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Summary
When designing small scale acoustic devices, slowly tapered small horns, namely small tubes and slits whose
cross-sectional area varies monotonically from one end to the other, could be of practical interest. The analytical
approach used herein to express the transfer impedance of these small waveguide involves the one dimensional
Webster’s horn equation which accounts for the thermo-viscous boundary layer effects. An approximate solution
which relies on the Volterra integral equation and a 2-D axisymmetrical numerical simulation, using an adaptive
mesh, against which the approximate analytical result is tested, show that the analytical approach is appropriate to
addressing specific examples, when the length of the horn is much lower than the shortest wavelength of interest,
the radius (or thickness) of the horn being of the same order of magnitude as the boundary layer thicknesses.

PACS no. 43.20.Mv, 43.20.Hq, 43.90.+v

1. Introduction

Being concerned by the use of small tubes and slits filled
with thermo-viscous fluid for obtaining specific proper-
ties when designing small scale acoustic devices, slowly
tapered small horns, namely small tubes and slits whose
cross-sectional area varies monotonically from one end to
the other, could be of practical interest. Although the class
of devices which are made up of these small tapered tubes
or slits is limited, it could be sufficiently broad to be of in-
terest because it could be helpful to those designing very
small (even miniaturized) components (displayed exam-
ples are for small transducers, earplugs, and others).

Besides accounting for the geometrical effects of vary-
ing cross-sectional area, the formulation used herein gives
a prominent role to the viscous and thermal boundary lay-
ers because both their thicknesses have the same order of
magnitude as the cross-sectional dimensions of the horn
and their effects depend on the axial coordinate of the
horn.

The approach involves the one dimensional Webster’s
horn equation [1, 2, 3, 4, 5] which accounts for the bound-
ary layer effects [4, 6, 7, 8, 9, 10, 11]. An approximate rep-
resentation which involves successively a change of vari-
ables, the Volterra integral equation, and iterative process
belong Born approximation to seek the solutions is estab-
lished for the transfer impedance of these small waveg-
uides. This representation enables analytical estimates to
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be found in the “long wavelength range” (when the trans-
verse dimensions of the horn are much lower than the
shortest wavelength λS of interest and the length of the
horn is lower than λS ). In previous studies, several authors
[8, 12, 13] consider solutions formed by products of ma-
trices (the horn being considered as a succession of finite
elements) or a step by step numerical solutions of second
order equations. Compared to these approaches, the ben-
efit of the formal solution outlined below (Volterra equa-
tion) comes from the fact that we consider only one global
transfer matrix. Nevertheless it has in fact a marked short-
coming in term of computational convenience because it
implies that one should first calculate the integrals in each
element of the transfer matrix, but these integrals are very
simple to handle. Numerical solutions [14, 15, 16] rely-
ing on a specific finite element program, against which the
approximate analytical results are tested, are given, show-
ing moreover particle velocity fields, temperature variation
fields and pressure fields.

The formulation is appropriate to addressing specific
examples, namely both tapered cylindrical tubes and ta-
pered rectangular slits, the shape of which being, among
others, conical, exponential or power of the axial variable
(Bessel’s horn) and the radius (or thickness) of which be-
ing of the same order of magnitude as the boundary layer
thicknesses. The results may be helpful to those seeking
benchmark solutions and analytic insight.

The procedural aspects are described in sections 2 and
3, along with the resultant formula, while supplementary
details in a particular case (exponential horn) and further
approximation are relegated to the appendices A to C. The
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Figure 1. The tapered element (tube or slit). Depending on the
section or figure considered below, x = 0 is the entrance or the
end (the contrary for x = L).

2-D axysimmmetrical numerical simulation is outlined in
section 4. Then, results obtained from both analytical ap-
proach and numerical implementation are presented and
discussed in section 5 and 6.

2. Basic equations

Owing to the fact that the rigid-walled horn of finite length
is slowly tapered, the only coordinate involved in the ap-
proach used for describing the pressure variation is the ax-
ial coordinate of the horn (denoted x). The pressure varia-
tion is assumed to be constant through the cross-sectional
areas. The origin x = 0 is set at the left end (Figure 1), the
coordinate of the other end being denoted L. In the inter-
val x ∈ (0, L), the cross-sectional dimension, i.e. the ra-
dius (cylindrical) or the thickness (slit), has the same order
of magnitude as the thickness of the viscous and thermal
boundary layers.

