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Today, several applications require using electrostatic microphones in environments and/or in fre-
quency ranges, which are significantly different from those they were designed for. When low
uncertainties on the behavior of acoustic fields, generated or measured by these transducers, are
required, the displacement field of the diaphragm of the transducers (which can be highly nonuni-
form in the highest frequency range) must be characterized with an appropriate accuracy. An ana-
lytical approach, which leads to results depending on the location of the holes in the backing
electrode (i.e., depending on the azimuthal coordinate) not available until now (regarding the dis-
placement field of the membrane in the highest frequency range, up to 100 kHz), is presented here.
The holes and the slit surrounding the electrode are considered as localized sources described by
their volume velocity in the propagation equation governing the pressure field in the air gap (not by
nonuniform boundary conditions on the surface of the backing electrode as usual). Experimental
results, obtained from measurements of the displacement field of the membrane using a laser
scanning vibrometer, are presented and compared to the theoretical results.
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NOMENCLATURE K = w\/Mg/T  Wavenumber of the membrane
Mg  Mass per unit area of the membrane
no  Number of holes in the backing elec-
trode
O  Origin of the reference frame (set at
the center of the membrane)
Py Static pressure
p(r,0)  The pressure field in the air gap be-
tween the membrane and the backing
electrode
Doy Driving harmonic acoustic pressure
wave (assumed to be uniform over the
surface of the membrane)
pc  Pressure variation in the backchamber
r Radial coordinate
r;  Distance between the center of the cir-
cular backing electrode and the center

a Radius of the membrane and radius of
the backing electrode
co  Adiabatic speed of sound (c¢q =~ 340
m s~ ! for air in standard conditions)
Cp  Heat coefficient at constant pressure
per unit of mass of the gas
h;  Length of the circular holes
h,  Length of the peripheral slit
JoandJ;  Zero and one order Bessel functions of
the first kind, respectively
Jjmn  Zeros of the Bessel functions J,,, with
Joo = 2.40, jor = 5.52, joo = 8.65, jio
= 3.83, ji1 = 7.015, ji» = 10.17, jyo
=5.13, j,; =8.42, j,, = 11, and so on
K,.. Eigenvalues of the membrane sub-
jected to Dirichlet condition at r = a

k, =[(1 —i)/v/2]  Wavenumber associated with the vorti- Of. any hole .
cal movement due to viscosity effects r,  Distance between the center of the cir-
X 4/ . i iph-
Pow/ (with a time factor given by ¢/”") cular backing electrode and the periph

eral slit (r, = a)

kp=1(1—1i 2 i i
n=( z)/\/_ ]  Wavenumber associated with the R Radius of the circular holes

- entropic movement due to heat con- .
X \/ po@Cp [ Ay P . . S,  Total area of the backing electrode
duction effects (with a time factor
given by ') n Sy,  Areaof ahole

S1= > S1y,  Total area of the holes
w=l S, Area of the peripheral slit
T  Tension of the membrane

¥ Author to whom correspondence should be addressed. Electronic mail: Uiy, Volume velocity of each hole (positive
Stephane.Durand@univ-lemans.fr when directed along the z-axis)
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Total volume velocity of the holes (posi-
tive when directed along the z-axis)
Volume velocity of the peripheral slit
per unit angle (positive when directed
along the z-axis)

Total volume velocity of the peripheral
slit (positive when directed along the
Z-axis)

Radial particle velocity in the fluid gap
Input admittance of the backchamber
(when considered as a small cavity of
volume V. behind the backing elec-
trode), ratio of the input volume veloc-
ity and the pressure variation

Transfer admittance of hole numbered
Vo

Local transfer admittance of the slit
Coordinate normal to the membrane and
the backing electrode (Oz being out-
wardly directed through the membrane)
Input impedance of the microphone
Input impedance of the small cavity of
volume V.

Mechanical impedance of the membrane
Mechanical impedance of the air gap
Thermal impedance of the air gap
Total input impedance of the holes
Input impedance of the slit

Increase in pressure per unit increase
in temperature at constant volume
Specific heat ratio

Zeros of the first derivative of the Bes-
sel functions J,,, with yo0 = 0, 701
= 383, Yo2 = 702, Y10 = 184, Y11
= 533, Y12 = 854, Y20 = 305, V21
=6.71, 720 = 9.97, and so on
Thickness of the fluid film trapped
between the membrane and the backing
electrode

Thickness of the backchamber
Azimuthal coordinate (0 = 0 at the cen-
ter of a hole in the backing electrode)
Azimuthal coordinate of the vgth hole,
Vo = 1, ..., o

Coefficient of thermal conductivity of
the gas [An/(pocoCp) =2 5.8 x 1078 m
for air in standard conditions]
Eigenvalues of the fluid film subjected
to Neumann condition at r = a

Shear viscosity coefficient of the gas (u
~ 1.9 x 107> kgm 's™' for air in
standard conditions)

Displacement field of the membrane
(positive when directed along the
Z-axis)
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po  Density of the gas (po ~ 1.2 kgm™>
for air in standard conditions)
o Sensitivity of the microphone
t  Temperature variation in the air gap

¢,=S1/S, Ratio of the total area of the holes to
the total backing electrode area
@mn(r,0)  Eigenfunctions of the fluid film sub-
jected to Neumann condition at r = a
yr~1/Py  TIsothermal compressibility of air

Y (r,0)

Eigenfunctions of the membrane sub-
jected to Dirichlet condition at r = a
o  Angular frequency

Notation

<f1 (I‘, 0)|f2(7’, 0)>
(f(r,0))

stfIfZ dsS = Jgn J‘gflfz rdrd0 inner

product (domain of area S = na’)
027r Jo f(r,0)rdrdo

(ANAE) - [gAfrdr
(f(r))  [gf(r)rdr
. INTRODUCTION

Numerous works on the measurement condenser micro-
phones, used as either emitters or receivers, have been car-
ried out for more than half a century (see Refs. 1-14). More
specifically the works presented in Ref. 7, further empha-
sized in Ref. 8, enable a description of the effects of the
holes (including their location in the backing electrode) on
the microphone performances (sensitivity, bandwidth, and
mechanical-thermal noise). During the past decades, few
works have examined the influence of static pressure, static
temperature, and gas composition on the behavior of these
microphones,'>~!” which were motivated by a quite recent
rising demand. Today, several applications require using
such transducers in environments and/or in frequency ranges
which are significantly different from those for which they
were designed. The primary calibration of the condenser
microphones in the highest frequency range'®'® and the
determination of the Boltzmann constant by an acoustic
method over a wide static pressure range and over a wide
frequency range,”® are examples of such applications.

Actually, these applications, among others, are greatly in
need of an accurate characterization of the transducers in un-
usual situations. More particularly, when low uncertainties on
the behavior of acoustic fields, generated or measured by the
transducers, are required close to the transducers and/or in
closed small cavities or resonators, the displacement field of
the diaphragm of the transducers (which can be highly non-
uniform, especially in the highest frequency range) and the
coupling factor between the transducer and the acoustic field
must be modeled with an appropriate accuracy.

Most of the analytical works on the behavior of the
electrostatic microphones mentioned above deal primarily,
among others, with (i) the description of the input impedance
(or the sensitivity) through the behavior of an adapted lumped
element circuit,'" (i) the global description (i.e., spatially
averaged over the surface of the transducer) of the coupling
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between the membrane, and both the fluid gap (trapped
between the membrane and the backing electrode) and the
backchamber (through the holes set in the backing electrode
and the slit surrounding it),>”’ (iii) the modeling of the dissipa-
tive effects of the holes,**'° and (iv) the modeling of the
effect of specific shapes of the backing electrode.'*'* In all
cases, the theoretical behavior of the pressure variations is
investigated in the fluid gap, in the holes (when existing) and
in the peripheral slit, and in the backchamber, the coupling
with the membrane being accounted for. But, despite these
advances in the modeling of condenser microphones, today the
analytical procedure whereby the effects of the location of the
holes are not averaged over the surface of the backing elec-
trode but are accounted for in both the displacement field and
the pressure variations, leading to results which depend not
only on the radial coordinate but also on the azimuthal coordi-
nate, provides situations not considered so far, to our knowl-
edge, for describing the behavior of the membrane up to
100 kHz (the location of the holes is playing an important role).
Thus, the aim of the paper is twofold: (i) To provide such new
modeling using a method relying on the sets of the appropriate
eigenmodes of both the membrane and the pressure fields
behind the membrane and relying on the Green’s theorem and
the associated integral formulation for part of the solution and
(i) to compare the theoretical results obtained on the displace-
ment field of the membrane to the experimental results obtained
from measurements using a laser scanning vibrometer.?'*

