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Summary
The objective of the paper is to provide a simplified analytical approach to describe the behaviour of a cylindrical
emitting transducer with a piezoelectric polymer (PVDF) membrane which is loaded by a thin air-gap connected
to a small central toroidal cavity through small holes in a back-plate. This paper departs from a previous one in
that the presence of a perforated back-plate separates the volume behind the membrane in two parts (the air-gap
and the central cavity); it departs also in that the construction of the analytical solutions is not made in terms of
eigenmodes of both the membrane and the air-gap (as usual) in order to avoid difficulties due to the coupling of
Dirichlet and Neumann eigenfunctions (exact solutions are used, involving integral formulation for one of them).

PACS no. 43.38.Fx

A previous work [1] focused on an analytical mod-
elling of a cylindrical ultrasonic emitting transducer with
a piezoelectric polymer (PVDF) membrane loaded by a
closed backing cavity. The coupling between the displace-
ment field of the membrane and the pressure field in the
cavity was described in using the technique which relies
on the sets of the appropriate eigenmodes of both the dis-
placement field of the membrane and the pressure field in
the cavity behind it, along with the general solution of the
associated homogeneous propagation equations. This ap-
proach highlights the parameters governing the behaviour
of the transducer and shows the effects of resonances along
both the axial and the radial directions in the cavity. Theo-
retical results were experimentally validated by results of
measurements of the radiated field in free space, in a large
frequency range (typically up to 100 kHz).

Although this transducer could be well adapted for
given applications (involving a narrow-bandwidth and
cylindrical shape such as echolocation systems [2]), it has
some shortcomings in terms of potentiality. More specifi-
cally, apart from the damping of the membrane, the damp-
ing of the transducer is fixed by the properties of the vis-
cous and thermal boundary layers inside the cavity, which
is not adjustable, except by using absorbing materials [3]
which are not really reliable. It is then difficult to atten-
uate the effects of unsuitable resonances and to settle an
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expected bandwidth. Moreover, for given physical param-
eters, the only parameters which set the behaviour of the
transducer are the length and the radius, which are oth-
erwise imposed in practice. Consequently, the best way
to get such adjustable characteristics should be the use of
small holes or slits.

Therefore, the present paper is concerned with a trans-
ducer which departs from the previous one [1] in that a per-
forated back-plate separates the cavity into two parts: the
central one (a small toroidal cavity) and the peripheral one
(a thin air-gap behind the membrane), connected together
through small holes as shown in Figure 1. A simplified
analytical approach of the behaviour of this transducer is
presented here, which should be appropriate to derive the
potentiality of the device in terms of acoustic field emitted
in free space, with a large frequency range (typically up to
100 kHz). Yet, this simplified approach provides exact an-
alytical solutions for both the membrane oscillations and
the pressure variations in the air-gap (using here the inte-
gral formulation) hitherto expressed only by multi-modal
analysis, in order to avoid difficulties due to the coupling
of Dirichlet and Neumann eigenfunctions. Actually, in the
lower frequency range (up to 10 kHz) and for small di-
mensions, lumped circuit elements (that could be derived
assuming lower order approximations) would provide ac-
curate modelling in specific situations (such modelling is
beyond the scope of this paper). The transducer (Figure 1)
consists of a polyvinylidene fluoride (PVDF) membrane
of height fixed at its upper and lower sides to a cylin-
drical structure composed of two discs of radius R fixed
together with a cylindrical rod of radius RC0 . A perforated
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Figure 1. Cross sectional view of the transducer.

Figure 2. Approximate equivalent spherical geometry for the ra-
diation impedance.

backing cylinder of internal and external radii (R0 − h)
and R0 respectively is placed close to the membrane, de-
limiting an air-gap of thickness ε which is acoustically
connected to a back cylindrical cavity (of internal and ex-
ternal radii RC0 and R0 − h respectively) through holes of
radius RH and length h. The cylindrical coordinate sys-
tem (r, ϕ, z) chosen has its origin O at the bottom centre
of the rod, and the Oz-axis is the axis of the whole cylin-
drical structure.

