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Nonlinear Biot waves in porous media with application to
unconsolidated granular media
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The nonlinear propagation through porous media is investigated in the framework of Biot theory.
For illustration, and considering the current interest for the determination of the elastic properties of
granular media, the case of nonlinear propagation in “model” granular media �disordered packings
of noncohesive elastic beads of the same size embedded in a visco-thermal fluid� is considered. The
solutions of linear Biot waves are first obtained, considering the appropriate geometrical and
physical parameters of the medium. Then, making use of the method of successive approximations
of nonlinear acoustics, the solutions for the second harmonic Biot waves are derived by considering
a quadratic nonlinearity in the solid frame constitutive law �which takes its origin from the high
nonlinearity of contacts between grains�. The propagation in a semi-infinite medium with velocity
dispersion, frequency dependent dissipation, and nonlinearity is first analyzed. The case of a
granular medium slab with rigid boundaries, often considered in experiments, is then presented.
Finally, the importance of mode coupling between solid and fluid waves is evaluated, depending on
the actual fluid, the bead diameter, or the applied static stress on the beads. The application of these
results to other media supporting Biot waves �porous ceramics, polymer foams, etc.� is
straightforward. © 2010 Acoustical Society of America. �DOI: 10.1121/1.3277190�

PACS number�s�: 43.25.Dc, 43.20.Jr, 43.20.Gp, 43.20.Bi �ROC� Pages: 692–702
I. INTRODUCTION

The acoustics of granular media has been widely inves-
tigated among different fields such as geophysics, underwa-
ter, or airborne acoustics �sound proofing, shock wave ab-
sorption, etc.�. Recently in physics, granular materials have
attracted a strong interest because they exhibit unusual
behaviors.1,2 These behaviors are sometimes comparable to
glassy media, from the point of view of the aging process,
for instance,3 or regarding the prediction of the soft modes
and their relation to the boson peak.4,5 The transition from
one state to another, and, in particular, the unjamming tran-
sition from a solid-like to a fluid-like phase, is intensively
studied.6 One key point for the related experimental and the-
oretical investigations is to obtain the elastic properties of the
granular materials. Their geometrical properties being better
characterized thanks to several existing methods such as
x-ray tomography, �-ray transmission, and iso-index optical
imaging, for instance.3 In this context, acoustic waves are the
only one able to probe accurately the elastic properties in the
bulk of three-dimensional media and should contribute to the
experimental characterization of the aforementioned pro-
cesses.

Frequently, due to the complexity in behaviors and
structures of granular media �sand, sediments, etc.� and due
to the subsequent lack of realistic modeling, it is of interest
to study ‘‘model’’ granular media such as disordered pack-
ings of noncohesive spherical beads of the same size. In this
type of model media, there exists a characteristic scale, the
diameter d of the beads, and one can use a constitutive law at
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the level of the contacts such as the Hertz or the Hertz–
Mindlin contact laws.7,8 The intrinsic nonlinearities ensure a
parameter of quadratic nonlinearity for these media 100–
1000 times larger than in homogeneous fluids and solids.9 As
a consequence, various nonlinear acoustic effects have been
observed for moderate excitation amplitudes.10–16 They are
able to give complementary information on the elastic prop-
erties of model granular media. In particular, nonlinear
waves exhibit a preferential sensitivity to the most weakly
stressed contacts of the granular packing14,16 �a distribution
of contact stresses exists due to the disordered structure of
the granular packing17� compared to the linear waves.

The results on the elastic wave propagation in the solid
frame of model granular media contain several features, such
as a dependence of longitudinal and shear wave velocities on
the applied static pressure,18,19,14 a frequency dependent at-
tenuation, a velocity dispersion, multiple scattering effects at
wavelengths of the order of the bead diameter,19 memory
effects,20 hysteresis,10 response fluctuations,4 dynamic
dilatancy,14 and nonlinearities.

Most of the studies on wave propagation through model
granular media either consider the propagation through the
solid network, neglecting the saturating fluid, or consider the
propagation through the fluid phase saturating the rigid bead
packing, which is assumed to be motionless.

For waves propagating in the fluid saturating the bead
packing, the equivalent fluid model �i.e., the solid is motion-
less� has been successfully applied to the case of long-
wavelength propagation in air saturating glass beads, for
instance,21–23 and provides the evaluation of useful param-
eters for the present work. Theoretical investigations on air-
saturated granular media in the frame of the equivalent fluid

24,22,25
model have also been performed. Nonlinear effects
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have been investigated in this equivalent fluid model ap-
proximation in the case of intense sound waves.26 For shorter
wavelengths, becoming of the order of the bead diameter,
scattering occurs and its modeling for such close scatterers is
a hard task even if the geometry is well-known.27 In water,
owing to the lower acoustic energy dissipation than in air,
several pioneering experiments have been carried out on the
acoustic energy diffusion process and showed that most of
the energy transports through water and that the associated
waves are multiply scattered by the glass beads.28

There are only few experiments where both waves in the
fluid and in the bead structure have been shown to play a role
and to couple. In Ref. 29, the nonlinear self-demodulation
process has been experimentally observed with a transmis-
sion toward the air of the frequency component nonlinearly
generated inside the solid frame.

The aim of this article is to use the Biot theory,30,31

generally applied to linear acoustics, to model the nonlinear
propagation in porous media, with an application to granular
media.

Biot theory describes the deformation of a porous de-
formable elastic solid in which the nonsolid part is saturated
by a compressible fluid. Even if Biot theory is not able to
model the behavior of every type of porous materials �porous
rocks, etc.�, it has been successfully applied to a wide range
of materials32,33 using homogenization techniques34,35 or vol-
ume averaging methods.36,37 The application of Biot theory
to sound absorbing materials takes its origin in the beginning
of 1980s. For acoustical materials, the saturating fluid is air.
The description of the viscous and thermal properties of air
saturating a porous immobile solid has been a wide research
topic and many models have been published.38–41,36 These
models consist in introducing a frequency dependent com-
plex density �respectively, compressibility� to take into ac-
count viscous �respectively, thermal� effects. Extensive de-
tails on these aspects can be found in Refs. 38, 42, and 43.

