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Abstract
Investigating accurately the acoustic behaviour of small fluid-filled cavities and ducts and their
association is a problem of persistent importance, because nowadays both experimental
investigations and theoretical modelling must provide results of increasingly higher precision.
The motivation here is provided mainly by the acoustic measurement tools used for both the
calibration of microphones and the artificial ear (IEC 60318-1). Both improved analytical
models of small acoustic components (small tubes and slits), which account for the effects of the
viscous and thermal boundary layers accurately in the frequency range of interest (20 Hz to
20 kHz), and experimental characterization of their input impedances (with a relative uncertainty
of the order of magnitude of 10−2 ) have been proposed recently (Rodrigues et al 2008 J. Sound
Vib. 315 890–910). Existing analytical procedures for coupled components suffer from strong
approximations at the interfaces between narrow tubes and slits or other elements as well as the
open space. A dedicated numerical model can be used in order to investigate accurately the
acoustic field at these interfaces. The numerical model presented in the paper relies on a suitable
linear exact formulation, based upon two coupled equations involving particle velocity and
temperature variation (Joly 2010 Acta Acust. United Acust. 96 102–14) and utilizes an adaptive
anisotropic meshing technique to model correctly the strong variations which occur around the
geometrical discontinuities and inside the boundary layers. Application to a 2D axisymmetrical
device (annular slit ending in an aperture in an infinite screen) is considered to present the ability
of the method. Acoustic pressure, temperature variation and particle velocity distributions
inside and around the end of the slit are depicted, and the input acoustic admittance of the slit
obtained numerically is compared with both experimental and analytical results available.
(Some figures may appear in colour only in the online journal)

1. Introduction
Many devices and tools used for precise measurements in
acoustics (e.g. artificial ears, microphones miniaturized or
not, loudspeakers, etc) comprise small acoustic components,
0026-1394/12/010032+09$33.00

i.e. narrow slits or tubes and small cavities, which play
an important role in the behaviour of the devices due
to dissipative and reactive processes which take place in
these components. Investigating accurately the acoustic
behaviour of these small fluid-filled cavities and ducts, and
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their association, is a problem of persistent importance
because, nowadays, both experimental investigations and
theoretical modelling must provide results of increasingly
higher precision. The motivation here is provided mainly by
the acoustic measurement tools used for both the calibration
of microphones and the artificial ear (IEC 60318-1 [1]).
Thanks to the compatible shapes of these widely used
small acoustic components, the acoustic fields inside them
can be expressed analytically (as reported in many textbooks,
see for example [2]). Improved analytical models of small
acoustic components (more particularly small tubes and slits in
the artificial ear), which account for the effects of both viscous
and thermal boundary layers accurately in the frequency range
of interest (20 Hz to 20 kHz), have been proposed recently
[3]. Here, it is worth noting that the dimensions of interest
(thickness or radius) usually have the same order of magnitude
as the boundary layer thicknessess (the thicknesses of the
boundary layers in air vary approximately from 500 µm at
20 Hz to 15 µm at 20 kHz), so the effects of the shear viscosity
and the thermal conduction must be modelled with high
accuracy. In addition, experimental characterization of the
input impedances of small acoustic components (small tubes
and slits), with a relative uncertainty of the order of magnitude
of 10−2 , are given in the same paper [3]. Very accurate results
are shown for a narrow annular slit and a narrow tube opening
into a semi-infinite space (designed for this purpose).
Thus today, the narrow tubes and slits can be accurately
characterized (analytically and experimentally), for any
application. But the association of these elements, which
widely occurs in practical devices (including the IEC 60318-1
artificial ear), is not adequately modelled when high precision
is required because the analytical continuity conditions at the
interfaces between elements, available in the literature, assume
unsuitable approximations. In fact, the analytical formulations
of the acoustic fields inside small elements assume several
approximations: 1D lateral particle velocity profile, mean
values of the temperature variation and of the lateral particle
velocity across the narrow waveguide (tube or slit) and quasiplane wave approximation (uniformity of the pressure field
across the cross-section of the waveguide). These assumptions
hamper the accurate modelling of the interface conditions
when the cross-section of the tube or slit varies, especially
when geometrical discontinuities occur.
To overcome these difficulties, the fundamental exact
equations must be considered and handled numerically.
Numerical procedures, which involve the viscous and thermal
effects inside boundary layers (near rigid walls), have been
published recently (see [4, 5] and references contained therein).
But in order to describe the discontinuities between small
elements in a realistic manner, i.e. by accounting for the
rapid changes in the particle velocity and temperature profiles
which depend strongly on the viscous and thermal phenomena
(especially those occurring in the boundary layers), a
somewhat different approach is needed. The procedure which
can be used is that whereby one starts from basic exact
equations involving both the temperature variation and the
particle velocity, which are the appropriate variables to express
the usual boundary conditions (non-slip condition at and
Metrologia, 49 (2012) 32–40

