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a b s t r a c t
An analytical representation, which involves single integrals, is established for describing the shape of
small acoustic elements (slits or tubes) more or less tapered (the shape being governed by only one
parameter). This representation includes the ability to create a zero slope (horizontal) at one end and
an inﬁnite one (vertical) at the other end, the limiting shapes being small cylindrical tubes or cavities.
Then, the results obtained from the analytic procedure presented in a previous paper (Honzík et al.,
2013), whereby one expresses the transfer function of such elements ﬁlled with a thermo-viscous ﬂuid
and, beyond, the transfer function of components obtained when connecting them continuously, are presented and compared to numerical and experimental results. Two prototype components gradually narrowing and widening, and conversely, are considered, namely a convergent–divergent nozzle which
makes a symmetric hourglass-shape and the opposite divergent–convergent device, with different loads
that end the device. The results show the potentialities of such small components when used in acoustic
devices.
Ó 2015 Elsevier Ltd. All rights reserved.

1. Introduction
In recent years, much efforts has been put into miniaturizing
acoustic elements (such as tubes, slits, and cavities) used in acoustic devices (typically small ﬁlters), in order to reduce the sizes of
these devices and to lower their manufacturing cost (MEMS
devices are more particularly concerned). Most of the analytical
and numerical works on the behavior of the acoustic devices which
are made up of these elements deal primarily with (i) the description of input impedances or transfer functions which account for
the coupling between elements (most often through the behavior
of adapted lumped element circuits), (ii) the modeling of the dissipative effects of tubes and slits, (iii) the modeling of the effect of
both the inertia of ﬂuid in small guides and the stiffness of ﬂuid
in cavities [1–12]. In these devices, the dissipation can be controlled by the transverses dimensions of the slits or the tubes,
and the resonances can be controlled by the volume of the cavities,
both being also controlled by the lengths of the slit or the tubes.
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Although these small scale devices have been extensively
studied because they are of practical interest today, the proﬁles
of the input impedances or transfer functions, as functions of
the frequency, especially when resonances occur, are always
difﬁcult to handle when dissipation and resonance frequencies
are settled. One route to handle these shapes is the use of tapered
tubes, slits and cavities, instead of the non-tapered elements
mentioned above. Being concerned by such tapered elements, an
accurate method (among others) to solve approximately the
one-dimensional analytical problem has been published recently
(see [11] and references contained therein): it relies on representation which enables analytical estimates in the long wavelength
range, through a global transfer matrix for each element, using
the formal solution provided by the Volterra integral equation.
In order to be able both to create analytically a quite vast range
of shapes of varying cross-sectional area of the acoustic elements,
including the ability to create a zero slope (horizontal) at one end
and an inﬁnite one (vertical) at the other end, and to associate continuously theses elements (avoiding gaps of the shape and of the
slope between successive elements), a speciﬁc formulation is used
here. This formulation relies on an integral representation of both
the axial coordinate and the radius (or the thickness) of the element considered. This formulation depends on only one more
parameter than for the classical non tapered elements, namely
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the slope of the radius or of the thickness at one end for a given
length of the element, the other parameters being approximately
ﬁxed as mentioned above by dissipation and resonance frequencies
looked for.
The analytical procedure which leads to describe the geometry
of the tapered tubes considered herein, involving single integrals,
is proposed in the next section. Then in the following section, the
procedure to obtain the transfer matrix of each tapered element
and of the whole component made up of such connected elements,
ﬁlled with thermo-viscous ﬂuid, is given from using the analytical
model presented previously in the literature [11]. Numerical and
experimental results are presented and compared to the analytical
ones, for these components made up of tubes tapered (gradually
narrowing or widening) or not. Two prototype components are
considered, a convergent–divergent nozzle making a symmetric
hourglass-shape and the opposite divergent–convergent device,
both made by taking two copies of a shape wide at one end that
narrows to the other end and connecting them symmetrically by
the narrow end and the wide end respectively (Fig. 4). The results
obtained show the potentialities of such small components, with
different loads that end them.

