for the reconstruction, in a sense the model
should be valid. Check of the constancy and to some extent
to the continuity of the recovered parameters over the fre-
quency range, as proposed in Refs. 9 and 10, should avoid
this possible problem.

One of the main advantages of the present method is that
the reconstructed parameters are not constrained, as it is usu-
ally the case when minimization techniques are applied. On
the other hand, this is also a disadvantage because nonphysi-
cal values, such as negative characteristic lengths, porosity
larger than 1, or tortuosity smaller than 1, can be recon-
structed if experiments are not performed with sufficient
care. Moreover, among all the experiments performed, it was
found that whatever the reconstructed parameters are, even
nonphysical ones, the reconstructed time domain signals are
always in agreement with the experimental ones. An a priori
correct ratio between the reconstructed �� and � seems to be
indicative of the quality of the experiments, and leads to the
accurate reconstructions of the other parameters. This a pri-
ori is connected to the type of material tested. For most of
the industrial foams, a ratio �� /� that lies between 2 and 3
seems to be a good indicator of the reconstruction. For other
industrial porous materials, other ratios can be used, for ex-
ample, a ratio close to 2 for fibrous materials.

It is then important to check the consistency of the re-
covered parameters with regard to the frequency of solicita-
tion in order to validate the use of the asymptotic high fre-
quency JCAM. This can be simply achieved at high
frequency �diffusion limit� by checking if the wavelength of
the central frequency of the incident field is larger than the
thermal characteristic length. Effectively, the latter character-
istic length represents a measure of the average pore size
�although the “pore” is not always straightforwardly defined�
while the viscous characteristic length corresponds to the av-
erage size of the “constrictions” in the porous medium,22 i.e.,
the average distance between pore walls in the narrower ar-
eas of the pore volume. For example, the ratio of the wave-
length in air at 100 kHz over the recovered value of �� for
the first medium resistivity porous sample studied in this
article is around 19. As stated in the Introduction, the low
frequency bound of the asymptotic high frequency JCAM
being not clear, it is then quite difficult to validate the use of
the dissipation model with regard to the latter, particularly
because the flow resistivity is not recovered through our
method and despite the fact that a frequency higher than 100
kHz usually ensures this validation. Nevertheless, this prob-
lem can be partly solved by performing ultrasonic experi-
ments for various central frequencies of the transducers, for
example, at 100 and 200 kHz, keeping in mind that the dis-
sipation model should be valid, that additional problems re-

lated to large k�0�L could occur, and that a correct SNR is
required. If the reconstructed parameters are quite similar,
the constancy of the dissipation model and so of the recon-
structed parameters is achieved. This operation is similar to
use of larger band transducers, in the sense it would help the
regularization of the problem, when the dissipation model is
valid.

IV. CONCLUSION

A frequency domain method has been developed, which
allows the analytic reconstruction of the four parameters ap-
pealing to the high frequency approximation of the JCAM
�porosity, tortuosity, and thermal and viscous characteristic
lengths� for macroscopically homogeneous rigid frame po-
rous materials. The reconstruction is achieved by first re-
trieving the complex and frequency-dependent acoustic in-
dex of refraction and impedance ratio, from which the four
latter parameters are reconstructed. The method and algo-
rithm were tested on relatively low and medium flow resis-
tivity porous samples, which mainly cover the range of re-
sistivity values of plastic foams, and its accuracy has been
demonstrated in the ultrasonic domain on three materials.
The experiments must be very precise even if the recon-
structed time traces are very close to the experimental ones.
This is to avoid reconstructed parameters that are meaning-
less. This situation is often avoided when minimization tech-
niques are used to solve inverse problems. It was found em-
pirically that when the ratio of the recovered thermal and
viscous characteristic lengths lies between 2 and 3, as it is
the case for most industrial foams, the experiments are per-
formed with sufficient efficiency and the recovered param-
eters turn out to be accurate.

For the reconstruction to be performed, time domain re-
flected and transmitted signals should be recorded with a
high SNR. Some methods have been employed here to in-
crease the SNR, especially for the reflected field, but it also
imposes some constraints on the materials that can be tested
with the present method. The flow resistivity should not be
very small for the record of the reflected field, while it
should not be very large for the record of the transmitted
field.

This algorithm being based on analytic developments,
further investigations should lead to the development of a
more complex algorithm for the complete analytic character-
ization of homogeneous foam samples, i.e., the recovery of
additional parameters such as the flow resistivity from addi-
tional lower frequency measurements or parameters of other
models relevant for mid frequency range, for example. This
method can be viewed as a complementary to the low fre-
quency method developed in Refs. 9 and 10 in the sense that
it allows the recovery of the porosity, which should be
known in Refs. 9 and 10. The other recovered parameters in
the two frequency ranges may then be compared.
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We present a method for the recovery of complex wavenumber information via spatial Laplace

transforms of spatiotemporal wave propagation measurements. The method aids in the analysis of

acoustic attenuation phenomena and is applied in three different scenarios: (i) Lamb-like modes in

air-saturated porous materials in the low kHz regime, where the method enables the recovery of vis-

coelastic parameters; (ii) Lamb modes in a Duralumin plate in the MHz regime, where the method

demonstrates the effect of leakage on the splitting of the forward S1 and backward S2 modes around

the Zero-Group Velocity point; and (iii) surface acoustic waves in a two-dimensional microscale

granular crystal adhered to a substrate near 100 MHz, where the method reveals the complex wave-

numbers for an out-of-plane translational and two in-plane translational-rotational resonances. This

method provides physical insight into each system and serves as a unique tool for analyzing spatio-

temporal measurements of propagating waves. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4963827]

I. INTRODUCTION

Understanding the dispersive and dissipative properties

of materials is critical to the study of wave phenomena.