isothermal behaviour of the walls) [6] and also to express the
strong effects around the corners.
This dedicated numerical procedure, which departs from
those used until now for the problems considered herein (small
components with geometrical discontinuities), is provided
in this paper to investigate accurately the acoustic field
at the discontinuous interfaces. It relies on the suitable
linear exact formulation mentioned above and utilizes an
adaptive anisotropic meshing technique to correctly model
the strong variations which occur around the geometrical
discontinuities and inside the boundary layers. Application to
a 2D axisymmetric device, namely an annular slit terminated
by an aperture in an infinite cylindrical screen opening
into a semi-infinite space (for which precise results are
available in [3]), is considered to assess the validity of the
method. Acoustic pressure, temperature variation, and particle
velocity distributions inside and around the end of the slit
are depicted, and the input acoustic admittance of the slit
obtained numerically is compared against both experimental
and analytical results available.

2. Basic equations for linear harmonic acoustics in a
thermoviscous fluid at rest
A linear formulation based upon two coupled equations
involving the particle velocity v and temperature variation τ
is used to perform the numerical modelling. Assumptions
take the thermoviscous fluid to be homogeneous, Stokesian
(viscous stress proportional to rate of strain, and heat
flux proportional to temperature gradient) and at rest (no
mean movement). Considering small harmonic acoustical
perturbations (the linear approximation remains valid) [2],
the linearized versions of the Navier–Stokes equation, the
conservation of mass equation and the Fourier equation for
heat conduction can be combined into the following set of
coupled equations for the complex (v , τ ) variables [6], given
that the time dependence is ejωt :

 2
c0
2
+ jωc0 v grad div v
−ω v −
γ
β̂
grad τ = 0,
ρ0
γ −1
jωτ − γ h c0 div grad τ +
ρ0 c02 div v = 0,
γ β̂
+jωc0 v rot rot v + jω

(1)

where v = ρ01c0 ( 43 µ + η), v = ρ0µc0 , h = ρ0 cλ0 CP are,
respectively, the viscous and thermal characteristic lengths
) is the increase in pressure per unit
of the fluid, β̂ = ( ∂P
∂T ρ
increase in temperature at constant density, the parameters
which specify the nature of the fluid being the density ρ0 ,
the adiabatic speed of sound c0 , the ratio of specific heats
γ , the shear µ and bulk η dynamic viscosities, the thermal
conductivity λ and the specific heat coefficient at constant
pressure per unit of mass CP . The other variables describing
the dynamic state of the fluid (density variation, pressure
variation, entropy variation) can then be expressed in terms of
variables (v , τ ) using the fundamental conservation and state
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equations. For instance, the acoustic pressure variation p is
expressed as
ρ0 c02
p = β̂τ −
(2)
div v .
jωγ
Moreover, the particle velocity and the temperature variation
are subject to Dirichlet conditions on the rigid and isothermal
boundaries (v = 0, τ = 0). The normal component of the
particle velocity distribution is given at the input of the system
(the source which provides energy). Neumann boundary
conditions (∂n v = 0, ∂n τ = 0) are satisfied by the temperature
variation and the particle velocity on a fictitious boundary in
the bulk of the fluid far from the open end of the component
(the slit) considered in order to express, respectively, an
adiabatic behaviour and a vanishing acoustic pressure (for
approximating the semi-infinite space, as explained hereafter).
The set of coupled equations (1) is discretized using
Galerkin finite elements, the same mesh interpolation being
used for particle velocity and temperature variation, as
described in [7]. Owing to the strong spatial variations in the
direction normal to the walls of the temperature variation and
of the particle velocity tangent to the wall, the distance between
the finite element nodes in this normal direction must be much
smaller than the boundary layer thicknesses. On the other
hand, in the bulk of the domain, namely outside the viscous
and thermal boundary layers, the acoustic field remains slowly
varying because its characteristic spatial length is the acoustic
wavelength, which is much greater than the boundary layer
thicknesses (by several orders of magnitude). The optimal
mesh must therefore be anisotropic (isoparametric quadratic
triangular elements are used). In such a multiscale problem the
mesh must be refined exactly where needed, which is in this
case a non-trivial task because the boundary layer thicknesses
are frequency dependent and because vortices may occur,
especially near the geometrical discontinuities at the end of the
small component considered. An adaptive meshing procedure
[8] is used to obtain a suitable mesh. The basic criterion for
mesh adapting is the minimization of the interpolation error
using the Hessian matrix (second derivatives of the modulus
of each variable (v , τ )), giving an anisotropic metric for the
mesh in an iterative procedure.

