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The paper is mainly concerned with the analytical approach of the behaviour of a twodimensional miniaturized MEMS transducer, namely a rectangular or square clamped plate
loaded by a ﬂuid-gap (squeeze ﬁlm), surrounded by a small cavity (reservoir), and excited by
an incident acoustic ﬁeld (assume to be uniform on the plate). Until now, the problem has not
been analytically solved owing to the geometry of the device in conjunction with the nature
of the diaphragm (elastic plate) and its boundary conditions (zero deﬂection and zero normal
slope along all edges); namely analytical eigenfunctions do not exist for the clamped plate.
On the other hand, the analytical approach classically used to express the acoustic ﬁeld in the
ﬂuid-gap relies on a modal expansion which does not match correctly with both the displacement ﬁeld of the diaphragm and the boundary conditions at the entrance of the reservoir.
Then, two particular questions arise: how to derive analytically the modal behaviour of the
loaded clamped plate, and what analytical approach for the acoustic ﬁeld in the ﬂuid gap is
convenient to describe its coupling with the displacement ﬁeld of the plate? The aim of the
paper is both to provide basically an exact analytical approach and to handle a numerical
implementation (FEM) against which the analytical results are tested.
© 2020 Elsevier Ltd. All rights reserved.
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1. Introduction
In the recent years, there has being growing interest in the design and the modelling of miniaturized (MEMS) electrostatic
transducers [1,2] with a circular [3] or square [4,5] diaphragm (usually a membrane stretched on a rigid frame, a rectangular
plate with different boundary conditions [6,7] or a planar microbeam [8,9]), loaded by a thin layer of thermo-viscous ﬂuid [10,11]
(of the same shape as the diaphragm) and a reservoir around it. The use of such transducers is rising not only in the domain of
consumer audio devices, but also in the ﬁeld of measurement applications such as antenna and noise monitoring using wireless
sensor networks [12] where the increasing number of sensor nodes requires the development of low-cost sensors that provide
suﬃcient measurement precision and reliability. Moreover, these kind of miniaturized devices, active (receivers or emitters)
or passive devices, should be of interest for metrological applications under non-standard conditions, namely high frequency
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range (typically up to 500 kHz), gas mixtures, and various static pressures and temperatures [13], due to both their potentiality
in terms of sensitivity (in particular) and their very small dimensions (surface area and thickness).
The characteristics of such miniaturized devices, manufactured using MEMS processes, may depart from the characteristics
of the classical devices in three respects. First, the diaphragm could be no longer circular but square (this geometry sometimes
presents serious analytical diﬃculties as we will see below), second the thickness of the signiﬁcantly miniaturized diaphragm
cannot be neglected against its other dimensions, thus it may no longer behave as a stretched membrane but, as a thin plate
whose elasticity is characterised by its bending moment, and third such plate may be considered as clamped at its surrounding,
that is to say the boundary conditions may involve not only a vanishing displacement but also a vanishing spatial derivative of
it with respect to the in-plane normal to the boundary.
Therefore, to account for -i/the requirements mentioned above (non-standard conditions of use) which need deeper characterisation as the usual ones, -ii/the non-classical nature and geometry of the diaphragm in such devices (rectangular thin plate),
and -iii/the edge conditions which relate to both the solution for the displacement ﬁeld of the plate and its ﬁrst spatial derivative (clamped plate), a dedicated analytic investigation that permits to describe the strong coupling between such a diaphragm
(excited by an external acoustic ﬁeld) and a thin ﬂuid layer need to be addressed. Then, the aim of this paper is both to provide
such analytical approach (sections 2 and 3) and to handle a numerical implementation (FEM) against which the analytical results
are tested (section 4).
Classically, the analytical method used to calculate the behaviour of the diaphragm relies on the modal expansion for the displacement ﬁeld (Dirichlet eigenmodes). But exact analytical eigenfunctions that would be solutions of the eigenvalue-problem
associated to the clamped plate do not exist. To the best knowledge of the authors, the problem of the free or forced vibrations of
thin clamped plates has not been fully solved yet without numerical integration, despite the wide range of approximate methods that have been employed to study this problem (see for example [15] chapter 4 and references at the end of this chapter
and [16] chapters 7, 11, and 12). These methods or techniques include series methods, approximate analytical technique, ﬁnite
difference techniques, Galerkin technique, Rayleigh-Ritz method, and more recently approximate analytical solutions [17,18],
analytical expression based on the approximation of the FEM results [19]. All these approximate methods and other more or less
derived from them prevent us from obtaining a tractable “exact” analytical approach to describe the strong coupling between
the plate and the ﬂuid gap loaded at its periphery by a reservoir. On the other hand, the analytical approach used to express the
acoustic ﬁeld in the ﬂuid gap should not rely on a modal expansion, not only because it has marked shortcomings in terms of
coupling with the modal expansion of the displacement ﬁeld of the diaphragm, but also because it is not obvious how to match
this expression with the boundary condition at the entrance of the reservoir, both especially when dealing with high frequency
range.
The paper addresses two particular questions; namely, how to derive analytically the modal behaviour of the loaded clamped
plate, and what analytical approach for the acoustic ﬁeld in the ﬂuid gap is convenient to describe its coupling with the displacement ﬁeld of the plate? Such questions have a direct signiﬁcance for the understanding of the phenomena which govern the
behaviour of the transducer (displacement ﬁeld of the plate and sensitivity of the electroacoustic transducer), especially under
the non-standard conditions mentioned above. Moreover, as an extension to the responses to these questions, the approach presented here should not be limited to miniaturized devices: it is suﬃciently broad to be of interest and the results may be helpful
to those seeking benchmark solutions and analytic insight. Actually, other applications can be found in the ﬁeld of vibroacoustics
when a clamped plate is coupled to any acoustic ﬁeld, such as membrane acoustic absorbers used in room acoustics [14].
After this Introduction, the second section of the paper details the utility of an auxiliary related problem (equation governing
the movement of clamped elastic beams) to circumvent the diﬃculties that arise from the fact that there is no exact analytical
eigenfunctions and eigenvalues to describe the modal behaviour of a rectangular clamped plate. The approach starts from the
product of the orthonormal eigenfunctions for elastic beams in both the in-plane (x - and y -) directions, which satisfy the
boundary conditions of the clamped plate; it makes possible a modal expansion which is a solution of the non-homogeneous
equation governing the displacement ﬁeld of the plate, leading to a quite simple analysis of the behaviour of the clamped plate
via an elastic coupling, in addition to the existing coupling between the plate and the acoustic ﬁeld in the thin ﬂuid layer.
The relevant point here is that, with such construction of the solution (truncated modal expansion), the satisfaction of the
boundary conditions follows automatically from the fact that each of the eigenfunctions satisﬁes these boundary conditions.
The eigenfunctions and eigenvalues of the plate are discussed in the Appendix A.
In the third section, the analytical solution for the acoustic ﬁeld in the ﬂuid-gap is presented. It does not make use of modal
expansion but of an integral formulation with an appropriate two-dimensional Green’s function (not expressed as sum over
eigenfunctions), which allows avoiding the procedural diﬃculties mentioned above [5]. This solution is also assumed to have
the same symmetry as the plate, which makes possible to express the problem for the acoustic pressure in the ﬁrst quadrant
only. The wavenumber associated to this acoustic ﬁeld accounts for both the vortical movement due to the shear viscosity effects
and the entropic movement due to thermal conduction effects (this last effect is not negligible because the compressibility of
the gas is a complex function, tending to the real isothermal one in the lower frequency range and to the real adiabatic one in the
higher frequency range). The acoustic ﬁeld in the small reservoir is assumed to be uniform. At the end of the section, we are left
with two coupled equations which relate respectively the acoustic pressure inside the ﬂuid behind the plate to the displacement
ﬁeld of the plate and, conversely, equation which relates the displacement ﬁeld of the plate to the acoustic pressure behind the
plate. Then the coeﬃcients of the expansion of the displacement ﬁeld of the plate are given by the solutions of a set of linear
algebraic equations. Note that the ﬂow inside the ﬂuid layer can be considered or not as continuous ﬂuid ﬂow depending on the
values of the Knudsen number deﬁned as the ratio of the molecular mean free path (at the static pressure considered) to the
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Fig. 1. Geometry of the system: a) cut of one quarter of the device, b) top view of the device, the dimensions of the square plate and c) geometry of the transducer and
corresponding notation in the ﬁrst quadrant.