In this article, an extension of the Biot theory is first
presented to describe the nonlinear acoustic propagation in a
nonlinear porous solid, where the motion of the solid and
fluid phases with viscous and thermal effects is considered.
Inertial and elastic couplings between both constituents are
considered. This work is mainly based on two references in
the literature44,45 about nonlinear wave propagation in porous
media. The originality of the present study is first to propose
a new formulation to describe the nonlinear Biot wave
propagation, which allows for significant simplifications of
the existing expressions without any additional assumptions,
second to take into account the viscous and thermal effects
through Johnson–Allard’s models, and finally, to apply the
theory to unconsolidated granular media. In the case of in-
terest, the parameters of the Biot theory corresponding to
“model” granular media are used, but the theoretical results
could be applied to other media supporting Biot waves, such
as sediments, porous ceramics, polymer foams, and trabecu-
lar bone,46 possibly with other saturating fluids. After the
presentation of the theory, we analyze the effect of second
harmonic generation in a one-dimensional geometry for a
semi-infinite medium and for a slab configuration. We de-

scribe the influence of some parameters on the mode cou-
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pling and on the nonlinear effects �such as the bead diameter,
for instance, or parameters of the solid frame and of the
saturating fluid�. This allows to evaluate the importance of
the often neglected effects of coupling in the linear and non-
linear acoustic experiments on model granular media.

II. BIOT THEORY WITH QUADRATIC NONLINEARITY

A. Nonlinear Biot equations in ˆus ,uW
‰

formulation

Biot theory31 is able to model the acoustic propagation
through homogenized porous media using six fields, which
can be, depending on the chosen formulation, the three dis-
placements of each homogenized phase �us and u f, respec-
tively, for the solid and fluid displacements� or any free lin-
ear combination30,47 of these two fields. As the 1956 �Ref.
31� formulation was not valid for porous material with an
inhomogeneous porosity �, Biot30 derived a second formu-
lation in which the considered fields are the solid displace-
ment us and the relative flow w=��u f −us�. Recently, Dazel
et al.47 published a strain decoupled formulation �equivalent
to 1962 formulation�, which simplifies the Biot formalism
without additional assumptions. One goal of this article is to
show that similar simplifications can also be obtained for
nonlinear porous materials. The fields involved in the present
formulation are the solid displacement us and the strain de-
coupled displacement field uW=ut+ ��−1�us, where �=1
−Ks /Kr �Kr is the bulk modulus of the bead matter, glass for
the example in Sec. II B, and Ks is the bulk modulus of the
porous solid in vacuum� and where ut= �1−��us+�u f is the
total displacement of the porous medium.

In �us ,uW� formulation, the equations of motion at cy-
clic frequency � read as47

�ij,j
s �us� = − �2�̃su

s − �2�̃eq�̃uW, �1a�

− �p = − �2�̃eq�̃us − �2�̃equ
W, �1b�

where �̃eq and �̃s are equivalent densities and �̃ is a coupling

coefficient. The tilde symbol “̃ ” is associated with frequency
dependent coefficients at frequency �, � denotes the partial
derivative nabla operator, p corresponds to the interstitial
pressure, and �ij

s is the in-vacuo stress tensor of the solid
phase. For a linear constitutive law, it has been shown that
�ij

s only depends on us and that p only depends on uW,47

�ij
s = 2��ij + 	�
ij, p = − M� , �2�

where 	 and � are the Lamé coefficients of the solid, M is
the equivalent compressibility of the equivalent fluid model,
�ij is the strain tensor of the solid phase, 
ij is the Kronecker
tensor, �=� ·us, and �=� ·uW. In the two other
formulations30,31 the conjugated stresses depend on both dis-
placement fields. Moreover, �ij

s is related to the total stress
tensor �ij

t by the following relation:

�ij
s = �ij

t + �p
ij . �3�

Stress-strain relations �2� are modified in the case of a non-
linear porous material. As mentioned in Sec. I, the nonlinear-
ity of granular media mainly comes from the contacts be-

tween beads and is several orders of magnitude higher than
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in homogeneous solids and fluids.9 Even at moderate excita-
tion amplitudes, nonlinear effects have been observed.10–16

As a consequence, in the present case, we neglect Forchhe-
imer’s nonlinearity, which has been shown to play a role in
some air-saturated porous media at high acoustic levels in
the context of a rigid solid frame �equivalent fluid
approximation�.26 A way to consider nonlinear terms in the
constitutive laws has been described by Biot44 and Donskoy
et al.45 and consists in introducing a nonlinear potential H
defined by

H = D� Ī1
3

3
− Ī1Ī2 + Ī3� + F�Ī1Ī2 − 3Ī3� + GĪ3 �4�

where the Īi are the strain invariants associated with the
modified strain45 �̄ij defined by

�̄ij = �ij + p�
ij , �5�

where �=Kr /3 is the fluid compliance coefficient. The strain
invariants are

Ī1 = tr��̄ij�, Ī2 = �̄11�̄22 + �̄11�̄33 + �̄22�̄33 − �̄12�̄21

− �̄13�̄31 − �̄23�̄32, Ī3 = det��̄ij� . �6�

The nonlinear constitutive laws with the nonlinear po-
tential H are then written �Eq. �2�� as

�ij
s = 2��ij + 	�
ij + ��̄ij

H , �7a�

p = − M� + M�
ij��̄ij
H . �7b�

These two equations �Eqs. �7a� and �7b�� correspond to rela-
tions �12� in Ref. 45. Equation �7b� is equivalent to the sec-
ond relation �12� of Ref. 45 but one can notice that relation
�7b� has the advantage of involving in its linear part only the
divergence of uW instead of the mixture law ��w+�us�. The
use of the in-vacuo stress instead of the total stress tensor of
the porous medium implies that the pressure p does not ap-
pear in Eq. �7a� as it is the case for the first relation �12� in
Ref. 45 for the total stress tensor. The problem of elimination
of the pressure from �t was mentioned in Ref. 45 and does
not stand in our formulation of the poroelasticity equations.
It is an advantage of the present formulation.