R, and the angle of the tangent of the curve with the x-axis is
denoted b. At the ends of the curve, respectively w ¼ 0 and w ¼ 1
for conﬁgurations (a) and (b) or reversely for conﬁgurations (c)
and (d) (see below), the coordinate x is given by x ¼ L respectively x ¼ 0, the coordinate r is given by RðLÞ respectively Rð0Þ
with jRðLÞ  Rð0Þj ¼ H, and the angle b is either vanishing or
denoted b0 . Starting from the approach given above (Eqs. (1) and
(2)), different kinds of tapered tubes can be modeled in the plane
ðR; xÞ, depending on the change of variables chosen. The four cases
which are useful are presented in Fig. 2. They correspond respectively to the following relationships, where U; V, and E are deﬁned
as

U ¼ uð1Þ ¼

Z

1

cos ðh0 t a Þdt;

0

V ¼ v ð1Þ ¼

Z

1

sin ðh0 t a Þdt;

0

E¼

UH
:
L V

ð3Þ

(a) divergent tube with horizontal slope on the left x ¼ L
(Fig. 2a)

x ¼ ðu  UÞL=U;

RðxÞ ¼ RðLÞ þ v H=V;

tanðbÞ ¼ E tan ðh0 wa Þ;
2. Formulation used to describe shapes of tapered axisymmetric
acoustic elements
The structures considered below are two dimensional axisymmetric tapered tubes (tapered slits can be treated in the same manner). The basic proﬁle in the plane ðu; v Þ shown in Fig. 1, from
which the analytical shapes of the tapered tubes considered below
are expressed, is represented by a curve starting from the coordinate ðu ¼ 0; v ¼ 0Þ with a vanishing slope, the normalized curvilinear coordinate along the curve being denoted w ½w 2 ð0; 1Þ. At the
end of the curve ðw ¼ 1Þ, the angle h of the tangent of the curve
with the u-axis is given by h ¼ h0 . It is noteworthy that herein
h < h0 < p=2, the value h0 ¼ 0 corresponding to a cylindrical tube
and h0 ¼ p=2 to a tapered tube with an inﬁnite slope at its end
(which is important in the present modeling). The analytical procedure whereby one expresses the shape of such curves could rely on
the following expressions, a being a free parameter:

(

uðwÞ ¼

v ðwÞ ¼

Rw
R0w
0

cos ðh0 t a Þdt;
a

sin ðh0 t Þdt:

ð1Þ

ð4Þ

(b) convergent tube with horizontal slope on the left x ¼ L
(Fig. 2b)

x ¼ ðu  UÞL=U;

RðxÞ ¼ RðLÞ  v H=V;

tanðbÞ ¼ E tan ðh0 wa Þ;

ð5Þ

(c) tube with horizontal slope on the right x ¼ 0 (widest end)
(Fig. 2c)

x ¼ uL=U;

RðxÞ ¼ Rð0Þ  v H=V;

tanðbÞ ¼ E tan ðh0 wa Þ;
ð6Þ

(d) tube with horizontal slope on the right x ¼ 0 (narrowest
end) (Fig. 2d)

x ¼ uL=U;

RðxÞ ¼ Rð0Þ þ v H=V;

tanðbÞ ¼ E tan ðh0 wa Þ:
ð7Þ

(a)

(b)

(c)

(d)

These expressions give the following expected properties:

(

2

2

2

ðduÞ þ ðdv Þ ¼ ðdwÞ ;
tanðhÞ ¼ dv =du ¼ tanðh0 t a Þ ) h ¼ wa h0 :

ð2Þ

Note that this representation has been inspired by the
well-known curve called clothoid or Cornu’s spiral, which corresponds to a ¼ 2.
For the two dimensional axisymmetric tapered tubes considered below, the axial coordinate is denoted x, the radial coordinate
Fig. 2. Different kind of tapered tubes which can be modeled in the plane ðR; xÞ.

Fig. 1. Basic proﬁle in the plane ðu; v Þ from which the analytical shapes of the
tapered tubes are expressed.

Fig. 3. Example of device involving several conﬁgurations of tapered tubes.
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An example of device which can be made up of several conﬁgurations of tapered tubes is presented in Fig. 3, for given values of
the parameters h0 and a, showing that the notations on the x-axis
are deﬁned for each tapered element. Note that a quite vast range
of shapes can be created (even those having a horizontal slope at
one end and vertical one at the other end).
3. Analytical results and comparison with numerical and
experimental results
The remaining of the paper presents: (i) the analytical results
obtained from using a method which provides a global transfer
matrix for each tapered tube whose elements are given either in
classical textbooks (cylindrical tubes) [3] or in a previous paper
(tapered tubes) [11], (ii) comparisons with results obtained from
numerical implementation which relies on a 2-D axisymmetrical
simulations using an adaptive mesh and accounting for the viscous
and thermal boundary layer effects [13], (iii) comparisons with
experimental results obtained from a classical experimental
set-up.