Extracting complex wavenumber information is important,

particularly in the context of understanding wave attenua-

tion. In addition to dispersive effects, such as the existence

of band gaps, wave attenuation can be caused by factors

such as geometric attenuation or intrinsic material loss (e.g.,

heat dissipation). In any of these cases, the wave attenuation

can be interpreted in terms of complex wavenumbers. The

recovery of complex wavenumbers is of particular interest

for the characterization of the viscoelastic properties of

materials, in systems such as thin-films,1,2 or coated plates,3

the study of mode interactions, i.e., hybridization or repul-

sion,4–6 or the recovery of complex band structures arising

from structural periodicity or resonant elements.4,7,8 The dis-

persion of waves propagating through materials is typically

interpreted in the context of frequency and wavenumber

domain information and obtained from discrete spatiotempo-

ral data via discrete Fourier transforms and related meth-

ods.9–14 However, such techniques typically only supply real

wavenumber information (or their magnitudes) from two-

dimensional, discrete, spatiotemporal wave propagation

information, such as may be obtained from scanned receiver

measurements. Several methods have been proposed to char-

acterize wave attenuation and extract complex wavenumber

information;15–22 however, each has restrictions, as: (i) they are

usually based on measurements of wave amplitude decrease

with respect to time,15–18 (ii) they are iterative methods

applied in space, like the modified Prony method,19 (iii) the

number of modes has to be known in advance or a unique

mode has to be isolated,15–17,20,21,23 (iv) the modes contribut-

ing significantly to the signal are presumed to not interact or

overlap with one another, or (v) they must include a third

dimension of information, such as would be the case in an

experiment with a scanned emitter and a receiver.21,22

In this work, a method presenting none of these restric-

tions is proposed and applied to the analysis of complex

attenuation phenomena in the scanned spatiotemporal meas-

urements of three acoustic systems. After presenting the

implementation of the method making use of a spatial

Laplace transform in Sec. II, we discuss its application in the

following three diverse scenarios. In Sec. III, the method is

applied to the study of low frequency (200 Hz–4095 Hz)

guided elastic waves in porous materials, which are highly

dissipative systems such that the wavenumbers associated

with each mode are complex. The method is utilized to char-

acterize skeleton (matrix) viscoelastic parameters. In Sec.

IV, the method is applied to the analysis of Zero-Group

Velocity (ZGV) Lamb modes at MHz frequencies (1.85

MHz–2 MHz) in a Duralumin plate. The ZGV modes are

composed of two interfering counter-propagating Lamb

modes, and the method reveals mode separation due to leak-

age and their associated complex wavenumbers, along with

motivating the need for more complex multilayer models.

Finally, in Sec. V, the method is applied to characterize the

resonant attenuation of high frequency (10 MHz–400 MHz)

surface acoustic waves (SAWs) propagating through a

two-dimensional (2D) microscale granular crystal adhered to

a substrate with three contact-based resonances. While
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hybridization due to the out-of-plane mode can be seen using

a usual spatial Fourier transform,24 the two combined rota-

tional and in-plane translational resonances are only notice-

able by studying the attenuation of the modes, which is

further highlighted by this method.

II. THE RECOVERY OF COMPLEX WAVENUMBERS:
THE SLaTCoW METHOD

The acronym of the proposed method is SLaTCoW for

Spatial LAplace Transform for COmplex Wavenumber

recovery. In what follows, we focus on the extraction of

complex wavenumber information from guided elastic wave

measurements. However, we note that the SLaTCoW method

is sufficiently general that it may be applied to wave fields of

any type. Assume that a wave field n has been recorded dis-

cretely along a line of length L and has a time dependence of

e�ixt, where x ¼ 2pf is the angular frequency. This field

(after neglecting the branch integrals arising from the appli-

cation of the residue theorem) can be written in the fre-

quency domain as the sum of the contributions of each of the

modes (x is dropped for clarity)

nðxÞ ¼
X

m2M

~n
m

exp ðiKmxÞPðx; LÞ; (1)

where x is the spatial coordinate, ~n
m

is the complex ampli-

tude of the m-th mode, Km is the complex wavenumber of

the m-th mode, M is the set of modes, and Pðx; LÞ is the

gate function equal to 1 when x 2 ½0; L� and equal to 0 else-

where. The complex wavenumber is defined as Km ¼ km
r

þ ikm
i , with km

r > 0 and km
i > 0, such that Eq. (1) only

involves forward propagating modes. Applying the usual

spatial Fourier transform only enables the recovery of km
r . In

order to recover both real and imaginary parts of Km, a spa-

tial Laplace transform is applied to nðxÞ denoted NðsÞ
¼
Ð1
�1 nðxÞ expð�sxÞdx, where s is a complex number wave-

number parameter s ¼ si þ isr, with real numbers si and sr.

This spatial Laplace transform takes the form

N sð Þ ¼
X

m2M

~n
m
ðL

0

exp iKm � sð Þx½ �dx

¼ L
X

m2M

~n
m

exp iKm � sð ÞL=2
� � sinh iKm � sð ÞL=2

� �
iKm � sð ÞL=2

:

(2)

The meaning of the spatial Laplace transform of the m-th

mode is ensured only if si � �km
i because this ensures the

energy decay of each mode. Thus, the upper half space, the

lower bound of which is the maximum value of �km
i with

m 2 M, is the only admissible half space in the complex

s-plane and defines the region of absolute convergence of the

Laplace transform. We note that the slice of NðsÞ in the com-

plex s plane at si¼ 0 exactly corresponds to the spatial Fourier

transform TFðsrÞ of a finite window. Along this line, Eq. (2)

reduces to TFðsrÞ ¼ L
P

m2M
~n

m
exp½iðkm

r � sr þ ikm
i ÞL=2�

sinc½ðkm
r � sr þ ikm

i ÞL=2�, where sincðxÞ ¼ sinðxÞ=x, as can

be seen in Fig. 1.

The problem when trying to recover Km is twofold: the

amplitude and phase of the mode are unknown and the posi-

tion of �km
i in the complex s-plane is by definition unknown.

Therefore, we will focus the analysis on the upper half space

si � 0 where no mode Km is included, thus making the

method stable by preventing the divergence of the transform

due to the poles. Inspired by previous works on the recovery

of the reflection coefficients of higher order modes propagat-

ing in a square cross-section impedance tube,25 the recovery

of Km is performed for each frequency by minimizing the

following cost function:

F j~nmj;/m; km
r ; k

m
i ;M

� �

¼
X

sr

X
si

����Nmes sð Þ � L
X

m2M
j~nmj

� exp i/mð Þ � exp i km
r þ ikm

i

� �
� si � isr

� �
L=2

� �

�
sinh i km

r þ ikm
ið Þ � si � isrð ÞL=2

� �
i km

r þ ikm
ið Þ � si � isrð ÞL=2

����; (3)

where NmesðsÞ is the spatial Laplace transform of the mea-

sured field nðxÞ, and j~nmj and /m are, respectively, the theoret-

ical amplitude and phase of the m-th mode. Note that the L1-

norm is used in Eq. (3) because it leads to quite similar results

as the usual L2-norm. The latter may be preferable when ana-

lyzing signals with a low signal-to-noise ratio. The minimiza-

tion is performed under constraints with the Nelder-Mead

simplex algorithm (
VR

Matlab function f minsearchbnd). In Eq.

