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Summary
For an isotropic elastic solid, all the rigidity coeﬃcients can be evaluated from the velocities of the shear wave
and of the compressional wave. For an isotropic porous frame, the rigidity coeﬃcients of the frame in vacuum can
be evaluated from the velocities of the frame compressional Biot wave and the shear Biot wave when the porous
frame is saturated by air. The velocity of the frame compressional Biot wave is evaluated at audible frequencies
from the detection of the quarter compressional wavelength resonance generated with a point source in air for
samples bonded on a rigid impervious backing. In a previous work, the second measured parameter was the
velocity of the shear wave evaluated from the quarter shear wave resonance. In this work, the second parameter
is the velocity of the Rayleigh waves slightly modiﬁed by the ﬁnite thickness of the samples, the observation of
the shear resonances being diﬃcult for the melamine foam.
PACS no. 43.20.Gp, 43.20.Jr, 43.20.Ye

1. Introduction
For an isotropic elastic solid, all the rigidity coeﬃcients
are known when the values of two independent parameters, for instance the Poisson coeﬃcient and the shear
modulus, are known. For an isotropic elastic porous
medium, the stress-strain relations in the context of the
Biot theory [1, 2, 3] involve two independent parameters
for the porous frame in vacuum and two other parameters, the bulk modulus of the material from which the
frame is made and the bulk modulus of the saturating ﬂuid.
For usual air saturated sound absorbing porous media like
reticulated foams, the bulk modulus of the material from
which the frame is made is generally much larger than the
bulk modulus of the porous frame and of the air and this
material can be considered as an incompressible medium.
The bulk modulus of the air in the porous medium can be
predicted. The rigidity coeﬃcients of the frame in vacuum
play an important role in the prediction of sound transmission through layered porous materials. Many methods
[4, 5, 6, 7] can be used to measure at low frequencies the
rigidity parameters of the frames of porous sound absorbing media in vacuum. At audible frequencies, other methods can be used, based on the properties of the Rayleigh
wave or the diﬀerent surface modes and bulk modes of
the porous structures [8, 9, 10]. The Biot theory can deReceived 21 September 2006,
accepted 30 April 2007.
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scribe these modes and their excitation by a source in air
or at the surface of the layer [11, 12] with a good precision. The bulk modes and the surface modes of the frame
of a reticulated foam in air are not very diﬀerent from the
same modes in vacuum and in a ﬁrst approximation the
properties of the Rayleigh wave in an isotropic solid can
be transposed without strong modiﬁcations when the solid
is replaced by a porous structure. The rigidity coeﬃcients
and the density of the solid can be replaced in a ﬁrst approximation by the elastic coeﬃcients and the density of
the porous frame. The main diﬀerence lies in the orders of
magnitude of the celerity of the Rayleigh wave, between
50 m/s and 100 m/s for usual reticulated foams. A second
diﬀerence is the large loss angle of the elasticity coeﬃcient
of the porous frames, around 0.1 for the reticulated foams,
which induces a large damping of the Rayleigh wave. A
third diﬀerence is the light dispersion due to the dependence of the rigidity coeﬃcients of the porous structure on
frequency. Recently, the evaluation of the rigidity coeﬃcients of an urethane foam in vacuum has been performed
from the observation of compressional and shear wave resonances generated by a point source in air [13]. Two diﬀerent conﬁgurations have been considered: the porous layer
bonded onto a rigid impervious backing and free on both
faces. The geometry of the experiment is represented in
Figure 1. The height of the point source S is h. The velocity
is measured at M with a laser vibrometer. The radial distance from the source S to M is r. The vertical and the horizontal displacement have been predicted and measured to
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set in evidence the shear and the compressional resonances
of the frame. Preliminary measurements on a melamine
foam have shown that for this material only the detection
of the compressional mode in the ﬁrst conﬁguration was
easy. Some reasons for the diﬃculties concerning the detection of the shear resonances are suggested at the end of
section II and of section IV. In this work, the quarter compressional wavelength resonance is detected for two layers
of diﬀerent thicknesses, l = 2 cm and l = 5 cm. The information provided by the quarter compressional wavelength
resonance which can be detected for the ﬁrst conﬁguration
is not suﬃcient to evaluate two independent rigidity coeﬃcients in vacuum, for instance the shear modulus and
the Poisson coeﬃcient, of the melamine frame considered
as an isotropic medium. Measurements of the velocity of
the Rayleigh waves are performed to complete the information. The modiﬁcation of the velocity of the Rayleigh
wave due to the ﬁnite thickness of the samples is taken
into account. The experimental set for the generation and
the observation of the Rayleigh wave at audible frequencies, as described in section IV, is adapted to a restricted
category of materials, the reticulated porous foams having a soft structure and therefore a small phase velocity
of the Rayleigh wave. It may be noticed that the Rayleigh
wave has not been observed on glass wools which have
also a soft porous structure. Similarly, the observation of a
quarter wavelength resonance at audible frequencies with
samples having a thickness of several cm is possible only if
the celerity of the compressional wave is suﬃciently small,
with an order of magnitude of 100 m/s.