The appropriate basic equations are those given primar-
ily by Zwikker and Kosten [6], which lead to, for tapered
horns [8],

∂xp(x) = −
Zv (x)
S(x)

U (x), (1a)

∂xU (x) = −Yt(x)S(x) p(x), (1b)

where p(x) andU (x) are respectively the acoustic pressure
and the volume velocity in the horn, S(x) denoting the
cross-sectional area of the horn and ∂x standing for ∂/∂x,
and where (with a time factor given by eiωt)

Zv (x) =
iωρ0

Fv (x)
, (2a)

Yt(x) =
iω

ρ0c
2
0

[

γ − (γ − 1)Fh(x)
]

, (2b)

are respectively the series impedance per unit length (re-
lated to the viscous boundary layer effects) and the shunt
admittance per unit length (related to the thermal bound-
ary layer effects) with [4, 8, 9]

Fh,v (x) = 1 −
tan
[

kh,vε(x)/2
]

kh,vε(x)/2
, (3a)

for a slit of thickness ε(x),

Fh,v (x) = 1 −
2

kh,vR(x)

J1
[

kh,vR(x)
]

J0
[

kh,vR(x)
] , (3b)

for a tube of radius R(x), kv and kh being the wavenum-
bers associated respectively to the viscous (shear) and
thermal diffusion processes given by (when the coordinate
normal to the wall is inwardly directed)

kv =
1 − i
√

2

√

ρ0ω

µ
, kh =

1 − i
√

2

√

ρ0ωCP
λh

. (3c)

These complex functions account for the angular fre-
quency ω of the field and the properties of the fluid,
namely the adiabatic compressibility χ0 and the density ρ0

through the adiabatic speed of sound c0, the heat capacity
at constant pressure per unit of mass CP , the specific heat
ratio γ, the shear viscosity coefficient µ, and the thermal
conduction coefficient λh.

The appropriate wave equation is the one-dimensional
Webster’s horn equation which governs the pressure vari-
ation, assumed herein to be driven by a uniform acoustic
pressure p(0) at the input x = 0 of the horn. Using equa-
tions (1a, 1b) it is expressed as follows:

[

∂2
xx + σ(x)∂x + k2

0f (x)
]

p(x) = 0, (4)

where k2
0f (x) is the usual appropriate wavenumber (which

depends on the x-coordinate) involving the boundary layer
effects with

k0 =
ω

c0
(adiabatic wavenumber),

f (x) =
γ − (γ − 1)Fh(x)

Fv (x)
, (5)

and where

σ(x) = ∂xG(x)/G(x), (6)

with G(x) = Fv (x)S(x) (see the particular case of expo-
nential horn in Appendix A1).

Given the following change of variable, which is a par-
ticular case of the change of variable used when dealing
with Sturm-Liouville equation,

x → ξ =
∫x

0

[

1/G0(x′)
]

dx′, (7a)

with G0(x) = G(x)/G(0), which implies

∂xξ =
1

G0(x)
, ∂xp =

1
G0(x)

∂ξp, (7b)

and ∂2
xxp =

1
G0(x)

[

1
G0(x)

∂2
ξξp − σ(x)∂ξp

]

, (7c)

the first order spatial derivative (equation 4) can readily be
removed, and what results is:

[

∂2
ξξ + k

2
0φ(ξ)

]

p(ξ) = 0, (8)

where

φ(ξ) = G2
0 (x) f (x). (9)

Note that the same notation p is used for denoting in-
differently the pressure variation before [p(x)] and after
[p(ξ)] the change of variable. At the input of the horn
ξ(x = 0) = 0, and at its output the length ` is defined
as ` = ξ(x = L).
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3. Analytical solution

Exact analytical solution of such a complex differential
equation (8) is unknown to our knowledge, even if the in-
tegral which appears in equation (7a) could be expressed
easily. Only numerical or approximate analytical solution
(which are numerous) can be sought.