In the present modeling, the effects of the z-components
(perpendicular to the membrane) of the volume velocities of
the holes and the slit on the particle velocity inside the air
gap are not taken into account by appropriate boundary con-
ditions on the surface of the backing electrode as usual
because these boundary conditions depend strongly on both
the coordinates r and 0. Such boundary conditions would pre-
vent us from obtaining an analytical solution, except when
averaging on the surface of the backing electrode (but there-
fore the solution would not depend on the azimuthal coordi-
nate as mentioned before).””"*""*? It is the reason why the
holes and the slit are considered as local sources described by
the axial component of the volume velocity in the right hand
side of the propagation equation. Moreover, the presence of
the holes is also taken into account by an averaged slip condi-
tion and an averaged polytropic thermal condition (both
depending on the ratio of the total area of the holes to the
total backing electrode area S;,) through the wavenumber
associated to the pressure variation in the fluid gap. The theo-
retical results obtained from this analytical approach, which
leads to results depending on the location of the holes in the
backing electrode (i.e., depending on the azimuthal coordi-
nate), are presented and compared to the experimental results
obtained from measurements of the displacement field of the
membrane using a laser scanning vibrometer.

Il. THE FUNDAMENTAL PROBLEM

The cylindrical coordinate system used (r,0,z) has its
origin at the center O of the membrane, and the Oz-axis is
perpendicular to the membrane and outwardly directed as
indicated in Fig. 1. The holes in the backing electrode are
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FIG. 1. Electrostatic microphones showing the membrane, the backing elec-
trode with holes regularly azimuthally distributed, the peripheral slit, and
the backchamber.

regularly azimuthally distributed at the distance r from the
center. The origin (0 = 0) of the azimuthal coordinate 6 is
set at the center of a hole in the backing electrode. The thick-
ness of the fluid film trapped between the membrane and the
backing electrode is denoted ¢ (the coordinate of the upper
surface of the backing electrode is “—¢”). It has the same
order of magnitude as the thickness of the viscous and ther-
mal boundary layers. The pressure variation is assumed to be
constant through the thickness of the fluid gap between the
membrane and the backing electrode (it does not depend on
the z-coordinate). Note that, in the lower frequency range,
the backchamber would behave as a small cavity because the
depth of this backing cavity is very small (and nonuniform)
and because the outputs of the slit and the holes are quite
evenly distributed on the interface between this backcham-
ber and the backing electrode (this point is discussed below
in Sec. III C).

A. Equations governing the displacement field
of the membrane

The set of equations which govern the displacement
field &(r, 0) of the membrane (positive when directed along
the z-axis), supported on a rigid circular frame at its periph-
ery r = a (Dirichlet boundary condition), driven by a har-
monic acoustic pressure p,, assumed to be uniform over the
surface of the membrane, and loaded by the pressure field
p(r, 0) in the air gap between the membrane and the backing
electrode, can be written as

1 1
T(Bﬁr + ;8,. + r—zage + K2> E(r,0) = pay — p(r,0), (1a)

{(r=a,0)=0, (1b)
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where K = w+/Ms/T, with T and Mg being, respectively,
the tension of the membrane and its mass per unit area, and
w is the angular frequency.

B. Equations governing the pressure variations
in the air gap

The no-slip condition requires the radial velocity v, in
the fluid gap to vanish on the membrane (v, = 0) because
this radial velocity is assumed here to be much greater than
the azimuthal velocity vy. This is approximately valid on the
backing electrode with sparse holes array, due to the no-slip
condition everywhere, but not at the locations of the holes
where the radial velocity v, should approximately be given
by Euler equation

v, = [_—1] o, (22)
(iwpy)

Therefore, an accurate homogeneous boundary condi-
tion would allow for slight slip condition at the backing elec-
trode to account for the presence of the holes, namely

= { ‘—qS,. ]a,p. (2b)
(iwpy)

As a first approach, neglecting here the spatial orienta-
tion of the holes (i.e., v, and p do not depend on the azi-
muthal angle 0 here), the parameter ¢, can be assumed to be
a constant equal to the ratio of the total area of the holes to
the total backing electrode area S,

1 o
¢, = S, (Z Sl,v0> . (2¢)

vo=1

Therefore, the usual solution (when ¢, = 0, no hole) for
the mean value v, of the radial velocity v, across the thickness
of the air gap, namely (see Ref. 23, Chap. 3 and Appendix C),

—FQ
”:Lmébp Gy
0
with
tan(k,&/2
F=1- % (3b)

takes the following form, when the area ratio ¢, does not
vanish'' (details are given in Appendix C):

7, = [i] ., (4a)
(l Pow)

2 — ¢, tan(k,e/2)

4b
2 ke/2 (4b)
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ky = [(1 —i)/v2]\/pow/u being the wavenumber associ-
ated with the vortical movement due to viscosity effects
(with a time factor given by ¢'”), po and p being, respec-
tively, the density and the shear viscosity coefficient of the
gas.

The isothermal condition requires the temperature varia-
tion 7 in the fluid gap to vanish on the membrane (r = 0).
Similarly to the radial velocity, this is approximately valid,
on the backing electrode with sparse holes array, due to the
isothermal condition everywhere but not at the locations of
the holes where the temperature variation t should corre-
spond to a thermodynamic process which would be quasi-
adiabatic. Therefore, accounting for the presence of the holes
in the same way as the one mentioned above (when the area
ratio ¢, does not vanish), the solution for the mean value 7
of the temperature variation 7 across the thickness of the air
gap takes the following form (see Ref. 23, Chap. 3, and
Appendix C):

—r L, (5a)

By
where ﬁ: (OrP), is the increase in pressure per unit in-
crease in temperature at constant volume, 7y the specific heat
ratio, and where

2 — ¢, tan(kye/2)
2 kh8/2 ’

ky = [(1— l)/\/ﬂ v/ pPowCp /2y being the wavenumber

associated with the entropic movement due to conduction
effects (with a time factor given by ¢"”), Cp and /, being,
respectively, the heat coefficient at constant pressure per unit
of mass and the coefficient of thermal conductivity of the
gas.

Moreover, assuming that each hole and the peripheral
slit behave as localized sources (more exactly as localized
sinks) described by the z-component of their volume velocity
(positive when directed along the z-axis), respectively, U ,,
(for each hole labeled vg) and U, (for the slit), and assuming
Neumann boundary condition on the external side of the
fluid layer (i.e., at r = a), the set of equations which govern
the pressure field p(r, 0) inside the air gap is given by>>

Fr=1

(5b)

1 1
<8,2’ +;ar +r78(%() —|—}{2>p(r,0)

Uy (r,0)6(r —11)
€ r

« 50— 0,,) + 20 M . (6a)

0 &n0) iy
F, I3 F,

V[):l

Op(r=a,0)=0, (6b)

where the complex wavenumber y accounts for the angular
frequency @ of the field and the properties of the fluid,
namely the compressibility and the density p, through the
adiabatic speed of sound c(, the heat capacity at constant
pressure per unit of mass C,, the specific heat ratio 7y, the
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shear viscosity coefficient p, and the thermal conduction
coefficient 4,

2
, @ 14+ (y=1)(1 —Fy)
_ 6
x p F, ; (6¢)

and where 6(r — r;) and 6(0 — 0,,) are Dirac functions, r,
and r, being the distance between the center of the circular
backing electrode and, respectively, the center of any hole
and the peripheral slit. Note that the total volume velocity of
the ng holes U, and the peripheral slit U, in the fluid gap can
be expressed, respectively, in the following manner:

a 2n 0
U1:J rer d@J dz
0 0 —&

XHZOU”UrG -

)5(0 - 0v0)7 (6d)

U = Jzn U(0) do

0
a 2n 0

:J rer d@J zMM (6e)
0 0 —¢ é r

It is worth noting that, here, the effect of the z-compo-
nents of the volume velocities of the holes and the slit on the
particle velocity inside the air gap are not taken into account
by appropriate boundary conditions on the surface of the
backing electrode because these boundary conditions depend
strongly on both coordinates r and 6. Such boundary condi-
tions would prevent us from obtaining an analytical solution,
except when averaging on the surface of the backing elec-
trode (but, therefore, the solution would not depend on the
azimuthal coordinate 0).~ It is the reason why the holes
and the slit are considered as local sources (described by the
z-component of the volume velocity) in the right hand side
of the propagation equation (the pressure p is assumed to be
independent of the coordinate z). Moreover, the presence of
the holes is also taken into account by a nonvanishing radial
component of the particle velocity and a nonisothermal con-
dition on the surface of the backing electrode (as presented
above). These effects are expressed by an averaged slip con-
dition and an averaged polytropic thermal condition (both
depending on the area ratio ¢,), through the functions F,, and
F, in the wavenumber y (taking these averages is sufficient
here because their influence on the 6-component of the dis-
placement field of the membrane would be negligible).