In what follows, pressure and displacement fields are
assumed to be axisymmetric, so the problem considered
does not depend on the azimuthal coordinate ϕ. The mo-
tion considered is harmonic, the time dependence being
eiωt. The properties of the external medium are given by
the density ρ0 and the adiabatic speed of sound c0.

The analytic procedure whereby one expressed the
acoustic field emitted by the cylindrical transducer of finite
length and radius R can be simplified in a large extent
if this cylindrical source is replaced by a spherical source
of radius a ∼= 2 + R2 (Figure 2) whose both spheri-
cal caps (opposite each other and delimited respectively
by the angles θ0 and θ0 + ψ0) are motionless and whose

the central part behaves approximately as the cylindrical
source. It is sufficient here just to meet this approximation
because what is important in this work is the behaviour
of the pressure field, as a function of the frequency, in
the neighbouring of the median plane z = /2. There-
fore, assuming periodic motion, the sought-after expres-
sion for the complex amplitude of the radiated acoustic
pressure is related approximately to the complex ampli-
tude ξ(z) of the displacement of the membrane by an ex-
pansion, involving Legendre polynomials Pn(cos θ) with
cos θ = 2 z − 1 and spherical outgoing Bessel functions
h−
n (k0r) with k0 = ω/c0, which takes the following form,

from using velocity continuity on the membrane at r = a
[4],

prad(r, z) ∼=
∞

n=0

AnPn(cos θ)h−
n (k0r),

where An = −iρ0c0Vn/h
−
n (k0a), prime meaning the deri-

vative with respect to the product (k0r), and where Vn, de-
fined as the coefficient of expansion of v(θ) ∼= iωξ(z) on
the Legendre polynomials

v(θ) ∼= iωξ(z) = iωξ
2

(1 + cos θ)

=
∞

n=0

VnPn(cos θ),

is given by (thanks to the orthogonality property of the
Legendre polynomials),

Vn = iω(2n + 1)
1

0
ξ(z)Pn 2

z − 1 dz

with z =
2

(1 + cos θ).

In considering only the first two terms in the series and
noting that the second term tends to zero when the field is
expressed at z ∼= /2, i.e. θ ∼= π/2, the acoustic pressure
radiated reduces to

prad ∼= iωZrad
e−ik0r/(k0r)
e−ik0a/(k0a)

ξ̄, (1)

where

Zrad =
(prad)r=a

iωξ̄
= iρ0c0

k0a

1 + ik0a
(2)

is the radiation impedance and ξ̄ = (1/ ) 0 ξ(z) dz is the
mean value of ξ(z) along the z-axis.

The PVDF membrane having tension Tz, thickness tm,
and mass per unit area MS , supported on two rigid circular
frames of radius R at its ends z = 0 and z = (Dirichlet
boundary conditions), is driven by an harmonic piezoelec-
tric force per unit area pπ , created by the electrical voltage
Vr,

pπ = sE
∗

11 d31 − sE
∗

12 d32 / (sE∗R) Vr, (3)
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where d31 and d32 are piezoelectric coefficients, and where
sE

∗
11 and sE

∗
12 are complex compliance coefficients of the

membrane, and where sE∗ = sE
∗

11
2 − sE

∗
12

2
(see [1] for

details). It is loaded by both the external acoustic pressure
(prad)r=a = iωZradξ̄ and the pressure field in the air gap
p(z) (assumed to be independent of the azimuthal coordi-
nate). Thus, the set of equations for the complex ampli-
tude ξ(z) of the displacement field (positive when directed
along the r-axis) can be written as follows, after substitut-
ing ξ(z) for its mean value ξ̄ along the z-axis in the piezo-
electric reactive term,

Tz ∂2
zz +K2 ξ(z) = (4a)

− p(z) + pπ − iωZrad + sE
∗

11 tm/ sE∗R2 ξ̄ ,

ξ (z = 0) = ξ (z = ) = 0, (4b)

where K2 = (MS/Tz)ω2.
Substituting the pressure variation p(z) in the air-gap

for its mean value p̄ along the z-axis leads readily to the
solution

ξ(z) =
p̄ + pπ − iωZrad + sE

∗
11 tm/ sE∗R2 ξ̄

MSω2

· cos(Kz) +
1 − cos(K )

sin(K )
sin(Kz) − 1 , (5)

where the first two terms between brackets (which depend
on z) give the general solution of the homogeneous equa-
tion of the membrane and the last one is the solution when
the movement is forced by the pressure fields pπ and p̄.
This result leads readily to the mean value ξ̄ of ξ(z) along
the z-axis.