The analytical solution of the Helmholtz equation (8)
sought herein can be formally expressed from using the
following equivalent couple of equations

{

∂ξq(ξ) + k2
0 φ(ξ) p(ξ) = 0,

∂ξp(ξ) = q(ξ).
(10a)

The quantity q may be thought of as proportional to the
complex amplitude of the time rate at which volume of
fluid is being added to the medium per unit of time through
the unit surface, namely the volume velocity field U (x)
(equation 1a). By integration over the interval (0, ξ), and
integrating the second equation by part, this couple of
equation leads readily to the Volterra integral equations
(see for example [17]),














∂ξp(ξ) = ∂ξp(0) − k2
0

∫ ξ

0
φ(ζ) p(ζ) dζ,

p(ξ) = p(0) + ∂ξp(0) ξ − k2
0

∫ ξ

0
(ξ − ζ)φ(ζ) p(ζ) dζ.

(10b)

The order of magnitude of the last term in the right hand
side of this equation is given by the square of the ratio of
the length of the horn and the wavelength, i.e.

(

k0`

2π

)2

=
(

`

λ

)2

. (10c)

Then, assuming the hypotheses presented above in the in-
troduction, this term is assumed to be much lower than the
zero order pressure linear profile (denoted p0),

p0(ξ) = p(0) + ∂ξp(0) ξ. (11)

It follows that the Born approximation of equation (10b)
leads to the first order solution

p1(ξ) = p(0) + ∂ξp(0) ξ (12)

− k2
0

∫ ξ

0
(ξ − ζ)φ(ζ)

[

p(0) + ∂ζp(0) ζ
]

dζ,

or, using the notation Mn(ξ) =
∫ ξ

0 ζ
n φ(ζ) dζ, n = 0, 1, 2,

p1(ξ) = p(0)
{

1 − k2
0 [ξM0(ξ) −M1(ξ)]

}

(13)

+ ∂ξp(0)
{

ξ − k2
0 [ξM1(ξ) −M2(ξ)]

}

.

The particle velocity takes then the following form:

∂ξp(ξ) = ∂ξp(0) − k2
0

∫ ξ

0
φ(ζ)p(ζ) dζ (14)

∼= ∂ξp(0) − k2
0

∫ ξ

0
φ(ζ)

[

p(0) + ∂ζp(0) ζ
]

dζ,

namely (Born approximation)

∂ξp1(ξ) = ∂ξp(0)
[

1 − k2
0M1(ξ)

]

− p(0) k2
0M0(ξ). (15)

Then, the first order solution (`/λS < 1, equation 10c)
can be expressed as

p1(ξ) = A(ξ)p(0) + B(ξ) ∂ξp(0), (16a)

∂ξp1(ξ) = D(ξ) ∂ξp(0) − C(ξ)p(0), (16b)

with

A(ξ) = 1 − k2
0 [ξM0(ξ) −M1(ξ)] , (17)

B(ξ) = ξ − k2
0 [ξM1(ξ) −M2(ξ)] , (18)

C(ξ) = k2
0M0(ξ), (19)

D(ξ) = 1 − k2
0M1(ξ), (20)

the successive approximations of higher orders (pi, i >
1) being readily obtained from iterating the process (see
Appendix A2). Note that the integrals Mn can be easily
calculated numerically.

3.1. Transfer matrix

Given the volume velocity field U (ξ) (equation 1a)

U (ξ) = −{G(0)/(iωρ0)} ∂ξp(ξ), (21)

equations (16a) and (16b) can be written as (ξ < λS )
(

p(ξ)
U (ξ)

)

=
(

A(ξ) B(ξ)/h0

−h0C(ξ) D(ξ)

)(

p(0)
U (0)

)

, (22)

where h0 = −G(0)/(iωρ0).