The nonlinear contributions of H to the in-vacuo stress
and pressure can be expanded and read as

��̄ij
H = FĪ1

2
ij + �F − D��
ijĪ2 − Ī1�̄ij� + �G + D

− 3F�cof��̄ij� , �8a�


ij��̄ij
H = 3FĪ1

2 + �F − D��3Ī2 − Ī1
2� + �G + D − 3F�Ī2

= PĪ1
2 + �G − 2D�Ī2, �8b�

with P=D+2F and cof��̄ij� corresponds to the matrix of co-
factors.

B. One-dimensional problem

Only one-dimensional problems are considered in the

following, which implies simplifications that are now de-
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tailed for the nonlinear terms. The displacement fields are
along the x direction, and all the fields of the problem only
depend on x. The space derivation with respect to x is de-
noted by subscript ,x � ,xx for the second derivative�. Hence x
corresponds to the direction 1 of Sec. II A and directions 2
and 3 are not considered. In this case, the strain invariants
read as

Ī1 = u,x
s + 3�p, Ī2 = �2u,x

s + 3�p��p, Ī3 = �u,x
s

+ �p��2p2, �9�

and the nonlinear contributions to the stress are

��̄ij
H = D�u,x

s �2 + 2P��pu,x
s � + K��p�2, �10a�


ij��̄ij
H = P�ux

s�2 + 2K�pux
s + 3K��p�2, �10b�

with K=D+6F+G. In the following, the method of succes-
sive approximation is used, and the forces corresponding to
the nonlinear terms contain only the linear solutions previ-
ously computed �and denoted with an l index� ul

s and ul
W.

Consequently, the pressure pl in the nonlinear terms is de-
fined by relation �2� and pl=−Mul,x

W . The forces associated
with the nonlinear potential are then written as

��̄ij
Hl,x = 2Dul,x

s ul,xx
s − 2MP��ul,xx

W ul,x
s + ul,x

W ul,xx
s �

+ 2KM2�2ul,x
W uW,xx

t , �11a�


ij��̄ij
Hl,x = 2Pul,x

s ul,xx
s − 2MK��ul,xx

W ul,x
s + ul,x

W ul,xx
s �

+ 6KM2�2ul,x
W ul,xx

W . �11b�

These two last equations are compared to Eqs. �20� and �21�
of Ref. 45 obtained with �us ,w� formulation. In comparison,
it is important to note the drastic simplifications of the non-
linear forces in Eq. �11� obtained using our formulation in
�us ,uW� without loss of generality.

C. Simplifications associated with the stiffness ratio
between the solid frame and the frame material

Additional simplifications can be made in the case of
granular media taken here as an illustration, and for other
porous media supporting Biot waves as long as the following
conditions on compressibility are fulfilled. The bead material
is much stiffer than the contacts between beads �and conse-
quently the solid frame�,7 which leads to the following strong
inequalities: KrKs and KrKf. Consequently, �	1,
which leads to uW=ut. Also �M 	Kf /3�Kr�1. Hence, the
only remaining nonlinear term in Eq. �11a� is the one con-
taining ul,x

s ul,xx
s and the constitutive law �Eq. �7b�� can be

approximated by its linear part.
For model granular media, the quadratic elastic nonlin-

earity is a reasonably good first approximation11,14,15 as for
other porous media, in order to explain the harmonic genera-
tion process, at least for some moderate range of excitation
amplitude.13,14 Consequently, we keep this type of nonlinear-
ity as the starting point of the present study. The value of the
parameter of quadratic nonlinearity has been measured to be

several orders of magnitude higher than in homogeneous
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fluid or solids,9,12 but can vary over a wide range depending
on the external conditions of static stress or on the particular
bead arrangement, for instance.48

With the previous assumptions, the one-dimensional
equations of motion for a model granular porous medium
read as

	cu,xx
s + 2Du,x

s u,xx
s = − �2�̃su

s − �2�̃�̃equ
t, �12a�

Mu,xx
t = − �2�̃�̃equ

s − �2�̃equ
t, �12b�

where 	c=	+2�. In the following, the value 2D=100	c is
taken everywhere. Considering this value for the parameter
of quadratic nonlinearity, the expansion of the stress-strain
relationship up to the quadratic term is valid if 
u,x

s 
�1 /50.
In this manuscript, dispersive viscous and thermal effects of
the fluid are taken into account based on Johnson et al.40 and
Champoux–Allard39 models. It is not the case in Refs. 44 and
45. Details on these models can be found in Appendix B.

D. Case of the pure elastic solid

It is instructive to consider the pure elastic solid case,
which corresponds to the propagation of a single mode in the
solid frame. This allows to compare our results with other
studies of acoustic propagation in granular media, which ne-
glect the influence of the saturating fluid. Note that inertial
coupling effects with the fluid are taken into account but not
the thermal effects, unlike the so-called in-vacuo stress,
which neglects completely the saturating fluid. This case is
called “elastic” in the following �unlike poroelastic for the
Biot modes�, and the comparison of the elastic and poroelas-
tic solutions should reveal the influence of the saturating
fluid. The unknown elastic displacement field is denoted by
ue and the motion equation �Eq. �12�� becomes

	cu,xx
s + 2Du,x

e u,xx
e = − �2�̃ue. �13�

The method of successive approximations is also applied for
this problem and is detailed in Appendix A 2.

III. RESOLUTION OF THE PROBLEM

The method of successive approximations is used to
solve the problem of second harmonic generation at the lead-
ing order of nonlinearity.49,50 It is equivalent to solving a
so-called “weak nonlinear” problem, where the nonlinear
acoustic effects are quadratic and the nonlinear interactions
only take place once for the fundamental wave �or primary
radiated wave�. This gives the limit of applicability for this
quadratic approximation: the primary wave amplitude should
be weak enough so that the nonlinearly generated compo-
nents �such as the second harmonic wave� exhibit negligible
nonlinear effects themselves.

