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Summary
The use of finite element modeling for porous sound absorbing materials is often limited by the numerical cost
of the resolution scheme. To overcome this limitation, an alternative finite element formulation for poroelastic
materials modelled with the Biot-Allard theory is first presented. This formulation is based on the solid and total
displacement fields of the porous medium. Three resolution methods (one semi-analytical and two numerical)
based on normal modes are proposed secondly. These methods take benefit from the decoupling properties of nor-
mal modes. The semi-analytical method is associated with problems in which the shear wave can be neglected.
The numerical methods are a direct and an iterative scheme. The direct method allows a reduction by 2 of the
number of degrees without making any approximation. The iterative method provides an approximation corre-
sponding to a controlled tolerance. The finite element formulation is validated by comparison with an analytical
model in two mono-dimensional configurations corresponding to a single and a multilayered problem. The ef-
ficiency of the two numerical resolution methods is also illustrated in term of computation time in comparison
with classical formulations, such as the mixed displacement-pressure formulation.

PACS no. 43.20.Bi

1. Introduction

Porous structures are used in automotive, aeronautics,
building industries as passive absorbers in order to reduce
noise annoyance. The modeling of the physics of these ma-
terials has been the subject of many scientific works in the
last two decades and many models were proposed. Among
them, Biot-Allard’s [1, 2, 3, 4, 5, 6] theory of wave prop-
agation in sound absorbing material is now considered as
the reference. Even if this theory could still be enhanced,
it is now common for the community that it is well fit-
ted for the modeling of sound absorbing materials used in
classical acoustical applications. This theory has neverthe-
less two main drawbacks. The first one is the difficulty of
characterizing some of its intrinsic parameters, especially
(visco-)elastic coefficients [7]. The second limitation is
linked to the tremendous calculations induced by the reso-
lution of these equations when the behaviour of the porous
material cannot be predicted with classical plane waves
techniques or analytical methods. This paper is concerned
with the second drawback.

In Biot-Allard’s theory, the porous medium is assumed
as an aggregate, superposition of a solid and a fluid phase.
Different formulation of Biot’s theory have been proposed
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in the literature and they can be grouped in two sets.
The first one is related to mixed formulation [8, 9] and
considers one displacement field and the interstitial pres-
sure in the fluid. The formulation by Atalla et al. [8, 9]
involves the full Biot-Allard model and the paper from
Bermudez et al. [10] is a rigorous mathematical study for
a non dissipative (and physically not realistic for acousti-
cal applications) porous medium. The main drawback of
Atalla et al. approach is to be only valid for harmonic mo-
tions [8] (due to the frequential dependance of Johnson-
Allard model [3, 4, 5]). The second set of methods is re-
lated to displacement formulations and involves two dis-
placement fields. The displacement of the solid phase can
be aggregated with the one of the fluid phase [1] uf or
with relative flow [2] between the solid and fluid phase
w = φ(uf − us) or, more recently with total displacement
[11] ut = (1 − φ)us + φuf . φ denotes the porosity.

From a numerical point of view, mixed formulations
have the advantage that finite element discretization leads
to problems with four degrees of freedom (dof) per node
instead (and an additional node per element to avoid insta-
bility and wrong numerical applications in certain cases)
of six for 3D problems. Their drawbacks are an intricate
physical interpretation and conditioning problems. In ad-
dition, they are only valid for harmonic problems and they
need five elementary matrices (two for each phase and
one corresponding to coupling) instead of three for dis-
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placement formulations. In order to reduce computation
time, the choice of mixed formulations has been preferred
during the last decade and two main sets of improvement
methods have nevertheless been proposed in the literature.
The first one consists in improving the quality of the finite-
element process by using hierarchical elements [12, 13].
The second one is to use modal techniques. One can cite
decoupled modal analysis [14] and generalized complex
modes techniques [15, 16]. The first modal technique is
shown not efficient enough and the second one presents a
mathematical formalism and ill conditioned computation
techniques which are difficult to apply for non-academic
problems.

The main idea of this paper is to propose a new ap-
proach to solve numerical poroelastic problems inspired
from the resolution of analytical methods. Three reso-
lution methods (one semi-analytical and two numerical)
based on normal modes are proposed. These methods take
benefit from the decoupling properties of normal modes.
The semi-analytical method is associated with problems
in which the shear wave can be neglected (in the case of
monodimensional problems or when the material is non-
cohesive [17]). Even if the solving method is analytical,
it is called semi-analytical as a numerical finite-element
problem is concerned. The numerical methods are a di-
rect and an iterative scheme. The iterative method provides
an approximation corresponding to a controlled tolerance.
The finite element formulation is validated by compari-
son with an analytical model in 2 mono-dimensional con-
figurations corresponding to a single and a multilayered
problem. The efficiency of the two numerical resolution
methods is also illustrated in terms of computation time in
comparison with classical formulations, such as the mixed
displacement-pressure formulation. In addition, from the
knowledge of the authors, the proposed resolution meth-
ods can not be applied to mixed formulation finite-element
problems due to the coupling between displacement and
pressure modes.

Section 2 presents the {us,ut}finite-element formula-
tion. Two numerical methods for the resolution of the nu-
merical system are proposed in section 3. The compres-
sional case is presented in section 4. The proposed ap-
proach is compared to the classical formulation of the lit-
erature in section 5. Section 6 concludes the paper.