3.2. Input impedance

The horn is loaded at its end x = 0 by the impedance
denoted Zout = p(0)/ [−U (0)] (here the impedance of a
small cylindrical cavity). The impedance at the entrance
x = L, (ξ = `) of the horn can be then expressed, from
using transfer matrix (22), as

Zin =
p(`)
−U (`)

=
A(`) − B(`)/ [Zouth0]
C(`)h0 +D(`)/Zout

. (23)

4. Numerical solution

Results obtained from numerical implementation can be
given for final designs of devices, against which the ap-
proximate analytical results can be tested. Such an imple-
mentation has been handled herein; it relies on a 2-D ax-
isymmetrical numerical simulation using an adaptive mesh
and accounting for the viscous and thermal boundary layer
effects [14].

The linear formulation used to perform the numerical
modelling is based upon two coupled equations involving
the particle velocity v and the temperature variation τ (the
acoustic pressure p being expressed in terms of these two
variables) [11]. These two variables are subject to Dirich-
let conditions on the rigid isothermal boundaries (v = 0,
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Figure 2. Numerical results for the divergent exponential horn loaded by a small cylindrical cavity: real part - a) at 10 Hz and g) at
1 kHz - and imaginary part - b) at 10 Hz and h) at 1 kHz - of particle velocity field, real part - c) at 10 Hz and i) at 1 kHz - and imaginary
part - d) at 10 Hz and j) at 1 kHz - of temperature variation field, and real part - e) at 10 Hz and k) at 1 kHz - and imaginary part - f) at
10 Hz and l) at 1 kHz - of acoustic pressure field (with grey isolines).

τ = 0). A time-periodic source set at the entrance x = L
is a virtual adiabatic (∂nτ = 0) source described by its
normal velocity

vz(r) = v0

[

1 −
J0(kvr)
J0(kvRin)

]

, (24)

which is non-uniformly distributed over the section of the
horn: it has the same profile as the analytically calculated
particle velocity (which accounts for the viscous boundary
layer) in the tube of the radius Rin which is the same as
the one of the horn entrance. Note that the input velocity
of such a profile vanishes at the wall of the horn in order
to avoid discontinuities of the particle velocity on the rigid
boundaries that must satisfy the non-slip condition [15].

5. Results

For each example considered hereafter, the results of
numerical investigations are presented first. They depict
mappings of particle velocity fields, temperature fields,

and acoustic pressure fields. Then, results for the input im-
pedances of small tapered horns, obtained from the ana-
lytical expressions presented above, are compared to those
obtained numerically in order to validate the analytical ap-
proximations and evaluate their accuracy. The examples
presented involve both convergent and divergent exponen-
tial tapered horns (see Appendix A1), the output end of
which is loaded by a small cavity. In each example, the
dimensions of the tapered horns are assumed to be such
as the analytical approach is valid in the lower frequency
range, up to approximately 10 kHz (the geometrical and
physical parameters are given in table I). For the numer-
ical solution the amplitude of input velocity v0 (equation
24) is set at 0.01 m/s.

Figure 2 shows the mapping of respectively the parti-
cle velocity, the temperature field, and the pressure varia-
tions at 10 Hz and 1 kHz, when the tapered small element
is loaded at its larger end by a small cylindrical cavity. In
Figure 2-i,j the temperature field is uniform everywhere
except inside the very thin boundary layers. The acoustic
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Figure 3. Numerical results for the convergent exponential horn loaded by a small cylindrical cavity: real part - a) at 10 Hz and g) at
1 kHz - and imaginary part - b) at 10 Hz and h) at 1 kHz - of particle velocity field, real part - c) at 10 Hz and i) at 1 kHz - and imaginary
part - d) at 10 Hz and j) at 1 kHz - of temperature variation field, and real part - e) at 10 Hz and k) at 1 kHz - and imaginary part - f) at
10 Hz and l) at 1 kHz - of acoustic pressure field (with grey isolines).

pressure field presented in Figure 2-e,f,k,l is quasi-uniform
because the dimensions of the cavity are much lower than
the wavelength considered.