The first step of this method is to find the solution
�ul

s ,ul
t� of the linear problem at frequency � for which the

nonlinearity is omitted. The second step is to write the prob-
lem �Eq. �12�� at frequency 2� and to substitute the solution
of the linear problem at frequency � in the nonlinear term
2Du,x

s u,xx
s of Eq. �12�. This term then acts as a source term for

the second harmonic wave. A second linear problem, at fre-

quency 2�, is solved. Simple mathematics shows that the
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solution of this problem is the superposition of the particular
and the general solutions. It is important to note that in this
weakly nonlinear quadratic approximation, no nonlinear ef-
fect on wave speed �in average over a wave period� and
attenuation occur.49

A. General form of the solutions

It is straightforward by the methods of
characteristics38,31 to show that the solution of the linear
problem at frequency � is a superposition of two compres-
sional waves, where the solid and total displacements read as

ul
s = �u1e−jk1x + u2e−jk2x + u1�e

jk1x + u2�e
jk2x�ej�t, �14a�

ul
t = ��1u1e−jk1x + �2u2e−jk2x + �1u1�e

jk1x + �2u2�e
jk2x�ej�t,

�14b�

where u1, u2, u1�, and u2� are coefficients determined by the
boundary conditions of the problem, and k1 and k2 are the
wave numbers of the two compressional waves. For each one
of these modes, �i is the ratio of the total displacement am-
plitude over the solid one. Their expressions are given at the
end of Appendix B.

The particular solution of the problem at 2� can be writ-
ten in the following forms:

up
s = �0 + ��

i=1

4

�ie
−2jkix + �i�e

2jkix�e2j�t, �15�

up
t = �0 + ��

i=1

4

�ie
−2jkix + �i�e

2jkix�e2j�t, �16�

where 2k3=k1+k2, 2k4=k1−k2, and �i and �i are obtained
through an identification method presented in Appendix A.
The form of the general solution of the problem at 2� is
quite similar to the linear solution

ug
s = ��1e−jk̈1x + �2e−jk̈2x + �1�e

jk̈1x + �2�e
jk̈2x�e2j�t, �17a�

ug
t = ��̈1�1e−jk̈1x + �̈2�2e−jk̈2x + �̈1�1�e

jk̈1x

+ �̈2�2�e
jk̈2x�e2j�t. �17b�

The double dot symbol “¨” denotes the 2� values of the

coefficients �for example, k̈1 corresponds to the wave number
of the first Biot wave at cyclic frequency 2��. The �i are
amplitudes determined by the boundary conditions for the
nonlinear solution of the problem at 2�.

B. Case of a semi-infinite porous medium

The case of a semi-infinite porous medium is first con-
sidered. Accordingly, there is no counter-propagating wave.
This imposes that the amplitudes u1� and u2� are zero. A sinu-
soidal displacement with amplitude u0 and frequency � is
imposed at x=0 on the solid and the fluid. The associated
boundary condition is consequently us

l�0�=ut
l�0�=u0.38,47
Then, u1 and u2 are solutions of the following system:
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� 1 1

�1 �2
�u1

u2
� = �u0

u0
� , �18�

which solutions read as

u1 =
�2 − 1

�2 − �1
u0, u2 =

�1 − 1

�1 − �2
u0. �19�

For the particular and general solutions of the problem at 2�,
the prime coefficients associated with the counter-
propagating waves are also zero. This corresponds to con-
sider only cumulative nonlinear effects. Local nonlinear ef-
fects, neglected in this theory, could in principle allow for the
generation of counter-propagating second harmonic wave,
but with a much lower efficiency. The particular solution is
obtained using the method in Appendix A. The boundary
conditions relative to the nonlinear displacements are the
nullity of the solid and total displacements at x=0. Hence, �1

and �2 are solutions of

� 1 1

�̈1 �̈2
��1

�2
� = − ��1 + �2 + �3

�1 + �2 + �3
� , �20�

and their expressions are

�1 =
�̈2��1 + �2 + �3� − ��1 + �2 + �3�

�̈1 − �̈2

, �21a�

�2 =
− �̈1��1 + �2 + �3� + ��1 + �2 + �3�

�̈1 − �̈2

. �21b�

In Fig. 1, the magnitude of the acoustic stress at a 10 cm
distance from the source is plotted as a function of fre-
quency. The excitation displacement at x=0 is imposed in
the form u=u0 sin��t� with u0=0.001�2� /�, which corre-
sponds to an imposed strain amplitude independent of fre-
quency and of realistic magnitude of 3�10−5 for a medium
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FIG. 1. Linear �at frequency �� and nonlinear �at frequency 2�� stress
magnitudes at a distance x=10 cm from the excitation boundary in the
semi-infinite configuration. �s, � f, �t, and �e are, respectively, the solid,
fluid, total, and elastic stresses. Indices l and “nl” are, respectively, used for
the linear and the nonlinear contributions. Note that the frequency axis in-
dicates the fundamental frequency, i.e., the magnitude for the second har-
monic at 2� frequency should be read at �. Case of air-saturated elastic
beads of diameter 2 mm.
without dispersion. This is also close to the efficiency of
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wide-band ultrasonic transducers in experiments.51 The stress
in the solid frame �s �supported by the beads and their con-
tacts� and the fluid pressure p both contribute to the total
stress �t. The pure elastic stress is denoted by �e. Linear and
nonlinear stresses, corresponding here to the contributions at
frequencies � and 2�, respectively, are plotted separately for
clarity because the linear stress is most of the time dominant
over the nonlinear one for this process of second harmonic
generation. The linear stresses are indexed with l while the
nonlinear stresses are indexed with “nl.”