characteristic length of the acoustic ﬂow, namely here the thickness of the ﬂuid layer [20]: in the frequency range considered
herein (up to 1 MHz) and for the order of magnitude of the thickness of the ﬂuid gap (around 10 𝜇m or larger), the continuous
ﬂow regime can be assumed because the mean free path remains much lower than this thickness (except for very low static
pressure, i.e. less than 102 Pa for the air).
2. The device, statement of the problem
The transducer consists of a rectangular (or square) elastic clamped plate (moving electrode) set at the coordinate z = 0 and
ﬁxed at its periphery to a rigid frame where the coordinates x and y are equal to ± a and ±b respectively (with a and b > 0). A
thin ﬂuid layer (more often an air gap) of thickness hg is trapped between the plate and a back rigid electrode having the same
shape as the elastic plate. This ﬂuid layer is loaded at its periphery by a small cavity (surrounding reservoir) (see Fig. 1).
A monochromatic incident acoustic wave of angular frequency 𝜔 impinges the plate; the pressure ﬁeld of complex amplitude
on the plate denoted below pinc , is assumed to be uniform over the entire surface of the plate. Then, symmetrical movement
with respect to the axes passing through the centre of the plate and parallel to its edges is the only one considered herein (in
addition, the sensitivity depends only on this movement). Note that the time dependence ei𝜔t has been suppressed throughout
the entire analysis below.
2.1. The displacement ﬁeld of the rectangular clamped plate
The normal displacement ﬁeld of the loaded plate is positively evaluated along the z-axis. The set of equations which govern
its complex amplitude can be written classically as [15]:

[

]

]
𝜕4
𝜕4
𝜕4
1[
+ 2 2 2 + 4 − k4p 𝜉 (x, y) =
−pinc + p (x, y) , x ∈ (−a, a), y ∈ (−b, b),
4
𝜕x
𝜕x 𝜕y
𝜕y
D

(1)

𝜉 (x, y) =

𝜕
𝜉 (x, y) = 0, x = ±a, ∀y ∈ (−b, b) ,
𝜕x

(2)

𝜉 (x, y) =

𝜕
𝜉 (x, y) = 0, y = ±b, ∀x ∈ (−a, a) ,
𝜕y

(3)

where D =

Eh3p
12(1−𝜈 2 )

is the ﬂexural rigidity, 𝜈 being the Poisson’s ratio, E the Young’s modulus, hp is the thickness of the plate,

Ms 2
𝜔 ,
D

Ms = hp 𝜌p is the mass per unit area, 𝜌p being the density of the plate.
As mentioned in the introduction, there is no exact analytical eigenfunction to describe the modal behaviour of the rectangular (or square) clamped plate and then no method to solve directly the problem with any “source” term that depends on
the coordinates x and y [in the right side of equation (1)]. That is the reason why the construction of the solutions of equations
(1)–(3) presented below relies on the known modal wave functions of the 1-D beam (normalized eigenfunctions 𝜙m ) that are
solutions of the homogeneous equations

k4p

=

[

]

d4
4
− 𝛼m
𝜙m (x) = 0 and
dx4

[

]

d4
4
− 𝛽m
𝜙m (y) = 0,
dy4

(4)

and subject to the boundary conditions of the clamped plate, i.e.

𝜙m (−u) = 𝜙m (u) = 𝜙′m (u) = 𝜙′m (−u) = 0,

(5)
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with u = a or b, and where ′ means spatial derivative; these solutions for the coordinate x (the results for the coordinate y are
similar), eigenfunctions and eigenvalues, take the following form, symmetric and antisymmetric form respectively:

[

1

𝜙sm (x) = √

2a

𝜙am

(

)

(

)−

(

)

(

)−

s
cos 𝛼m
x

s
𝛼m
a

cos

[

1

(x) = √

a
sin 𝛼m
x

a
sin 𝛼m
a

2a

(

)]

(

) ,

(

)]

(

) ,

s
cosh 𝛼m
x

cosh

s
𝛼m
a

a
sinh 𝛼m
x

a
sinh 𝛼m
a

(

)

(

)

s
s
tan 𝛼m
a = − tanh 𝛼m
a ,

with

(

)

(

)

a
a
tan 𝛼m
a = tanh 𝛼m
a ,

with

(6)

(7)

the symmetrical solution being the only one useful in our problem, as mentioned above (henceforth, 𝜙m and 𝛼 m will denote the
s
(6) respectively).
symmetrical versions 𝜙sm and 𝛼m
We assume that the displacement ﬁeld of the plate satisfying the governing equations (1)–(3) may be predicted in the form,
with some truncation condition,

𝜉 ( x , y) =

∞
∑

𝜉mn 𝜓mn (x, y) ,

(8)

mn

𝜓mn (x, y) = 𝜙m (x) 𝜙n (y) ,

where

(9)

even though 𝜓mn (x, y) does not satisfy the eigen-problem of the plate but satisfy only the boundary conditions (2) and (3), the
coeﬃcients 𝜉 mn reﬂecting here an elastic coupling mechanism between the 1-D modal solutions along the two axes x and y. On
substituting expression (8) into equation (1) it is found that

∑
m,n

(

)

∑

4
𝜉mn 𝛼m
+ 𝛽n4 − k4p 𝜓mn (x, y) + 2

m,n

𝜉mn 𝜙″m (x) 𝜙″n (y) =

]
1[
−pinc + p (x, y) ,
D

(10)

where (′′ ) means second spatial derivative.
of the normalized modal functions 𝜓mn (x, y), the inner product deﬁned as
[ Accounting for the orthogonality
]
a

b

∫−a ∫−b f1 (x, y) f2 (x, y) dxdy of equation (10) and 𝜓m′ n′ (x, y) leads readily to
(