3. Axisymmetrical modelling of an annular slit
The small component considered is a narrow axisymmetric
annular slit terminating into an infinite cylindrical screen
opening into a semi-infinite space, as shown in figure 1. A
time-periodic source distribution set at the input of the slit
provides energy to the device. The dimensions considered here
for the slit are the same as those given in [3]: the inner and outer
radii are r1 = 4.650 mm and r2 = 8.533 mm, respectively
(the radial length of the slit is 3.883 mm), and the thickness is
h = 71.20 µm.
It is well known that the simplest way to model the
geometrical discontinuity at the outer end (at r2 ) of the narrow
slit is to assume that the first derivative with respect to r
of the radial component of the particle velocity vanishes
(Neumann condition ∂r vr = 0) and that its axial component
vanishes too (Dirichlet condition vz = 0). However, here,
this approximation is not accurate enough, since it omits the
34

Figure 1. Geometry of the annular slit.

Figure 2. Normalized geometry of the annular slit and description
of boundary conditions.

strong effects around the corners and sets the acoustic pressure
at the outer end of the slit p(r2 ) to zero, which is not realistic.
Figure 2 depicts a more accurate approximation for modelling
the acoustic field over the entire domain, namely the slit and the
semi-infinite space bounded by the cylinder of radius r2 . The
diffraction of the wave at the output of the slit is constructed
so as to satisfy given boundary conditions on the fictitious
surface (far from the end of the slit) of a finite domain having
rectangular cross-section as shown in figure 2. These boundary
conditions, which allow the approximation of free space
in the numerical modelling, include firstly the isothermal,
non-slip condition on the perfectly rigid cylindrical screen.
Secondly, the tangential components of the particle velocity
and the normal derivatives of both the normal components
of the particle velocity and the temperature variation vanish
on the fictitious surface. The dimensions of the rectangular
fictitious section are chosen as follows: height H = λ1 /2 and
depth r3 − r2 = λ1 /4, where λ1 is the acoustic wavelength
at 1 kHz (λ1 = 0.3459 m) (the dimensions of the domain
given in figure 2 are normalized so that r3 = 1). These
dimensions result from a compromise: a smaller rectangle
would cause difficulties in the lower frequency range, similar to
Metrologia, 49 (2012) 32–40
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Table 1. Parameters of the thermoviscous fluid.
Parameter

Value

Unit

Static pressure P0
Static temperature T0
Density ρ0
Adiabatic speed of sound c0
Shear dynamic viscosity µ
Bulk dynamic viscosity η
Thermal conductivity λ
Ratio of specific heats γ
Specific heat coefficient
at constant pressure
per unit of mass CP

101 325
296.15
1.180
345.9
1.830 × 10−5
1.098 × 10−5
24.40 × 10−3
1.400
1.010 × 103

Pa
K
kg m−3
m s−1
Pa s
Pa s
W m−1 K−1
—
J kg−1 K−1

4

2.5

x 10

Figure 3. Profile of the velocity prescribed on the input of the slit.