(3), it can be seen that there are 4jMj number of unknowns,

corresponding to the wave amplitude, phase, and real and

imaginary parts of the complex wavenumber Km of each

mode. To solve for these unknowns, we first determine the

number of modes to be recovered, along with their real wave-

numbers, amplitudes, and phases, by looking at the spatial

Fourier transform for each frequency. As an example, the

solid black line in Figure 1 shows the amplitude of the spatial

Fourier transform TFðsrÞ, corresponding to f ¼ 149 MHz,

for the scanned measurements discussed in Section V. It can

be seen from the Fourier spectrum that there is one clear

FIG. 1. Laplace transform NmesðsÞ corresponding to f ¼ 149 MHz, for the

scanned measurements discussed in Section V. The solid black line shows

the corresponding amplitude of the spatial Fourier transform TFmesðsrÞ.
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peak (mode) at this frequency, with real wavenumber k1
r

� 0:29 lm�1. The spatial Laplace transform NmesðsÞ is shown

by the complex s-plane surface plot of Fig. 1. We then calcu-

late a similar surface for varied values of ðj~n1j;/1; k1
r ; k

1
i Þ and

minimize the difference between the calculated and measured

s-plane surface in Eq. (3) to end with K1 ¼ 0:294þ i3:71

�10�3 lm�1, where the superscript denotes that this is the

first identified mode (in this case only one mode is identified).

When jMj 6¼ 1, each mode may, in practice, interact in

the complex s-plane, which emphasizes the necessity of

using a model involving all possible modes at a given fre-

quency and the minimization of the previous cost function to

efficiently determine all the possible Km. This approach may

offer advantages over related approaches in that highly atten-

uating and closely spaced modes may be distinguished from

each other and from peaks associated with the finite mea-

surement domain.

III. APPLICATION TO GUIDED ELASTIC WAVES IN
POROUS MATERIALS

We first apply the SLaTCoW method to the case of

guided elastic waves in porous materials. Porous materials

are known to be highly dissipative due to viscothermal

losses, interaction between the solid and fluid phases, and

viscoelasticity of the skeleton. Seminal works by Boeckx

et al.18 have paved the way for the characterization of the

skeleton, porous material mechanical parameters by means

of guided waves. These works mainly focus on the experi-

mental recovery of the phase velocity vm
/ ¼ x=km

r , in part,

because of a lack of experimental data and analysis tools for

the efficient determination of km
i . The present method is

applied to experimentally determine both real and imaginary

parts of the wavenumbers, thereby filling the existing gap in

attenuation characterization capabilities, and enabling future

works concerning the experimental measurement and model-

ing of viscoelastic parameters of porous materials.

The experimental setup, which is similar to the one used

in Ref. 18, is depicted in Fig. 2(a). A high porosity

(/ > 0:95) melamine foam sample 85 cm long, 45 cm wide,

and 5:5 cm thick is glued on a rigid backing. The excitation

is provided by a shaker (Bruel and Kjaer type 4810), which

is rigidly attached to the sample with a threaded steel rod

(20 mm in length and 5 mm diameter) fixed to the shaker on

one side and glued on a 1 mm thick aluminum plate of width

10 cm and height 1:5 cm. This plate is cut at the edge oppo-

site to the threaded steel rod and glued to the porous sample,

creating a line source 15 cm from the edge of the sample.

FIG. 2. (a) Photograph of the experimental setup. (b) Laplace transform NmesðsÞ corresponding to f ¼ 2453 Hz. Arrows point out peaks, whose main compo-

nent is a single mode, and peaks, whose main component are two modes overlapping. (c) kr and (d) attenuation (ki) of the first guided mode. Red circles depict

the results obtained with the SLaTCoW method and solid lines depict the theoretical predictions.
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The resonance of this part was measured to be 4500 Hz.

While the measurement could be made at higher frequencies

(up to 8000 Hz with a relatively good signal to noise ratio),

the results are only shown for frequencies below this limit.

The excitations are 300 sine functions equally spaced

between 200 Hz and 4095 Hz. The normal displacement

unðxÞ is acquired at 801 positions along a length of L ¼
40 cm with a laser vibrometer (Polytec OFV-503) mounted

on a one-dimensional moving stage, which moves the laser

along the x-axis after each frequency measurement is accom-

plished. The vibrometer is connected to a spectral analyzer

(Stanford Research Systems SR785), which allows us to

directly measure unðxÞ in the frequency domain. Each mea-

surement is averaged 100 times.

The 1962 Biot model26 parameters of the porous mate-

rial, density q, porosity /, flow resistivity r, viscous and

thermal characteristic length K and K0 (respectively), real

part of the shear modulus Nr, and Poisson ratio � were

determined independently using standard methods27 and

are given in Table I. Viscous and thermal losses are

accounted for by use of the Johnson-Champoux-Allard

model,28,29 leading to complex and frequency dependent

effective density and bulk modulus of the fluid phase. The

imaginary part of the shear modulus Ni, which is usually

considered constant in frequency, has been determined

using the SLaTCoW method.

This type of measurement is known to be difficult due

to large dissipation. More than 8 modes can be theoretically

recovered over this frequency range, the velocities of which

asymptotically tend towards the Rayleigh or shear veloci-

ties at high frequencies. Fig. 2(b) depicts the Laplace trans-

form NmesðsÞ at f ¼ 2453 Hz, where 6 modes can been

seen. We choose to focus on the first guided mode, which

was the one that was excited most efficiently. Extracting

the complex wavenumber for this mode is typically diffi-

cult, as several modes are present in its vicinity. The proce-

dure was applied to recover three modes around the first

guided mode in order to remove the remaining components

of the others. The real and the imaginary wavenumber, k1
r

and k1
i , respectively, versus frequency are found via the

SLaTCoW method and plotted in Figs. 2(c) and 2(d),

respectively. Theoretical predictions obtained using Stroh

formalism30,31 and a M€uller algorithm agree well with the

wavenumbers extracted using the SLaTCoW method when

the complex shear modulus N ¼ Nr � iNi is fixed such that

N ¼ 38� i1:52 kPa (damping factor Ni=Nr ¼ 0:04). This

value is in accordance with the literature.32 This demon-

strates the efficiency of the present method to discriminate

modes when several are overlapping, and its effectiveness

for extracting attenuation parameters. This paves the way

for the extraction of new experimental information that

enables the development of improved models of viscoelas-

tic porous materials.