C. Coupling between the pressure field in the air gap
and the pressure field inside the backchamber

The aim of the present work is to show the local influ-
ence of holes in the backing electrode on the displacement
field of the membrane, an appropriate modeling of both
the input admittance of the backchamber (which depends
on the location) and the input admittance of each hole y;
and the slit y is needed.

It is worth noting that, in the highest frequency range,
the backchamber cannot be considered as a small cavity: A
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modal field takes place. In the present situation (regular azi-
muthal distribution of the holes), the acoustic pressure field
pc(r, 0) in the backchamber is assumed to depend on both
the radial coordinate r and the azimuthal coordinate 0. Thus,
it is assumed to be the solution of the propagation equation,
which presents the same form as Eq. (6a),

1 1
(8/‘27' + ;& + r—zago + /{é> pc(r,0)

_iwpy DUy (r,0) 0(r —ry) B
=¥ ; . - o(0 — 0,,)
LU o —r) o)
&c r ’

and to be subjected to Neumann boundary conditions at the
periphery (r = a), ec, pc(r,0), and yc being, respectively,
the mean thickness of the cavity (given by the ratio of its
volume to its surface), the pressure variation, and the com-
plex wavenumber given by Eq. (6¢), where the thickness ¢,
which appears in expressions (4b) and (5b) of the functions
F, and F, (denoted here, respectively, F,c and Fc), is
replaced by the thickness &c.

On the other hand, the dimensions of the holes and the
slit are such that they do not behave as capillary tubes or a
slit?* because the present modeling is dedicated to the high-
est frequency range (typically up to 100 kHz). Assuming
plane wave approximation in each hole (cylindrical tube of
area S, ) for the pressure variation and assuming that the
thickness of the viscous boundary layer is much lower than
the radius R of the hole (the effect of the thermal boundary
layer is neglected in the backchamber), the pressure differ-
ence between the ends of a hole is given by the Poiseuille
law averaged across the section of the hole, which takes the
following form when the length /; of the tube is much lower
than the wavelength (i.e., the volume velocity is assumed to
be independent of the coordinate z inside the holes):**

Uty = Y1, [Pc(r1,0) = pi1], (8a)
with p; = p(r;, 6 = 0) (each hole playing the same role in
the modeling) and where the admittance y, ,, is given by

S1a(1 = K,)
o = i~ v 8b
Yo impoh (85)
with
2 Ji(kR)
K, = , 8
kR Jo(koR) (8c)

Jo and J; being, respectively, the zero and one order Bessel
functions of the first kind.

Assuming that the holes behave in the same manner, the
total volume velocity of the holes

o
U1 = Z Ul,vo = nOUl,vo (93)
Yo—
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is then associated with the total admittance

Y, = Z = noY1,v, (9b)

by the relation
U1 :Yl[pc(I‘l,O)—pl]. (9C)

In the same manner, the volume velocity per unit angle
U(0) (along the z-axis) at the input of the peripheral slit (the
interface between the slit and the air gap) can be written as

U(0) = y[pc(r2,0) — p(r2,0)],

where y is the input admittance of the peripheral slit given by

(10a)

_n-T) (10b)
iwpyhy
with
1
F‘, = m tan(kve/2), (IOC)
A
= 10d
5y = (2n) = ae, (10d)

e denoting the width of the slit.

When assuming that the length 4, of the slit is very
small (compared with its width e), Eq. (10a) can be replaced
by the continuity condition
(10e)

p(r2> 0) :pC(rZa 9)

lll. COUPLED SOLUTIONS FOR THE DISPLACEMENT
FIELD OF THE MEMBRANE AND THE PRESSURE
VARIATION IN THE AIR GAP AND THE
BACKCHAMBER

A. Solution for the displacement field
of the membrane

The solution for the displacement field of the membrane
[Egs. (1a) and (1b)] can be expressed as the sum of three
functions as follows:

pav _ Jo(Kr) —(
TK? {1 Jo(Ka)} + m; Vi (7, 0),

&(r, 0) = (11a)

where the first one p,,/ (TK?) is the solution of the equation
of the membrane when the movement is forced by the uni-
form (over the surface of the membrane) harmonic pressure
field p,, (p., being applied on the outer side of the mem-
brane), the second one is the general solution Jy(Kr) (zero
order Bessel function of the first kind) of the homogeneous
equation of the membrane (the sum of the first two terms
being subjected to the Dirichlet boundary condition), and the
third one is given by an expansion on the orthonormal eigen-
functions %) (r,0) (twice degenerated, with associated
eigenvalues K,,,) of the membrane supported on a rigid
frame at its periphery r = a (Dirichlet condition) in vacuo,
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the right hand side of the Eq. (11a) being given by the pres-
sure variation in the air gap p(r, 0), leading to

o (pr, 0 (r,0)
)= (K, — k) (11b)

mn

[1]

the inner product over the surface of the membrane S, rep-
resented by the bracket (fi,/2) = [ [ fif» dSu, showing the
coupling effect with the pressure variation p(r, ) inside the
air gap.

The eigenfunctions lpﬁ,f,z
values K, are given by

(r,0) and their associated eigen-

W0 (r,0) = Ny (Kar') cos(m0), (12a)
Y5, 0) = Ny (K1) sin(m0), (12b)

with, respectively, for m = 0 and m # 0,
Ny, = Vral\(Kosa), (12¢)
Ny = \/7/200 1 (Knat), (12d)

where K,,,,a = j,., are the zeros of the Bessel functions J,,,.
It is worth noting that the first part of the solution (11a),
which satisfies the Dirichlet conditions at r = a is expressed

below as an expansion on the eigenfunctions 1//mn (r,0),
S0, (13a)
with
(@) _ P [[L=So(KN)]| (o) 13b
Cmn TK2 < |: -](] (Ka) lPmn . ( )

Then, the solution for the displacement field of the
membrane can take the following form:

=Y & (r,0), (14a)
where
—_ Pav ]()(Kl‘)
o =g+ =0 = 22 (|1 2 i

(p(r, Ol (r, 0))
T(K%,—K*)

mn

+

(14b)

According to the orthogonality properties of the trigono-
metric functions, Eq. (14b) takes the following form:

& = Com + )

pm aKOnJ6 (KOMa) N
= Tx2 5 Non o, J (Kona) — K-k, 08,0041
0y (r, 0
<p(r )|lpmn (r’ )> . (140)
T(Kiznn - KZ)
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It is worth noting that the solution for the displacement
field can be directly expressed as given by Eq. (14a), with

o )”, _pav|‘p£§n) (}", 0)>
>mn T(Kz _Kz) . (15)

mn

B. Solution for the pressure variation in the air gap

The pressure variation p(r, 0) solution of the propagation
Eq. (6a) subjected to the Neumann boundary condition (6b)
is written as the following sum:

p(r, 0) :ph(l',()) —|—p§(l‘, 0) —I—p,,(r, 0)) (16a)
where
<33, to0+ 856 + )ph(” 0) =0, (16b)
-, 0
(16¢)
(83, +-0 4+ asgﬂ )pu(r 0)
_dopy | R ULy (r,0) 6(r—r1) ¢ 0
=—F 2 - . o(0 — 0y,)
N Ui@) 5(r— ,2)] (160
r

The solution of Eq. (16b) is given by

pu(r,0) = Z [Aﬁnl) cos(m0) + A2 sm(m@)} (A7),

m

a7

where the coefficients A(?) are integration constants.