)

4
4
Km
′ n′ − kp 𝜉m′ n′ + 2

∑

𝜎mm′ 𝜏nn′ 𝜉mn = Qm′ n′ ,

(11)

mn

where

𝜎mm′ =

a

∫ −a
a

Qm′ n′ =

𝜙″m (x) 𝜙m′ (x) dx
b

1[

∫ −a ∫ −b D

and

𝜏nn′ =

b

∫ −b

𝜙″n (y) 𝜙n′ (y) dy,

]
−pinc + p (x, y) 𝜓m′ n′ (x, y) dxdy,

4
4
Kmn
= 𝛼m
+ 𝛽n4 ,

(12)

(13)
(14)

𝛼 m and 𝛽 n being related together by 𝛼 m ∕𝛽 n = b∕a. It is worth noting that the matrices 𝜎 mm′ and 𝜏 nn′ are equal, to within a
factor, and that they are symmetrical as a result of equations (5) and (12).
The elastic coupling mentioned above is represented by the second term in the left hand side of equation (11). But another
coupling will occur: the one due to the acoustic pressure ﬁeld behind the plate p (x, y) because it depends on the displacement
ﬁeld 𝜉 (x, y) (see next section). Note that solving the set of equation (11) with Qm′ n′ = 0 leads to expressions of eigenfunctions
and eigenvalues of the problem (see Appendix A).
3. The acoustic ﬁeld inside the air gap, coupling with the plate displacement
In what follows, in order to simplify the presentation, the device is assumed to be square (a = b) without loss of generality (this corresponds to the systems manufactured in practice) and the acoustic ﬁeld in the ﬂuid enclosed behind the plate is
assumed to have the same symmetry as the plate. Owing to this symmetry, it is appropriate to express the solutions only in the
ﬁrst quadrant, assuming that these solutions can be considered either over any quadrant or over the whole plate (changing the
sign of a when the coordinates are negative).
The thickness of the air-gap hg is smaller than - or of the same order of magnitude as - the thickness of the viscous and the
thermal boundary layers, the pressure variation is assumed to be uniform through that (very small) thickness, and the acoustic
pressure ﬁeld is assumed to be uniform inside the peripheral cavity (volume Vc ) because its dimensions are smaller than half
wavelength in the frequency range considered.
The properties of the ﬂuid (air) are given by the 𝜌0 , the adiabatic speed of sound c0 , the heat capacity at constant pressure
per unit mass Cp , the speciﬁc heat ratio 𝛾 , the shear viscosity coeﬃcient 𝜇, and the thermal conduction coeﬃcient 𝜆h . The
wavenumber associated to the acoustic ﬁeld in the air-gap, which account for both the vortical movement due to viscosity
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effects and the entropic movement due to thermal conduction effects inside the thermo-viscous boundary layers, take the
following form [5]:

(

𝜒 =
2

)

𝜔2 1 + (𝛾 − 1) 1 − Fh
c02

(15)

Fv

where

(

) (

)

(

) (

)

Fv = 1 − tan kv hg ∕2 ∕ kv hg ∕2 ,

(16)

Fh = 1 − tan kh hg ∕2 ∕ kh hg ∕2 ,

[

with kv = (1 − i) ∕

√ ]√
2

√ ]√

[

𝜌0 𝜔∕𝜇 and kh = (1 − i) ∕ 2

𝜌0 𝜔Cp ∕𝜆h .

(17)

Assuming that the plate behaves as an extended source described by the z - component of its volume velocity per unit volume
positive when directed along the z - axis, denoted 𝜁 𝜉 (x, y), the propagation equation take the following form:

[

]

𝜕2
𝜕2
+
− 𝜒 2 p(x, y) = −𝜁 𝜉 (x, y)
𝜕 x 2 𝜕 y2

where

(

(18)

)

𝜁 = 𝜌0 𝜔2 ∕ hg Fv .

(19)

[

(

Furthermore, the total velocity ﬂow rate − Fv ∕ i 𝜔𝜌0

(

)]

)

2ahg 𝜕n p that enter the reservoir in any boundary x, y = ±a, equal to

the ratio pc ∕Zc , where Zc = 𝜌0 c02 ∕ i 𝜔Vc is the input impedance of the reservoir, leads to

(

) (

)

𝜕n p = Λc pc with Λc = −i 𝜔𝜌0 ∕ 2ahg Fv Zc ,

(20)

where the normal derivative 𝜕n p denotes the mean values along the y - axis and x - axis of the derivatives 𝜕x p (a, y) and 𝜕y p (x, a)
respectively.
In so far as the chosen Green’s function satisﬁes, at x = 0 and y = 0, the same Neumann’s boundary condition as the
pressure variation (symmetrical movement), i.e. the ﬁrst derivative normal to these boundaries of each quadrant vanishes, the
integral equation for the pressure variation in the ﬂuid gap x, y ∈ (0, a) takes the following form [5], accounting for equation
(20):
p ( x , y) =

a

a

∫0 ∫0

IG (x, y) =

a

∫0

[

(

)