1kHz

2

(3)
where hp = (h/2 − δv )(1 + sgn(h/2 − δv ))/2, h being the
ν
thickness of the slit and δv =
the viscous boundary
πf
layer thickness (ν is the shear kinematic viscosity coefficient
of the fluid and f the frequency). The associated input volume
velocity is given by
wp = 2π r1

h
2

− h2

vrp (z) dz = 4πr1 v0

hp + h
.
3

(4)

4. Numerical computation and results
The physical parameters that specify the properties of the
fluid (in this case, air) are given in table 1. Note that
Metrologia, 49 (2012) 32–40

10kHz
Number of nodes

the ones already described, and a larger rectangle would require
extensively increasing the number of FEM nodes, which leads
(given the same available memory of the computing system,
and thus the same total number of nodes achievable) to a lower
number of nodes in the domain of interest (which includes
the boundary layers inside the slit) and consequently to less
accuracy in this domain.
The time-periodic source set at the input r1 of the slit is
a virtual source, with no tangential movement (vz = 0), and
adiabatic (∂n τ = 0) conditions described by its normal velocity
vrp (z) = vr (r1 , z), non-uniformly distributed along the z-axis
(uniformly distributed normal velocity along the z-axis would
cause discontinuities of the particle velocity on the boundaries
at z = h/2 and z = −h/2 that must satisfy the non-slip
condition). In order to fulfill the continuity of the velocity
on the boundaries at r = r1 , the chosen source velocity profile
is given by a constant profile v0 and a parabolic profile outside
and inside the viscous boundary layer, respectively (figure 3):

∀|z| ∈ [0, hp ],

v0 

2 
|z| − hp
vrp (z) =
∀|z| ∈ [hp , h/2],

v0 1 − h/2 − h
p

100Hz

1.5

1

0.5

0

0

10

20

30

40

50

Iteration

Figure 4. Number of nodes for 100 Hz, 1 kHz and 10 kHz.

the influence of the air humidity is included in the values
used for the viscosity, thermal conductivity and specific
heat coefficients [9]. As mentioned above, the particle
velocity and temperature variation fields are computed using
an iteratively refined mesh (adaptive meshing procedure),
thus increasing the number of FEM nodes. This increase is
limited either by convergence or by aborting the run because
of the capacity of the system memory was exceeded, as
presented in figure 4 for 100 Hz, 1 kHz and 10 kHz. It
is worth noting that the system used has 2 GB of RAM.
The number of iterations is limited to 50 (iterations 0
to 49). The best convergence is achieved at 10 kHz. Some
examples of the results obtained at this frequency are presented
below.
The successive meshes generated by the adaptive meshing procedure at 10 kHz are shown in figure 5. Iterations 0,
1, 5, 10, 15, 23, 26, 30, 38 and 49 are chosen to illustrate the
evolution of the adapted mesh. Within the first few iterations
(0 to 5) the coarse mesh is refined almost uniformly, then the
field originating in the slit is detected (up to iteration 10 approximately). After these iterations the mesh becomes more
refined and anisotropic near the slit boundaries (see the detail
of the mesh at the slit input for iteration 15 in figure 5). In order
to equally distribute the interpolation error, the adaptive mesh
generator searches for the best density of the nodes by refining,
35
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Figure 5. Successive meshes generated by the adaptive meshing procedure at 10 kHz.

but also by coarsening, the roughly isotropic mesh in the rectangle approximating the semi-infinite space (see the differences
between iterations 15 and 23 or 30 and 38 in figure 5) whilst refining the mesh inside the slit, especially near the slit output. As
seen in figure 5, the mesh at the input of the slit does not change
36

very much after iteration 23, whilst the mesh near the discontinuity at the output of the slit is refined up to the last iteration.
The resulting distributions of temperature variations,
acoustic pressure fields and particle velocity fields, computed
at 10 kHz for the 50th iteration of the adaptive meshing
Metrologia, 49 (2012) 32–40
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Figure 6. Real (upper figure) and imaginary (lower figure) parts of
the temperature variation field τ at 10 kHz.