For all the figures in this article, when it is not specified,
the wave and medium parameters are those in Appendix B.
These parameters are chosen in agreement with available ex-
perimental results51,14,15 for weakly stressed granular pack-
ings of glass beads. The equivalent fluid parameters of the
glass bead packing and their scaling laws with the bead ra-
dius are mostly taken from Ref. 21 �see Appendix B�. The
longitudinal wave velocity in the solid frame in the long
wavelength limit is 200 m/s. It decreases with frequency as
observed in sand and model granular media, and due to the
absence of models of velocity dispersion in disordered three-
dimensional bead packings, the dispersion law of a one-
dimensional granular chain is used. The corresponding wave-
length is 2 cm at 10 kHz �ten times larger than the bead
diameter� and �0.7 cm at 30 kHz. Due to the occurrence of
scattering, the limit of applicability of the Biot theory is
reached for the highest frequencies of the plots. However,
this frequency limit of applicability can be increased if the
coherent wave is considered by performing a spatial averag-
ing of the acoustic field �over different configurations of the
medium or by transducers with a sensitive surface larger than
the wavelength, for instance�. Scattering in this case would
result in additional attenuation and velocity dispersion.

The linear elastic stress �l
e monotonously decreases in

magnitude with increasing frequency because of the attenu-
ation proportional to �. Such as in a homogeneous solid or
fluid with a quadratic nonlinearity and an increasing attenu-
ation with frequency, the nonlinear stress �nl

e first increases
with frequency, reaches a maximum, and then decreases. The
linear solid stress �l

s has a different behavior than �l
e, show-

ing that under the considered conditions, the coupling be-
tween the solid frame and the saturating fluid cannot be ne-
glected here. It is possible to define a characteristic
frequency fc, from which �l

s deviates significantly from �l
e.

This corresponds to a crossover between the two Biot waves.
Below this frequency, the dynamics is mainly solid con-
trolled, and above this frequency, it is fluid controlled.
Around this frequency fc, the solid and fluid waves are of
comparable magnitude, and their interferences produce the
notch at 13 kHz. It is important to mention that this cross-
over is not always characterized by a local minimum in �l

t, as
shown in Fig. 1. The same qualitative behavior can be ob-
served for the nonlinear stresses at frequency 2�.

In Fig. 2, the same quantities as in Fig. 1 are plotted but
as a function of distance from the excitation boundary at the
fixed frequency of 10 kHz. At small distance from the
source, the linear total stress �l

t is mainly supported by the
solid and decreases exponentially with distance as does the

e
pure elastic stress �l for the whole frequency range �a linear
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decrease in the semilog plot�. At a distance of approximately
20 cm from the source a crossover occurs: the fluid and solid
stresses are of comparable magnitude. For longer distances,
the behavior of the total stress is determined dominantly by
the fluid properties as it clearly deviates from the behavior of
the pure elastic stress �l

e. The reason of this crossover is that
the solid Biot wave is more damped than the fluid wave.
Consequently, for long enough distances, the acoustic energy
initially injected in the solid is strongly damped, and the only
remaining wave, able to propagate in the fluid, releases en-
ergy to the solid frame by coupling. The response of the
system cannot be accurately predicted by a model, neglecting
the solid-fluid interactions, which justifies the use of the Biot
theory.

C. Harmonic generation in the slab configuration

The slab configuration consisting of an excitation
boundary at x=−d and a rigid boundary at x=0 is now in-
vestigated. The slab configuration qualitatively corresponds
to the one used in some available experimental results.48,51

The solid and total displacements are imposed and equal at
x=−d and vanish at the rigid boundary x=0. They can be
written using trigonometric functions as

us = �A1 sin�k1x� + A2 sin�k2x� + B1 cos�k1x�

+ B2 cos�k2x��ej�t, �22�

ut = ��1A1 sin�k1x� + �2A2 sin�k2x� + �1B1 cos�k1x�

+ �1B2 cos�k2x��ej�t. �23�

Both displacements are zero at x=0 and B1=B2=0. At
x=−d,

u0 = − A1 sin�k1d� − A2 sin�k2d� , �24�

u0 = − �1A1 sin�k1d� − �2A2 sin�k2d� , �25�

0 0.2 0.4 0.6 0.8 1

10
−6

10
−4

10
−2

10
0

10
2

10
4

0 0.1 0.2 0.3

10

15

20

Distance (m)

F
re

qu
en

cy
(k

H
z)

Distance (m)

S
tr

es
s

m
ag

ni
tu

de
(P

a)

pl

f = 10 kHz

pnl

d = 2 mm

σs
l

σe
l

σt
lσt

nl

σs
nlσe

nl

FIG. 2. Linear and nonlinear stress magnitudes as a function of distance
from the source in the semi-infinite configuration. Same notations as in Fig.
1. The inset shows the relation between the excitation frequency and the
propagation distance for the occurrence of the crossover between �l

s and pl.
which leads to

J. Acoust. Soc. Am., Vol. 127, No. 2, February 2010 O.

 25 May 2011 to 195.221.243.134. Redistribution subject to ASA licens
A1 =
��2 − 1�u0

��1 − �2�sin�k1d�
, A2 =

��1 − 1�u0

��2 − �1�sin�k2d�
. �26�

Note that the solid and total displacements can be written
with Eq. �14� representation as

u1� =
A1

2i
= − u1, u2� =

A2

2i
= − u2. �27�

The particular solution can be obtained with the method in
Appendix A. The general solution corresponds to a zero non-
linear displacement at x=−d and x=0, and its amplitudes are
solutions of the system

�
1 1 1 1

�̈1 �̈2 �̈1 �̈2

e1 e2 e1� e2�

�̈1e1 �̈2e2 �̈1e1� �̈2e2�
��

�1

�2

�1�

�2�
�

=�
�
i=1

4

�i + �i�

�
i=1

4

�i + �i�

�
i=1

4

�ie
2jkid + �i�e

−2jkid

�
i=1

4

�ie
2jkid + �i�e

−2jkid

� . �28�

It is straightforward to find numerical values of the ampli-
tudes �i using Cramer’s method.