2. Frame displacement induced by a point
source in air
In a ﬁrst step, the Biot theory [1, 2, 3], with the formalism developed in reference [3], is used to predict the plane
wave reﬂection coeﬃcient R, and the horizontal and the
vertical displacement components ux and uz of the porous
frame created at the surface of the layer by a plane wave
in air with an horizontal wave number kx = ξ (The axes x
and z are represented in Figure 1). The model by Johnson
et al. [14] is used to describe the viscous and the inertial
interactions, and the model by Lafarge [15] is used for the
bulk modulus of the saturating air. These models use three
traditional parameters, porosity, tortuosity and ﬂow resistivity. Three other parameters are used, the thermal permeability, deﬁned by Lafarge [15], describes at low frequencies the thermal exchanges between the frame and the air,
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Figure 1. Experimental setup for the measurement of the frame displacement induced by a
point source in air.

and the characteristic dimensions describe at high frequencies the viscous interaction [14] and the thermal exchanges
[3]. The use of these models in the Biot theory is described
in the Appendix. The angle of incidence θ related to ξ is
deﬁned by
sin θ = ξ/k,

(1)

where k is the wave number in the free air. A description
of this ﬁrst step is given in reference [13]. In a second step,
the Sommerfeld representation [16] of a unit monopole
pressure ﬁeld in air is used to evaluate the normal velocity
U̇z and the radial velocity U̇r of the frame created at the
surface of the layer by the unit source at a height h and at
radial distance r
∞

 
ξdξ 
1 + R(ξ) exp iµh J0 (ξr)uz (ξ), (2)
U̇z (r) = i
µ
0 ∞

 
ξdξ 
U̇r (r) = −
1 + R(ξ) exp iµh J1 (ξr)ux (ξ), (3)
µ
0
where µ = (k 2 − ξ 2 )1/2 , µ > 0 if ξ < k, mµ > 0 if ξ > k.
It has been shown in a previous study [13] of an urethane
foam with a Poisson ratio ν ≈ 0.44 that for a small radial
distance r ≈ 1 cm and a height h of several cm, there is a
broad peak in the distribution of U̇z as a function of frequency related to a compressional resonance of the frame.
For r close to 0, U̇r (0) = 0. For r ≈ 20 cm or more, there is
a broad peak in the distribution of U̇r related to the quarter
shear wavelength resonance. The observation of this resonance is less obvious for materials with a small Poisson
ratio and a large thickness. Predictions of U̇r are shown in
Figure 2 for a layer of thickness l = 5 cm for two Poisson
ratios, ν = 0.3 and ν = 0.45 with h = 2 cm and r = 15 cm.
The other parameters that characterize the porous medium
are given in Table I. The predicted peak for ν = 0.3 is
broadened by the quarter compressional wavelength resonance located closer to the shear resonance. A radial distance r equal or larger than 20 cm is necessary to obtain
the maximum for U̇r at the shear resonance and not at
the compressional resonance. Moreover, previous experiments have shown that this peak is often diﬃcult to detect
among other peaks probably related to the ﬁnite lateral dimensions of the layers. The eﬀect of the ﬁnite dimensions
can be more important for measurements of the radial velocity than for measurements of the normal velocity because the distance from the source to the point where the
velocity is measured must be large for the radial velocity. If the shear resonance cannot be localized with a good
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Figure 2. Radial velocity, thickness l = 5 cm, r = 15 cm, h =
2 cm, parameters of Table I except ν, ν = 0.3 —–, ν = 0.45
- - - - -.
Table I. Parameters for the porous material.
porosity φ


ﬂow resistivity σ Nm−4 s
thermal permeability k0 [m2 ]
viscous dimension Λ [µm]
thermal dimension Λ [µm]
tortuosity α∞
density ρs [kg/m3 ]
shear modulus N [kPa]
Poisson ratio [ν]

0.99
12000.
1.5 × 10−9
100.
400.
1.01
9.
86.(1. + i0.05)
0.276

precision or is not detectable, another parameter must be
measured to evaluate the rigidity parameters in vacuum of
the frame considered as an isotropic elastic solid. The chosen parameter is the speed of the Rayleigh wave.