IV. APPLICATION TO ZGV LAMB MODE IN A
DURALUMIN PLATE

We now apply the SLaTCoW method to obtain the com-

plex dispersion curves of Lamb waves propagating in a

1.515 mm thick Duralumin plate. Particular attention is paid

to the first symmetric S1S2 ZGV Lamb mode. This mode is

composed of two counter-propagating modes: the forward

propagating S1 Lamb mode and the backward propagating

S2b Lamb mode.33 In the ideal case of a non-absorbing mate-

rial and free-standing plate, there are a unique wavenumber

and frequency ðKS1S2 ; f S1S2Þ where these two modes coexist.

At this point, the interference of S1 and S2b leads to the so-

called S1S2-ZGV resonance.34 When the material absorption

is significant or when there is leakage to the surrounding

medium, the Lamb modes are inhomogeneous, their disper-

sion curves are no longer real valued, and their wavenumbers

are complex.35–37 As previously noted for measurements

made in a 50 lm-thick tungsten plate, attenuation leads to a

separation of the S1 and S2b mode branches.38

Here, we illustrate a similar effect due to leakage. Using

the SLaTCoW method, we estimate the complex dispersion

branches in the vicinity of the ZGV point. The experimental

setup is shown Fig. 3(a). A linear array ultrasound transducer

probe (Imasonic SAS, 0.417 mm element pitch) made of 128

elements centered at 3.5 MHz, with a large frequency band-

width, was used to generate Lamb waves in a Duralumin

plate of thickness 1:515 mm, width, and length 100 mm.

The probe was operated with the OPEN System of Lecoeur

Electronique. The probe was coupled to the Duralumin plate

using a thin layer of echographic gel approximately

0.150 mm thick. The first element of the array was used to

generate an acoustic wave and then the 128 elements were

used in receiver mode to record the normal displacement of

the plate. The contact of the transducer array with the plate

modifies the boundary conditions, induces leakage of the

Lamb modes, and breaks the symmetry of the problem, such

that the Lamb modes can no longer be separated in symmet-

ric and antisymmetric families.

The results of the application of the SLaTCoW method

to these experimental data concerning the two modes (M3

and M4b) within the ranges kr 2 ½0; 1:8� mm�1, ki 2
½�0:5; 0:5� mm�1, and f 2 ½1:85; 2:03� MHz are shown in

Figs. 3(b) and 3(c). We denote the Lamb modes with a capi-

tal letter M, where the associated index indicates the mode

number. The measured M3 and M4b Lamb modes have oppo-

site phase velocities. While the real part of K4b is negative,

both wavenumbers K3 and K4b (where the superscripts of K3

and K4b correspond to modes M3 and M4b) have positive

imaginary parts as their amplitudes decay from the source to

the receiver. However, for convenience, the backward mode

wavenumber is represented with a positive real part and a

negative imaginary part. Theoretical complex dispersion

curves, using the classic M€uller algorithm, are superimposed

for comparison. Two cases have been considered: a free-

standing Duralumin plate and a more realistic model. In both

cases, the velocities of compressional and shear waves in

Duralumin are set to VL¼ 6380 m s�1 and VT¼ 3080 m s�1,

respectively, and the density is q¼ 2790 kg m�3. The

TABLE I. Material parameters for the melamine foam.

/ q ðkg m�3Þ a1 r ðN s m�4Þ K ðlmÞ K0 ðlmÞ N ðkPaÞ �

0.989 6.1 1 8060 215 215 38� i1:52 0.3
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attenuation coefficient of Duralumin is taken from the litera-

ture as 0.9 dB m�1 at 5.86 MHz.15 Considering the dotted

lines in Figs. 3(b) and 3(c), which represent the calculated

dispersion curves accounting for intrinsic loss in a free-

standing Duralumin plate, the differences between these

curves and the SLaTCoW results are clear. This emphasizes

the effects of the leakage of acoustic energy due to the con-

tact of the transducer array, and the necessity to use a model

that accounts for this. A more realistic model is composed of

three perfectly bonded media: a layer of Duralumin in contact

with a fluid layer (modeling the echographic gel), which is in

contact with a half-space solid media representing the probe

array. This model is used to calculate the theoretical dispersion

curves shown as dashed lines in Figs. 3(b) and 3(c), using the

previously stated properties for Duralumin. The 0.15 mm thick

fluid layer is modeled as water, and it is assumed that no shear

waves can propagate in it. The properties of the half-space

have been chosen to be VL¼ 3000 m s�1, VT¼ 1300 m s�1, and

q¼ 1100 kg m�3. No attenuation is assumed for both the fluid

layer and the half-space. A good agreement between the theo-

retical curves and the points obtained using the SLaTCoW

method can be seen. In Fig. 3(b), a separation of M3 (cross)

and M4b (circle) branches is observed. These modes are typi-

cally not observed because of attenuation when approaching

the position of the ZGV point. As shown in Fig. 3(b), as the

position of the ZGV point of a free plate is approached, the

imaginary part of the wavenumber and thus the attenuation

become larger.

Although the chosen model may be considered overly

simple, it is sufficient to reach good qualitative agreement

with the results obtained using the SLaTCoW method. Note

that the discrepancy in Fig. 3(c) between experiments and

theory on the M4b mode is due to the fact that this experi-

mental branch is attenuated in the vicinity of kr¼ 0, making

the SLaTCoW recovery harder to perform due to the very

low signal-to-noise ratio. However, for the M3 mode, where

the signal-to-noise ratio is high, the agreement between the

SLaTCoW results and the theoretical dispersion curves is

excellent. The good qualitative agreement between the

SLaTCoW results and the theoretical dispersion curves paves

the way for new insights regarding the ZGV modes in free-

standing plates and related multilayer systems.