In the examples chosen hereafter the component is either a convergent–divergent nozzle making a symmetric hourglass-shape or
the opposite divergent–convergent component. The loads that end
the component considered are of different natures: closed cavity or
isothermal rigid wall. The analytical and numerical results are then
calculated using the physical parameters of the thermo-viscous
ﬂuid (air in this case) given in Table 1.
Two classes of components considered below are shown in
Fig. 4. They have a lower value (0.5 mm) and an upper value
(3 mm) of the radius, a given total length (12 mm), and two values
of the parameter a (a ¼ 0:5 and a ¼ 10), the associated rectangular
shape (a ! 1) being given. For each value of the parameter a,
Fig. 4a represents a convergent–divergent nozzle making a symmetric hourglass-shape and Fig. 4b represents the opposite divergent–convergent component. Both these components can be
made by taking two copies of a shape wide at one end that narrows
to the other end and connecting them symmetrically by the narrow
end and the wide end respectively (see photographs in Fig. 10 in
the Section 3.2).
The theoretical results for the divergent–convergent component
(Fig. 4b) for three conﬁgurations (two values of the parameter
a : a ¼ 0:5 and a ¼ 10 and the associated rectangular shape)

3.1. Analytical and numerical results
Table 1
Parameters of the thermo-viscous ﬂuid [15].
Parameter

Value

Unit

Static pressure P 0
Static temperature T 0
Relative humidity RH
Density q0
Adiabatic speed of sound c0
Shear dynamic viscosity l

101325
296.15
50
1.180
345.9
1:830  105

Pa
K
%
kg m3
m s1
Pa s

Bulk dynamic viscosity g

1:098  105

Pa s

Thermal conductivity kh

24:40  103
1.400

W m1 K1

Ratio of speciﬁc heats c
Speciﬁc heat coefﬁcient at constant
pressure per unit of mass C P

R(x) [mm]

(a)

5
4

–
J kg1 K1

1:010  103

rectangular
α = 10
α = 0.5

3
2
1
0
−12

−10

−8

−6

−4

−2

0

−4

−2

0

x [mm]

(b)
R(x) [mm]

The analytical methodology used in a previous paper [11], mentioned above, to solve the 1-D propagation equation (see appendix
Eq. (A.1)) for each tapered tube, which accounts for the effects of
the viscous and thermal boundary layers, relies on an adapted
change of variable to remove the ﬁrst order spatial derivative, then
on the associated Volterra integral equation, and ﬁnally on a perturbation method (for wavelengths much greater than the length
of the components), in the frame of a transfer matrix method
(see Appendix).
Therefore, the acoustic behavior of the component is described
in each part (each element) by a transfer matrix (two successive
parts being separated by the change of curvature or by the maximum or minimum of the curve given by the longitudinal cut of
the component), leading to a global transfer matrix for the component as a whole then to the results of interest (pressure transfer
function or input impedance). Note that the geometrical discontinuities between narrow tubes and cavities, when they exist, are
accounted for by introducing in the formalism the usual equivalent, additional mass [3].
The numerical implementation (FEM) handled herein, against
which the approximate analytical results can be tested, relies on
2-D axisymmetrical simulation using an adaptive mesh and
accounting for the viscous and thermal boundary layer effects
[13]. The linear formulation used to perform the numerical modeling is based upon two coupled equations involving the particle
velocity v and the temperature variation s (the acoustic pressure
p being expressed in terms of these two variables) [14]. These
two variables are subject to Dirichlet conditions on the rigid
isothermal boundaries (v ¼ 0; s ¼ 0). A time-periodic source set
at the entrance is a virtual adiabatic (@ n s ¼ 0) source described
by its normal velocity [11,13,15]. This velocity is non-uniformly
distributed over the section of the component: it has the same proﬁle as the analytically calculated particle velocity (which accounts
for the viscous boundary layers) over the diameter of the tube
(which is the same as the one of the component entrance). Note
that such proﬁle of the input particle velocity vanishes at the wall
of the component in order to avoid discontinuities of the particle
velocity on the rigid boundaries that must satisfy the non-slip condition [11,15]. The results for the pressure transfer function and
input impedance obtained from the numerical model have been
calculated using mean quantities over cross-section at the input
or output of the component.