3. Modiﬁed Rayleigh wave
As indicated in the Introduction, the modes of the porous
structures of sound absorbing media in air are similar to
the vibration modes of elastic solids in vacuum having
the same rigidity coeﬃcients as the porous structure and
the same density. Plane or axi symmetrical surface waves
similar to the Rayleigh waves at the surface of an elastic solid can be created at an air-semi inﬁnite porous layer
interface [11, 12, 8]. The waves are related to a pole of
the reﬂection coeﬃcient R for a horizontal wave number
component ξR related to a phase speed of the Rayleigh
wave cR = ω/ eξR and a damping mξR . The velocity cR of the compressional wave in the equivalent elastic solid with the shear modulus and the Poisson coeﬃcient of Table 1 is 176 m/s, and the wavelength at 5 kHz
is close to 3.5 cm. The amplitude of the Rayleigh wave
inside the medium is noticeable up to a distance to the surface equal to the compressional wavelength. The Rayleigh
wave will be slightly modiﬁed by the waves reﬂected at the
rigid backing-porous layer interface at 5 kHz for a layer
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Figure 3. Phase speed cR = ω/ eξR of the modiﬁed Rayleigh
wave, parameters of Table I except ν = 0.3, thickness l = 2 cm
—–, semi-inﬁnite layer - - - - -.

of thickness larger than 3.5 cm. The modiﬁcations can be
more noticeable for smaller thicknesses and/or lower frequencies. More precisely, with the modeling of reference
[13] based on the Biot theory, the Rayleigh wave is not
modiﬁed if the nine coeﬃcients ri,j that indicate the amplitude, at the air-porous material interface, of the waves reﬂected at the rigid backing-porous layer interface, fulﬁl the
condition ri,j << 1. The modulus of the coeﬃcients ri,j
decreases when the thickness or the frequency increases
and their variation is responsible for the dispersion of the
Rayleigh waves. The modiﬁed velocity and damping can
be obtained from ξR that can be predicted with an iterative
method. The evaluation starts by choosing two ξ, ξ1 and ξ2 .
Let Δ1 (ξ) and Δ1 (1/R) be the variations of ξ and 1/R deﬁned by Δ1 (ξ) = ξ2 − ξ1 , Δ1 (1/R) = 1/R(ξ2 ) − 1/R(ξ1 ).
The iterative procedure is deﬁned by the general expression


ξj+1 = ξj − α 1/R(ξj ) Δj (ξ)/Δj (1/R),

(4)

where α is a real positive number smaller than 1 to avoid
a divergence of the series . The successive iterations lead
to ξR related to 1/R(ξR ) = 0. For a layer of ﬁnite thickness, there is an inﬁnite number of poles of the reﬂection
coeﬃcient, and iterations must start close to the modiﬁed
pole. For a layer of thickness l = 2 cm, the phase speed is
shown in Figure 3 and the damping in Figure 4 as a function of frequency. The material is described by the parameters of Table I, except the Poisson ratio equal to 0.3. Comparisons are performed with the same quantities predicted
for a semi-inﬁnite layer. The phase speed and the damping are not noticeably modiﬁed for frequencies higher than
4 kHz. Therefore, the coordinates Re ξR and Im ξR of the
pole in the complex ξ plane are not noticeably modiﬁed
at frequencies higher than 4 kHz for a layer of thickness
l = 2 cm. When frequency decreases, the phase speed increases and the damping becomes much larger than the
damping of the non modiﬁed Rayleigh wave.
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Figure 4. Damping mξR of the modiﬁed Rayleigh wave, parameters of Table I except ν = 0.3, thickness l = 2 cm —–,
semi-inﬁnite layer - - - - -.

786

2.0

2.5

3.0

3.5

Figure 5. Normal velocity, parameters of Table I, thickness l =
2 cm, h = 4.5 cm, r = 0.5 cm, prediction - - - - - measurement
—–.