V. APPLICATION TO SURFACE ACOUSTIC WAVES IN
A TWO-DIMENSIONAL MICROSCALE GRANULAR
CRYSTAL ADHERED TO A SUBSTRATE

We apply the SLaTCoW method to obtain the complex

dispersion curves of SAWs propagating in a 2D microscale

granular crystal adhered to a substrate. Ordered and reduced-

dimensional granular structures, often referred to as granular

crystals,39–41 have proven to be systems of interest, as they

represent an avenue for gaining a broader understanding of

granular media dynamics, and have been suggested for use

in stress wave manipulation and acoustic signal processing

applications.40 While granular crystals have typically been

constructed from macroscale particles,41 the acoustics of

microscale granular crystals is an emerging field.24,42,43

In a recently published work,24 the resonant attenuation

of SAWs propagating through a 2D microscale granular

crystal adhered to a substrate was studied using a laser ultra-

sonic technique. A schematic of the sample and the laser

ultrasonic setup used in the study of Ref. 24 is shown in Fig. 4.

FIG. 3. (a) Photograph of the experi-

mental setup. (b) and (c) Dispersion of

Lamb waves in a 1.525 mm thick

Duralumin plate: (b) real part and (c)

imaginary part of the wavenumber.

Markers denote the points identified

using the SLaTCoW method. The cho-

sen ranges, kr 2 ½0; 1:8� mm�1, ki 2
½�0:5; 0:5� mm�1, and f 2 ½1:85; 2:03�
MHz, include two Lamb modes: M3

(cross) and M4b (circle). Theoretical

complex dispersion curves using two

different models are displayed for

comparison: a model considering a

free-standing Duralumin plate (dotted

lines) and a more complex model

(dashed lines).
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In summary, the microscale granular crystal is a monolayer

of 2 lm diameter silica spheres, which were assembled via a

convective self-assembly process.44 An interface between

regions with and without the monolayer was created using a

microcontact printing technique.45 Surface acoustic waves

were generated by focusing a pulsed laser into the sample

surface (430 ps pulse duration, 532 nm optical wavelength,

and 1:2 mm� 20 lm spot size), such that they traversed the

interface, whereafter they were measured using a photo-

deflection technique (continuous wave laser, 514 nm optical

wavelength, 6 lm spot size) at 185 positions along a scan

length of 740 lm. Additional experimental details can be

found in Ref. 24. By calculating the 2D Fourier transform

magnitudes of the spatiotemporal data corresponding to the

SAWs propagating in the region with the monolayer, the dis-

persion of SAWs propagating in the granular crystal was

visualized. While this method did not separate the real and

imaginary wavenumber components of the SAW dispersion,

the calculated dispersion curves revealed the interaction

between three contact-based resonances of the mono-

layer,24,46 including one with out-of-plane motion of the

spheres and two with combined rotational and in-plane trans-

lational motion.

We apply the SLaTCoW method to the spatiotemporal

measurement data obtained and presented in Ref. 24 (corre-

sponding to the sample without any additional aluminum

coating on top of the spheres). The resulting complex disper-

sion curves are shown in Fig. 5(a) (k1
r ) and in Fig. 5(b) (k1

i ).

As can be seen in Fig. 5(a), an avoided crossing with the out-

of-plane contact resonance (fN) of the monolayer is present

and is the only visible feature disturbing the straight line cor-

responding to Rayleigh waves propagating in the substrate.

We compare the dispersion curves calculated from experi-

mentally obtained data with those calculated in Ref. 24 using

a lossless theoretical model,46 and find a reasonable agree-

ment in the neighborhood of the out-of-plane contact reso-

nance. As in Ref. 24, avoided crossings due to the two

rotational-translational modes (including the rotation domi-

nated resonance fRH and the translation dominated resonance

fHR) are both absent. In contrast, the two rotational-

translational resonances are both clearly visible in the disper-

sion curves corresponding to the imaginary part of the wave-

number shown in Fig. 5(b) as smaller peaks surrounding the

large out-of-plane resonance.

This work and the SLaTCoW method pave the way for

the development of new models of microscale granular

dynamics, which may find use in discerning the contributions

of various sources of loss observed in experiments.24,42 For

example, there is currently no model for the imaginary part

of Km for the 2D microscale granular crystal adhered to a

FIG. 4. Schematic of sample and laser ultrasonic experimental setup used in

Ref. 24.

FIG. 5. (a) Dispersion curves of SAWs propagating in a substrate with an adhered microsphere monolayer, corresponding to the real part of the wavenumber,

k1
r . Solid lines are dispersion curves calculated using the SLaTCoW method. Red dash-dotted lines are the dispersion curves calculated using a lossless model

and the fitted contact resonance frequencies (denoted by the horizontal dotted lines). Rayleigh (cR) and transverse (cT) wave speeds are the straight dotted and

dashed lines, respectively. (b) Dispersion curves of SAWs propagating in a substrate with an adhered microsphere monolayer calculated using the SLaTCoW

method, corresponding to the imaginary part of the wavenumber, k1
i . Horizontal dotted lines denote the fitted contact resonance frequencies. Solid lines in both

panels are computed using experimental data originally obtained and presented in Ref. 24.
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substrate. This demonstrates the efficacy of the method to

advance relevant modeling efforts.

VI. CONCLUSION

A method for the recovery of complex spatial frequency

domain information from spatiotemporal data is presented.

This method, named SLaTCoW (Spatial Laplace Transform

for COmplex Wavenumber recovery), is based on a spatial

Laplace transform of the measured wave field in the fre-

quency domain, instead of the usual spatial Fourier trans-

form. The Laplace transform, providing information on both

the real and imaginary parts of the poles, is analyzed by the

minimization of a correctly chosen cost function. This allows

the reconstruction of complex wavenumbers (as well as the

complex amplitude) of the modes, even when they are inter-

acting with other modes. The SLaTCoW method was applied

to three completely different dispersive and attenuating sys-

tems, involving three different set-ups in three different fre-

quency ranges, and showed use in the analysis of attenuation

phenomena occurring in each system. This method provides

information that cannot be obtained from 2D Fourier trans-

forms, including the separation of modes that are almost

overlapping, as well as amplitude independent information.