5
4

rectangular
α = 10
α = 0.5

3
2
1
0
−12

−10

−8

−6

x [mm]
Fig. 4. (a) Convergent–divergent components and (b) divergent–convergent components whose shape depends on the value of the parameter a.
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(a)

20

|TF| [dB]

0

|TF| [dB]

(a)

10
0
−10

2

3

10

10

frequency [Hz]

(b)
0
Analytic rectangular
Analytic α=10
Analytic α=0.5
Numeric rectangular
Numeric α=10
Numeric α=0.5

−pi/2

−pi
2

3

10

10

frequency [Hz]
Fig. 6. (a) Amplitude (dB) and (b) phase (rad) of the pressure transfer function of
the C–D component, both as function of the frequency (logarithmic scale)
respectively in the interval (100 Hz, 7 kHz).

Table 2
Impact of small variations of the parameter a on the maximum of the transfer
function and the Q-factor.
Variation of a

a

Var. of max(jTFj)

Var. of Q-factor

D–C

C–D

D–C

C–D

0.5

+1%
1%
+5%
5%

0.014 dB
+0.014 dB
0.069 dB
+0.071 dB

0.016 dB
+0.016 dB
0.077 dB
+0.079 dB

0.19%
+0.16%
0.83%
+0.85%

0.18%
+0.17%
0.84%
+0.87%

10

+1%
1%
+5%
5%

0.007 dB
+0.007 dB
0.033 dB
+0.037 dB

0.008 dB
+0.007 dB
0.036 dB
+0.039 dB

0.11%
+0.10%
0.41%
+0.46%

0.08%
+0.10%
0.43%
+0.46%

Fig. 7 shows the shapes of the divergent–convergent resonator
considered here for three conﬁgurations: two values of the parameter a (a ¼ 0:5 and a ¼ 10) and the associated rectangular shape.
The lower and upper values of the radius are respectively equal
to 0.5 mm and 3 mm, and the lengths of the two parts of the component are respectively equal to 3 mm and 6 mm (total length
being 9 mm). The load that ends the component is an isothermal
rigid wall. This time the input impedance as function of the frequency (logarithmic scale) is shown in Fig. 8. Once more, as
expected, these curves show clearly that the inﬂuence of the value
of the parameter a could have a decisive inﬂuence: without

−20

5
2

10

4

frequency [Hz]
R(x) [mm]

(b)
0
Analytic rectangular
Analytic α=10
Analytic α=0.5
Numeric rectangular
Numeric α=10
Numeric α=0.5

−pi/2
−pi
−3pi/2
−2pi
2

10

rectangular
α = 10
α = 0.5

3

10

phase (TF) [rad]

20

−20

phase (TF) [rad]