In Figure 4, the analytically calculated input impedan-
ces (amplitudes and phases) of the tapered small element
(thick grey solid line) and of cylindrical elements (calcu-
lated from using equations (1a) and (1b)) whose the radii
are respectively the same as the smaller end one (thin black
solid line) and the larger end one (discontinuous grey line)
of the tapered element are presented as functions of the
frequency, in the frequency range (100 Hz, 30 kHz) and
compared with numerical results (black points, ’x’ and
’+’ marks). Analytical results shown in this figure are ob-
tained using the first order Born approximation. It appears
clearly both that the Born approximation provides very
accurate results in the frequency range of interest (up to
10 kHz for a tapered tube 5 mm long, as expected) and
that the behavior of the small tapered element (tube or
slit) is approximately the same as an cylindrical element

whose the radius (or thickness) would have an interme-
diate value, between the input one and the output one of
the tapered element. Note that Figure 4 involves frequency
range (100 Hz, 30 kHz) in order to show clearly the vari-
ations of the input impedance in the middle frequency
range. In the lower frequency range (10 Hz, 100 Hz) the
slope of the curves remains the same as there is for the fre-
quencies just above 100 Hz, as shown below in Figure 6.

The same mappings and results, leading to the same
conclusions, are presented in Figures 3 and 5 when the ta-
pered small element is loaded at its smaller end by a small
cylindrical cavity. Analytical results for the horn shown in
Figure 5 are obtained using the first order Born approxima-
tion. Note that the effect of the geometrical discontinuity at
the interface between the horn and the cavity is modelled
by the usual added mass [7] in the analytical results.

In order to show the ability of the analytical approach
to describe the behavior of very thin tapered slits or tubes
in frequency range (10 Hz, 10 kHz) such as the radii (or

698



Honzík et al.: Transfer function of small horns ACTA ACUSTICA UNITED WITH ACUSTICA
Vol. 99 (2013)

10

2

10

3

10

4

10

6

10

8

10

10

frequency [Hz]

|
Z

i
n

|
 
[
P

a
 
s
 
m

-
3

]

10

2

10

3

10

4

-pi/2

0

pi/2

frequency [Hz]

p
h
a
s
e
 
(
Z

i
n

)
 
[
r
a
d
]

Figure 4. Input acoustic impedance modulus (upper curves) and
phase (lower curves) of: i) the divergent exponential horn loaded
by a small cylindrical cavity, analytical model (thick grey solid
line) and numerical model (black points), ii) the tube of the same
radius as the smaller end one of the horn with the same terminal
condition as the horn, analytical model (thin black solid line)
and numerical model (’x’ marks), and iii) the tube of the same
diameter as the larger end one of the horn with the same terminal
condition as the horn, analytical model (discontinuous grey line)
and numerical model (’+’ marks).

Table I. Geometrical and physical parameters.

Parameter Value Unit

Horn length L 5 ·10−3 m
Smaller end radius 1 ·10−3 m
Larger end radius 2 ·10−3 m
Cylindrical cavity height 4 ·10−3 m
Cylindrical cavity radius 4 ·10−3 m
Static pressure P0 101325 Pa
Static temperature T0 296.15 K
Density ρ0 1.180 kg/m3

Adiabatic speed of sound c0 345.9 m/s
Shear dynamic viscosity µ 1.830 ·10−5 Pa s
Bulk dynamic viscosity η 1.098 ·10−5 Pa s
Thermal conductivity λh 24.40 ·10−3 W/m/K
Ratio of specific heats γ 1.400 -
Specific heat coefficient at con-
stant pressure per unit of mass CP