The solution of Eq. (16¢) can be expressed as an expan-
sion of the Dirichlet eigenfunctions of the membrane,
namely

0)=>_pibin(r.0). (182)
with
2 (0)
(o) PoW émn
= —_cmn___ 18b
fmn SFV K,%,m _ X2 ) ( )
where the expressions of the eigenfunctions lﬁﬁfg(r, 0) and

the values of the eigenvalues K, are given in Egs. (12a)—
(12d).

Neither p,, nor p; satisfies the Neumann boundary condi-
tion at r = a, but their sum is subjected to this condition
(6b). This implies that in using the orthogonality property of
the trigonometric functions cos(m0) and sin(m6) and invok-
ing Eq. (18b),

J. Acoust. Soc. Am., Vol. 128, No. 6, December 2010

o = 5Pl Ko
m a J ( )

n

! o’ é n N
T ! (;{a) ngF K;n — Kmn]/ ( ,,ma) (18c¢)
m P v

Finally, the solution of Eq. (16d) can be written as
pu(r7 0) = l(;po JJ G(r, 9; 1o, 9())

o U w (71 0 P _

Z L'U(’O’ 0) (ro }1)5(00 _HVU)

& ro

X

vo=1

U(0o) 6(ro —12)

r()dlodgo, (]93.)

where the volume velocities U; = 3 "_, Uy, and U(0y) are
given by solving the set of Eqs. (7)—(10), which govern the
coupling between the pressure field in the air gap and the
pressure field inside the backchamber (see next Sec. III C),
and where the Green’s function, which is assumed to satisfy
Neumann boundary conditions, can be expressed as an

expansion on orthonormal Neumann eigenfunctions

{9) (7, 0) (with associated eigenvalues k,,,),
?'9(ro, 0
G(r,0;r0,00) = ZM@%(}', 0). (19b)

mno mn X

The eigenfunctions ¢£,f,2(r, f)and their associated eigen-
values «,,, are given by

(pmn (V 9) = Vimn -Im(Kmnr) COS(m@), (20a)

(/)nm (r 0) = Vo I (K7 sin(m0), (20b)

where x,,,a = V,,, are the zeros of the first derivative of the
Bessel functions J,,, with

%Z%WH%WVFW%MMM)

if 9 70, (20c)

1 a
Vo= —\/(1+ 0,07
mn \/z ( 0)

d,.0 being the Kronecker index, m, n > 0 (integers).
Finally, solution (19a) takes the following form:

if y,,, =0, (20d)

Jon (Knt)

V' mn mn X

no -
X { ZMJ,”(K”MH)COS(MQVO)

&
+% I (16mnr2) (U (0p) |cos(m00))] cos(mb)

. 2
10Pg Vin

pu(r,0) =

V():l

no U o (7 Qv .
+ Z MJW! (Kmnrl )snl(mg"ﬁ)

&

vo=1

+% o (Kmnr2) (U(0o)|sin(m0)) ] sin(m())}7 21

where (f1(00)|2(00)) = [" f1(00) £2(00) d0o.
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Using the following notations for the unknown quantities

ny
Vr(nl) = Z UI,VO ("17 9\'0) COS(mQVO),

V(]Zl

VI =3 " U1, (11, 0u0) sin(mo),,), (22a)
V(]:1

UL = (U(6o)|cos(mby)),

U = (U(0y)[sin(m0o)), (22b)

with r, = a,
Eq. (21) becomes

. 2 .
_iwpy Vo I (")
- 2 _ 2

€ F" mn Kon b

X { {anl)Jm(K,,mrl) + U,(,p]m(;cmnrz)} cos(m0)
+ [V,(nz)Jm(Km,,rl) + Ufnz)Jm(;c,,mrz)} sin(m@)}.
(23)

pu(r,0)

It is worth noting that, owing to the origin of the azi-
muthal angle 6 at the center of a hole and the symmetry of
the problem, it is assumed that cos(m0, ) = 1 and sin(m0, )
= 0 (i.e., m = 0, ngy, 2ng, 3ny, ..., ny being the number of
holes). Therefore, invoking expressions (9a) of the total vol-
ume velocity of the holes Uy, Eq. (22a) becomes:

Vr(n] ) = Ui,
v2 —o, (24a)
leading to

2
v T (Kmn)
2 _ 2
mn Kmn X

X { {Ul.]m(Kmnl‘l) + U,(,,I)Jm(x,,mrz)} cos(m0)

(24b)

iwpo
u 70 =
Pu(r,0) = - F,

+ U,(,?)Jm (KKt )sin(m0) } )

Below, index “m” is always assumed to be equal to O

and ng in the final expressions of the parameters used (espe-
cially when expressing integrals).

C. Solution for the coupling between the pressure
field in the air gap and the pressure field inside
the backchamber

The pressure variation p(r) in the backchamber, solution
of the propagation equation (7) and subjected to the Neumann
boundary condition at r = a, takes the following form:

: 2
iwpg v Tm(Kpnl”)
70 — _ mn
pc(r, 0) e Foc - K%m — X%
X { {UlJm(Kmnrl) + Ufnl)J,,,(K,,mrz)} cos(m0)
+ Uﬁnz)Jm(Km,,rz)sin(mO) }, (25)
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which is the same kind of solution as solution (24b), the
index “C” being associated with the thickness of the back-
chamber. Using Egs. (9¢) and (10e), namely

p(f‘l,O) :pC(rlaO) - Ul/Yla
p(r2,0) = pc(r2,0) — U(0)/y,

Eq. (25) leads to:

Ly 09y S Yy (Kmr) | 1y
Yi ' ecF poes 12— 12 1

(26a)

(26b)

p(r“O) o impy V2 T (Knnt'1) (1) ’
(26¢)
(2, 0) = — iwpg v2 I (Knt2)
éc FVC mn Krzrm - X%‘

X {cos(m@) {Jm(icmnrl) Ut + J(Kmnt2) Ur(n]):|

S0 (m0) I (5r2) U} = U(0) v, 26d)

namely, accounting for Eq. (22b),

2
vmn Jm(Kman)
2 2
mn Kinn xc

. 2 .
_ lpr Vnm ]m(KmnIZ)
ecFic 4

iwpg
&c FVC

p(r2,0) = — I (Kmnr1) Uy cos(mb)

K2 — XZ Jm(Kmnrl)
mn C

+ {Ufnl) cos(m0) + UP) sin(m@)} .

TC(l + 5mO)y

(26¢)

These equations can be written in the form of the fol-
lowing square matrix equation:

p(r1,0) Zmh Zho e Zim | [ Un
pél) (1’2) Zho Z50 0 0 0 U((]l)
=|... 0 0 , (27a)
py)(r2) Zm 00z O UL
0O 0 O ]
] [ 0 0 0)[up
B 0 .0 0 (27b)
D) 10 0z O U@ |
0O 0 O
where
P\ (r2) = (p(ra,0)|cos(m0)) /[ (1 + Spo)]
P (r2) = (p(r2,0)[sin(m0)) /[ (1 + So)], (27¢)
and
1
Zhh <_Y_|+sz(rl”l)>’ (27d)
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Zhm = Zm(rla 1‘2), (276)
m = — 5 < o 1T ZmU2,72), 27
Zsm 7'[(1 +5m0)y+21(7‘2 r2) ( f)
with
: 2
lpr an Jm(Kmnri)Jm (Kmnrj)
Zm\Fliy Ij) = — . (27 )
( J) ec Fue n K%m - X%‘ &

The unknowns considered here are, therefore, solutions
of the linear set of algebraic equations where the matrix ele-
ments y;; are known,

U, Yo YhO - Yhm p(r1,0)
1

U(() ) Yoo Yoo - Yom - péw(rz)
= ,  (28a)

Ur(nl) Yim  Yom -+ Ymm pS,,U(Vz)

U ya 0 0 0O plz) (r2)

S R I R 1 osb)

Uy 0 0 ym O||p2(m) |

0O 0 O

with yg, = 1/zg, Note that each matrix is symmetrical

(even diagonal).
When considering only two modes “m” (m = 0,6),
Eq. (28a) takes the following form:

U,

U(()n _ 1
= 2 2

() Z50Zs6Zhh — ZjoZs6 T ZjeZs0

Us
Z50Z56 —Zh0Zs6 —Z50Zh6 p(r,0)
. 2 (1) (r

X ZhoZs6  Zs6Zhh — Zpe Zh0Zh6 Po '2)
_ _ 2 (1)
Z50Z16 Zh0Zh6 Zs0Znh — Zno | Lpg (r2)

(28¢)

When using the microphone for classical applications
(typically up to 20 kHz), the pressure variation pc in the
backchamber does not depend significantly on the azimuthal
angle 6. In the lowest frequency range, this pressure varia-
tion is usually assumed to be uniform. These approximations
are treated in Appendix A.