2. {us,ut} Finite element formulation

2.1. {us,ut} Equations of Biot’s theory

The {us,ut} representation of Biot’s theory has been pro-
posed by Dazel et al. [11]. It is an equivalent formulation
to the {us,uf} one which has the advantage of simplifying
stress-strain relations together with coupling conditions.
The motion equations are given by:

·σ̂(us) = −ω2ρs u
s − ω2ρeqγ u

t, (1a)

Keq · ut = −ω2ρeqγ u
s − ω2ρeq u

t. (1b)

us and ut are solid and total displacement fields, Keq cor-
responds to the equivalent compressibility of the fluid, ρeq
and ρs are equivalent densities, γ is a coupling coefficient
and σ̂ is the in-vacuo stress tensor of the solid phase. The
motion equations (1) are associated to the following con-
stitutive relations:

σ̂ij(us) = Â ·usδij +N
∂usi
∂xj

+
∂usj

∂xi
,

P = −Keq ·ut. (2)

P is the interstitial pressure in the porous medium. All
the coefficient of these equations can be obtained with
Biot-Allard’s theory and their expression are given in Ap-
pendix A1.

In addition, this formulation simplifies the continuity re-
lations at the interface between porous structure and an-
other porous or a fluid structure. The continuity relations
[11] at the interface between two porous media are simply
the continuity of solid and normal total displacements as
well as the continuity of in-vacuo stress tensor and pres-
sure. In the case of an interface between a porous material
and a fluid, one has the equality between the pressure of
the fluid and the pressure of the porous medium as well
as the equality between the normal total displacement and
the normal displacement of fluid and the nullity of the in-
vacuo stress.

2.2. Variational formulation and discretized form

The finite element formulation [18] of the {us,ut} formu-
lation is now proposed. The method to discretize a poroe-
lastic variational formulation has been proposed by vari-
ous authors [19, 13, 8]. Let Ω be the porous material do-
main and ∂Ω its boundary. This boundary can be divided
in two parts ∂ΩD and ∂ΩN . The methodology to obtain
the variational formulation is in three steps. The first one
is the multiplication of equations (1a) and (1b) by vari-
ation fields δus and δut. These fields are chosen in order
to be kinematically admissible (i.e. to satisfy the homo-
geneous Dirichlet boundary conditions on ∂ΩD). The two
equations are then integrated over Ω and a Green formula
is applied to the stress terms. The variational form associ-
ated to solid and fluid phase are then

Ω
σ̂(us) : ε(δus) − ω2(ρsus + γρequ

t)δus dΩ

=
∂ΩN

σ̂(us)·nδus dΓ, (3a)

Ω
Keq ·ut ·δut − ω2ρeq(us + γut)δut dΩ

=
∂ΩN

Keq ·ut(δut·n) dΓ. (3b)

n is the outwarding normal vector at the boundary. The
boundary integral on ∂ΩD is null due to Dirichlet condi-
tions. These formulations can then be discretized by finite
element. The porous domain Ω is first partitioned in n el-
ementary sub-domains Ωe. On each sub-domain, a finite
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number of nodes are chosen as well as interpolation func-
tions. The solid and total displacement fields can then be
approached on element e in terms of the nodal displace-
ments approximations us

e and ut
e.

use
ute

≈ Ne
us Ne

ut
us
e

ut
e

(4)

where Ne
us (resp. Ne

ut ) corresponds to the shape func-
tion associated to the solid (resp. total) displacement. In
all the following, the interpolation functions of the solid
and total displacement are assumed equals (and denoted
by Nu ). Three elementary matrices are defined on ele-
ment e:

Me
0 =

Ωe

Ne
u

t
Ne

u dΩ, (5)

Ke
i =

Ωe

Be
u

t
Di Be

u dΩ, i = 0, 1

Me
0 is associated with the u·δu terms of the variational

formulations. Ke
0 is associated with the ·u ·δu prod-

ucts and Ke
1 corresponds to the shear terms. Some de-

tails on the elementary matrices can be found in Appendix
A2.1. Two elementary vectors are also defined. On ∂ΩD,
the normal stresses are imposed and thereby known. The
elementary force vectors are:

Fe
s =

∂Ωe

Ne
u

t
σ̂(us) dΓ,

Fe
t =

∂Ωe

Ne
u

t
Keq ·ut·n dΓ. (6)

∂Ωe corresponds to the surface of the element included in
the boundary ∂ΩN . If an element is not linked to ∂ΩN , the
elementary forces are null. The global mass and stiffness
matrices and forcing vector are obtained by the summa-
tion of elementary matrices. Let ui (i = s, t) be the global
displacement vector corresponding to the global degree of
freedom of the problem. The displacement unknowns in
the element and in the global vector are linked through
a boolean matrix Le so that ui

e = Le ui. The global
pseudo-mass and pseudo-stiffness matrices and forces then
reads:

M0 =
e⊂Ω

Le
t Me

0 Le ,

Ki =
e⊂Ω

Le
t Ke

i Le , (7)

Fs,t =
e⊂Ω

Le
t Fe

s,t .