1.010 ·103 J/kg/K

thicknesses) of these horns can be smaller than the thick-
nesses of the viscous and thermal boundary layers, Fig-
ure 6 shows the modulus (upper curves) and the phase
(lower curves) obtained from the analytical first order
Born approximation (grey lines) and the numerical simu-
lations (black points, ’x’ and ’+’ marks) for three different
tapered horns (and the same cavity as above): the conver-
gent horn considered above (Figure 5) and both the horn
whose dimensions are divided by 5 and the one whose di-
mensions are divided by 10. As expected, the agreement
between analytical and numerical results shows that the
first order Born approximation permits an analytical char-
acterisation of such components with a good accuracy in
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Figure 5. Input acoustic impedance modulus (upper curves) and
phase (lower curves) of: i) the convergent exponential horn
loaded by a small cylindrical cavity, analytical model (thick grey
solid line) and numerical model (black points), ii) the tube of
the same radius as the smaller end one of the horn with the same
terminal condition as the horn, analytical model (thin black solid
line), and iii) the tube of the same diameter as the larger end one
of the horn with the same terminal condition as the horn, analyt-
ical model (discontinuous grey line).
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Figure 6. Input acoustic impedance modulus (upper curves) and
phase (lower curves) of the convergent exponential horn loaded
by a small cylindrical cavity: i) the dimensions of the horn (ra-
dius and length) being given in table I - analytical (thin solid grey
line) and numerical (’x’ marks) model, ii) the dimensions of the
horn (radius and length) given in table I divided by 5 - analytical
(discontinuous grey line) and numerical (’+’ marks) model, and
iii) the dimensions of the horn (radius and length) given in table
I divided by 10 - analytical (thick solid grey line) and numerical
(black points) model.

the frequency range of interest. There is no low frequency
limit of the method (except for the approximation de-
scribed in Appendix A3). In the high frequency range the
limitation of the method appears at frequencies for which
the length of the horn is near λ/4.
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6. Conclusion

As expected, concerning the transfer impedance of the
small horn, these results show clearly that the analytic es-
timation appears to be well validated by numerical eval-
uation in the frequency range of interest (up to 10 kHz
for the dimensions of the horn given in table I), even
when limiting this estimation to the Born approximation
in the Voltera integral or the direct lower order approx-
imation. Slight discrepancies remain which could be ex-
plained more particularly by numerical uncertainties and
analytical approximations.

It results of sufficient accuracy as to serve as exact so-
lution for practical applications. The main feature is that
the behavior of the small tapered element (tube or slit) is
approximately the same as an element whose the radius
(or thickness) would have an intermediate value, between
the input one and of the output one of the tapered element.
Therefore, the interest of such small horns relies particu-
larly on their ability to have the narrower end which can be
inserted in a narrow element while having the properties of
a larger component (tube or slit).

Appendix

A1. Exponential axisymmetrical horn

When considering the example of exponential axisymmet-
rical horn, expressions presented in the paper takes the
forms presented hereafter. The expressions of the radius
is given by

R(x) = R(0)e(α/2)x, (A1)

where the parameter α can then be written as

α =
1
L

ln
[

R2(L)/R2(0)
]

. (A2)

The change of variable leads respectively to

ξ =
∫x

0

Fv (0)R2(0)
Fv (x′)R2(x′)

dx′,

∂xξ =
Fv (0)R2(0)
Fv (x)R2(x)

, (A3)

ξ(0) = 0 and ` = ξ(L).

The integral Mn(`) (13) is then calculated numerically as

Mn(`) = Mn

(

ξ(x=L)
)

=
∫L

0

[∫x

0

Fv (0)R2(0)
Fv (x′)R2(x′)

dx′
]n

(A4)

·
[γ − (γ − 1)Fh(x)]R2(x)

Fv (0)R2(0)
dx.

The derivative of the function φ(ξ) in the lower order ap-
proximation (A9) can be expressed as

∂ξφ(ξ) = ∂xφ(ξ(x))/∂xξ (A5)

= ∂x
[

G2
0 (x)f (x)

] Fv (x)R2(x)
Fv (0)R2(0)

.

A2. Second order Born approximation and lower
order approximation

Introducing the notation

Pp,q(ξ) =
∫ ξ

0
ζp φ(ζ)Mq(ζ) dζ, p, q = 0, 1, 2, (A6)

the matrix elements defined in equations (16a, 16b) take
the form

A(ξ) = 1 − k2
0

{

ξ
[

M0(ξ) + k2
0 (P0,1(ξ) − P1,0(ξ))

]

−M1(ξ) + k2
0 (P2,0(ξ) − P1,1(ξ))

}

,

B(ξ) = ξ − k2
0

{

ξ
[

M1(ξ) + k2
0 (P0,2(ξ) − P1,1(ξ))

]

−M2(ξ) + k2
0 (P2,1(ξ) − P1,2(ξ))

}

, (A7)

C(ξ) = k2
0

{

M0(ξ) + k2
0

[

P0,1(ξ) − P1,0(ξ)
]}

,

D(ξ) = 1 − k2
0

{

M1(ξ) + k2
0

[

P0,2(ξ) − P1,1(ξ)
]}

.