IV. THE DISPLACEMENT FIELD OF THE MEMBRANE

In this section, the following notations are used:

2
B ) ) Po® /(SFV)
RH"’ = T([(‘uv —K ) — W, (293.)
_ 2/(eF )| Ny Kt (K ma
Yy = [po@*/ (e Fy)] Nyw K. u( u )7 (29b)

(Kp, — 7%) w (ra)
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. g 2
(0) _ la)pon[l - (=) 5#0] Vg
wa e F, Ry Kpg = X

X (T (repgr) |N/m]u (Kun")>
_ imp 7'[[1 - (_)65#0] v;%qum

2

~ ¢F, Ry K2, — 7
akK,,J (Kua)d,(k.ga
o Ly H(z pn )2#< 1q )’ (29¢)
K — K/m
2n K2 —K? Jo(Kr)
Egy = — — 1— NowJo(Konr) )0
" Ron K < To(Ka)| ® o(Ko ')> 0
B Zl K%” — KZN a 1 (Konat) — aKonJ(l)(Kona) s
T Re K2 Ko, T K2—KZ, |7
(29d)
o n|l— (_)65 0
L,Eu) = M <J,u(}fr) ’N;m-],u (K;mr)>
un
_ n[l — (_)aéﬂo]NWaKH,IJL(KMna)JM(}{a) (29)
Ry 72— K%m ’
H/(Lln) = yhh]u (K;mrl) +Yh;sz (Kﬂn”2)7 (29f1)
H;(LIQ = yneJp (K,un’ﬂl) s (K,ul’lrz)7 (29¢g)
H/(j;) = ys,uJu(K,uan) . (29h)

A. Expression of the integration constant A,, Eq. (18c)

The inner product of the pressure variation p(r, 0) [Eqs.
(15), (17), (18a), (18b), (23a), (28a), and (28b)] by the or-
thogonal eigenfunction v,,,(r, 0) [Egs. (12a)—~(12d)], invoking
Eq. (18c) and notations mentioned above, is given by

(p(r, 0)|Nyud o (Kyr) cos(u0) )
psz/(ng)
KL — 2

n

=R, LA +

G + R Y _DIE
n

< |HOpr,00+ - HIpV )|, (0a)

1=0,ny,...

{p(r,0)|Nud u(K,or) sin(u6))
2
pow?*/(eF,)
AL +0K27_12

v

+ Ry Y DIOHSPY ().

= Rul 3

(30b)

Note that the left hand side of these equations can be
written as

(0(r.0) Wy () o)
= n(l + 5;10) <p§¢1)(r) ‘N,WJH (K,wr)>,
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(P(r, 0)|Nuwd (K o) sin(u0) ) ol _ L(U a It
(1 B 5“0) <p“ (r )‘N’”J“ (K’“'r)>' " 1—- fouq uq zz " Z wn lm[

Invoking this last expression and the expression (18c) of + ZD v ,m[, (33e)

the coefficients AS,‘Z), and using the expression of the follow-
ing inner products: ;
o = Lm Z Ly ZD#M ;m

v
<1 |NMJ# (Kuvr) cos(u0)> = 27r<1|NmJ“ (Ku‘,r)>5#0, 1- Z gL uq r
2) (S
(1N (K ) sin(u0)) = 0, + ZDL\,LH,EJ- (336)
Eq. (;42) tak'es the following form (using notations men- The pressure variation in the air gap [Egs. (15), (17),
tioned above): (18a), (18b), (24b), (28a), and (28b)] is expﬁmsed as a
U Ey per + LDAD function of the parameters Pavs P(r1,0), and p,”'(r2) when
w v e replacing A ) and f , by their expression Eqs. (32a) and
(32b) and (33a) (33f) respectlvely,
DY [ Dot 0+ S HI)|
1=0,nq,... P(’H 0) = Oav(rv 0) Pav + 01(1‘, 0) p(rla O)
Gla) +3 Y 0500 p7 (), (34a)
a=1,2 (=0,ny,...
2)
é + ZD/LWL ,unpy ) (31b) Where

n’lnE
Ou(r,0) = Z &Jm(lr)

Then, expression (18c) of A, takes the following form: e 1= St LE’V} (3

q
A S | pavEg, + > D ? QIN,,
ul—Z%MZ:lpm Zum Aﬁgﬁiﬁemmcmmy (34b)
1 1
X(pr(mow 5 HLifzpm)], 20 s 5D
1=0,np,... 0,(r,0) :Z ’—(])Jm(xr)
mn 1 - Z O‘qumq
AD = o » DR HSPD(r).  (32b)
ﬂ 1—Zaquﬁ,Z”Z i o Mo
SF‘, Km,, mn

B. The pressure variation in the air gap and the
displacement field of the membrane

The set of equations (31a), (31b) and (32a), (32b) leads

L’";J m(Kmnt') | cos(mB),  (34c)

Lmn Z Dmnt r(n [2

straightforwardly to "
0y (r,0) = > |y nlur)
¢\ (1) v
av sl 1 mn — m
&) = QW pa +Qlp(r, 00+ > Q) (), L= 2 tmelng
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' (51 n7
o Qe
(330) o (Kor)
mn A
E2 = Qs Dp? (1)), (33b) D 2
. e lwpo%%] (KKpnr) | cos(m0), (344)
. eF, Ko — X
with
(2) 14(5)
On > Dy,
Q(m —E + L( y - Z o (33¢) 5 mn mnt L mt
uv Ov uwy ur 017 O( )(, 0) _ t J (« )
1-— o r 2m\ m\ XTI
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q
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n mn
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TABLE I. Parameters of the B&K microphone type 4134 and air at 20 °C (Ref. 7).

Quantity Symbols Units Value Multiply by
Microphone size — in. 1/2 in. —
Serial number — — 390329 —
Unpolarized capacitance C pF 17.4 —
Radius of the membrane a m 4.445 1073
Mass per unit area of the membrane Mg kgm 2 0.0445 —
Tension of the membrane T Nm™! 3162.3 —
Density of air Po kgm > 1.20 —
Shear viscosity coefficient of air u kgm 's3 1.9 10°°
Specific heat ratio Y — 1.403 —
Thickness of the fluid film (without polarization voltage) € m 2.077 1073
Radius of the circular backing electrode app m 3.607 1073
Number of holes in the backing electrode ng — 6 —
Distance between the center of the backing electrode and the center of any hole r m 2.032 1073
Radius of the circular holes R m 5.080 1074
Length of the circular holes I m 0.843 1073
Distance between the center of the circular backing electrode and the peripheral slit I m 4.026 1073
Width of the peripheral slit e m 0.838 1073
Length of the peripheral slit hy m 3.048 1074
Backchamber volume Ve m’ 1.264 1077
Then, the parameters p(r1,0), and péw (ry) are expressed CUy
as functions of the incident pressure field p,, from the solu- Pav = Tale vy 35)

tion of the set of linear algebraic equations obtained first
when writing expressions of p(r,0) for r = r; and second
when writing, for r = r», the inner product of p(r, 0), respec-
tively, with cos(m0) and sin(m0).

Finally, the displacement field is expressed as a function
of the incident pressure field p,, from Egs. (14a) and (33a)
and (33b), among the expressions of the parameters p(ry, )
and pf) (r). It is worth noting that the pressure field does
not depend on the modes involving the function sin() when
assuming that m = 0, 6, ... because they vanish at the loca-
tion of the holes.

V. RESULTS AND DISCUSSION

In this section, there are three major concerns regarding
the use of electrostatic transducers. The first concern is the
sensitivity of the microphone, which is a key parameter in
most situations in the lower frequency range (up to 20 kHz),
the second concern is the behavior of the displacement field
of the membrane, which is of interest more particularly in
the higher frequency range (up to 100 kHz), and the third
concern is the mechanical-thermal noise, which can be eval-
uated from the mechanical resistance of the lumped element
circuit (Appendix B). In order to compare the results
obtained from the analytical modeling presented above with
those available in the literature’?> and those given by the
manufacturer, the microphone used here for both the analyti-
cal and the experimental studies is a Briiel & Kjer (B&K)
pressure microphone type 4134. The values of the geometri-
cal parameters of the microphone, the mechanical parame-
ters of the membrane, and the thermo-acoustical parameters
of the air used here are those given by Zuckerwar’ (Table I).