They are called pseudo as they are not respectively homo-
geneous to mass and stiffness but it can be shown that they
just differ by a multiplicative constant. The final linear sys-
tem then reads:

P̂ [K0] +N[K1] [0]
[0] Keq[K0]

(8)

− ω2 ρs[M0] γρeq[M0]
γρeq[M0] ρeq[M0]

us

ut =
Fs

Ft .

us and ut are both of size n. This system is of size 2n and
mathematically equivalent to the one obtained by the dis-
cretization of either {us,uf} or {us,w} formulations of
Biot’s theory. It can be checked by making the adequate
linear combinations but it is a consequence of the equiv-
alence of the three formulations for continuous problems.
By comparison to these two formulations, this system has
the advantage to provide a diagonal by block stiffness ma-
trix. This property is now used in order to solve this system
more efficiently.

3. Proposed numerical approaches of reso-
lution based on normal modes

3.1. Introduction

In this section, two numerical methods of resolution are
proposed. They are based on normal modes. The first one
is a direct (exact) method of resolution on a problem of
size n (and not 2n as in the initial problem, equation 8).
The second method is an iterative one based on Jacobi
method.

The definition of normal modes and their properties are
now briefly recalled. Let [Φ0] (resp. [Φ1]) and [k2

0] (resp.
[k2

1]) be the eigenvectors and the diagonal matrix of eigen-
values of the generalized problem [K0] − ω2[M0] (resp.
[K0+(N/P̂ )K1]−ω2[M0]). It can be shown that the eigen-
values are homogeneous to a square of wave number and
note that N/P̂ is real. Each basis can be chosen so that the
modes are normalized with respect to the [M0] matrix,

Φ0
t K0 Φ0 = k2

0 ,

Φ1
t K0 +

N

P̂
K1 Φ1 = k2

1 ,

Φi
t M0 Φi = I , i = 0, 1. (9)

I is the identity matrix of size n. These last relations are
called orthogonality relations and involves the decoupling
of modes. This decoupling is nevertheless not preserved
while considering the coupled projection. One then de-
fined

C1 = Φ0
t K1 Φ0

and C2 = Φ0
t M0 Φ1 . (10)

In general, these two matrices are not diagonal nor even
sparse. It is the main drawback of this method.

3.2. Direct resolution

The first numerical method only involves the compres-
sional normal modes: one express the total and fluid dis-
placement by the way of their modal contributions qs and
qt on the [Φ0] basis. One then has:

us

ut =
[Φ0] [0]
[0] [Φ0]

qs

qt ,

F s

F t =
[Φ0] [0]
[0] [Φ0]

t Fs

Ft . (11)
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The projection of (8) then reads

P̂ [k2
0] +N[C1] [0]

[0] Keq[k2
0]

(12)

− ω2 ρs[I] γρeq[I]
γρeq[I] ρeq[I]

qs

qt =
F s

F t .

It is now straightforward that the second half of the linear
system only involves diagonal matrices. It can then be eas-
ily inverted, thereby allowing a simple relation between qs

and qt,

qt = γ Req qs + Req
F t

ω2ρeq
, (13)

with the diagonal matrix [Req] defined by

Req = diag
δ2eq

k2
i − δ2eq

, δ2eq =
ω2ρeq

Keq

. (14)

ki denotes the elements of [k0] and δeq is the wave number
of the equivalent fluid model wave. The expression of qt

can then be reintroduced in the first half of the system and
one has

P̂ k2
0 +N C1 − ω2 ρs + γ2ρeq Req qs

= F s + γ Req F t. (15)

This system is of size n. The modal decoupling property
was then used to divide by 2 the size of the system. The
problem (15) can now be solved by a direct solver to find
the value of qs.

To summarize, this technique is performed in two steps.
The first step is the modal calculation and the projection
of the matrices to obtain [C1]. These two operations are
performed on real matrices of size n, are just done once
and do not need to be done at each frequency. The second
step is the resolution of the complex system (15) of size n
at each frequency, the post-processing to obtain qt through
(13) and the unknown displacements with (11). This post-
processing is very low consuming compared to the resolu-
tion of the linear system. The classical resolution methods
involves the resolution of a complex linear system of size
2n at each frequency. The comparison of computational
time of both methods is presented in section 5.

3.3. Iterative resolution

A second numerical method is now proposed to solve
system (8). Unlike the previous one, it is not a direct
method but an iterative one. The nodal displacements are
expressed in the {[Φ1], [Φ0]} basis as

us

ut =
[Φ1] [0]
[0] [Φ0]

qs

qt ,

F s

F t =
[Φ1] [0]
[0] [Φ0]

t Fs

Ft . (16)

The projection of (8) then reads

P̂ [k2
1] [0]

[0] Keq[k2
0]

− ω2 ρs[I] γρeq[C2]
γρeq[C2]t ρeq[I]

· qs

qt =
F s

F t . (17)

The matrix of this problem can be written as the difference
of two matrices [M] and [N] defined by:

M =
P̂ [k2

1] − ω2ρs[I] [0]
[0] Keq[k2

0] − ω2ρeq[I]
,

N = ω2γρeq
[0] [C2]

[C2]t [0] . (18)

[M] is a diagonal matrix which is easy to invert. The itera-
tive “porous-Jacobi” method consists in choosing an initial
vector X0 and to iterate the relation

Xi+1 = [M]−1 [N]Xi +
F s

F t (19)

until a tolerance condition is obtained. This tolerance con-
dition is

[M] − [N] Xi − F s

F t ε. (20)

The value of Xi when this tolerance is reached is the ap-
proached solution of the problem.