The SLaTCoW method paves the way for new theoretical

developments in various fields of physical acoustics such as

attenuating and locally resonant materials.
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The complex dispersion relation of surface acoustic waves (SAWs) at a lossy resonant metasurface

is theoretically and experimentally reported. The metasurface consists of the periodic arrangement

of borehole resonators in a rigid substrate. The theoretical model relies on a boundary layer

approach that provides the effective metasurface admittance governing the complex dispersion

relation in the presence of viscous and thermal losses. The model is experimentally validated by

measurements in the semi-anechoic chamber. The complex SAW dispersion relation is experimen-

tally retrieved from the analysis of the spatial Laplace transform of the pressure scanned along a

line at the metasurface. The geometrical spreading of the energy from the speaker is accounted for,

and both the real and imaginary parts of the SAW wavenumber are obtained. The results show that

the strong reduction of the SAW group velocity occurs jointly with a drastic attenuation of the

wave, leading to the confinement of the field close to the source and preventing the efficient propa-

gation of such slow-sound surface modes. The method opens perspectives to theoretically predict

and experimentally characterize both the dispersion and the attenuation of surface waves at struc-

tured surfaces. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4975120]

While surface waves propagating at the interfaces

between two propagative media or at impedance surfaces

have been studied theoretically1–4 and investigated experi-

mentally,5 they have also been shown to emerge at the sur-

face of impervious media when structured with resonant

grooves6 or boreholes.7 The parallel between such surface

waves and surface plasmons7 has paved the way to novel

applications in imaging,8,9 focusing,10 or lensing,11 for

which the dispersion relation of the surface waves can be

tuned by designing the micro-structure properties. However,

while the dispersion relation of such “spoof surface

plasmon” is usually presented for real wavenumbers12 with-

out accounting for losses, the surface wavenumber is actually

a complex quantity, the imaginary part of which accounts for

the attenuation of the waves induced by the losses. These lat-

ter are unavoidable in practice and govern the magnitude of

resonances that can be responsible for bandgaps. If methods

to predict theoretically6,7 the real part of the surface wave-

number and retrieve it experimentally, e.g., from spatial

Fourier transform,13 are now sufficiently robust, retrieving

the imaginary part of it can be challenging,14 notably

because it requires to distinguish the attenuation of the wave

induced by the losses from that induced by the geometrical

spreading of energy in space.

Here, the propagation of surface acoustic waves (SAWs)

at a metasurface is investigated both theoretically and experi-

mentally to predict and retrieve in a systematic method both

the real and imaginary parts of the complex SAW wavenumber

in the presence of the viscous and thermal losses. The theoreti-

cal model is based on a Boundary Layer (BL) approach using

plane wave expansion, and its predictions are used to validate

the complex dispersion relation retrieved experimentally. The

metasurface C under study consists of the two-dimensional

R-periodic repetition of circular borehole resonators with the

radius a and the depth h, at the otherwise rigid plane surface

(see Fig. 1). The resonators are arranged in a square lattice,

with the lattice constant ‘, and the unit lattice vectors (e1, e2).

Denoting e3 ¼ e1 � e2 the out-of-plane unit vector directed at

air, the position vector reads x ¼ xC þ x3e3, where xC ¼ x1e1

þx2e2 is the projection of x on C. The SAW propagation at the

surface C is studied in the linear harmonic regime at the circu-

lar frequency x (time convention e�ixt), and under the ambient

conditions, with the air density qe, the atmospheric pressure Pe,

the adiabatic constant c, the viscosity g, the Prandtl number Pr,

the sound speed c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cPe=qe

p
, and the air wavenumber

k0¼x/c. The BL analysis is performed for the SAW with the

pressure p ¼ Peik�xC�bx3 , where P is the complex amplitude,

k ¼ kea is the in-plane wave-vector with the complex wave-

number k and the in-plane unit vector ea, which makes the

angle a counted from e1, and where b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

0

p
is the com-

plex attenuation parameter in the direction e3. For actual

FIG. 1. Schematic of the R-periodic metasurface and details of the unit cell

(lattice size ‘) bearing a 2a-diameter and h-deep borehole resonator. e1 and

e2 are the unit lattice vectors; e3 is the normal vector; and ea gives the direc-

tion of the SAW propagation.a)Electronic mail: logan.schwan@gmail.com

0003-6951/2017/110(5)/051902/5/$30.00 Published by AIP Publishing.110, 051902-1
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propagation along ea and wave attenuation, the following con-

ditions hold: Re ðkÞ � 0; Im ðkÞ � 0 and Re ðbÞ � 0.

When excited by p, the resonators act as mutually inter-

acting secondary sources that prescribe the distribution of

normal velocity vCe3 at the surface C. Emitted by the peri-

odic lattice while forced by the SAW, the velocity vC is

locally R-periodic, while modulated by the factor eik�xC .

Since the SAW cannot resolve the array periodicity on its

own, locally R-periodic perturbations localized in the vicin-

ity of C are induced, which can be described in the low fre-

quency range (typically k0‘< 2p) by a BL15,16 with the

pressure p? in the form

p? ¼
X

ðn;qÞ6¼ð0;0Þ
P?nqeiðkþGnqÞ�xC�b?nqx3 ; (1)

where n and q are integers, P?nq are complex scattering coeffi-

cients, Gnq ¼ 2pðne1 þ qe2Þ=‘ are the reciprocal lattice

vectors, and b?nq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkþGnqÞ2 � k2

0

q
are the complex out-

of-plane attenuation parameters with Re ðb?nqÞ � 0. The

dispersion relation is found from the following boundary

conditions that have to be satisfied by the superposition of

the surface wave p and the BL pressure p?. At the reference

cell R, the surface is rigid, except for the borehole aperture S
at its center, where a uniform particle velocity vo e3 is

assumed in the long-wavelength approximation.17 The veloc-

ity vo is then related to the mean value hpþ p?i ¼ jSj�1Ð
Sðpþ p?Þ dS of the pressure pþ p? acting at the aperture S

through the frequency-dependent admittance Y of the resona-

tor, that is, vo ¼ Yhpþ p?i. For the quarter-wavelength reso-

nator, the admittance Y takes the form (see supplementary

material for details)