loaded by a rigid walled cylindrical cavity, radius 4 mm and depth
4 mm, are shown ﬁrst. Fig. 5a and b show respectively the amplitudes (dB) and phases (rad) of the pressure transfer function
between the input of the component and the bottom (the end) of
the cavity, both as function of the frequency (logarithmic scale)
respectively in the interval (100 Hz, 7 kHz). In each ﬁgure (and
for all theoretical results presented below) the dashed line, the
dashed-dotted line, and the full line represent the analytical
results, respectively for the rectangular component, for a ¼ 10,
and for a ¼ 0:5, and the dots, the crosses ‘+’ and ‘’ marks represent the numerical values for the same shapes respectively.
Generally, good agreement between the analytical and numerical
results is observed (maximal difference at 1st resonance is 1.9 dB
for a ¼ 10 and 0.8 dB for a ¼ 0:5, see the end of Section 3.2 for
explanation about the discrepancies between analytical and
numerical results). The curves show clearly that the value of the
parameter a could have a decisive inﬂuence: without modifying
signiﬁcantly the Q-factor (Q 2 f7; 12g) and the amplitude of the
resonances (max jTFj 2 f18 dB; 23 dBg), the resonant frequency
can be importantly translated (here for Example 670 Hz in the frequency range 1080–1750 Hz).
The convergent–divergent nozzle (Fig. 4a) considered below for
three conﬁgurations (a ¼ 0:5 and a ¼ 10, and the associated rectangular shape), is the opposite of the divergent–convergent component considered above (with the same dimensions). The load
that ends the component is an isothermal rigid wall. Fig. 6a and
b show respectively the amplitudes (dB) and phases (rad) of the
pressure transfer function between the input and the end of the
component, both as function of the frequency (logarithmic scale)
in the interval (100 Hz, 7 kHz). Good agreement between analytical
and numerical results can be observed, the maximal difference at
1st resonance is 3 dB for a ¼ 10 and 3.8 dB for a ¼ 0:5, both being
caused by a small shift in resonant frequency. Once more, these
curves show clearly that the value of the parameter a could have
a decisive inﬂuence: without modifying signiﬁcantly the Q-factor
(Q 2 f9; 16g) and the amplitude of the resonances (max jTFj 2
f19 dB; 24 dBg), the resonant frequency can be importantly translated (here 1600 Hz in the frequency range 1900–3500 Hz).
In practical applications some uncertainties of geometrical
parameters, including the parameter a, occur. Table 2 shows that
the impact of the small change of a (±1% and ±5%) on the variation
of the maximum of the transfer function (1st resonance) and of the
Q-factor for D–C and C–D components is small for given
dimensions.

3
2
1

3

0

10

frequency [Hz]

−9

−8

−7

−6

−5

−4

−3

−2

−1

0

x [mm]
Fig. 5. (a) Amplitude (dB) and (b) phase (rad) of the pressure transfer function of
the D–C component, both as function of the frequency (logarithmic scale)
respectively in the interval (100 Hz, 7 kHz).

Fig. 7. Divergent–convergent resonators with several shapes and an isothermal
rigid wall at the end.
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(a)
−3

|Zin| [Pa s m ]

10

10

8

10

6

10

2

3

10

10

4

10

frequency [Hz]
pi/2

Analytic rectangular
Analytic α=10
Analytic α=0.5
Numeric rectangular
Numeric α=10
Numeric α=0.5

in

phase (Z ) [rad]

(b)
0
−pi/2
2

10

3

10

4

10

frequency [Hz]
Fig. 8. (a) Modulus (Pa s m3) and (b) phase (rad) of the input impedance of the D–
C resonator, both as function of the frequency (logarithmic scale) respectively in the
interval (100 Hz, 10 kHz).

modifying drastically the depth of the minimum of the amplitude

The experimental results given below have been measured
using the measurement set-up presented in Fig. 9. The measured
component consists of two symmetrical parts, the photograph of
one half of the component is shown in Fig. 10a (a ¼ 0:5) and 10b
(rectangular shape). The lower and upper values of the radius are
here respectively equal to 1 mm and 10 mm and the lengths of
the two parts of the component are both equal to 10 mm (total
length of the component is 20 mm). The load that end the component is a rigid walled cavity of radius 6.6 mm and depth 9 mm.
Fig. 11a and b show respectively the amplitudes (dB) and
phases (rad) of the pressure transfer function between the input
of the D–C component and the bottom (the end) of the cavity, both
as function of the frequency (logarithmic scale) in the interval
(100 Hz, 3000 Hz). In each ﬁgure the gray dashed line and the gray
full line represent the analytical results, respectively for the rectangular component and for a ¼ 0:5, the black dashed line and the
black full line represent the experimental results for the same
shapes respectively and the numerical results (the ‘’ marks for

(a) 40
|TF| [dB]

3.2. Experimental results

Fig. 10. Photograph of one half of the experimental components before assembly:
(a) a ¼ 0:5, (b) rectangular shape.

20
0
−20
−40
2
10

3

10

frequency [Hz]
(b)
phase (TF) [rad]

(min jZ in j 2 f2:7  106 Pa s m3, 7  106 Pa s m3) and the shape of
the curve, the resonant frequencies can be importantly translated
(here 1500 Hz in the frequency range 2000–3500 Hz). Note that,
in terms of lumped equivalent circuit associated with this resonator, the dissipative and inertial effects are lowered while the
stiffness is enhanced when a ¼ 0:5 (compared with the other values of a presented), which leads to a higher resonant frequency.