In Fig. 3, the stress magnitude at x=0 for a slab of 10
cm thickness is plotted as a function of frequency. The main
difference compared to the semi-infinite case is the presence
of resonances both for the linear fluid pressure pl and the
solid stress �l

s, originating from the limited size of the slab.
The first resonance of the total stress �l

t occurs at frequency
of 1 kHz, which corresponds to the longitudinal velocity in
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FIG. 3. Linear and nonlinear stress magnitudes at x=0 for a 10 cm slab
configuration. Same notations and parameters as in Fig. 1. The inset shows
a zoom of the low-frequency region.
the solid frame over twice the slab thickness. The higher
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resonance frequencies are almost multiple of the first reso-
nance frequency but not exactly due to the velocity disper-
sion �see the zoom in the low-frequency region in the inset�.
Due to the increasing attenuation with frequency in the solid
frame, these resonances have decreasing maximum values
with increasing frequency. For the linear fluid pressure pl,
some resonances also occur, but due to the higher contribu-
tion of the solid stress compared to the fluid pressure at these
low frequencies, there is a competition between the reso-
nances associated with the equivalent fluid slab and the reso-
nances corresponding to the solid frame slab. This results in
asymmetric resonance curves, with lower quality factors than
for the solid stress. The other features of these transmitted
stresses through a slab of porous medium are comparable to
the semi-infinite case in Fig. 1. Note that close to the reso-
nance frequencies, for which the stress magnitudes are
higher than in the semi-infinite case, the assumptions of the
developed theory could be locally violated. One should no-
tice that these results are in qualitative agreement with ex-
perimental results obtained in the same configuration in the
context of acoustic probing of the granular compaction
process.48,51 First, the acoustic transfer function between two
transducers placed on opposite sides of the granular con-
tainer �the present granular slab� has the same shape as the
total stress �l

t, including the local minimum observed at the
crossover for the characteristic frequency fc. The compaction
process, which consists in applying vertical discrete vibra-
tions to a cell containing a packing of beads in order to
reduce its volume, modifies strongly the solid frame elastic
properties but only slightly for the geometrical properties
�few %�. What is observed along a compaction process is a
strong increase in the acoustic transfer function magnitude of
the medium slab for the frequencies lower than fc, corre-
sponding to a region where the solid stress dominates over
the fluid pressure, while the acoustic transfer function ampli-
tude for frequencies higher than fc slightly diminishes. In
this higher-frequency region, the fluid pressure dominates
over the solid stress, and the decrease in the acoustic transfer
function magnitude is explained by the few % change in the
geometrical properties of the packing.

Considering the nonlinear contributions, we remind that
the frequency axis corresponds to the fundamental frequency
at �; therefore, the nonlinear magnitude plotted at frequency
of 5 kHz, for instance, corresponds to the one of the second
harmonic at 10 kHz. In this respect, the observed resonances
for the nonlinear stresses are located roughly at each 500 Hz,
at least for the first ones, with differences in their magnitudes
�see the inset in Fig. 3�. There is actually a difference when
both the fundamental wave at frequency � is at a resonance
and the second harmonic wave at 2� is also at a resonance
compared to the case where only the wave at 2� is at a
resonance of the slab. When the fundamental wave is at a
resonance of the slab, the nonlinear source term in Eq. �12� is
also at a local maximum in frequency, and the second har-
monic wave is efficiently generated. Moreover, due to the
almost regularly spaced resonances, the second harmonic
wave is itself at a resonance of the slab. This results in a
strong resonance for the second harmonic wave, such as fre-

quencies of 1, 2, and 3 kHz. When the second harmonic
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wave is at a resonance of the slab but not the fundamental
wave, the nonlinear source term is not maximum and the
second harmonic is less efficiently generated; being at a reso-
nance of the slab, it still exhibits a resonance �fundamental
frequencies of 500 Hz, 1.5 kHz, and 2.5 kHz, for instance�
but smaller than in the previous case.

IV. INFLUENCE OF SOME MEDIUM PARAMETERS

In this section, the influence of three medium parameters
on the previous results is analyzed: the bead diameter, the
fluid properties, and the static stress applied on the granular
solid frame, with the fluid static pressure being kept the
same.

A. Influence of the bead diameter

The role of the bead diameter on the previous results is
difficult to understand completely. To the authors’ knowl-
edge, the relation between the bead size and the acoustic
energy dissipation in the solid frame is not yet understood. In
addition, the relation between the bead size and the velocity
dispersion in three-dimensional disordered granular media is
not straightforward. However, the bead diameter role on the
other parameters of the Biot model is quite well understood
in the literature and follows the scaling laws given in Appen-
dix B. Consequently, we choose to keep the same attenuation
law in the solid frame and to scale the velocity dispersion
law according to its chosen expression for this article, which
depends on the bead diameter �see Appendix B�. The nonlin-
ear quadratic parameter D is considered independent of the
bead diameter. Considering the current lack of understanding
on this aspect, the possible dependence on the bead diameter
is beyond the scope of the present article. In the assumptions
of the developed model, a modification of D would have the
only effect to shift up or down the nonlinear stress magni-
tudes proportional to D.

In Fig. 4, the stress magnitude at x=0 is plotted for the
slab configuration as in Fig. 3 for a bead diameter d
=0.7 mm. The main effect of decreasing the bead diameter
is observed on the frequency region where the fluid pressure
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FIG. 4. Stress magnitude at x=0 for the same conditions as in Fig. 3, except
that the bead diameter is decreased down to d=0.7 mm.
rules the total stress behavior, i.e., above the characteristic
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frequency fc. Note that in this region, in contrast to Fig. 3,
the solid stress still dominates over the fluid pressure. The
resistivity ��d−2 is increased by one order of magnitude
when d is changed from 2 to 0.7 mm �see Appendix B� and
the characteristic lengths decrease. This ensures a stronger
attenuation of the acoustic energy in the fluid. This is clearly
visible when comparing the solid and total stress magnitudes
in Figs. 3 and 4 above the characteristic frequency. This be-
havior has also been confirmed in experiments.48 For the
second harmonic generation, the same remarks apply.