Y ¼ i tan ðxh=
ffiffiffiffiffiffiffiffiffiffiffiffi
B�=q�

p
Þ=

ffiffiffiffiffiffiffiffiffiffi
q�B�

p
; (2)

where q* and B* are the complex effective density and bulk

modulus in the resonator. They account for the viscous and

thermal losses in the circular borehole and are classically

given by18,19

q� ¼ qe

1� F
ffiffiffiffi
2i
p a

dv

� � ; B� ¼ cPe

1þ c� 1ð ÞF
ffiffiffiffi
2i
p a

dt

� � ; (3)

where dv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g=ðqexÞ

p
and dt ¼ dv=

ffiffiffiffiffi
Pr
p

are viscous and

thermal skin-depths, and FðyÞ ¼ 2J1ðyÞ=½yJ0ðyÞ� is a form

function18,19 with Jn the Bessel function of order n. The

admittance Y is thus complex for the lossy resonators. Now,

denoting PS the gate function equal to 1 over S and 0 else-

where at R, the boundary conditions at the reference cell can

be summarized as

@ pþ p?ð Þ
@x3

¼ ik0qecYhpþ p?iPS at R: (4)

First, the mean pressure over the aperture S reads

hpþ p?i ¼ PH00 þ
X

ðn;qÞ6¼ð0;0Þ
P?nqHnq; (5)

where the structure factorsHnq are given by

Hnq ¼
1

jSj

ð
S

ei kþGnqð Þ�xC dS ¼ J1 Knqað Þ
Knqa=2

; (6)

with Knq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkþGnqÞ2

q
. Next, multiplying Eq. (4) by

e�iðkþGmsÞ�xC , where (m, s) are integers, and taking the mean

value over the period R yield Equations (7a) and (7b) for

(m, s)¼ (0, 0) and (m, s) 6¼ (0, 0), respectively

�bP ¼ ik0

qecYjSj
jRj hpþ p?iF 00; (7a)

�b?msP
?
ms ¼ ik0

qecYjSj
jRj hpþ p?iFms; (7b)

where the structure factors Fms read

Fms ¼
1

jSj

ð
S

e�i kþGmsð Þ�xC dS ¼ J1 Kmsað Þ
Kmsa=2

: (8)

Combining Eqs. (5) and (7b) provides the equation satis-

fied by the BL scattering coefficients. Re-arranging the

double-indexation (n, q) 6¼ (0, 0) into a single indexation, the

following vectors are defined, fP?g ¼ vectðP?nqÞ; fHg
¼ vectðHnqÞ, and fFg ¼ vectðF nqÞ, and the diagonal matrix

½b?� ¼ diagðb?nqÞ. With those notations, the BL scattering

coefficients are given by

P?f g ¼ �ik0

qecYjSj
jRj H00P B?½ ��1 Ff g; (9)

where the matrix ½B?� reads, with � the tensor product

B?½ � ¼ b?½ � þ ik0

qecYjSj
jRj Ff g � Hf g: (10)

Combining Eqs. (5), (7a) and (9), the boundary condition for

the SAW takes the form @p=@x3 ¼ �ixqe!p at C, where the

effective normalized admittance is

qec! ¼ �qecYjSj
jRj 1� ik0d?

qecYS

jRj

� �
F 00H00; (11)

with the scalar d? ¼ fHg � f½B?��1fFgg having the dimen-

sion of a length. More details about the derivation of Eqs.

(9)–(11) are provided in the supplementary material. Eq.

(11) provides the micro/macro relation between the resonator

properties and the effective admittance actually resolved by

the SAW. The SAW dispersion relation is found by solving

for k in the equation b ¼ ik0qec!, which shows that b and

hence the wavenumber k are complex quantities when the

admittance ! is not purely imaginary, which is the case for

lossy resonators.

In the experiments, the resonators consist of circular

boreholes with the radius a¼ 18 6 0.5 mm and the depth

h¼ 40.5 6 0.5 mm drilled with the lattice size ‘ in a rigid

wooden substrate. Such quarter-wavelength resonator,

with the undamped eigenfrequency xo=ð2pÞ ¼ c=ð4hÞ
	 2117 Hz, has been characterized in the impedance tube

with the square cross-section R¼ 42 mm� 42 mm that ena-

bles to emulate plane wave reflection at normal incidence on
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the metasurface with an infinite extent. Noting that the effec-

tive admittance qec! is also valid for plane wave reflection,

the reflection coefficient measured experimentally is com-

pared with the theoretical one R ¼ ½1� qec!�=½1þ qec!� in
Fig. 2(a). The results confirm the accuracy of Eqs. (2) and

(11) to describe the lossy resonators and the effective meta-

surface admittance.

To investigate the SAW propagation at the metasurface,

semi-anechoic chamber measurements have been performed.

The metasurface consists of 1160 resonators (40 along

e1� 29 along e2) drilled periodically with the lattice size

‘¼ 50 6 1 mm in a 2 m� 2 m rigid wooden board (see Fig.

2(b)). The speaker has been positioned at the center of the

smaller edge (x1¼ 0¼ x2) with the center of its membrane at

zs	 7.5 cm above the metasurface. The system has been

excited with a sine-sweep signal over the frequency range

[0.1; 1.6] kHz, in order to focus on the frequency range,

wherein the SAW mode theoretically exists according to the

BL model (see Fig. 3). The pressure field has been measured

with the microphone secured to a motorized linear stage.

The experimental spectra have been recorded with the

Dynamic Signal Analyzer (Stanford Research Systems type

SR785) every 0.5 cm along the line x2¼ 0 at the distance x1

2 [x0; L]¼ [5; 180] cm from the speaker and at x3	 1 cm

above the surface.

Due to the geometrical spreading of the field from the

speaker, the experimental set-up is modelled as a point-

source above the metasurface admittance. Hence, the sound

field consists of the pressure psðxÞ ¼ A0G0ðxÞ þ AsGsðxÞ,
where A0 and As are complex amplitudes, G0 is the Green

function for the point source above the rigid surface, and Gs

is the perturbation produced by the metasurface admittance,

including the SAW3

G0 ¼ eik0R1=ð4pR1Þ þ eik0R2=ð4pR2Þ; (12a)

FIG. 2. (a) Comparison of the real and imaginary parts of the reflection coefficient provided by the impedance tube measurements—exp.—on a 42 mm

� 42 mm unit cell (see inset) and those provided by the theoretical effective admittance—theo.—(b) Experimental set-up for characterisation of SAW

propagation at the metasurface prototype. (c) Model of the experimental set-up by a point source and a microphone—Mic.—above the metasurface

admittance.