The first step of this technique is the modal calculation
(now two modal basis have to be found) and the projection
of the matrices to obtain [C2]. As noted previously these
operations are performed on real frequency independent
matrices of size n and are executed only once. The second
step is the resolution of the complex system of size 2n (17)
at each frequency. The numerical cost of this technique is
linked to the number of iterations at each frequency. This
number cannot be predicted a-priori but the closer from
the solution of the problem the initial vector is, the smaller
the number of iteration is. Hence for multiple frequency
calculations, solution vector at the previous frequency can
be used as the initial vector for the current frequency. In
the case of frequencies close to each other, solution is not
greatly modified and this method do not need a lot of itera-
tions at each frequency and will allow a great reduction of
calculation time. Not that the convergence of this method
is linked to the norm of [M]−1[N] matrix. A test is per-
formed in our programs. We do not have a proof to ensure
that we can reach convergence for all cases but we want
to mention that it was the case in practice on all cases we
have tried.

4. Semi-analytical method to purely com-
pressional motions

This section is concerned with the presentation of an an-
alytical solver for numerical system (8) in configurations
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for which only purely compressional motions are consid-
ered. It is the case or example for 1D configurations. The
validity of this assumption in 3D cases and its applications
has been enlightened by Chazot an Guyader [17]. For this
type of problems, the N[K1] term can be neglected in (8).
In this section linear finite-element are involved.

The method is first presented for a single porous struc-
ture problem. Secondly, the case of several structures is de-
scribed. The coupling between substructures is taken into
account by the way of Lagrange multipliers. Two monodi-
mensional configurations are presented as an illustration:
a single porous layer and a coupled porous-air system to
enlighten the accounting of coupled substructures. Finite
element results are compared with purely-analytical solu-
tion of the problem that can be found for such problem by
the way of plane waves techniques.

4.1. Single porous structure

4.1.1. Analytical resolution of the system for a single
structure

The solid and total displacement are solution of the lin-
ear system (8) where only [M0] and [K0] are needed. The
eigenvector and eigenvalue matrices [Φ0] and k2

0 can
then be obtained and the projection of (8) on the modal
basis leads to the system (12) which in our case reads

P̂ [k2
0] [0]

[0] Keq[k2
0]

− ω2 ρs[I] γρeq[I]
γρeq[I] ρeq[I]

· qs

qt =
F s

F t .(21)

It can be noticed that this system exhibits a decoupling
of the unknowns {qsi , qti} which are solution of the two
equations

P̂ k2
i q

s
i − ω2 ρsq

s
i + γρeqq

t
i = F s

i , (22)

Keqk
2
i q

t
i − ω2(γρeqqsi + ρeqq

t
i ) = F t

i . (23)

Hence qsi and qti can be obtained analytically by solving
these equations:

qsi = pi,1F
1
i + pi,2F

2
i , qti = µ1pi,1F

1
i + µ2pi,2F

2
i . (24a)

with

pi,j =
1

k2
i − δ2j

, F
j
i =

F s
i + µjF

t
i

P̂ +Keqµ
2
j

. (24b)

δi and µi are wave numbers and ratio of the total displace-
ment over the solid one of wave i defined by Dazel et al.
[11]. In these last expressions pi,j is the polar form associ-
ated to mode i and relative to wave j. Even if the notion of
resonance is not obvious as δj is a complex and frequency
dependent function, these functions are linked to the me-
chanical resonances of the medium. The modal forces F j

i

involves two contributions relative to both phases and the
contribution of each phase is linked to the ration µi of the
two displacements. The denominator of F

j
i is a normal-

ization factor linked to the stiffness. Thereby the solid and

Porous material

Incident plane wave

Rigid wall

Figure 1. Porous material A of infinite lateral dimensions (1D
case) backed by an impervious rigid wall.

Table I. Parameters of porous material A and B.

Material: A B

Porosity φ 0, 97 0, 97
Flow resistivity σ (N m−4 s) 87000 40000
Tortuosity α∞ 1, 52 1, 06
Viscous charact. length Λ (m) 3.7 10−5 0, 56 10−4

Thermal charact. length Λ (m) 1.2 10−4 0, 112 10−3

Density ρ1 (Kg/m3) 31 130
Young modulus E (Pa) 1, 43 107 0, 44 107

Loss factor ηs 0,055 0,
Poisson coefficient ν 0,3 0,1

total contributions are expressed in (24a) as the sum of two
similar parts, each one associated to the two Biot waves.
Expressions (24a) analytically provides the modal ampli-
tudes and the solid and total displacements are then ob-
tained.

4.1.2. Presentation of the problem

The first configuration of interest is a single porous layer
of material A of thickness 5 cm and infinite lateral dimen-
sions backed by a rigid impervious wall (see Figure 1).
An harmonic unit force is applied on the free face of the
porous layer. Properties of the porous material are given
in Table I. Absorption coefficient is plotted in Figure 2.
An analytical solution is calculated through the analytical
surface impedance which can be found in many references
[3, 11]. The numerical solution is a purely FEM with a di-
rect solver in {us,ut} formulation. As the analytical and
{us,ut} formulation results perfectly match, this example
provides a validation of the formulation. Two main res-
onances can be observed (around 500Hz and 1300Hz),
the second one being more damped than the first one. In
both cases, the resonance is associated with a particular
phenomenon that can be called “decrease-increase”. While
increasing frequency there is first a decrease of the absorp-
tion coefficient followed by a brutal increase. It has been
observed in several cases when Biot’s effects are involved.
In the case of motionless solid frame (equivalent fluid) the
resonance just corresponds to a maximum of absorption. It
is interesting to analyze this effect by the way of a modal
approach.