In the experiment, the membrane of the microphone is
driven by an electrostatic force creating an equivalent har-
monic pressure field given by
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where U is the polarization voltage, and v is the time vary-
ing voltage (harmonic excitation).

A. Sensitivity

The sensitivity ¢ of the microphone is defined by the ra-
tio of the open circuit output voltage and the incident
pressure,

o= 25, 0), (36)

nazp“"mno

Herein, the calculated sensitivity assumes that the displace-
ment field of the membrane and the pressure fields behind
the membrane do not depend on the azimuthal angle 0 (m
= 0, discarding higher order terms), while several values of
the second integer n (labeling the zeros of the Neumann and
Dirichlet eigenfunctions) are considered (n = 0 to 10).

Figure 2 compares the sensitivity given on the B&K cal-
ibration chart with the results obtained from the analytical
modeling. Two theoretical results are given for two values of
the capacitance C, 17.4 and 16.0 pF (the relative difference
between them being chosen to 8%) in order to show the
effect on the sensitivity of the uncertainty on the thickness of
the air gap. It appeared that the discrepancies between the
experimental and analytical amplitudes cannot be interpreted
by any uncertainties on the geometrical parameters. Never-
theless, these discrepancies could be explained partially
when considering the real area of the backing electrode
(lower than the area na® of the membrane) in Eq. (35). This
leads to a sensitivity of 9 mV/Pa, which is quite close to the
experimental sensitivity 11 mV/Pa (to our knowledge, such
analytical results were not available until now).

Lavergne et al.: Electrostatic microphone: Effect of the holes 3469



Amplitude (dB)

Phase (°)

10 10° 10
Frequency (Hz)

FIG. 2. Amplitude (dB re 1V/Pa) of the sensitivity, as a function of the fre-
quency, as shown in the B&K calibration chart (solid line with stars), and
amplitude and phase of the sensitivity calculated with two different values
of the capacitance: C = 17.4 pF (dashed-dotted line with circles) and C
= 16 pF (dotted line with triangles).

Figure 3 compares the theoretical sensitivity as a func-
tion of the frequency for C = 17.4 pF given in Fig. 2
(dashed-dotted line with circles), shown in Fig. 3 (upper
curve, solid line with squares), with the sensitivities obtained
from the lumped element circuit presented in Appendix B,
first when using the exact values of the parameters (dashed-
dotted line with circles) and second when using the lower
order approximations (dotted line with triangles) valid in the
lower frequency range (up to 500 Hz). The behavior above
roughly 2 kHz is due to the fact that the approximate model

EXPERIMENTAL

oONBRD

é‘;EXP(r,e) (meter)
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x 10
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FIG. 3. Theoretical sensitivity as a function of the frequency. Solid line:
Curve given in Fig. 2 (dashed-dotted line with circles) for C = 17.4 pF.
Dashed-dotted line with circles and dotted line with triangles: Sensitivities
obtained from the lumped element circuit presented in Appendix B, respec-
tively, when using the exact values of the parameters and when using the
lower order approximations.

presented in Appendix B accounts for only one mode (m = n
=0).

B. Displacement field of the membrane

The displacement field of the membrane is obtained
experimentally using a laser scanning vibrometer. It is calcu-
lated analytically using the procedure discussed in Sec. IV,
accounting for the modes m = 0 and 6 only (with n = 0 to

THEORETICAL

3 5
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FIG. 4. (Color online) Measured (left) and calculated (right) displacement fields of the membrane of the B&K 4134 microphone at 40 kHz.
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FIG. 5. (Color online) Measured (left) and calculated (right) displacement fields of the membrane of the B&K 4134 microphone at 70 kHz.

10) in order to emphasize the role played by the six holes in
the backing electrode.

Two examples of theoretical and experimental displace-
ment fields are given in Figs. 4 and 5, respectively, at 40 and
70 kHz, when the displacement reaches its maximum at the
location of a hole. Experimental results show that the holes
create a nonnegligible displacement of the membrane: At
40 kHz, they act in such a way that a ring appears at the ra-
dius of their location, and at 70 kHz, six bumps appear in
front of their location.

Significant deviations between theoretical and experi-
mental results appear. They may be due to the truncation of
the number of modes considered here (the only azimuthal
mode considered is the mode m = 6) and to the fact that the
holes and the peripheral slit are modeled as Dirac sources
(punctual sinks).

Nevertheless, these results give evidence of the accuracy
of the model. Table II gives experimental and theoretical values
of the displacement field magnitude at the location of the holes
and at the center of the membrane, showing a quite good agree-
ment between theoretical and experimental results. Comments
on these results are given below in the conclusion (Sec. VI).

C. Mechanical resistance (thermal noise)

The mechanical-thermal noise can be evaluated from
the mechanical resistance R, of the lumped element circuit,

which is defined by the real part of the total equivalent air
impedance (Appendix B),

Ry = R(Zy + Zg). 37)

The calculated equivalent resistance assumes that the dis-
placement field of the membrane and the pressure fields
behind the membrane are given at the lower order mode (m
= 0, n = 0). This evaluation starts from the inner product
(over the surface of the membrane) of eigenfunction /oy and
the quantities of interest [Eq. (B8)] and leads to two values of
the parameters of the lumped elements circuit (Fig. 7) for two
orders of approximation [e.g., the parameter Z,, is calculated
from the two last expressions in Eq. (B28), which give, respec-
tively, the first order and the zero order approximations].

Figure 6 gives the resistance Ry, as a function of the fre-
quency for the B&K microphone type 4134 when using the
zero order approximation (solid line with triangles) and
the first order approximation (dashed line with squares) for
the parameters of the lumped element circuit. In the lower
frequency range, the value obtained for the lower order
approximation is 2.06 x 10% Ns/m’ (corresponding to a me-
chanical-thermal noise equal to 20.2 dB[A]) and, for the first
order approximation, it is 1.69 x 10® Ns/m’. These results
must be compared with those available in the literature (see
for example Ref. 25, Table II) and more specifically with the
value given by Zuckerwar, namely 1.89 x 10® Ns/m’. As

TABLE II. Experimental and theoretical values of the displacement field magnitude in front of a hole and at

the center of the membrane for 40 and 70 kHz.

Frequency Experimental Theoretical (m = 0 and 6)
(kHz) Location (nm) (nm)
40 In front of a hole 55.2 41.2
At the center of the membrane 7.1 8.7
70 In front of a hole 35 30
At the center of the membrane —11 —8.3
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FIG. 6. Resistance Ry, as a function of the frequency, when using the zero
order approximation (solid line with triangles) and the first order approximation
(dashed line with squares) for the parameters of the lumped element circuit B1.

expected, the result obtained for the first order approxima-
tion is more accurate; it is closer for the value obtained from
the modified Skvor/Starr approach, which is much closer to
the specification of 1.35 x 10® Ns/m> (corresponding to a
mechanical-thermal noise equal to 18.3 dB[A]).

VI. CONCLUSIONS

The acoustic behavior of the membranes of electrostatic
microphones (used either as receivers or as emitters) is im-
portant today because in several applications the coupling of
these microphones with the acoustic field (generated or
measured by them) must be known with very low uncertain-
ties. Then, both experimental investigation and analytical
modeling of the behavior of these membranes must provide
results achieving a good accuracy.

The experimental results presented here, obtained from
using a laser scanning vibrometer, provide quantitative infor-
mation on the behavior of the displacement field of the mem-
brane, in a broad frequency range (from 20 Hz to 80 kHz).
More particularly, they show the large influence of the holes
in the backing electrode on the membrane behavior for a
large frequency range. Beside these experimental investiga-
tions, analytical results, which depart significantly from the
current one, are presented.

The quite good agreement between the analytical and
experimental results shows that the analytical solutions sug-
gested here seem accurate enough to describe electrostatic
microphones behavior (even other kind of transducers) in a
huge frequency range and then are able to be used for the
applications, which need accurate characterization of these
transducers. Actually, owing to the approximations men-
tioned in the previous sections, several discrepancies appear
between theoretical and experimental results. First, the am-
plitude and the width of the theoretical peaks of the displace-
ment field of the membrane are sometimes, respectively,
higher and smaller than the experimental peaks, and second,
the theoretical sensitivity is slightly lower than the experi-
mental sensitivity (given by the manufacturer). This is
mainly due to the fact that the holes and the peripheral slit
are modelized by Dirac sources (punctual sinks) and that the
only azimuthal mode considered is the mode m = 6.