procedure, are presented below. These fields in the annular
slit at the beginning of the acoustic period T (real parts of
the corresponding variables) are shown in the upper parts of
figures 6, 7 and 8, and the fields at t = T /4 (imaginary parts
of the corresponding variables) are shown in the lower parts of
these figures. In order to point out more details of the fields,
only the upper half of the slit is shown (due to the symmetry
of the geometry, the field is the same in the lower part). The
field of temperature variations at 10 kHz is shown in figure 6
(the temperature variations vanish clearly when approaching
the boundary, due to the isothermal condition τ = 0 on the
boundary). Note that the boundary layer thicknesses at 10 kHz,
according to their well-known expressions, are δh = 25.5 µm
and δv = 22.2 µm. Figure 7 represents the field of the particle
velocity and figure 8 illustrates the acoustic pressure variations
inside the annular slit, calculated using equation (2), both
at 10 kHz. Similarly to the thermal boundary condition, the
particle velocity vanishes on the boundary due to the non-slip
condition on the rigid wall. During the acoustic period, the
inverted flow occurs near the walls (as seen in the lower part
of figure 7 at t = T /4). The particle velocity field outside the
slit at 10 kHz is presented in appendix B. Note that, for the
pressure variations, there is no boundary layer effect.
Finally, the input acoustic admittance of the slit is defined
as the ratio Y = wp /pp of the volume velocity wp (4) of the
input virtual source and the mean acoustic pressure pp , where
1
pp =
h

h
2

− h2

p(r1 , z) dz

(5)

(integral is calculated numerically using Simpson’s rule).
Results are shown in figure 9 (amplitude and phase) along
with analytical and experimental results from [3] (in the
Metrologia, 49 (2012) 32–40

Figure 7. Real (upper figure) and imaginary (lower figure) parts of
the particle velocity field v at 10 kHz.

Figure 8. Real (upper figure) and imaginary (lower figure) parts of
the acoustic pressure field p at 10 kHz.

analytical results the effect of the diffraction of the wave
2h
is modelled by the usual end correction l = 3π
). For
each frequency the solution provided by the last iteration is
used. The numerical results (points with numbers of achieved
iterations) agree well with the analytical results (solid line)
and experimental results (dashed line), except in the higher
frequency range where the measurement technique is less
accurate because of simplifications made in the analytical
37
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Figure 9. Input acoustic admittance of the annular slit: modulus
(upper figure) and phase (lower figure): numerical model (points
with numbers of achieved iterations), analytical model (solid line)
with marked uncertainty (lighter grey zone), experimental result
(dashed line) with marked uncertainty (darker grey zone).

model used for the data processing in measurement (details
are given in [3]). Owing to the uncertainty on the thickness
of the slit (±6 µm), the uncertainty of the theoretical result
is not negligible (lighter grey area in figure 9).
The
experimental uncertainties (darker grey area in figure 9) are
derived from the lack of reproducibility of the measurement in
the highest frequency range [3]. The discrepancies between
the numerical and experimental results can be also due to
the uncertainty of the value of the thickness of the slit.
Therefore, below, only the analytical and numerical results
are compared, because they use exactly the same thickness of
the slit.
Figure 10 shows the relative difference between the
modulus of the analytical and numerical admittances (upper
part) and the phase difference between them (lower part).
There are several possible explanations for the discrepancies
which are highlighted by these plots: approximations made
in the analytical modelling, including the output impedance
of the slit (see appendix A in [3]), the limited number of
both the achieved iterations and the FEM nodes, and the finite
dimensions of the fictitious cavity approximating the semiinfinite space. The lowest discrepancies between analytical
and numerical results are achieved in the intermediate
frequency range (approximately 100 Hz to 1000 Hz).
In the lower frequency range (up to 80 Hz), because
the boundary layer thicknesses are greater than the thickness
of the slit, the particle velocity field and the temperature
variation depend strongly on the z-coordinate normal to the
walls. Therefore, the required number of FEM nodes increases
and the adaptive meshing procedure is aborted. Moreover,
the dimensions of the fictitious cavity approximating the
semi-infinite space are too small compared with the acoustic
wavelength, causing inaccuracy of the output boundary
conditions.
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Figure 10. Difference between analytically and numerically
calculated input acoustic admittance of the annular slit: relative
difference of the moduli (upper figure) and absolute difference of
the phases (lower figure).

In the higher frequency range (approximately from 2 kHz
to 20 kHz) the validity of the analytical output impedance
represented by a length correction is questionable. At these
frequencies, in the numerical procedure, reflections may occur
in the rectangular cavity approximating the semi-infinite space
due to approximate boundary conditions, so the fictitious
domain of given dimensions is no longer a suitable model of
a half-space and should be enlarged when higher accuracy is
required (see figure B.2 in appendix B). Moreover, the results
at the two highest frequencies possibly suffer from the lack
of memory of the computing system, as seen on the mesh at
19 953 Hz (see figure A.1 in appendix A).