The polar functions p1 and p2 associated to mode 1 and
mode 2 are presented in Figure 3 (module) and 4 (phase).
Note that the frequency limits are not the same in modulus
and phase. For mode 1, a resonance of wave 2 is observed
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Figure 3. Amplitude of polar functions. solid: pole associated to
wave 1 and mode 1; dash-dot: pole associated to wave 2 and
mode 1;dot: pole associated to wave 1 and mode 2; dash: pole
associated to wave 2 and mode 2.

at 485Hz. At this frequency, one has δ1 = 49.5−38.6i and
δ2 = 31.52 − 2.78i and the value of the first eigenvalue of
the problem k1 = 31.4. Wave 2 is mainly associated with
the solid and is not as damped as the fluid one. That is
the reason why no resonance is observed for pole 1 which
is over damped. For the second mode, the resonance is at
1185Hz and δ1 = 90.9− 40.6i and δ2 = 75.3− 18.0i with
k2 = 94.2. Hence, the two observed resonances at 500
and 1300Hz are linked to the resonances of the modes.
Nevertheless it does not explain the decrease-increase phe-
nomenon. In order to better understand it is necessary to
remind that the main dissipation mechanism in porous ma-
terial is viscous effects when the relative motion of the
fluid to the solid is important; hence there won’t be vis-
cous effects if the solid and fluid displacement are equal
even if they are important. The solid and total contribution
of mode 1 and 2 are shown in Figure 5 (module) and 6
(phase). One can see that at the resonance of mode 1 the
complex contribution of the solid and total are quite equal
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Figure 4. Phase of polar functions. solid: pole associated to wave
1 and mode 1; dash-dot: pole associated to wave 2 and mode
1;dot: pole associated to wave 1 and mode 2; dash: pole associ-
ated to wave 2 and mode 2.

10
1

10
2

10
3

10
4

10
5

10
-13

10
-12

10
-11

10
-10

10
-9

10
-8

10
-7

10
-6

Frequency [Hz]

A
m
p
lit
u
d
e
[m

]

Figure 5. Amplitude of modal contributions. solid: solid con-
tribution of mode 1; dash-dot: total contribution of mode 1;
dot: solid contribution of mode 2; dash: total contribution of
mode 2.

(in module and phase). Consequently at this frequency the
solid and total displacement are close (5% difference in
modulus) as ut = (1 − φ)us + φuf , the solid and fluid dis-
placements are close thereby reducing viscous effects. The
important variation of phase fewHz after the resonance
induces an important amplitude variation and a different
phase, there is then a significant relative motion and this
corresponds to the maximum of absorption.

4.2. Multilayered porous structure

4.2.1. Presentation of the problem

A multilayered problem is now considered. The studied
configuration is a porous material A of thickness 10 cm
and an air gap of the same thickness backed by an im-
pervious rigid wall (see Figure 7). The lateral dimension
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Figure 6. Phase of modal contributions. solid: solid contribution
of mode 1; dash-dot: total contribution of mode 1; dot: solid con-
tribution of mode 2; dash: total contribution of mode 2.

of the structure is considered infinite (1D case). An har-
monic plane wave of unity pressure amplitude impinges
the porous layer with normal incidence.

4.2.2. Finite element modeling and resolution
The air and porous structure are both modelled with linear
finite element. Let us, ut and ua be respectively the dis-
cretized solid and total displacements of the porous and
the discretized displacement of air. The displacement con-
tinuity relation is imposed through Lagrange multipliers:
the common displacement at the boundary corresponds to
two degrees of freedom, one for each substructure. The
equality is ensured by an additional condition. It leads to
the following linear system:




P̂ [K0] [0] [0] λs

[0] Keq[K0] [0] λt

[0] [0] K0[Ka] λa
tλs

tλt
tλa λc



−ω2


ρs[M0] γρeq[M0] [0] 0s

γρeq[M0] ρeq[M0][0] [0] 0t

[0] [0] ρ0[Ma] 0a
t0s

t0t
t0a

t0c





·




us

ut

ua

F c


 =




Fs

Ft

Fa

uc


 . (25)

[Ka] and [Ma] are respectively the stiffness and mass ma-
trices of the air. K0 and ρ0 correspond to the compressibil-
ity and density of air. λt is a vector in which the only non-
null component is a 1 at the index corresponding to the
degree of freedom of the boundary. λa is a vector in which
the only non-null component is a −1 at the index corre-
sponding to the degree of freedom of the boundary. Fc is an
additional unknown of the problem. It can be shown that
it corresponds to the interaction force between the porous

and air structure. λs, uc and λc are null. The last line equa-
tion simply gives the continuity relation.