Note that the integralsMn and Pp,q can be easily calculated
numerically.

It is worth noting that a lower order approximation can
alternatively result with the help of the following approxi-
mation ∂ξf (ξ) ≈ [f (ξ) − f (0)] /ξ , the function f (ξ) rep-
resenting indifferently p(ξ) or q(ξ) . Then, starting from
equations (10a), this lower order solution can be expressed
as

p(ξ) =
p(0) + ξ ∂ξp(0)

1 + ξ2k2
0 φ(ξ)

. (A8)

It follows after some algebra that the matrix elements de-
fined above are approximately given here by

A(ξ) ≈
1

1 + ξ2k2
0 φ(ξ)

,

B(ξ) ≈
ξ

1 + ξ2k2
0 φ(ξ)

,

C(ξ) ≈
2ξk2

0 φ(ξ) + ξ2k2
0 ∂ξφ(ξ)

[

1 + ξ2k2
0 φ(ξ)

]2
, (A9)

D(ξ) ≈
1

1 + ξ2k2
0 φ(ξ)

−
2ξ2k2

0 φ(ξ) + ξ3k2
0 ∂ξφ(ξ)

[

1 + ξ2k2
0 φ(ξ)

]2
.

Note that, to the zeroth-order approximation, which corre-
spond to the limit G0(x) = 1 and ` = L, the well-known
result

p(L) − p(0)
U

∼=
iωρ0

S(0)Fv (0)
L, (A10)

for small tubes or slits whose cross-sectional areas do not
depend on the axial coordinate, is recovered.

The effect of the second order Born approximation of
equation (10b) and the effect of the lower order approx-
imation (A8) are shown in Figure A1. In the frequency
range of interest (up to 10 kHz approximately) the sec-
ond order Born approximation (solid grey line) does not
differ significantly from the first order one (discontinuous
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Figure A1. Input acoustic impedance modulus (upper curves)
and phase (lower curves) of the divergent exponential horn
loaded by a small cylindrical cavity calculated analytically using
1st order Born approximation (discontinuous grey line), using
2nd order Born approximation (solid grey line), lower order ap-
proximation (thin black line) and calculated numerically (black
points).

grey line) while in the higher frequency range the first or-
der Born approximation matchs better with numerical re-
sults (black points). The lower order approximation (A8)
(thin black line) differs more from the numerical solution
than the solution using the Born approximation even be-
low 10 kHz, but remains interesting when looking for the
reasonable approximation without using the numerical in-
tegration.

A3. Neglecting the variation of the series impedance
per unit length Zv (x)

The approximate solution obtained when neglecting the
variation of the series impedance per unit length Zv (x)
in equation (4), leading to replace G0(x) by S0(x) =
S(x)/S(0) then to write σ(x) = ∂xS(x)/S(x), can be
considered in a broad class of situations because it oper-
ates usualy in the frequency range of interest (its effect
occurs only in the lower frequency range as shown be-
low). Figure A2 shows that this approximation is not suit-
able only in the lower frequency range (here up to 100 Hz
for the convergent tapered horn given in table I), because
the discrepancies which appears between the modulus and
the phase calculated when assuming this approximation
(dashed line) and the ones calculated with the complete
analytical model (solid line) (matching well with the nu-
merically calculated results (black points)) are not negli-
gible. The boundary layer thicknesses have the same or-
der of magnitude as the radius of the tube in this lower
frequency range, then the iterative impedance Zv (x) can-
not be assumed to be independent of the viscous boundary
layer effects.
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Figure A2. Input acoustic impedance modulus (upper curves)
and phase (lower curves) of the convergent exponential horn
loaded by a small cylindrical cavity calculated: i) analytically
neglecting the variation of the series impedance per unit length
Zv (x) as described in the Appendix C (black dashed line), ii)
analytically using the complete model (solid grey line), and iii)
numerically (black points).
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