(

)

G x, x0 ; y, y0 𝜁 𝜉 x0 , y0 dx0 dy0 + pc IG (x, y)

]
Λc G(x, x0 ; y, a) − 𝜕y0 G(x, x0 ; y, a) dx0 +

a [
]
Λc G(x, a; y, y0 ) − 𝜕x0 G(x, a; y, y0 ) dy0
∫0
(
)
(
)

(21)

(22)

where, on the boundaries in equation (22), the functions p x0 , a and p a, y0 have been replaced by their mean values pc
respectively along the x - axis and y - axis, and where the Green function can be taken as
G ( x , x 0 ; y, y0 ) = g ( x , x 0 ; y, y0 ) + g ( x , − x 0 ; y, y0 ) + g ( x , x 0 ; y, − y0 ) + g ( x , − x 0 ; y, − y0 ) ,
with g(x, x0 ; y, y0 ) = −iH0

−

( √
(

𝜒

x − x0

)2

(

+ y − y0

)2

(23)

)

∕4,

(24)

H0− denoting the Hankel function of the second kind of order “0”.
It remains to express the pressure variation p (x, y) (equation (21)) as a function of the displacement ﬁeld 𝜉 (x, y) only, namely
to express the pressure variation inside the reservoir pc as a function of 𝜉 (x, y). This last expression is given approximately by
the mean value of the pressure p (x, y) over the length of any external edge of the quadrant, namely, owing to the symmetry,
a
a
pc = ⟨p⟩ = (1∕a) ∫0 p (x, a) dx or equivalently pc = ⟨p⟩ = (1∕a) ∫0 p (a, y) dy
pc ≅

a

1

1 + ⟨IG (x, a)⟩ ∫0 ∫0

a

(
)
⟨G(x, x0 ; a, y0 )⟩ 𝜁 𝜉 x0 , y0 dx0 dy0 .

Therefore, the sought-after solution (21) can be expressed as
p(x, y) = 𝜁

a

∫0 ∫0

a

[

G ( x , x 0 ; y, y0 ) +

(25)

]

IG (x, y) ⟨G(x, x0 ; y, y0 )⟩
𝜉 (x0 , y0 )dx0 dy0 .
1 + ⟨IG (x, a)⟩

(26)

Utilizing (8) and (26) it follows readily that
p(x, y) =

∑
m,n

Bmn (x, y) 𝜉mn

(27)
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Table 1
Properties of the air.

Parameter

Value

Unit

Adiabatic sound speed c0
Air density 𝜌0
Shear dynamic viscosity 𝜇
Thermal conductivity 𝜆h
Speciﬁc heat coeﬃcient at constant pressure per unit of mass Cp
Ratio of speciﬁc heats 𝛾

343.2
1.2
1.814 · 10−5
25.77 · 10−3
1005
1.4

m s−1
kg m−3
Pa s
W m−1 K−1
J kg−1 K−1
–

where the known functions Bmn (x, y) are given by
Bmn (x, y) ≅ 𝜁

a

a

∫0 ∫0

[

G ( x , x 0 ; y, y0 ) +

]

IG (x, y) ⟨G(x, x0 ; y, y0 )⟩
𝜓mn (x0 , y0 )dx0 dy0 .
1 + ⟨IG (x, a)⟩

(28)

It follows readily from the couple of equations (11) and (27) that the unknown coeﬃcients 𝜉 mn , which lead to the displacement ﬁeld of the plate 𝜉 (x, y), are solution of the following set of linear algebraic equations
Hm′ n′ 𝜉m′ n′ +

∑

Cmn,m′ n′ 𝜉mn = −Em′ n′ +

mn

∑

Amn,m′ n′ 𝜉mn

(29)

mn

or in the matrix form

([𝔸] − [ℂ] − [ℍ]) (Ξ) = (E),

(30)

where [𝔸] is the “plate-ﬂuid” coupling square matrix of elements
a

Amn,m′ n′ =

a

∫ −a ∫ −a

Bmn (x, y) 𝜓m′ n′ (x, y) dxdy,

(31)

[ℂ] the “internal elastic plate” coupling square matrix of elements
Cmn,m′ n′ = 2 D 𝜎mm′ 𝜎nn′ ,

[ℍ] the diagonal matrix of elements (which include the effects of the eigenvalues)
[
]
4
4
Hm′ n′ = D Km
′ n′ − k p ,

(32)

(33)

and where[Ξ] and [𝔼] are the column matrices of respectively the unknown coeﬃcients 𝜉 m′ n′ and the elements Em′ n′ , which
involve the external source pressure ﬁeld pinc ,
a

Em′ n′ = pinc

a

∫ −a ∫ −a

𝜓m′ n′ (x, y) dxdy.