0
−pi/2
−pi
−3pi/2
−2pi
2
10

Analytic rectangular
Analytic α=0.5
Measured rectangular
Measured α=0.5
Numerical rectangular
Numerical α=0.5
3

10

frequency [Hz]
Fig. 11. (a) Amplitude (dB) and (b) phase (rad) of the experimental (black full lines
for a ¼ 0:5 and black dashed lines for rectangular shape), analytical (gray full lines
for a ¼ 0:5 and gray dashed lines for rectangular shape) and numerical (black points
for a ¼ 0:5 and ‘’ marks for rectangular shape) pressure transfer function of the D–
C component as function of the frequency (logarithmic scale) respectively in the
interval (100 Hz, 3 kHz).

a ¼ 0:5 and the ‘+’ marks for the rectangular shape) are presented

Fig. 9. Experimental set-up for the pressure transfer function measurement.

as well. The curves show very good agreement between the analytical and the experimental results, thereby supporting analytical
results, namely the fact that the value of the parameter could have
a decisive inﬂuence on the resonant frequency, without modifying
signiﬁcantly the Q-factor and the amplitude of the resonances. The
discrepancies between the experimental and the analytical results
could be explained by the limited precision in the fabrication and
by the approximation made in the analytical calculations including
the underestimating of the damping on the geometrical
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|TF| [dB]

(a)

be of interest in devices made up of these components when
matching a given pattern is hoped).

30
20
10

Acknowledgements

0
−10
−20
2
10

3

10

The authors are very grateful to the reviewer for their detailed
comments which helped them to improve the paper.

frequency [Hz]
phase (TF) [rad]

(b)

Appendix A. The tapered tube [11]
0
−pi/2
−pi
−3pi/2
2
10

Analytic rectangular
Analytic α=0.5
Measured rectangular
Measured α=0.5
Numerical rectangular
Numerical α=0.5
3

10

frequency [Hz]
Fig. 12. (a) Amplitude (dB) and (b) phase (rad) of the experimental (black full lines
for a ¼ 0:5 and black dashed lines for rectangular shape), analytical (gray full lines
for a ¼ 0:5 and gray dashed lines for rectangular shape) and numerical (black points
for a ¼ 0:5 and ‘’ marks for rectangular shape) pressure transfer function of the C–
D component as function of the frequency (logarithmic scale) respectively in the
interval (100 Hz, 2.1 kHz).

discontinuities at the input and at the output of the component.
The discrepancies between the numerical and the analytical results
could be explained by the fact that the geometrical discontinuity at
the input of the component is not taken into account in the numerical model, while being approximated by an added mass (which
leads to lower resonance frequency) in the analytical model.
Fig. 12a and b show respectively the amplitudes (dB) and
phases (rad) of the pressure transfer function between the input
and the end of the C–D component (symmetric hour-glass shape),
both as function of the frequency (logarithmic scale) in the interval
(100 Hz, 2100 Hz). This time the 1/2 in. microphone (see Fig. 9) has
been pushed into the cavity so that the microphone membrane
forms the end of the C–D component which, for simplicity, is
assumed to be rigid and isothermal. As in the previous case
(Fig. 11) in each ﬁgure the gray dashed line and the gray full line
represent the analytical results, respectively for the rectangular
component and for a ¼ 0:5, the black dashed line and the black full
line represent the experimental results for the same shapes respectively and the numerical results (the ‘’ marks for a ¼ 0:5 and the
‘+’ marks for the rectangular shape) are presented as well. Apart
from the discrepancies which are similar to the ones observed in
Fig. 11, the comparison shows that the numerical result for
a ¼ 0:5 estimates better the position of the resonance frequency
than the analytical one. This can be explained by the fact that
one of the assumptions made in the analytical solution, the uniformity of the acoustic pressure on the cross-section of the component, is no longer valid when the input diameter is so large (thus
showing the limitation of the analytical method) and also by the
fact that for C–D component the experimental result is more inﬂuenced by the uncertainty of the position of the input of the probe
microphone at the input of the component.
4. Conclusion
In conclusion, the results obtained show the potentialities of
both the unique analytical representation of small components
whose the diameter depends on the axial coordinate (the shape
being governed by only three parameters in each element), which
is well adapted when designing such components for given applications, and the decisive inﬂuence of the value of these parameters
on the behavior of these small acoustic components (which could