4. Measurements
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Figure 6. Radial velocity, parameters of Table I, thickness l =
2 cm, h = 4. cm, r = 26 cm, prediction - - - - - measurement —–.
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Measurements have been performed on two layers of
melamine of thickness 2 cm and 5 cm and of area 1×1 m2 .
A set of acoustic parameters which gives predictions of the
absorption coeﬃcient close to measurements previously
performed in a Kundt tube are given in Table I. The location and the width of the predicted peaks are very weakly
dependent on the values of the acoustic parameters and
mainly depend on the density of the frame ρ1 , the shear
modulus N and the Poisson coeﬃcient ν. The density of
the frame is measured and both rigidity coeﬃcients in Table I are chosen to predict Rayleigh wave speeds and peaks
of the normal velocities close to the measured ones. To
obtain a uniform boundary condition double-faced tape is
used to glue the porous layer onto a rigid impervious backing. The point source for the detection of the peaks is a
pipe fed by a compression driver and with a microphone
located at the end of the tube to provide a reference pressure signal in the frequency domain. The internal diameter
of the pipe is equal to 10 mm. The vertical velocity is measured with a laser beam perpendicular to the surface of the
layer and for the radial velocity the angle of incidence of
the beam is close to 65◦ . The transfer functions between
the velocity signal and the reference pressure signal are
shown in Figures 5–8. These transfer functions can be
considered as normalized measured velocity distributions.
The predicted distributions are also normalized in amplitude with respect to the measured distributions in order to
obtain a more precise localization of the peaks. Rayleigh
waves are excited by means of a magnetic transducer, fed
with a sine burst signal at 4 kHz. Again, a laser vibrometer
is used to measure the vertical displacement of the porous
layer. Measurement points are located on a radius through
the excitation point. The radius is scanned up to 8 cm and
with a typical step of 5 mm. The setup is shown in Figure 9. The measured speed of the modiﬁed Rayleigh waves
is cR = 88.1 m/s for the layer of thickness l = 5 cm and
cR = 89.6 m/s for the layer of thickness l = 2 cm. The pre-
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Figure 7. Normal velocity, parameters of Table I, thickness l =
5 cm, h = 1.5 cm, r = 0.25 cm, prediction - - - - - measurement
—–.

dicted phase speeds at 4 kHz, where the wave spectra are
peaked, are 88.5 m/s, and 90.3 m/s, respectively. For the
layer of thickness l = 2 cm, the normalized predicted and
measured normal velocities are presented in Figure 5 and
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Figure 8. Radial velocity, parameters of Table I, thickness l =
5 cm, h = 1. cm, r = 20 cm, prediction - - - - - measurement —–.
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Figure 9. Experimental setup for the generation and detection of
Rayleigh waves in a layer of porous material on a rigid backing.

the radial velocities in Figure 6. For the layer of thickness
l = 5 cm, the normal velocities are presented in Figure 7
and the radial velocities in Figure 8. In Figures 5 and 7
there is a good agreement between the predicted and the
measured distributions and the location of the maxima for
the peaks related to the quarter compressional wavelength.
The Poisson ratio ν = 0.276 provides a ratio between the
compressional resonance and the speed of the Rayleigh
wave which is in a good agreement for both thicknesses.
A previous study [9] of a similar medium has given an order of magnitude of 0.2 for ν and a shear modulus close
to 100 kPa at 1 kHz. In reference [9], the shear modulus
slightly increases with frequency and the measurements
are performed up to 1.3 kHz. The good agreement in the
present work between the measured and the predicted frequencies where the maxima of the compressional peaks
are located, close to 0.8 kHz and 2.2 kHz respectively, with
one set of rigidity coeﬃcients, indicates that the dependence of the frame rigidity on frequency can be neglected.
For the thickness l = 5 cm, the agreement is poor for the
quarter shear wavelength resonance in Figure 8, because
the predicted peak is ﬂat and strong variations occur in
the related measured transfer function. For the thickness
l = 2 cm there is no peak in the measured transfer function
in Figure 6 at the frequency where the quarter shear wave-
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length resonance is predicted. A strong anisotropy of the
layer is necessary for the measured peak around 0.8 kHz
to be related to a shear resonance. This anisotropy does
not appear when quasi-static measurements are performed
on diﬀerent slices of the medium. The peak is probably an
eﬀect of the ﬁnite lateral dimensions of the sample. Preliminary results obtained with the ﬁnite elements method
indicate that for materials like melamine where the loss
angle is equal to 0.05 or less, reﬂections on the edges can
noticebly modify the radial velocity distribution for layers of lateral dimensions similar to the ones used in measurements. Other possible explanations are a non-uniform
bondary condition, due to an imperfect gluing, or inhomogeneities of the material.