(34)

4. Analytical results and comparison with numerical (FEM) ones
In this section the analytical results (displacement ﬁeld of the square plate, sensitivity of the receiving transducer) obtained
from the above described procedure are compared with the reference numerical solutions provided by the software Comsol
Multiphysics, version 5.4. In the latter, the formulation for the acoustic ﬁeld in thermoviscous ﬂuid, involving the particle velocv, the temperature variation 𝜏 and the acoustic pressure p, implemented in the Acoustics Module of Comsol [21] has been
ity ⃗
coupled with the classical linear shell formulation employed by the Structural Mechanics Module [22]. The use of such formulations in the modelling of electroacoustic transducers is described for example in Ref. [20]. The mesh consisted of tetrahedral
elements combined with layered prism elements (in the boundary layers) and the number of degrees of freedom was 457 157.
More details on the time of calculation are given at the end of this section. The properties of the air and the dimensions of the
system along with the material properties of the plate used herein are given in Tables 1 and 2 respectively.
The real parts of the displacement 𝜉 (x, y) of the square clamped plate (used as a moving electrode of the receiving transducer
presented herein) at four different frequencies are depicted in Fig. 2. The upper row of the ﬁgure shows the results of the
above described method calculated using the nine ﬁrst terms in the series (8) (m, n = 1, 2, 3) for the incident acoustic pressure
pinc = 1 Pa. The reference numerically calculated results for the plate displacement are presented in the lower row of the ﬁgure
using the same range of values and colormaps as for the upper row. Very good agreement between the analytical and numerical
results can be found, especially at 10 kHz and 200 kHz. At 520 kHz the amplitude is slightly overestimated by the analytical
method, at 800 kHz the quasi-circular shape of the analytically calculated displacement does not represent exactly the small
peaks in the reference numerical result. These discrepancies (caused probably by the approximations in the analytical solution)
remain very small and seem to have negligible impact on the mean displacement of the plate (the variable of interest when
searching for the acoustic pressure sensitivity of the receiving transducer, see below).
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Table 2
Dimensions of the system and material properties of the plate.

Parameter

Value

Unit

Plate half side a
Plate thickness hp
Peripheral cavity volume Vc
Air-gap thickness hg
Plate density 𝜌p
Young’s modulus E
Poisson’s ratio 𝜈

0.5 · 10−3
10–6
10–10
10–6
2329
160
0.27

m
m
m3
m
kg m−3
G Pa
–

Fig. 2. Real part of the displacement ﬁeld of the square plate 𝜉 (x, y) at 10 kHz, 200 kHz, 520 kHz and 800 kHz: comparison between the results of the present method (upper
ﬁgures) and the reference FEM solutions (lower ﬁgures).

The acoustic pressure sensitivity of the electrostatic receiving transducer 𝜎 = −U0 𝜉 ∕(hg pinc ), where 𝜉 = [∬S 𝜉 (x, y)dSe ]∕Se is
e

