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Summary
We study analytically and numerically second-harmonic generation in a one-dimensional weakly lossy nonlinear
acoustic metamaterial composed of an air-filled waveguide periodically loaded by side holes. Based on the trans-
mission line approach, we derive a lossy nonlinear dispersive lattice model which, in the continuum limit, leads
to a nonlinear, dispersive and dissipative wave equation. The latter is studied by means of a perturbation method,
which leads to analytical expressions for the first and second harmonics, in very good agreement with numerical
results.
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1. Introduction

The study of metamaterials in different fields of wave
physics has seen an explosion of interest during the last
years, leading to significant developments both from basic
research and applications point of view. Metamaterials are
artificially engineered structures, exhibiting physical prop-
erties not found in nature [1, 2, 3]. In the case of acoustics,
Liu et al. [4] proposed the first acoustic metamaterial, orig-
inally called locally resonant sonic material, based on an
array of coated spheres presenting negative mass density.
Later, Fang et al. [5] investigated an acoustic metamate-
rial composed by an array of Helmholtz resonators em-
bedded in a waveguide, presenting negative bulk modulus.
Although such systems have been previously analyzed in
the context of acoustics by Sugimoto [6] and Bradley [7],
the novelty in this case is to characterize the system by us-
ing the effective properties. The linear properties of such
acoustic metamaterials including the effect of viscother-
mal losses [8] have been exploited over the last decade,
showing several possibilities to control wave propagation
in acoustics [9, 10, 11, 12, 13, 14, 15, 16].

In addition to the more standard case of linear meta-
materials, the study of nonlinear ones has been receiving
increased attention during the last years [17, 18, 19, 20].
However, in the case of acoustic metamaterials, the pres-
ence of nonlinearity is less studied, and only a few works
have exploited the combined role nonlinear effects and
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other fundamental features of the system, such as disper-
sion or losses. The combination of nonlinearity and disper-
sion has revealed different effects, such as the formation of
solitons [21, 22, 23], the self-demodulation effect [24, 25]
and the generation of higher harmonics [26, 27, 28]. More
recently, in a similar setup with negative mass density, the
formation of envelope (bright and gap) solitons has been
analytically and numerically studied in the presence of vis-
cothermal losses [29].

In this work, we analytically and numerically study the
second-harmonic generation in an one-dimensional (1D)
weakly lossy nonlinear acoustic metamaterial with nega-
tive bulk modulus composed by an air-filled waveguide pe-
riodically loaded by side holes. The main motivation is to
study the combined effects of dispersion, nonlinearity and
dissipation in an acoustic metamaterial with negative bulk
modulus (our setup). The model used in this work could
pave the way to study the linear and nonlinear propagation
in double negative metamaterials considering the differ-
ent physical effects playing role as dispersion, nonlinearity
and dissipation. The nonlinearity is activated here by us-
ing high-amplitude incident waves. Based on the electro-
acoustic analogy and the transmission line approach, we
derive a weakly lossy lattice model describing the system,
which, in the continuum limit, leads to a nonlinear, disper-
sive and dissipative wave equation. By using a perturba-
tive scheme we derive analytical expressions for the first
and second harmonics, in the presence of losses. The ana-
lytical results are found to be in very good agreement with
direct numerical simulations in the framework of the lat-
tice model.
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The article is structured as follows. In Section 2 we
introduce the electro-acoustic analogue modeling based
on the transmission line (TL) approach, which has been
shown to be a powerful tool for studying electromagnetic
and acoustic metamaterials [29, 30, 31, 32, 33, 34]. In Sec-
tion 2.1, we describe the setup and introduce the 1D non-
linear dissipative lattice model. Then, in Section 2.2, we
obtain a nonlinear dispersive and dissipative wave equa-
tion, stemming from the continuum limit of the lattice
model. Section 2.3 describes the linear properties of the
proposed metamaterial. In Section 3, we present the an-
alytical and numerical results regarding the second har-
monic generation. Finally, in Section 4, we summarize and
present our conclusions.

2. Electro-Acoustic Analogue Modeling

2.1. Setup and model

We consider low-frequency nonlinear wave propagation in
the acoustic metamaterial shown in Figure 1a. The struc-
ture is composed by a waveguide of radius r periodically
loaded with an array of side holes of radius rH and length
lH . The distance between two consecutive side holes is
d. The frequency range considered is well below the first
cut-off frequency, therefore the problem is considered as
one-dimensional.
We adopt the electro-acoustic analogy, where the volt-

age corresponds to the acoustic pressure and the current
to the volume velocity flowing through the waveguide’s
cross-sectional area [35, 36]. Our aim is to derive a non-
linear discrete wave equation, describing wave propaga-
tion in an equivalent electrical transmission line (TL). To
do this, we consider the unit-cell circuit of the equivalent
TL model of our setting, shown in Figure 1b.