This system can also be solved analytically by the way
of normal modes. The first step is the projection of system
(25) on the following modal basis defined by

[Φ] =


[Φ0]

[Φ0]
[Φa]

1

 , (26)

where [Φ0] (resp. [Φa]) are the normal modes associated
with [M0] and [K0] (resp. [Ma] and [Ka]) and normalize
with respect to [M0] (resp. [Ma]). These modes are asso-
ciated with the eigenvalues k2

0 (resp. k2
a). The following

system is then obtained,
[Δs] [Δc] [0] λs

[Δc] [Δt] [0] λt

[0] [0] [Δa] λa
tλs

tλt
tλa λc





qs

qt

qa

F c


 =




Fs
p

Ft
p

Fa
p

uc


 . (27)

The [Δi] diagonal matrices are associated with the follow-
ing vectors,

Δs = P̂k2
0 − ω2ρs, Δt = Keqk2

0 − ω2ρeq,

Δa = K0k2
a − ω2ρ0, Δc = −ω2γρeq. (28)

λ and Fp vectors are the projections of λ and F vectors
on the modal basis. System (27) is mainly built from diag-
onal matrices corresponding to the decoupling of normal
modes, nevertheless a coupling is introduced by the conti-
nuity relations (denoted here by the Lagrange multipliers
λ ). In order to take benefit of the diagonal structures, the
second step of the resolution method is to first seek for the
value of Fc. The idea is to replace the last line of system
(27) by an adequate linear combination of the first lines of
the matrix. It is a procedure inspired from Gauss elimina-
tion classical method to solve a linear system. It is detailed
in appendix A3 and one obtains

Fc =
uc −

LiFi

Δi

λc −
LiLi

Δi

, (29)

where L, L’, F and Δ are defined in appendix A3. As Fc

is known, the last column of matrix (27) can be sent to the
second member of the equation and one has [Δs] [Δc] [0]

[Δc] [Δt] [0]
[0] [0] [Δa]


 qs

qt

qa

 =


Fs
p − λsFc

Ft
p − λtFc

Fa
p − λaFc

 . (30)

This system can be solved analytically with the method of
subsection 4.1.1 for the porous structure. For the air layer,
a classical modal resolution is performed.

Figure 8 presents the displacements of both porous and
air layer at 1500Hz. The finite element resolution involv-
ing 50 linear elements for both media is in perfect agree-
ment with analytical results. The continuity of air/total dis-
placement of the porous material can be illustrate in this
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Figure 7. A layered material comprising a porous material A of
infinite lateral dimensions (1D case) and a layer of air backed by
an impervious rigid wall.
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Figure 8. Analytical and finite element resolution of the multi-
layer problem. Solid: analytical solution; o: solid displacement
of the porous; : total displacement of the porous; +: displace-
ment of air.

example. The numerical solution is both computed with
the proposed analytical modal resolution and a direct reso-
lution of system (25) which exactly coincide. These limits
are observed also in the case of a similar resolution with
{us,uf} formulation and even more for {us, P} formula-
tion. The reason of a better conditioning of the two steps in
the proposed approach (obtainment of the Lagrange mul-
tiplier and analytical resolution of the system) is that each
type (physical nature) of dof is solved separately from the
others. Similar resonance behavior than the one observed
on a single porous structure are observed for this prob-
lem but are not presented here. The proposed resolution
method involves all the modes. It is sometimes useful to
consider the truncation on a modal sub-family. As a title
of example, Figure 9 presented the module truncated solu-
tion by using the first three modes as well as their individ-
ual contribution. It can be seen that this approximation is
satisfactory except around the porous-air interface where
the contribution of higher modes is needed. As the ana-
lytical resolution to obtain the modal contributions is not
really consuming, there is in this case no reason to perform
a truncation, but it is a perspective for future works.
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Figure 9. Decomposition of the numerical solution by truncation
after the first three modes. Solid: analytical solution; dot: first
mode; dash: second mode; dash-dot: third mode; ’o’: modal so-
lution.
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Figure 10. A layer of porous material (porous B) of semi-infinite
lateral dimension (2D case) of widthD backed by an impervious
rigid wall.

5. Two dimensional problem

In the preceding section, only 1D problems were consid-
ered. The aim of this part is to compare the efficiency of
the proposed numerical methods of section 3 to classical
ones. A 2D problem is now considered.

5.1. Presentation of the problem

The studied configuration is depicted in Figure 10. A block
of porous material of material B of section 10 cm by 10 cm
and infinite lateral extent is bonded onto a impervious rigid
wall. It is excited by a line force of 1N/m in the middle
of his top face. As this problem is infinite in one direc-
tion, it can be modelled through a 2D approximation. Tri-
angular isoparametric quadratic elements are used for the
discretization and a Delaunay mesh triangulation is first
performed for several mesh refinements. The more refined
is the mesh and of better quality the result is, higher the
numerical cost is.

534



Dazel et al.: Finite element porous materials ACTA ACUSTICA UNITED WITH ACUSTICA
Vol. 95 (2009)

0 200 400 600 800 1000
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Frequency [Hz]

T
ra
n
s
fe
r
F
u
n
c
ti
o
n
[1
0

N
/m

]
-5

Figure 11. Transfer function of the displacement over the force
at the node of excitation. solid: {us,uf} formulation; o {us,ut}
formulation; * {us, P} formulation.