To determine the displacement field ξ(z), it is necessary
to find an expression of the pressure field in the air-gap
p(z) which actually involves the function ξ(z), noting that,
ultimately, it is the mean value p̄ which is needed. To this
purpose, the following assumptions are used: -i/ the pres-
sure variation p(z) is assumed to be independent of the
radial coordinate r because the thickness ε = R − R0 of
the fluid-gap is much lower than the wavelength, -ii/ the
global behaviour of the nϕ holes set at a given coordinate
z = zνz is described by the volume velocity Uνz (z) for
the row (one of the nz rings labelled νz) of the localised
holes considered. Therefore, the set of equations which
govern the pressure field p(z) inside the air-gap (propaga-
tion equation and Neumann boundary conditions at z = 0
and z = ) takes the following form [5]:

∂2
zz + χ2 p(z) = (6a)

iωρ0

εFv
iωξ(z) − 1

2πR0

nz

νz=1

Uνz (z)δ(z − zνz ) ,

∂zp (z = 0) = ∂zp(z = ) = 0, (6b)

where the complex wavenumber χ accounts for the angu-
lar frequency ω of the field and the properties of the fluid,
namely the density ρ0 and the compressibility through the
adiabatic speed of sound c0, the heat capacity at constant

pressure per unit mass Cp, the specific heat ratio γ, the
shear viscosity coefficient µ, and the thermal conduction
coefficient λh,

χ2 =
ω2

c2
0

1 + (γ − 1) (1 − Fh)
Fv

, (7a)

with

Fv,h = 1 − 2 − φ

2
tan (kv,hε/2)

kv,hε/2
, (7b)

where the porosity φ = nϕnzπR
2
H/(2πR0 ) is the ratio

of the total area of the holes to the back-plate area [6],
kv = (1 − i) ρ0ω/(2µ) and kh = (1 − i) ρ0Cpω/(2λh)
being respectively the wavenumbers associated with the
shear and entropic diffusion movements in the boundary
layers on the back-plate and on the membrane, and where
δ z − zνz is the Dirac delta function. As expected, ac-
counting for that R

R0
rdr = R2 − R2

0 /2 ∼= R0ε, the total
volume velocity UTot of the nϕnz holes in the fluid gap can
be expressed in the following manner:

UTot =
R

R0

r dr
2π

0
dϕ

0
dz (8)

· 1
2πR0ε

nz

νz=1

Uνz (z)δ z − zνz .

The solution p(z) is written as the sum

p(z) = pξ (z) + pu(z), (9)

with

pξ (z) =
ω2ρ0

εFv 0
G (z, z0) ξ(z0) dz0, (10)

and

pu(z) =
iωρ0

εFv

1
2πR0

nz

νz=1

G z, zνz Uνz zνz , (11)

where the Green’s function G, which satisfies the Neu-
mann boundary conditions at z = 0 and z = , takes the
form [7]

G =
−1

χ sin(χ )
cos (χz<) cos χ (z> − ) , (12)

(z<, z>) designating the smaller/larger of z/z0 respec-
tively.

The mean value p̄ξ of pξ (z) along the z-axis is obtained
first in replacing the volume velocity of the membrane by
its mean value, i.e. in replacing ξ(z) by its mean value ξ̄,
and then in taking the mean value of the Green’s function
which is equal to −1/(lχ2)

p̄ξ = − ω2ρ0

εFvχ2
ξ̄. (13)
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It remains to express the volume velocity Uνz (z) for any
row (ring labelled νz) of the holes, and then to express the
mean value p̄u of pu(z) along the z-axis.