5. Conclusion
The aim of this paper was to numerically investigate the
acoustic behaviour of small fluid-filled cavities and ducts, and
their association, accounting for the effects of the viscous and
thermal boundary layers accurately in the frequency range
of interest (20 Hz to 20 kHz), and paying attention to the
interfaces between narrow tubes and slits or other elements as
well as the open space. More specifically, application to a 2D
axisymmetric device (annular slit terminated by an aperture
in an infinite cylindrical screen opening into a semi-infinite
space) is considered to present an assessment of the method.
The semi-infinite space is approximated by an annular domain
with a rectangular profile, assuming appropriate conditions on
the fictitious boundaries of this domain. An adaptive meshing
procedure was used to achieve an optimal anisotropic mesh.
Numerical results for both particle velocity and temperature
variations, then for the acoustic pressure field, were
presented.
The numerically computed input acoustic admittance of
the annular slit opening into the semi-infinite space was
compared against the analytically derived solution and against
Metrologia, 49 (2012) 32–40
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20 Hz (iteration No. 16)

100 Hz (iteration No. 18)

1000 Hz (iteration No. 24)

7943 Hz (iteration No. 20)

Figure B.1. Real (upper figure) and imaginary (lower figure) parts
of the particle velocity field v at 10 kHz near the output of the slit.
19953 Hz (iteration No. 15)

Appendix A. Adapted meshes at different
frequencies
Figure A.1. Adapted meshes for the last iterations at frequencies
20 Hz, 100 Hz, 1000 Hz, 7943 Hz and 19 953 Hz.

measurement (both described in [3]). While the difference
between the numerical and the analytical results remains very
small (lower than 1% between 50 Hz and 2 kHz and generally
lower than 5% in the whole frequency range except for the two
highest frequencies), the discrepancies between the theoretical
and experimental results are more important (reaching 10% in
the lower frequency range, up to 3 kHz, and reaching 20% in
the upper frequency range, up to 14 kHz). It is likely that this
is due to the uncertainty on the value of the thickness of the
slit used in experiments. Besides the approximations assumed
in the analytical modelling (including the output impedance of
the slit), two main reasons can explain the small differences
between analytical and numerical results: the finite dimensions
of the fictitious cavity approximating the semi-infinite space
and the limited number of the FEM nodes of the adapted
anisotropic meshing.
These numerical limitations may be overcome by using
a computing system with more memory, in order to achieve
higher computing precision, then leading to a very precise
modelling for any shape of small components (with application
to the artificial ear for example). Finally, the thrust of the paper
is in providing a numerical procedure suitable for modelling
much more complex systems used in acoustic measurements,
when analytical procedures are unavailable or inefficient for
the precision required.
Metrologia, 49 (2012) 32–40

Since the boundary layer thicknesses depend on the frequency,
the adapted meshes also depend on the frequency. In figure A.1
examples of adapted meshes at 20 Hz, 100 Hz, 1000 Hz,
7943 Hz and 19 953 Hz are presented. The differences are
caused by the different boundary layer thicknesses, but also
by the different numbers of iterations achieved. For example
at 19 953 Hz the mesh is very coarse at the output of the slit
due to the lack of the system memory and consequently the
insufficient number of iterations achieved.

Appendix B. The particle velocity field outside the
slit at 10 kHz
The field outside the slit influences the behaviour of the field
inside the slit. The detail of the particle velocity field at the
output of the slit is shown in figure B.1. The correct modelling
of the field near such angular points is one of the advantages of
the numerical methods, because it is a very hard task to obtain
this kind of result analytically.
The particle velocity field in the whole rectangle
approximating the semi-infinite space is presented in
figure B.2.
The maxima and minima of the field,
separated from each other by a distance which approximately
corresponds to one half of the acoustic wavelength at 10 kHz
(around 17 mm), can be observed. This effect indicates
the presence of standing waves in the rectangle caused by
reflections on the boundaries due to the boundary conditions
which imperfectly approximate the free field conditions. Note
39
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Figure B.2. Real (left) and imaginary (right) parts of the particle velocity field v at 10 kHz in the rectangle approximating the semi-infinite
space.

that the maxima are very small (the maximal velocity in
figure B.2 is limited in order to see these standing waves).
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