FIG. 3. Comparison between theoretical (theo.) and experimental (exp.) results. Plotted against the normalized frequency x/xo are: (a) the real part and (c) the

imaginary part of the air and SAW wavenumbers; (b) the normalized group velocity; (d) the amplitude ratio between the SAW and the air modes. Plotted

against the normalized distance x1/‘ from the speaker are: (e)–(g) the pressure profile along the scan-line at three frequencies. (a) and (c) have the same legend

as (b). (f) and (g) have the same legend as (e). The inset in (a) shows the spatial Fourier transform of the experimental pressure against the frequency and the

dispersion relations retrieved from the SLaTCoW method.
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Gs ¼ �k0 erfcð�iwÞHð1Þ0 ðkrÞe�bðx3þzsÞ=4: (12b)

Here, the geometrical parameters R1, R2, and r are defined

in Fig. 2(c); erfc is the complementary error function; H
ð1Þ
0 is

the Hankel function of the first kind and order 0; and w ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ik0R2 � ikr þ bðx3 þ zsÞ

p
is the numerical distance. Eq. (12)

shows that the field ps(x) vanishes as the distance from the

speaker increases: the field G0 decreases typically as 1/R1,

while the term H
ð1Þ
0 ðkrÞe�bðx3þzsÞ in the expression of Gs

decreases as 1=
ffiffi
r
p

. Using the pressure ps(x) as the ansatz field,

and hence accounting for the geometrical spreading from the

source, the real and imaginary parts of the wavenumbers k0 and

k, and the complex amplitudes A0 and As are retrieved from the

experimental data by means of the Spatial Laplace Transform
for Complex Wavenumbers—SLaTCoW—method14 (see sup-

plementary material for more details about the SLaTCoW pro-

cedure). The experimental results are compared with those

from the BL model in Figs. 3(a)–3(d), where the complex

wavenumbers, the group velocity vg ¼ dx=dRe ðkÞ and the

amplitude ratio As/A0 (theoretically equal to3 qec!) have been

plotted against the frequency.

While the air line Re ðk0Þ ¼ x=c with the sound speed

c	 342 m/s, and negligible attenuation, 2pIm ðk0Þ=Re ðk0Þ

 5� 10�3, are recovered, three regimes can be identified in

the SAW dispersion relation: at low frequency x � xo,

around the resonance x! xo with Re ðkÞ < p=‘, and around

the Bragg limit Re ðkÞ ! p=‘.
In the low-frequency regime, the low admittance con-

trast jqec!j � 1 leads the complex SAW dispersion relation

k(x) to be asymptotic to that of air k0(x). Although it allows

an actual propagation of the SAW with negligible attenua-

tion, its contribution in the field remains limited due to its

low amplitude jAs=A0j � 1. Besides, this low value of the

SAW amplitude makes it difficult to retrieve the mode exper-

imentally, which can explain the scattered experimental data

below x/xo¼ 0.2. In contrast, around the resonance at

x/xo
 0.7, the significant admittance contrast jqec!j 
 1

results in the deviation of the SAW dispersion relation from

the air-line. The SAW group velocity decreases down to

vg/c
 1/5, while the SAW wavelength becomes	 1/8 of the

characteristic attenuation length 1/Im (k). That enables the

actual propagation of the “slow sound” SAW that could be

used for sub-wavelength imaging, for instance. Note that the

resonant behavior of the surface microstructures is essential

for this phenomenon to occur, since it is responsible for the

significant admittance contrast jqec!j 
 1 at the origin of

the SAW excitation. However, the capacity to guide waves

along the surface with such a “slow sound” is rapidly hin-

dered by the SAW attenuation, as the dispersion curve

approaches the Bragg limit Re ðkÞ ! p=‘. As the group

velocity approaches zero, the SAW attenuation increases

drastically with a characteristic attenuation length 1/Im (k)

of the order of the SAW wavelength, which prevents the

effective propagation of the wave at the surface. Note that

the interaction of the resonance-induced dispersion relation

with the Bragg limit Re (k)¼ p/‘ makes the “bandgap” occur

at x/xo	 0.8. Lowering the resonance frequency would cer-

tainly make the dispersion relation cross the Bragg limit at

the resonance frequency x/xo	 1.

The retrieved dispersion relation is in good agreement

with the maxima of the experimental spatial Fourier transform

FðkrÞ ¼
Ð L

x0
ps=A0e�ikrx1 dx1 plotted in the inset of Fig. 3(a).

This latter also exhibits clearly the regime of highly attenuated

waves around x/xo	 0.8, wherein jFðkrÞj ! 0. The experi-

mental results are also in well agreement with the theoretical

model derived for plane waves. It highlights the accuracy of

the effective admittance qec! and underlines that the complex

dispersion relation is related more to the metasurface admit-

tance and less to the nature of the excitation.

Finally, Figs. 3(e)–3(g) show the pressure profile Re

(ps/A0) for frequencies in each SAW propagation regime. It

is compared with the profile computed using either the effec-

tive admittance qec! or the parameters retrieved from the

SLaTCoW method. A good agreement is reached between

them. Discrepancies between the theoretical and experimen-

tal results in Fig. 3(g) can be due to the conjugate effect of

near-fields produced by the speaker in its close-vicinity

(where the field is actually confined), and the low level of

the signal near the bandgap. Nevertheless, the results show

the strong confinement of the field close to the speaker as the

frequency increases. That suggests that tracking pulses on

distances sufficiently long to perform imaging could be more

challenging than in optics.20

In conclusion, a boundary layer model that enables to find

the effective surface condition satisfied by plane waves at the

metasurface has been proposed, which takes full account of

multiple interactions, surface periodicity, and viscothermal

losses in the resonators. The complex dispersion relation theo-

retically derived has served to validate that experimentally

retrieved using the SLaTCoW method, adapted for point-

source excitation. The results have exhibited the mode conver-

sion that occurs between bulk and surface waves in the pres-

ence of the metasurface, and they have shown that SAW

propagation, while strongly slowed around the resonance, can

become drastically attenuated even with weakly damped reso-

nators, hence preventing actual propagation. This underlines

the importance of considering the imaginary part of wavenum-

bers when designing spoof surface plasmon acoustic devices.

See supplementary material for more details about the

boundary layer model and the adaptation of the SLaTCoW

procedure to the problem of the point source above the meta-

surface admittance.
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