the mean displacement of the plate over the surface of the backing electrode Se = 4a2 and U0 is the polarization voltage, is
presented in Fig. 3 for different number of terms in the series (8). Fig. 3a) shows a very good agreement between the analytical
and reference numerical results in a large frequency range (from 10 Hz up to approximately 1 MHz) except for the case of
m, n = 1 (only one term in the series) at the frequencies above the ﬁrst resonance frequency. The detail of the sensitivity in
the passband of the transducer (10 Hz - 100 kHz) presented in Fig. 3b) shows that the difference between the analytical and
the numerical results decreases with the increasing number of terms in the series (8). Note that this difference does not exceed
0.25 dB in the audio frequency range (20 Hz - 20 kHz) when the ﬁrst nine terms in the series (m, n = 1, 2, 3) are used (and does
not exceed 0.3 dB for m, n = 1, 2 and 0.75 dB for m, n = 1), which is very low comparing for example to Ref. [18] where this
difference is around 3 dB. Fig. 3c) and d) show respectively the details of the sensitivity near the ﬁrst resonance (50 kHz–220 kHz)
and in the higher frequency range (300 kHz - 1.3 MHz) where the solution with four terms in the series (8) (m, n = 1, 2) is no
more able to provide correct results above approximately 1 MHz while the solution with nine terms (m, n = 1, 2, 3) still remains
very close to the reference numerical one.
Concerning the time of calculation, the reference numerical solution with the above given parameters took, on average, 134 s
per one frequency point on a computer with two eight-core Intel Xeon processors running at 2.4 GHz while 28 GB of RAM has
been used. The time of the analytical calculations, herein implemented in Matlab software, depends on many parameters. For
example the calculation at lower frequencies took usually less time. The precision of the numerical integration inﬂuences the
time of calculation of each member of the matrix 𝔸 in equation (30) (adaptative Simpson quadrature has been used here, the
precision being given by the difference between the results of the last two iterations, called tolerance). The most important
parameter is the number of the terms of the series (8) which determines the size of matrices in equation (30). Since Comsol
Multiphysics employs parallel computation on all the sixteen cores, the fair comparison between the calculation time necessary
for the analytical result and for the numerical one requires the parallel computation in Matlab, achieved here by calculating
more frequencies at the same time (using the parfor loop). The average time per one frequency point calculated as the total time
divided by the number of frequency points was 1.22 s for m, n = 1, 12.23 s for m, n = 1, 2 and 63.79 s for m, n = 1, 2, 3, for
the results presented in Fig. 3, a high precision of the numerical integration (tolerance of 10−6 ) being used. This shows that the
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Fig. 3. Magnitude (upper curves) and phase (lower curves) of pressure sensitivity of the transducer: comparison of the analytical result using only the ﬁrst mode m, n = 1
(dashed line), the ﬁrst four modes m, n = 1, 2 (thick grey line) and the ﬁrst nine modes m, n = 1, 2, 3 (thin black line) with the numerical result (black points); a) in the
whole frequency range of interest (10 Hz - 1.3 MHz), b) in the lower frequency range (10 Hz - 100 kHz), c) near the ﬁrst resonance (50 kHz–220 kHz), and d) in the higher
frequency range (300 kHz - 1.3 MHz).

use of four terms (m, n = 1, 2) of the series (8) is a good compromise for the receiving transducers while the use of nine terms
(m, n = 1, 2, 3) takes much more time and brings only small amount of precision in the passband of the transducer (see Fig. 3b).
It is worth noting that the implementation in Matlab was not optimized for speed, the use of other languages, such as C, could
lead to much faster computation.
5. Conclusions
The analytical approach of the behaviour of a two-dimensional miniaturized transducer containing a rectangular or square
clamped plate loaded by a ﬂuid gap surrounded by a small peripheral cavity has been developed. The displacement ﬁeld of
the plate has been searched for in the form of series expansion over the functions expressed as a product of the orthonormal
eigenfunctions of elastic beams (clamped at both ends) in both the in-plane (x and y) directions. These functions satisfy the
boundary conditions of the clamped plate and although they do not satisfy the eigen-problem of the plate, the coeﬃcients of the
series include the effects of an internal elastic coupling between the two 1D solutions, which makes the series expansion solution
of the plate equation. In order to express the acoustic pressure ﬁeld in the air gap, an integral formulation with an appropriate
Green’s function (not expressed as a sum over eigenfunctions), which accounts for the effect of thermoviscous losses through
the complex wavenumber, has been used. The coupling of the plate displacement and the loading acoustic pressure ﬁeld leads
to the simple set of linear algebraic equations expressed herein in the matrix form.
Very good agreement between the analytical results obtained using the method described herein and the reference numerical
(FEM) solution can be observed for both the displacement ﬁeld of the plate and the acoustic pressure sensitivity of the receiving
transducer. The method described herein thus provides analytical results whose precision is comparable with the numerically
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calculated results (in the frequency range of interest) with much lower computational costs. Finally, note that this approach can
be useful not only in the domain of miniaturized transducers but in much larger variety of devices.
CRediT authorship contribution statement
K. Šimonová: Conceptualization, Methodology, Data curation, Formal analysis, Writing - original draft. P. Honzík: Conceptualization, Methodology, Data curation, Formal analysis, Writing - original draft. M. Bruneau: Conceptualization, Methodology,
Formal analysis, Writing - original draft, Writing - review & editing. P. Gatignol: Conceptualization, Methodology, Formal analysis, Writing - original draft, Writing - review & editing.
Acknowledgement
This work was supported by the Grant Agency of the Czech Technical University in Prague, grant No. SGS18/200/OHK2/3T/16.
The authors would like to acknowledge the “HUB Acoustique” program within the “Le Mans Acoustique” (LMAc) project.
Appendix A. Approximated eigenfunctions of the clamped rectangular plate
We use below the following notation: [ℂ] is the “internal elastic plate coupling” square matrix of elements
Cmn,m′ n′ = 2 𝜎mm′ 𝜏nn′ ,

(A.1)

[ℍ] the diagonal matrix of elements (which include the effects of the eigenvalues ki )
4
4
Hm′ n′ = Km
′ n′ − k i ,

(A.2a)