B. Influence of the saturating fluid properties

In order to modify the fluid properties and to stay in a
realistic situation from the point of view of the possible ex-
periments, we change the air considered previously for wa-
ter. We neglect the possible effects of water on the solid
frame properties, including the possible lubrication at the
contacts, and the consequently modified attenuation law in-
side the solid frame.

In this case, the main difference is associated with the
appearance of a strong asynchronism between the wave ve-
locity in the equivalent fluid, close to that of water
��1500 m /s�, and the much lower wave velocity in the
solid frame ��200 m /s�. This was not the case for air where
both velocities were comparable.

The consequence is the occurrence of oscillations in the
fluid pressure magnitude as a function of frequency in the
low-frequency region of the presented results �see the inset
in Fig. 5�. These oscillations are visible here due to the better
coupling between the solid frame and the fluid than in Fig. 3
for air, and the characteristic distance between two succes-
sive minima is well explained by the difference in the two
wave numbers k1 and k2.

Another feature related to the saturating fluid properties
is associated with the efficient coupling between water and
the granular solid frame. In contrast to Fig. 3, there is no
crossover between a region ruled by the solid stress behavior
and a region ruled by the fluid pressure behavior as a func-
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FIG. 5. Stress magnitudes in the same configuration as in Fig. 3 except that
the saturating fluid is water. The inset is a zoom of the low-frequency re-
gion, showing oscillations of the fluid pressure magnitude.
tion of frequency. Due to the stronger coupling, the attenua-
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tion in the solid frame �the one observed for the elastic stress
�l

e� rules the attenuation of the fluid pressure too. Conse-
quently, the solid stress dominates the fluid pressure in mag-
nitude for the whole frequency range in Fig. 5 and is close to
the elastic stress. This observation should be checked care-
fully in experiments in the future because it is in contradic-
tion with the idea that for water-saturated granular media,
most of the acoustic energy propagates through water.

C. Influence of the static solid stress

In several existing experimental results, a static stress of
the order of 100 kPa is applied on the granular slab.19,13,14 In
this case, while the geometrical properties of the packing are
almost not modified, the elastic properties of the solid frame
are strongly different. The acoustic attenuation decreases
both due to decreasing dissipation and decreasing scattering,
and the wave velocity increases with some power law,
mainly due to the nonlinearity of the contacts.18,19,7,14 Con-
sequently, in order to take into account an increase in the
applied static stress on the solid frame properties, we keep
constant the geometrical properties and modify only the real
and imaginary parts of the elastic modulus 	c for the solid
frame. We choose Re�	c� two times larger than previously
mentioned �corresponding roughly to an increase of one or-
der of magnitude of the applied static stress� and a two times
smaller Im�	c�. Each parameter is identical to that used in
Fig. 3. Results are given in Fig. 6. The main effect of in-
creasing the static solid stress is to shift to higher frequencies
the occurrence of the crossover between the frequency re-
gions ruled by the solid stress and the fluid pressure behav-
iors. It means that the higher the static solid stress is, the
wider the frequency region dominated by the solid stress is.
This effect has been confirmed by recent experiments.48,51

V. CONCLUSIONS

An extension of the Biot theory for nonlinear propaga-
tion in unconsolidated model granular media or more gener-
ally in porous media supporting Biot waves is presented. The
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method of successive approximations is used to determine
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the nonlinear solutions for the particular case of a quadratic
nonlinearity of the solid. Both linear and second harmonic
results can be used in future investigations on the acoustics
of granular media. In particular, it has been shown that there
exists a crossover frequency between a solid-controlled and a
fluid-controlled behavior. This result can guide future experi-
ments on the probing of the acoustical properties of granular
packings, especially in the context where the linear or non-
linear elastic properties of the solid frame are studied. The
influence of some medium parameters �bead diameter, satu-
rating fluid, and application of a static solid stress� has also
been studied.

Future works among which some are currently in
progress concern the study of the nonlinear self-
demodulation process or difference frequency generation, the
self-action process, and the consideration of other types of
nonlinearities in the solid or in the fluid. The application of
the developed approach to other porous media including
polymer foams, trabecular bone,46 or other media supporting
Biot waves is in principle possible.
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APPENDIX A: PARTICULAR SOLUTION

This appendix presents a method to calculate the par-
ticular solution of Eq. �12� in the one-dimensional case.

1. Case of the porous media

The spatial derivatives of the solid displacement field
�Eq. �14�� are

�ul

�x
= − jk1u1e−jk1x − jk2u2e−jk2x + jk1u1�e

jk1x + jk2u2�e
jk2x,

�A1a�

�2ul

�x2 = − k1
2u1e−jk1x − k2

2u2e−jk2x − k1
2u1�e

jk1x − k2
2u2�e

jk2x.

�A1b�

Hence, with 2k3=k1+k2 and 2k4=k1−k2,

�ul

�x

�2ul

�x2 = jk1
3u1

2e−2jk1x − jk1
3u1�

2e2jk1x + jk2
3u2

2e−2jk2x

− jk2
3u2�

2e2jk2x + 2jk1k2k3u1u2e−2jk3x

− 2jk1k2k3u1�u2�e
2jk3x − 2jk1k2k4u1�u2e−2jk4x

+ 2jk1k2k4u2�u1e2jk4x. �A2�

The particular solution reads as

up
s = �0 + �

8

�ie
−2jkix, �A3�
i=1

700 J. Acoust. Soc. Am., Vol. 127, No. 2, February 2010

 25 May 2011 to 195.221.243.134. Redistribution subject to ASA licens
up
t = �0 + �

i=1

8

�ie
−2jkix. �A4�

For i�4, ki=−ki−4, �i=�i�, and �i=�i�. As the product �Eq.
�A2�� does not involve constant terms, one has

�̈s�0 + �̃�̈E�0 = 0, �̈�̃eq�0 + �̈eq�0 = 0, �A5�

and thereby �0=�0=0. The other amplitudes are the solu-
tions of the following system:

�4�2�̈s�I8� − 4	c�k�2 4�2�̈�̈eq�I8�

4�2�̈�̈eq�I8� 4�2�̈eq�I8� − 4K̈eq�k�2�
�

��

�

��
�

= � �

08
� , �A6�

where �k� is the diagonal matrix of the ki wave numbers and
� is defined by

� = j�k1
3u1

2,k2
3u2

2,2k1k2k3u1u2,− 2k1k2k4u1�u2,− k1
3u1�

2,

− k2
3u2�

2,− 2k1k2k3u1�u2�,2k1k2k4u2�u1�t. �A7�

It is possible to find analytical expressions of the solutions

�i =
�i

4�2�̈eq − 4	cki
2 −

4�2�̈�̈eq

4�2�̈eq − 4K̈eqki
2

, �A8�

�i = −
4�2�̈�̈eq

4�2�̈eq − 4K̈eqki
2
�i. �A9�

2. Case of the pure elastic solid

In the case of a pure elastic solid, the linear elastic dis-
placement is

ul
e = ufe

−jk0x + uf�e
jk0x, �A10�

with k0=���̃ /	c. The partial derivatives of the displacement
�Eq. �A10�� are

�ul
e

�x
= − jk0ufe

−jk0x + jk0uf�e
jk0x, �A11a�

�2ul
e

�x2 = − k0
2ufe

−jk0x − k0
2uf�e

jk0x, �A11b�

where k0 corresponds to the wave number of the compres-
sional waves and

�ul

�x

�2ul

�x2 = jk0
3uf

2e−2jk0x − jk0
3uf�

2e2jk0x. �A12�

The particular solution is

up
s = �0e−2jk0x + �0�e

2jk0x, �A13�
where �0 and �0� are solutions of
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�4�2�0 − 4	ck0
2���0e−2jk0x + �0�e

2jk0x� = �jk0
3uf

2e−2jk0x

− jk0
3uf�

2e2jk0x. �A14�

Finally, we obtain

�0 =
�jk0

3uf
2

4�2�0 − 4	ck0
2 , �A15�

�0� = −
�jk0

3uf�
2

4�2�0 − 4	ck0
2 . �A16�

APPENDIX B: PARAMETERS OF THE MODEL

This appendix provides the expressions of the inertial
and constitutive parameters of the model for a circular fre-
quency �. The geometrical and physical parameters of the
equivalent fluid model have been derived previously in the
literature for air saturating disordered packings of solid
spheres.21 In the general case they depend on the fluid prop-
erties and on the bead diameter.

The density terms are

�1 = �1 − ���s, �2 = ��0, �12 = − ��0��� − 1� , �B1�

where � is the porosity, �s is the frame material density, �0 is
the interstitial fluid density, and �� is the geometric tortuos-
ity. �12 accounts for the interaction between the inertia forces
of the solid and fluid phases. The apparent coupling density
can be introduced in the form

�̃12 = �12 −
b̃

j�
.

The viscous effects are modeled through the following coef-
ficient:

b̃ = j���0��̃ − ��� , �B2�

where �̃ is the dynamic tortuosity defined by

�̃ = 1 −
j��

���0�
�1 −

4j��
2 �a�0�

�����2 . �B3�

Here, � is the flow resistivity, �a is the dynamic viscosity of
the saturating fluid, and � is the viscous characteristic
length. The equivalent density �̃eq and the coupling coeffi-
cient �̃ are then given by

�̃eq =
�0�̃

�2 , �̃ = �� �̃12

�0�̃
−

1 − �

�
� . �B4�

The thermal effects are introduced through the dynamic
compressibility

Kf =
��P0

� − �� − 1��1 +
8�a

j��Pr��0
�1 +

j�0�Pr��2

16�a
−1 ,

�B5�

where �� is the thermal characteristic length, Pr is the
Prandtl number, P0 is the ambient pressure, and � is the

specific heat ratio of the fluid.
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The compressibility of the fluid M is then obtained as

M =
Kr

2

Kr�1 + �Kr/�Kf − 1�� − Ks
. �B6�

The porosity � of the medium can be evaluated for ran-
dom close packings of spheres3 as ��0.4�0.04. The tortu-
osity for disordered packings of beads is evaluated as ��

=1.36 and is independent of the bead diameter. The thermal
characteristic length reads as ��=�d /3�1−��. The viscous
characteristic length is estimated as ���� /3. The flow re-
sistivity is �=4�aF /�2, where F=3.4 is a formation factor
independent of the bead diameter.

In summary, the bead size scaling laws for the equiva-
lent fluid parameters are �����F�d0, �����d1, and
��d−2.

Concerning the parameters of the solid frame, they are
much less characterized and can vary by several orders of
magnitude depending on the applied external conditions and
the state of the packing. They have been chosen here to
correspond to the experimental conditions of some available
experimental results,48,51 i.e., a weak external static stress of
�3 kPa, giving a measured wave velocity of �200 m /s at
low frequencies. Due to the existing velocity dispersion in
experiments, we considered an elastic modulus for the solid
frame of the form 	c=	c0��� /�c� /arcsin�� /�c��2+ i�	c0�.
The real part corresponds to the dispersion relation of a one-
dimensional granular chain52 with �c=d /2�	c0 /�s, 	c0

=60 MPa, and �s=1500 kg /m3. The imaginary part is cho-
sen to be proportional to the frequency in order to increase
with frequency. Another dependency can in principle be cho-
sen. A value of �=4�10−6 provides an attenuation close to
the one observed in experiments.48,51 Note that these disper-
sion and attenuation laws may not fulfill the Kramers–
Kronig relations and this could provide causality problems if
the results obtained in the frequency domain in this article
are transformed into the time domain.

The two compressional waves of the porous medium are
defined by their wave number ki and the ratio �i of the total
displacement over the solid one. They are defined by

ki
2 =

�
s2
2 + 
eq

2 � � ��
s2
2 + 
eq

2 �2 − 4
eq
2 
s1

2

2
, �B7�

with
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M
, 
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	c
, 
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	c
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where
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�̃12

2
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