5.2. Results

5.2.1. Validation of the formulation

In order to present another validation of the {us,ut} for-
mulation, Figure 11 presents the transfer function of the
excitation node for different formulations. This transfer
function is defined as the total displacement of the porous
material at the node over the force for different frequen-
cies. The considered formulations are {us,uf}, {us,ut}
and the classical {us, P} ones. The mesh is composed of
1680 triangular quadratic elements and the approximate
size of the elements is 2.6 mm and corresponding ap-
proximatively to a λ/15 discretization of the shear wave
which is the most discriminative one. It is mentioned that
this mesh is only considered as a convergence example. A
perfect agreement is shown between these 3 formulations
thereby showing an additional validation of the proposed
formulation compared to {us,uf} and {us, P} ones.

A comparison of computational time is presented in Fig-
ure 12. The transfer function is computed for 400 frequen-
cies linearly spaced between 1 and 1000Hz by the way
of {us,uf} , {us, P} as well as {us,ut} formulation with a
direct and iterative resolution method. Programs are writ-
ten in Fortran and sparse algorithms are used to calculate
eigenpairs and the direct solutions of the systems.

As the computational time mainly depends on the cal-
culator and its configuration, computation times won’t be
directly presented. It is preferred to compare each one of
them to the time of the {us,uf} formulation chosen as a
reference. Hence, for each number of elements, the com-
putational time of the {us,uf} formulation is divided by
the one of the other method. The results are presented in
Figure 12. For example, for 2200 elements, the computa-
tion with the Porous-Jacobi method is 5.5 times faster than
the {us,uf}method.

For each method, the time are calculated through the
cpu_time() function. Matrices are first allocated and ma-
trices [M0], [K0] and [K1] are calculated. This first step
is of course common to all the solver procedures. Hence,
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Figure 12. ( ) {us,uf} formulation with direct solver; (+)
{us, P} formulation with direct solver; (o) {us,ut} formulation
with the proposed direct modal resolution; (∗) {us,ut} formula-
tion with the proposed iterative modal resolution.

Table II. Computational time for the example of Figure 11 for the
different methods.

Method Time in seconds

{us,uf} 3595
{us, P} 1896

{us,ut} (direct) 3563
{us,ut} (modal direct) 944
{us,ut} (modal iterative) 809

the considered computational times only considers the res-
olution methods. For modal method the initial mode com-
putation(s) is of course taken into account. As an illustra-
tion, the computational times for the result of Figure 11
are given in Table II.

It can be seen that {us,uf} and {us,ut}with a direct
solver methods are equivalent in terms of computational
time. Even if it is not significative, {us,ut} is a bit faster
(a few seconds for the example of Table II). Those seconds
corresponds to the time of the assembling of stiffness cou-
pling for the {us,uf} formulation. {us, P} formulation is
around 2 times quicker than the {us,uf}method due to the
reduction of dof per node. The proposed direct modal reso-
lution exhibits a calculation 4 times faster and the porous-
Jacobi methods is shown to be more and more efficient as
the number of elements increases. The authors want to en-
lighten that this efficiency studies are a first step and that
further studies must be done in particular to find the order
of computations used in the different approaches

6. Conclusion

An alternative displacement finite element formulation of
the Biot theory for poroelastic materials and three resolu-
tion methods have been presented. The poroelastic formu-
lation is based on the solid and total displacement degrees
of freedom. This formulation has the advantage of a diago-
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nal by block stiffness matrix together with natural bound-
ary conditions while the porous medium is coupled with
air or an other porous medium. The methods have been
validated in comparison with analytical model on two 1D
configurations involving a porous layer bonded onto a hard
backing, and with an air gap to demonstrate the ability to
handle coupled systems. For porous medium for which
the shear can be neglected, an analytical solver allows
the definition of normal modes for porous materials. The
efficiency of our method has also been demonstrated in
terms of computation time: the direct solver with the pro-
posed formulation is 2 times quicker than with the mixed
displacement-pressure formulation. The iterative method
is even more efficient when the size of the system increases
allowing to manage large size applications. A follow-up
of this study is to investigate modal truncation or to apply
mass-condensation techniques.

Appendix

A1. Topics on Biot-Allard model

This appendix provides the expressions of the inertial and
constitutive parameters of the Biot-Allard model. All these
expressions can be found in Allard [3]. This model al-
lows to find the expressions of the coefficient used in
the manuscript as a function of the material properties of
Table I. These expressions are given for a circular fre-
quency ω.

The density terms are first reminded. They are given by

ρ1 = (1 − φ)ρs, ρ2 = φρ0,

ρ12 = −φρ0(α∞ − 1). (A1)

φ is porosity, ρs is skeleton material density, ρ0 is intersti-
tial fluid density and α∞ refers to geometric tortuosity. ρ12
accounts for the interaction between the inertia forces of
the solid and fluid phase.The apparent inertial mass can be
introduced,

ρ12 = ρ12 −
b

jω
, ρ22 = ρ2 − ρ12.