The appropriate wave equation is the one-dimensional
Webster’s horn equation which governs the pressure variation,
assumed herein to be driven by a uniform acoustic pressure pð0Þ
at the input x ¼ 0 of the horn. It is expressed as follows (@ x standing
for @=@x):

h

i
2
@ 2xx þ rðxÞ@ x þ k0 f ðxÞ pðxÞ ¼ 0;

ðA:1Þ

where

rðxÞ ¼ @ x GðxÞ=GðxÞ;

ðA:2Þ

GðxÞ depending on the cross-sectional area of the horn and on the
series impedance per unit length (related to the viscous boundary
layer effects), and where
2

2

k ðxÞ ¼ k0 f ðxÞ

ðA:3Þ
2
k0

is the complex wavenumber with
¼ x=c0 , the thermo-viscous
effects being covered by the function f ðxÞ, which accounts for the
angular frequency x of the ﬁeld and the properties of the ﬂuid,
namely the compressibility v0 and the density q0 through the adiabatic speed of sound c0 , the heat capacity at constant pressure
per unit of mass C P , the speciﬁc heat ratio c, the shear viscosity coefﬁcient l, and the thermal conduction coefﬁcient kh .
Given the following change of variable

x!n¼

Z

x

½Gð0Þ=Gðx0 Þ dx0 ;

ðA:4Þ

0

the ﬁrst spatial derivative (Eq. (A.1)) can readily be removed, and
what results is:

h

i
2
@ 2nn þ k0 /ðnÞ pðnÞ ¼ 0;

ðA:5Þ

where

/ðnÞ ¼ G20 ðxÞf ðxÞ;

ðA:6Þ

with G0 ðxÞ ¼ GðxÞ=Gð0Þ. Note that the change of variable (Eq. (A.4))
can be written herein as:

nðwÞ ¼ e

L
U

Z
0

w

F v ð0ÞR2 ð0Þ
F v ðtÞR2 ðtÞ

cos ðh0 ta Þ dt;

ðA:7Þ

where e ¼ þ1 when using Eqs. (4) and (5) and e ¼ 1 when using
Eqs. (6) and (7) and where F v accounts for the effects of the viscous
boundary layer [11]. This last expression is readily derived from
using the expression of GðxÞ ¼ F v ðxÞSðxÞ [11, Eq. (6)] and the expressions (4)–(7) along with Eq. (1) for the integration variable x0 , leading to dx0 ¼ e UL cos ðh0 t a Þ dt. The analytical solution of the Helmholtz
Eq. (A.5) can be formally expressed from using the following equivalent couple of equations

(

2

@ n qðnÞ þ k0 /ðnÞ pðnÞ ¼ 0;
@ n pðnÞ ¼ qðnÞ:

ðA:8Þ

The quantity q may be thought of as proportional to the complex amplitude of the time rate at which volume of ﬂuid is being
added to the medium per unit of time through the unit surface,
namely the volume velocity ﬁeld UðxÞ.
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By integration over the interval ð0; nÞ, and integrating the second equation by part, this couple of equation leads readily to the
Volterra integral equations:

(

2

@ n pðnÞ ¼ @ n pð0Þ  k0

Rn

/ðfÞ pðfÞ df;
2 Rn
pðnÞ ¼ pð0Þ þ @ n pð0Þ n  k0 0 ðn  fÞ /ðfÞ pðfÞ df:
0

ðA:9Þ

The order of magnitude of the last term in the right hand side of
this equation is given by the square of the ratio of the length of the
2

horn and the wavelength, i.e. ½k0 ‘=ð2pÞ . Then, assuming the
hypotheses presented above in Section 3.1, this term is assumed
to be much lower than the zero order pressure linear proﬁle
(denoted p0 )

p0 ðnÞ ¼ pð0Þ þ @ n pð0Þ n:

ðA:10Þ

It follows that the Born approximation of Eq. (A.9) leads to the
ﬁrst order solution

Z n
2
p1 ðnÞ ¼ pð0Þ þ @ n pð0Þ n  k0
ðn  fÞ /ðfÞp0 ðfÞ df;
0
Z n
2
/ðfÞp0 ðfÞ df:
@ n p1 ðnÞ ¼ @ n pð0Þ  k0

ðA:11Þ

0

Then, from this equation the transfer matrix of the acoustic element
is obtained easily.
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