On this concern, to obtain more accurate results, the an-
alytical model should be extended in such a way that the real
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surface of the holes and the slit be accounted for (assuming
the same volume velocity at their input and at their output)
and that the number of modes considered, both Dirichlet and
Neumann ones, be much higher than those considered
herein. Nevertheless, despite the remaining theoretical work
to be done (which would be a straightforward extension of
the model presented in this paper), several results given
here, not available until now, may be useful for current
applications (mentioned in the Introduction). But, thanks to
the reductions assumed in the model used here, the theoreti-
cal results convey interpretations of the physical phenomena,
namely the main features that govern the sensitivity and the
direct influence of the holes on the deformation of the mem-
brane, giving the role played by each part of the device.
Then, requirements that have to be taken into account in the
design of new such kind of transducers can be addressed,
using the theoretical results obtained in this work.

It is worth noting that, while the modeling appears
somewhat cumbersome, the numerical calculations are in
fact simple and rapid to handle. This modeling would be
effective in many applications even though the discrepancies
between theoretical and experimental results, including the
resonance frequencies, could be not negligible (this being
mainly due to the uncertainties on the parameters of the
microphones). Moreover, this work provides lumped ele-
ment circuits more accurate than those currently used.

To conclude, it can be emphasized that, given the rela-
tive simplicity of the model used here to obtain the results
(only two to four main modes, holes and slit assumed to be
punctual), there is seen to be close agreement between ana-
lytical and experimental results, thereby supporting both the
theoretical modeling and experimental measurements.
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APPENDIX A: PRESSURE VARIATION IN THE
BACKCHAMBER, IN THE LOWER FREQUENCY
RANGE

In the frequency range of interest, when using the micro-
phone for classical applications (typically up to 20 kHz), the
pressure variation pc in the backchamber does not depend
significantly on the azimuthal angle 6. Therefore, it can be
written as follows:

iwpg
FVSC

pe(r) = [U1Gc(r,r1) + UsGe(r, )], (A1)
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where G¢(r, 1) is the cylindrical Green’s function satisfying
Neumann boundary conditions given by

Pon 7‘0
c(r,ro) =D "5 0ou(r), (A2)
n 011 - 7C
the eigenfunctions ¢, (r) being given by
(Pon<”) = Von -]m(KOnr)- (A3)

ing equations:

{)’11
Y21

Ge(ry,m)
Ge(ra,m)

{pc(h)

iwp, [Gc("l, )
PC("z)

Io:]
Fyec | Ge(ra,m) Ur]

(A4)

}

Therefore, the set of Egs. (A4), (9¢), and (10a) leads to the
matrix equation

The pressure variations pc(ry) and pc(r,), respectively, [Ul} _ [)’11 yw} {Pl} (A5)
at the location of the holes and the slit in the backchamber, U Y21 Y22 | | P2
are related to the volume velocities U; and U, by the follow-
with
Yi2 }
Y22
—ecY1Y2Ge(ra,r2) — [e2F, Y1/ (iwpy)] ecY1Y2Ge(ry, 1)
ecY1Y2Ge(ri,m2) —ecY1Y2Ge(ri,r1) — [66FY2 / (iwp,)] (A6)

B iwpo(iwpo/FV) [Y] YzGc(I‘l, 1‘1) Gc(rz, 7'2) - Y1 YQG%(F]

It is worth noting that the lower order term (m = 0) of
these results given by

2
1 e

E,Gcf— (A7)

Koo = 0, @gp = TR

leads to the following expression for the pressure variation
pc (uniform inside the cavity):

Poco 7Py
= U+ U U+ U A8
pc szc( +Us) = leC( 1+ Ua), (A3)
where Vo =~ na’ec is the volume of the backchamber, and

Py is the static pressure. Thus, the ratio of the total volume
velocity (—U; —U,) to the pressure variation p is the input
admittance of a small cavity of volume V,

1 i CL)VC
Zc

- l(HVC XT
7Py y

Ye (A9)

which is a good approximation in the lower frequency range.
Therefore, in the lower frequency range, Eq. (A6) can
be written as

{)’11 )’12] B 1 [—Yl(YerYc) V1Y,
Y21 Y22 YI+Y,+Yc Y\Y, —Y,(Y, +Y¢)
g Y
= ; (A10)
Y, _(Y1 +Y(;)

with Y, = 2ny and where in the last expression the length of
the slit is assumed to vanish (it is lower than both its thick-
ness and the length of the holes).
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rZ)] + ec[Y1Ge(r1, 1) + YaGe(ra, r2) + ecFy [ (impy)]

APPENDIX B: LOWER ORDER APPROXIMATION

In this appendix, all the modes are neglected except the
first one (0, 0), in order to obtain a mean input impedance of
the microphone. The exact expressions and several expres-
sions more or less approximated are provided for each pa-
rameter. The following notations are used:

L_1 + ! B1)
Ze Z, Zj'
where
- iwpg ’ _ —ia)pOK(%O_ (B2)
4mel, 4melF, y?
Assuming that 2 — ¢,)/2 =094 ~ 1,
2- d)r tg(kl’g/z)
2 kye/2
—1 /. e\2[. 2/ &2 2y 6"
=L [ 2 ()] - 249
3 ( 2 { RN lwp082+5
(B3)
)
Eyy *cﬁ[lﬂL(V*l)(l*Fh)]
0
w? 2 — ¢, tg(kpe/2
_Z{H(y_l) 9, t9(kie/ >]
o 2 kh8/2
po tr @
= T4 i0 (= 1/7)(peCre/12 /1)
Po K3y w’ 2
= — My— = B4
w4nth VC% Po AT @7, (B4)
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leading to
124 1 6py 124

Z, =R, +ioL, = 2P CCE s
oL, 4w T 4 5 A (B3)

1 K y—1 Cpe

Z =R, + - ol(y = 1)/71po Cp

ioCy, Ay 122
1 1

+ = , B6
iwaneyr /K3y~ iowdneyr /K3, (B6)

and (joo = Kooa)

2\? 2\?
ZG - <,—> Zg, ZV - (J_> Zv7
00 00

2\’ 1
Zy = (J_> Zy =, (B7)
00 ioTatey,

this last impedance representing the compressibility of the
air gap. Note that the last expressions in the right hand side
of Egs. (B3)—(B7) provide approximations in the lowest fre-
quency range.

Invoking Egs. (15), (17), (18a), and (18b), the inner
product (over the surface of the membrane) of Eq. (1a) and
eigenfunction /(g leads straightforwardly to

powz/eFv

[rm&_K5+Qmmm%dmhuﬂ»—K&ﬁ

zwmmmwkmmmwwm. (B8)

Invoking (18c) and (24b), accounting for that Jo(kpor) = 1,

_ pow*  Noo
QOO - 2 2 /

eF, Kgo— 1> wy(ra)

_ pow? Ky /(eF\) 1/(y/ma) KooJo(Kooa)

K§y Kdy— 2> Ji(Kooa)  xJo(xa)
Ny 1
Ko Z,"°1-(1/2) (a/2)
S 2VEZ, 1
Y Koo 2,790+ (1)2) Z0) 20

K()o](/) (Kooa)

1%

iw

(B9)

Jo(Koor)
ﬁa]l (K()Oa)
N 1 — (Koo r/2)*

Koo / (2y/7) [1 — (1/2)(Kooa/2)?