The viscous effects are modelled through b coefficient
whose expression is

b = jωφρ0(α − α∞), (A2)

α is the dynamic tortuosity defined by

α = 1 − jφσ

α∞ρ0ω
1 − 4jα2

∞ηaρ0ω

(σΛφ)2
. (A3)

σ is the flow resistivity, ηa is the dynamic viscosity of air
and Λ is the viscous characteristic length. The equivalent
density ρeq and coupling coefficient are given by

ρeq =
ρ22

φ2
, γ = φ

ρ12

ρ22
− 1 − φ

φ
. (A4)

The thermal properties are given by the dynamic com-
pressibility Keq,

Keq =
γP0

γ−(γ−1)

1+ 8ηa
jΛ Prωρ0

1+
jρ0ωPrΛ 2

16ηa


,(A5)

where Λ is the thermal characteristic length, Pr is the
Prandtl number, P0 is the ambiant pressure, γ is the ra-
tio of specific heats of air. For sound absorbing materials,
one has

Q = φ(1 − φ)Keq, R = φ2Keq. (A6)

The structural mechanical parameters N and Â are given
by

N =
E(1 + jηs)
2(1 + ν)

, Â =
2Nν

1 − 2ν
, P̂ = Â + 2N. (A7)

The two compressional waves of the porous medium are
defined by their wave number δi and the ratio of the total
displacement over the solid one µi. They are defined by

δ2i =
δ2s2 + δ2eq ± δ2s2 + δ2eq

2−4δ2eqδ2s1
2

, (A8)

with

δeq = ω
ρeq

Keq

, δs1 = ω
ρ

P̂
, (A9)

δs2 = ω
ρs

P̂
, ρ = ρ1 − ρ12 −

ρ212
ρ2 − ρ12

,

ρ = ρs − γ2ρeq,

and

µi = γ
(δ2i − δ2s2)

δ2s2 − δ2s1
= γ

δ2eq

δ2i − δ2eq
. (A10)

A2. Finite element

A2.1. Elementary matrices

[Bs] =


∂

∂x
0 0

∂

∂y
0

∂

∂z

0
∂

∂y
0

∂

∂x

∂

∂z
0

0 0
∂

∂z
0

∂

∂y

∂

∂x

 [Nu], (A11)
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[D0] =


1 1 1 0 0 0
1 1 1 0 0 0
1 1 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , (A12)

[D1] =


0 −2 −2 0 0 0
−2 0 −2 0 0 0
−2 −2 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


A2.2. Matrices for monodimensional problems

K0 =
1
h


1 −1 0 0 0
−1 2 −1 0 0

0
. . .

. . .
. . . 0

0
. . . −1 2 −1

0 0 0 −1 2

 ,

M0 =
h

6


2 1 0 0 0
1 4 1 0 0

0
. . .

. . .
. . . 0

0
. . . 1 4 1

0 0 0 1 4

 . (A13)

h corresponds to the size of the elements.

A3. Elimination of the Lagrange multiplier

The aim of this section is to obtain the analytical value of
the Lagrange multiplier Fc (29) from linear system (27)
which is now reminded,

[Δs] [Δc] [0] λs

[Δc] [Δt] [0] λt

[0] [0] [Δa] λa
tλs

tλt
tλa λc





qs

qt

qa

F c


 =




Fs
p

Ft
p

Fa
p

uc


 . (A14)

The first step is to perform an elimination of the non di-
agonal block-matrices of the porous matrix. The previous
system is then equivalent to

[Δs] [Δc] [0] λs

[0] [Δt] −
[Δc]2

[Δs]
[0] λt −

[Δc]λs

[Δs]
[0] [0] [Δa] λa
tλs

tλt
tλa λc





qs

qt

qa

F c




=





Fs
p

Ft
p −

[Δc]Fs
p

[Δs]
Fa
p

uc





. (A15)

In this equation, as the [Δ] are diagonal matrices, the prod-
ucts and division of these matrices must be understood as
term to term operations.

[Δs] [0] [0] Δs

Δtλs − Δcλt

ΔsΔt − Δ2
c

[0] [Δt] −
[Δc]2

[Δs]
[0] λt −

[Δc]λs

[Δs]
[0] [0] [Δa] λa
tλs

tλt
tλa λc





qs

qt

qa

F c




=





Δs

ΔtFs
p − ΔcFt

p

ΔsΔt − Δ2
c

Ft
p −

[Δc]Fs
p

[Δs]
Fa
p

uc





.

The following vectors are introduced:

L =

 λs

λt

λa

 , L’ =




Δs

Δtλs − Δcλt

ΔsΔt − Δ2
c

λt −
Δc

Δs
λs

λa


 (A16)

F =





Δs

ΔtFs
p − ΔcFt

p

ΔsΔt − Δ2
c

Ft
p −

Δc

Δs
Fs
p

Fa
p





, Δ =




Δs

Δt −
Δ2

c

Δs
Δa


 , (A17)

and the linear system reads
[Δs] [0] [0]

[0] [Δt] −
[Δc]2

[Δs]
[0] L

[0] [0] [Δa]
tL λc





qs

qt

qa

F c


 =




F

uc


 .(A18)

The idea of the method is to successively replace the last
equation of this system by an adequate combination the
first ones of the problem as a classical gaussian elimina-
tion. This equation initially reads

n

i=1

Liqi + λcFc = uc (A19)

After the first step, this equation is replaced by its differ-
ence with (L1/Δ1) times the first line and one has

n

i=2

Liqi + λc −
L1

Δ1
L1 Fc = uc −

L1

Δ1
F1. (A20)

This operation is performed n − 1 so that

λc −
n

i=1

Li

Δi
Li Fc = uc −

n

i=1

Li

Δi
Fi (A21)
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and

Fc =
uc − n

i=1
Li

Δi
Fi

λc − n
i=1

Li

Δi
Li

. (A22)

In the case of several (m) Lagrange multiplier, this pro-
cedure can be extended and it is needed to solve a linear
system of size m.
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