5. Conclusion
The Poisson ratio and the shear modulus of a melamine
foam have been evaluated at audible frequencies from a
measurement of the phase velocity of the Rayleigh waves
modiﬁed by the ﬁnite thickness of the layers and from
the observation of the compressional quarter wavelength
resonance of the porous frame. Measurements have been
performed on two porous layers of diﬀerent thicknesses
bonded on a rigid impervious backing. The Rayleigh wave
is very slightly modiﬁed, even for the sample with the
smallest thickness. The compressional resonance is related
to a peak of the vertical velocity of the frame induced at
the surface of the layer by a point source in air. Predictions
obtained for both thicknesses with one set of rigidity coeﬃcients are in a good agreement with the measurements
for the compression peaks and the speed of the modiﬁed
Rayleigh waves. In a previous work performed on a urethane foam with a larger Poisson ratio, the shear modulus
was evaluated from the localization of the quarter shear
wavelength resonance with a peak of the radial velocity.
For the melamine samples studied, the measurement of the
radial velocity of the frame does not provide a very precise
localization of the quarter shear wavelength resonance for
the thickest layer, and for the thinnest layer, there was no
peak detected close to the predicted one. Due to the closeness of the shear resonance and the compressional resonance, the radial velocity cannot be used to localize the
shear resonance.

Appendix
Prediction of the parameters of the Biot theory
The Biot theory, with the formalism developed in reference [3] has been used to predict the surface impedance
with the model by Johnson et al. [14] for the viscous and
inertial interaction, and the model by Lafarge [15] for the
bulk moduls of air. The Biot elasticity coeﬃcients P , Q,
and R, with the simpliﬁcations suggested in reference [3]
are given by
P =

(1 − φ)2
4
N + Kb +
Kf ,
3
φ

(A1)
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(A2)

R = φKf ,
2
Kb = N (1 + ν)/(1 − 2ν),
3

(A3)
(A4)

where Kb is the bulk modulus of the frame, N is the shear
modulus, ν the Poisson ratio, and φ the porosity. The bulk
modulus Kf of the air saturating the porous frame is given
in the present work by
Kf =

Ka
,
β

(A5)

where Ka is the adiabatic bulk modulus of air and β is
given by
−1

1
M
β = γ − (γ − 1) 1 +
iω̃ , (A6)
1−
−iω̃
2
ρ0 Prωk0
,
ηφ
8k0
M =
.
φΛ 2
ω̃ =

(A7)
(A8)

In these equations, η is the viscosity and ρ0 is the density of air, γ is the ratio of the speciﬁc heats and Pr is the
Prandtl number, k0 is the thermal permeability and Λ is
the thermal characteristic dimension of the porous frame.
The renormalized densities of the Biot theory ρ̃11 , ρ̃22 ,
and ρ̃12 are given by
(A9)

ρ̃11 = ρ1 + ρa − ib,
ρ̃12 = −ρa + ib,

(A10)

ρ̃22 = φρ0 + ρa − ib.

(A11)

The coeﬃcient b related to the viscous and the inertial interaction is given in the present work by
σ
b = − φ2 Gj (ω),
ω

2
4iα∞
ηρ0 ω
Gj (ω) = 1 − 2 2 2 ,
σ Λ φ

(A12)
(A13)

where α∞ is the tortuosity, σ is the ﬂow resistivity, and Λ
is the characteristic viscous dimension. The added density
ρa is given by
ρa = ρ0 φ(α∞ − 1).

(A14)

The wave numbers k1 and k2 for both Biot compressional
waves, and k3 for the Biot shear wave, are given by
2
=
k1,2

ω2
2(P R − Q2 )

· P ρ̃22 + Rρ̃11 − 2Qρ̃12 ±


Δ ,

ρ̃212 

ω2  ρ̃11 ρ̃22 −
,
N
ρ̃22
Δ = (P ρ̃22 + Rρ̃11 − 2Qρ̃12 )2

k32 =

− 4(P R − Q2 )(ρ̃11 ρ̃22 − ρ̃212 ).
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(A15)
(A16)
(A17)

The coeﬃcients µ which give the ratio of the air velocity
components to the frame velocity components are given
by
µ1,2 =

2
− ω2 ρ̃11
P k1,2
2
ω2 ρ̃12 − Qk1,2

µ3 = −ρ̃12 /ρ̃22 .

.

(A18)
(A19)
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