4
[𝕌] = Km
′ n′ [ 𝕀 ] ,

(A.2b)

and (Ξ) is the column matrix of the unknown coeﬃcients 𝜉 mn . Note that the elements of the matrix [ℂ] can be written as
Cmn,m′ n′ = CN,N′ from a conventional choice of the couples (m, n) and that this matrix CN,N′ is symmetrical like the matrices of
elements 𝜎 mm′ and 𝜏 nn′ . As a result, the matrix [ℂ] + [𝕌] is symmetrical and the eigenvalues k4i are real.
Solving the set of linear equation (11) with Qmn = 0, namely

([ℂ] + [ℍ]) (Ξ) = (0),

or

(
)
[ℂ] + [𝕌] − k4i [𝕀] (Ξ) = (0),

(A.3a)
(A.3b)

for any value of the indices [equation (A.3a) being valid for all modes denoted with the indices “i”], leads to the eigenvalues ki
of the unloaded clamped plate modes, solutions of the following equation

(

)

det [ℂ] + [𝕌] − k4i [𝕀] = 0,

(A.4)

and the corresponding expressions of the orthogonal eigenfunctions denoted below 𝜓 i (x, y)

𝜓 i ( x , y) =

∞
∑
mn

𝜉i,mn 𝜓mn (x, y) .

(A.5)

Note that the orthogonality and completeness of the modal functions 𝜓mn (x, y) can be readily derived using the procedure
similar to the one given in Appendix C of [20]. An extension of this method can be used to demonstrate the orthogonality of the
eigenfunction 𝜓i (x, y).
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Fig. A.1 First four eigenfunctions 𝜓 i (x, y), i = 1, 2, 3, 4, calculated using the method presented in this Appendix with m, n = 1, 2: a) 𝜓 1 (x, y), b) 𝜓 2 (x, y), c)
𝜓 3 (x, y), d) 𝜓 4 (x, y).

The ﬁrst four eigenfunctions 𝜓 i (x, y), i = 1, 2, 3, 4, of the square clamped plate with the properties given in Table 2 obtained
from the above described procedure in using the ﬁrst four terms in the series (A.5) (the dimension of the matrices in equation
(A.3a) is 4 × 4) are depicted in Fig. A.1. As an example the mean error of the ﬁrst mode 𝜓 1 (x, y) (comparing to the reference
numerical result 𝜓 1num computed using the Comsol Multiphysics software) has been calculated as follows

√∑
√ M
√ j=1 [𝜓1num (xj , yj ) − 𝜓1 (xj , yj )]2
Err = √
· 100%,
∑M
2
j=1 𝜓1num (xj , yj )

(A.6)

where 𝜓 1num is the reference eigenfunction calculated numerically using a mesh with M = 50, 225 nodes, xj , yj being the
coordinates of the j-th node of the mesh. In using the ﬁrst four terms in the series (A.5) (m, n = 1, 2) this error is 0.35% and
decreases with the increasing number of terms considered in the series.
The eigenfrequencies calculated from the eigenvalues ki using the relation
fi =

k2i

2𝜋

√

D
Ms

(A.7)

are compared with the eigenfrequencies given√by the numerical solution using Comsol Multiphysics and with the eigenfrequencies calculated from the values of 𝜔(2a)2 Ms ∕D given by Leissa [15], p. 61, 62, in the four Tables 4.24–4.27 (providing
an interval of values). This comparison is summarized in Table A.1 for the ﬁrst four modes and shows that the discrepancies
between the results of the present method (using the ﬁrst four terms of the series (A.5), m, n = 1, 2), the reference numerical
results, and the results taken from the literature remain very small. Table A.2 then presents the dependence of the values of the
ﬁrst four eigenfrequencies calculated using the present method on the number of the terms in the series (A.5).
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Table A.1
Comparison of the values of eigenfrequencies given by the present method (for m, n = 1, 2), Comsol Multiphysics, and
Leissa [15] (interval of values from the four Tables 4.24–4.27).
Eigenfrequencies fi [kHz]
Mode i

Present method (m, n = 1, 2)

Comsol Multiphysics

Leissa [15] Tables 4.24–4.27 (interval)

142.405
521.130
523.352
875.800

142.140
518.490
520.990
865.120

138.819–142.530
520.591–523.557
520.591–525.613
867.401–887.887

1
2
3
4

Table A.2
Eigenfrequencies given by the present method for different number of values of m, n.
Eigenfrequencies fi [kHz]
Mode i
1
2
3
4

m, n = 1

m, n = 1, 2

m, n = 1, 2, 3

m, n = 1, 2, 3, 4

142.808
–
–
–

142.405
521.130
523.352
875.800

142.345
520.616
523.023
872.074

142.329
520.478
522.930
870.976
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