Yoo(r) =

(B10)

2/x

21(Woo(r)) = Koy (B11)

, 2y Kooali(Kooa)Jo(xa)
2 ool Jo(xr)) = ali(Kwa)  2(K§ —1%)
2+/1K
= 2 a)
(Koo z )

i -]
SrAR

Koo Z, Zu|’

(B12)
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Moo = oo Jo(x0or) = pu(r)/Eoo- (B13)

It is worth noting that the “effective” area of the membrane
is given by

2 2 2
2
< ﬁ) = nid 5 = .na 2%0.7na2.
KOO (Kooa/Z) (]00/2)
The parameter ITyy = p,(r)/Eoo can be expressed as follows
(24b):

(B14)

G
Moo = 22 { Hif p(r1) + Hig p(a)}, (B15)
oo
with, invoking Eq. (A10),
oo = WPy Voo _ iwpo/Fy
eFy 150 — 12 ma? (1550 — 72
iwp 2 \?
—lwpyg
= = Zn =17 Bl16
na?eF, y2 <K00a> g > (B16)
H(()f)) = yudo(roor1) + ynoJo(Ko0a@) = Yun + Yo
YcY,
___fh B17
Yc+Yi+ 1> (B17)
Héﬁ” = ynoJo(ro0r1) + YooSo(Ko0a) = yro + Yoo
YcY
- ez (B18)
Yc+Y + Y,
Invoking the following expression of p(r) (Sec. III B):
r w”/eF,
ptr) = —Qo0Jo(1r) + ,002 / ‘//oo( ') + oo, (B19)
oo Ky —
Eq. (B15) can be written as
Hoo = ‘700{ H(()Q [Fg)o)( i)+ 1_[00}
+Hy) [ () + o] }, (B20)
where (1, =~ a)
i pow” /(e Fy)
FE)(;(”i) = —Qo0Jo(xri) + )Kz/—l//oo( i)
00 —
20 [Z To(yr
~ i YT {hzc _ oler)
Koo 2,71+ (1)2)2,)24
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2 Z 2
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Koo ~Zc Koo
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leading to

I 1 11 2
H(()o) F(()o> +H(()0)F(<)0)

o =
umm—0®+m®
1
1 /ZH 1 /zB ’
with
YAV

Zp =7 EE—— B22b

B C + (Zl ¥ Z2) ) ( )

Z1, Z», and Zc being given by Egs. (9b), (10b), and (A9),
respectively, their approximate expressions being given by

1 1 /8uh 4p0,/3) h
Z= Lo L (B w(Po/Z) !
noyr no \ ™R TR
_ 18uh
B23
no R* (B232)
12 pihy (6p9/5) ha 12 uhy
Z, = o B23b
2= %7ae "’ 2rnae 2nae’’ ( )
1 ¥
Zc = = . B23
¢ ionCe  ioVeyr ( ©)

Finally, the input impedance of the microphone

Z_%WI<MOKwMM%md
i (Peo(r))  io \2y/m Eoo

1 (Koo pow?* /e F,

b (o) i)

—wwMWMMAw»—mwwmmﬂ, (B24)

can be expressed as

Zav = Zm + Zg + ZR; (sta)

with
Zr = Zo + Zp, (B25b)
where
Zy =L (Ko 2T(K2 K?) = iy + —
"o \2y/7 00 "G,
(B26a)
with
1, = Kooy c, =2l (B26b)
m — Ar S m — Kéo T,
7 _ 1 (Kw ? P’/ (eF))
8 i \2yn K(%()—Xz
1 1
o~ B27
/[Rﬂ+iwLH+Rh+1/(iwCh)}’ (B27a)
with
12u 1 6p,
H T 4w TR 4me 5
K3 [(y —1)/y]poCpe dme
Ry ==% . Ch=—n B27b
h 47'CXT 1 2/”1 ) h K(%o X1 ( )
Zy = > (2\/~> Qo027 (Yoo ()Mo (x7))
_ (% 2z 1+IZ' ~7 (B28)
“\z) " Tazyl T
—1 [/ Koo
7 = (250 2ol
1 Koo —Zy
=0 () B29
leﬁ( 00) l+ZB/Z[-1, ( )

Zp taking then the following form to the lower order
approximation:

N
A
MW
A

X

FIG. 7. Equivalent network of the input acoustic impedance [Egs. (B22)—(B30)].
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Zr =25~ JéZ/ZH 1 +§Z/ZH - Zjl:‘ZZH - (B30
It is worth noting that

when Zg — 0, Zg — 0 (open air gap), (B31)
when Zp — 0o, Zg — Zy (closed air gap). (B32)

An equivalent network (lumped element circuit) of the
input acoustic impedance [Egs. (B25)-(B30)] is shown in
Fig. 7. The relative complexity of this impedance Z,, empha-
sizes the complex behavior of the acoustic field behind the
membrane. The equivalent network enlightens the role
played by the main structures of the device, mainly through
the impedances Z,,, Z,, Zg, and Zg included in Z,,. Note that
Fig. 7 corresponds to Egs. (B22)—(B30).

APPENDIX C: EQUATIONS GOVERNING THE
PRESSURE AND TEMPERATURE VARIATIONS
IN THE AIR GAP

The fundamental linear equations which give an accu-
rate description of the small amplitude disturbances inside
the viscous and thermal boundary layers must satisfy several
assumptions in order to avoid overly intricate formulations.

First, as the wavelength is much greater than the thick-
ness of the air gap, the pressure variation p can be assumed
constant over this thickness, and the z-component of the par-
ticle velocity v, can be assumed much lower than its compo-
nent v, parallel to the electrodes (that is the flow is assumed
to be essentially tangential to the membrane and the back-
ing electrode). Therefore, in a first approximation, the Nav-
ier—Stokes equation is substituted by the Hagen—Poiseuille
equation for the v,-component tangent to the walls (the z-
component of the particle velocity being nevertheless
accounted for in the conservation of mass equation to
assume the volume flow conservation).

Second, the spatial variations in the z-direction normal
to the electrodes of both the r component v, of the particle
velocity and the temperature variation t are much greater
than the spatial variations in the tangential directions. Hence,
the spatial variations of these quantities in the tangential
direction can be neglected in the Navier—Stokes equation
and in the Fourier heat conduction equation, respectively.

Therefore, the complete set of fundamental equations
and boundary conditions governing the fluid motion inside
the fluid gap, involving these approximations, is straightfor-
wardly obtained, leading to, for harmonic perturbations (see
Ref. 23, Chap. 3):

(i) for the r-component v, of the particle velocity,

2
(0 + )vr2) = ———0p(r), ¥z € (0,—8),  (Cla)
# iwpq
with (2b)
v,(r,0) = 0, (CIb)
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_¢r

iwpg

=0 | =2 0,0, (Clo)

the Euler equation being given by v, = [—1/(iwp,)]0,p.

(i1) for the temperature variation t (Fourier equation
where the entropy variation is expressed from the pressure
variations and the temperature variations),

1p(r),VZ € (0,—¢),

(02 + K2)e(r,2) = 21— (C2a)
By
with
(r,0) =0, (C2b)
1
wr@emrﬂ)km, (C20)
By

the adiabatic law being given by 7 2 [(y — 1)/(fy)]p.

The solutions'" for both the r-component of the particle
velocity and the temperature variation can be expressed as
the sum of a particular solution of the propagation equations
(Cla), and (C2a) with the uniform (i.e., non-z-dependent)
term in the right hand side, namely,

—Op (C3a)
1P
for v, [Eq. (Cla)] and
(-1
_ p (C3b)
l By

for t [Eq. (C2a)], and the general solution of the associated
homogeneous equations (when the right hand side is substi-
tuted to zero), i.e., respectively,

Ay cosk,(z+&/2) + By sink,(z + ¢/2), (C4a)

Ay cosky(z+€/2) + By sink,(z + ¢/2). (C4b)

Then the solutions of Egs. (Cla) and (C2a), subject,
respectively, to the boundary conditions (C1b) and (Clc)
and Egs. (C2b) and (C2c) are given by11

ve(r,z) =

_Op(r) [1 _2— ¢, cosky(z+¢/2)

iwp, 2 cosk,e/2
¢, sink,(z + ¢/2)
_2mmy2}’ ©
e 2 — ¢, cosky(z+¢/2)
©(r,z) = [}"/ p(r) [1 ) cos kye/2
¢, sink,(z +¢/2)
S ©

These results lead straightforwardly to the mean values
v, of the radial velocity v, and 7 of the temperature variation
T across the thickness of the air gap [Egs. (4) and (5),
respectively].
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It is worth noting that the expression (8c) comes from
the same discussion as the one presented above, where
variables r and z are permuted (function tan = sin/cos being
replaced by J, /Jy) and where ¢, = 0.

Finally, eliminating the variables r and 7 in the set of
the three fundamental equations, namely Egs. (C5), (C6),
and equation of mass conservation (accounting for the usual
expression of the density p as a function of p and 1), yields
the propagation equation (6a).
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