Assume that -i/ the length h = R0 − RC and the radius
RH of the cylindrical holes are much lower than the wave-
length, -ii/ the thickness of the viscous boundary layer is
much lower than the radius RH of the holes (the effect of
the thermal boundary layer are neglected), -iii/ the acous-
tic pressure pC (RC ) in the back-cavity at the entrance of
the holes is expressed as the product of a uniform input
impedance of the cavity ZC (see details below) by the to-
tal volume velocity of the holes pC (RC ) = ZCUtot with
Utot =

nz
νz=1 Uνz (z). The volume velocity of the nϕ holes

azimuthally distributed at a coordinate z = zνz can then be
written [4]

Uνz (z) = Yh [pC − p(z)]

= Yh ZCUtot − p(z) , (14)

where the admittance Yh is given by

Yh = nϕ
πR2

H

iωρ0h
1 − 2

kvRH

J1(kvRH )
J0(kvRH )

,

J0 and J1 being the Bessel functions of the first kind of
order zero and one respectively. What is also needed below
is

UTot =
nz

νz=1

Uνz (z)

=
Yh

nzYhZC − 1

nz

νz=1

p zνz . (15)

The input impedance of the cavity ZC is obtained readily
from the expression of pC (r, z), solution of the following
propagation equation

∂2
rr +

1
r
∂r + ∂2

zz + k2
0 pC (r, z) = 0, (16)

and subjected to Neumann boundary conditions at the co-
ordinates z = 0, z = , and r = RC0 ,

pC (r, z) =
∞

q=0,2,4,...

AqQq cos
qπ

z (17)

· J0 kqr + BqN0 kqr ,

with Bq = −J1 kqRC0 /N1 kqRC0 , Qq = 1/ if

q = 0 and 2/ otherwise, kq = k2
0 − (qπ/ )2, N0

and N1 being the Bessel functions of the second kind of
order zero and one respectively. When considering only
one axial mode in the cavity (i.e. q = 0) the pressure field
is uniform along the z-axis and depends only on the radial
coordinate r. Then the input impedance takes the form

ZC =
iρ0c0

2πRC

J0 (k0RC ) + B0N0 (k0RC )
J1 (k0RC ) + B0N1 (k0RC )

. (18)

Note that this approximation prevents us from interpret-
ing the behaviour of the transducer when resonances cor-
responding to the eigenvalues q = 0 occur, but in practice
these resonances are removed out of the frequency domain
of interest. Yet the first radial resonance of the backing
cavity is accounted for in expression (18) (the other ones
also but they are out of the frequency domain).

Finally, invoking Equations (14) and (15), expression
(11) of pu(z) becomes successively

pu(z) =
iωρ0

εFv

1
2πR0

nz

νz=1

G z, zνz Yh ZCUTot − p zνz

=
iωρ0

εFv

Yh
2πR0

ZCYh
nzYhZC − 1

nz

νz=1

p zνz (19)

nz

νz=1

G z, zνz −
nz

νz=1

G(z, zνz )p(zνz ) .

Substituting p(z) for its average value p̄ and taking the
mean value of p̄u = (1/ ) 0 pu(z) dz lead to

p̄u ∼= iωρ0

εFv

Yh
2πR0

nzYhZC

nzYhZC − 1
− 1

· 1
nz

νz=1 0
G z, zνz dz p̄ (20)

and then, noting that the mean value of the Green’s func-
tion is equal to −1/ χ2 ,

p̄u ∼= iωρ0

2πR0ε Fvχ2

p̄

1/Yh − nzZC
. (21)

Equations (21) and (13) show that p̄u and p̄ξ are propor-
tional to p̄ and ξ̄ respectively, implying that p̄ = p̄u + p̄ξ is
a linear combination of p̄ and ξ̄, the mean displacement
of the membrane ξ̄ being itself a linear combination of
p̄ and pπ . This allows expressing readily the sought-after
mean displacement field ξ̄ of ξ(z) (Equation 5) along the
z-axis as a function of the equivalent piezoelectric pressure
source pπ ,

ξ̄ ∼= pπ

 MSω
2

sin(K )
K + [1−cos(K )]2

K sin(K ) − 1
+ iωZrad (22)

+
sE

∗
11 tm

sE∗R2
+

ω2ρ0

ε χ2Fv − iωρ0
2πR0(1/Yh−nzZC )

−1

.