The unit-cell circuit is composed by two parts. The first
one, corresponding to the waveguide, is modeled by the
acoustic masses Mω, the resistance Rω and shunt acoustic
compliances Cω. In the linear regime, the acoustic masses
and acoustic compliances are given by Mω0 = ρ0d/S
and Cω0 = Sd/(ρ0c20), where ρ0, c0 and S are respec-
tively the density, the speed of sound and the cross-section
area of the waveguide. The resistance Rω = Im(kZc)d
describes the viscothermal losses, where the wavenumber
and acoustic characteristic impedance of the waveguide
are given by [8]:

k =
ω

c0
1 +

1 − j

s
(1 + (γ − 1)/ Pr) , (1)

Zc =
ρ0c0
S

1 +
1 − j

s
(1 − (γ − 1)/ Pr) . (2)

Here, γ is the specific heat ratio, Pr is the Prandtl number,
and s = ωρ0r2/η, with η being the shear viscosity.

The second part of the unit-cell circuit, corresponding
to the side hole, is modeled by a shunt RM circuit com-
posed by the series combination of an acoustic massesMH
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Figure 1. (Colour online) (a) Acoustic metamaterials composed
by a waveguide loaded with an array of side holes. (b) Corre-
sponding unit-cell circuit.

and a resistance RH . In the regime where the geometric
characteristics of the side holes are much smaller than the
wavelength λ of the sound wave, i.e., for krH � 1, the
corresponding acoustic masses and resistance are given by
MH = ρ0lH/SH and RH = ρ0ω

2/(2πc0), where SH is
the area of the side holes [37]. Here we should mention
that we approximate the frequency-dependent viscother-
mal and radiation losses by a resistance with a constant
value at the frequency of the wave excitation (cf. see last
two paragraphs in Section 2.3 for more details).
Here, we should mention that we consider the response

of side holes to be linear while the propagation in the
waveguide weakly nonlinear. At high acoustic level, gen-
erally the response of the side holes is nonlinear due to
nonlinear losses as a consequence of a jet formation at
the locations of the side holes and the formation of annu-
lar vortices dissipating part of the acoustic energy. How-
ever, these effects can be minimized considering holes
with smoothed walls [38, 39]. Therefore the assumption of
the linear behavior of the holes is a good approximation as
far as the boundaries of the holes are smoothed, an aspect
that has to be taken into account in the design of the ex-
perimental setup. On the other hand, it is well known that,
due to the compressibility of air, the wave celerity cNL is
considered amplitude dependent and thus the propagation
in the waveguide weakly nonlinear.

Therefore, we assume the acoustic compliances Ca to
be nonlinear, depending on the pressure p [23], while the
acoustic masses Ma linear. Approximating the celerity as
cNL ≈ c0 1 + β0p/ρ0c

2
0 , where β0 is the nonlinear pa-

rameter for the case of air, the pressure-dependent acous-
tic compliances Cω can be expressed as Cω = Cω0−C



ωpn,

where

C


ω =

2β0
ρ0c

2
0

Cω0. (3)

Next, we use Kirchhoff’s voltage and current laws to de-
rive an evolution equation for the pressure pn in the n-th
cell of the lattice. In particular, Kirchhoff’s voltage law for
two successive cells yields

pn−1 − pn = Mω
d
dt

un + Rωun, (4)
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pn − pn+1 = Mω
d
dt

un+1 + Rωun+1. (5)

Subtracting the two equations above, we obtain the dif-
ferential-difference equation (DDE),

δ̂2pn = Mω
d
dt

+ Rω (un − un+1) , (6)

where δ̂2pn ≡ pn+1 − 2pn + pn−1. Then, Kirchhoff’s current
law yields

un − un+1 = Cω
d
dt

pn + uH , (7)

where uH is the current through MHRH branch. The aux-
iliary Kirchoff’s voltage law in the output loop of the unit-
cell circuit reads

uH = Q̂−1pn, Q̂ = MH
d
dt

+ RH . (8)

Then, substituting Equation (7) and Equation (8) into
Equation (6), and recalling that the acoustic compliances
Cω depends on the pressure, we obtain the following evo-
lution equation for the pressure,

MH
d
dt

+ RH

δ̂2pn − MωCω0
d2pn

dt2
− RωCω0

dpn

dt
(9)

+
1
2
MωC



ω

d2p2n
dt2

+
1
2
RωC



ω

dp2n
dt

− Mω
d
dt

+ Rω pn = 0.

Our results are obtained for a temperature of 18◦ C and an
air-filled waveguide. We use the following parameter val-
ues: d = 0.05 m, r = 0.025 m, rH = 0.0025 m and lH =
0.005 m, β0 = 1.2, c0 = 343.26 m/s, ρ0 = 1.29 kg/m3,
γ = 1.4, Pr = 0.71, η = 1.84 10−5 kg/m/s.