Finally, accounting for the expression of this function pπ
as a function of the input voltage Vr (Equation 3), the ra-
diated acoustic pressure prad (Equation 1) is readily ex-
pressed as a function of the variable r, the input voltage
Vr, and known parameters.

Figure 3 shows the theoretical magnitude and the phase
of the emitted pressure at r = 45 mm in the frequency
range (3 kHz, 70 kHz) for the physical (available) and
geometrical (of interest) parameters given in Table I and
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Table I. Values of the physical and geometrical parameters of the transducer.

Parameter Symbol Value [units]

Inner radius of the back cavity RC0 15 [mm]
Outer radius of the back cavity RC 19 [mm]
Inner radius of the air-gap R0 19.9 [mm]
Outer radius of the air-gap R 20 [mm]
Height of the membrane 8 [mm]
Radius of the holes RH 1 [mm]
Membrane thickness tm 25 [µm]
Membrane density ρm 1800 [kg/m3]
Piezoelectric coefficient d31 -15 ×10−12 [C/N]
Piezoelectric coefficient d32 -3 ×10−12 [C/N]
Compliance coefficient sE11 2.25 ×10−10 [m2/N]
Compliance coefficient sE12 -1.25 ×10−10 [m2/N]
Mechanical damping tan (δm) 0.10 [−]
Permittivity εT33 1.06 ×10−10 [F/m]
Tension Tz 8 [N/m]
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Figure 3. Magnitude (upper graph) [dB(SPL)] and phase (bot-
tom graph) [rad] of the acoustic pressure radiated as a function
of frequency [kHz] (Equations 1 and 22). Solid line: 12 holes.
Dashed-line: 25 holes.

for air parameters under standard conditions, the value
of the supplied peak voltage Vr being real and equal
to 3 volts. The solid line corresponds to the back-plate
with 12 holes and the dashed-line to the back-plate with
25 holes, both sets of the holes being regularly distributed
at the abscissa z = /2. The first maximum of pressure
amplitude corresponds to the first resonance of the loaded
membrane and the following anti-resonance corresponds
approximately to the first radial resonance of the back-
ing cavity. The general shapes of these curves is coher-
ent with those given for a transducer without back-plate in
Reference [1] (see Figure 7), and the frequency bandwidth
(14 kHz, 16 kHz) for 12 holes and (20 kHz, 22 kHz) for
25 holes are suitable for typical applications (e.g. [2]). The
presence of a perforated back-plate adds significant flexi-
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Figure 4. Magnitude (upper graph) [dB re. 1 V/Pa] and phase
(bottom graph) [rad] of the sensitivity of the receiver (with 25
holes) as a function of frequency [kHz] (Equation 23).

bility when designing such kind of transducer, because it
allows to adjust both the thermo-viscous damping and the
frequency range by fitting the geometry and/or the dimen-
sions of the holes and the air-gap, the external dimensions
(length and radius) being otherwise imposed in practice.
For example, in Figure 3, the abscissa of the maxima of
the curves depends significantly on the number of holes.

Finally, it is worth noting that the transducer could be
used alternately as an emitter and alternately as a receiver.
When considering the transducer as a receiver, the quantity
of interest is the sensitivity η, ratio of the output voltage
and the incident pressure pinc[4, chapter 11],

η ∼= tm/R

d31 − εT33s
E
11/d31

ξ̄

pinc
, (23)
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which is expressed from using Equation (22), pπ being re-
placed by pinc.

This expression leads to the expected classical be-
haviour of the magnitude of the sensitivity (dB re. 1 V/Pa)
and the phase (rad) display in Figure 4, in the frequency
range (1 kHz, 40 kHz), with twenty five holes, the res-
onance occurring at the same frequency as in Figure 3
(21 kHz), and the sensitivity being constant in the lower
frequency range (below 1 kHz).
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