2.2. Continuum limit

For our analytical considerations, we focus on the contin-
uum limit of Equation (9), corresponding to n → ∞ and
d → 0 (but with nd being finite); in such a case, the pres-
sure becomes pn(t) → p(x, t), where x = nd is a continu-
ous variable, and

pn±1 = p ± d
∂p

∂x
+

d2

2
∂2p

∂x2

± d3

3!
∂3p

∂x3
+

d4

4!
∂4p

∂x4
+ O(d5). (10)

Thus, the difference operator δ̂2 is approximated by δ̂2pn ≈
d2pxx+d4pxxxx/12, where subscripts denote partial deriva-
tives, and terms of the order O(d5) and higher are ne-

glected. This way, Equation (9) turns to the following par-
tial differential equation (PDE),

MH
∂

∂t
+ RH d2

∂2p

∂x2
+

d4

12
∂4p

∂x4
− MωCω0

∂2p

∂t2

− RωCω0
∂p

∂t
+

1
2
MωC



ω

∂2p2

∂t2
+

1
2
RωC



ω

∂p2

∂t
(11)

− Mω
∂

∂t
+ Rω p = 0.

It is convenient to express our model in a dimensionless
form using the normalized variables τ, χ, and p, which are
defined as follows: τ is time in units of ω−1

B , where ωB =
πc0/d is the Bragg frequency; χ is space in units of c0/ωB

and p/P0 = �P , where P0 = ρ0c
2
0 and 0 < � � 1 is a

formal small parameter. Then, Equation (11) is expressed
in the following dimensionless form,

(∂τ + γH ) Pττ − Pχχ − ζPχχχχ + γωPτ (12)

−�β0(P 2)ττ − �β0γω(P 2)τ + m2Pτ + m2γωP = 0,

where

m2 =
SHd

π2lHS
, ζ =

π2

12
,

γH =
RH

ωBMH
, γω =

RωS

πρ0c0
.

(13)

It is interesting to identify various limiting cases of Equa-
tion (12). First, in the linear limit (β0 = 0, or p2 � 1),
in the absence of side holes (m2 → 0, γH → 0), without
considering viscothermal losses (γω → 0) and higher or-
der spatial derivatives, Equation (12) is reduced to the lin-
ear wave equation, Pττ − Pχχ = 0. In the linear limit, but
in the presence of side holes, in the long wavelength ap-
proximation and without considering viscothermal losses
(γω → 0), radiation losses (γH → 0), and higher or-
der spatial derivatives (ζ → 0), Equation (12) takes
the form of the linear Klein-Gordon equation [40, 41],
Pττ−Pχχ+m2P = 0. Finally, including only the nonlinear-
ity and discarding losses, the side holes, and higher order
spatial derivatives, Equation (12) is reduced to the well-
known Westervelt equation, Pττ − Pχχ − �β0 P 2

ττ
= 0,

which is a common nonlinear model describing 1D acous-
tic wave propagation [42].

2.3. Linear limit

We first study the linear limit of Equation (12) and the re-
spective dispersion relation. Assuming the propagation of
plane waves, of the form p ∝ exp[i(kχ − ωτ)], we obtain
the following dispersion relation connecting the wavenum-
ber k and frequency ω,

D(ω, k) = −iω(−ω2 + k2 − ζk4 + m2) (14)

− iωγHγω + γH (−ω2 + k2

− ζk4) + γω(−ω2 + m2) = 0,

where the terms including γH and γω accounts for the radi-
ation and viscothermal losses. The term ζk4 accounts for
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the influence of the periodicity of the lattice (originating
from the term δ̂2pn) to the dispersion relation. Although
this term appears to lead to instabilities for large values
of k, both Equation (12) and Equation (14) are used in
our analysis only in the long-wavelength limit, where k
is sufficiently small. Without considering the losses and
higher-order spatial derivatives, Equation (14) is reduced
to −ω2 + k2 + m2 = 0, the familiar dispersion relation of
the linear Klein-Gordon model [40, 41]. For low frequen-
cies, i.e., for 0 ≤ ω < m, there is a band gap, and for
m < ω < ωB , there is a pass band, with the dispersion
curve ω(k) having the form of hyperbola.

Since all quantities in the above dispersion relation are
dimensionless, it is also relevant to express them in phys-
ical units. In particular, taking into regard that the fre-
quency ωph and wavenumber kph in physical units are
connected with their dimensionless counterparts through
ω = ωph/ωB and k = kphc/ωB , Equation (14) is written
as

− i
ωph

ωB
+ γH

−
ω2

ph

ω2
B

+
k2
phc

2
0

ω2
B

− ζ
k4
phc

4
0

ω4
B

− i
ωph

ωB
γω (15)

− i
ωph

ωB
m2 + m2γω = 0.

The real and imaginary parts of the dispersion relation (in-
cluding losses), Equation (15), are shown in Figure 2 (thin
blue solid lines), which are almost the same as the loss-
less dispersion relation [Equation (15) with γω → 0 and
γH → 0] shown as thick blue solid lines in Figure 2, since
we consider a weakly lossy medium.
In addition, in order to verify our theory, we compare

this linear dispersion relation with the one obtained by us-
ing the Transfer Matrix Method (TMM) [7]. The thin red
dashed lines in Figure 2 show the results for the lossy dis-
persion relation obtained by using the expression given by
the TMM method,

cos kphd = cos kd + i
Zc

2ZH
sin kd , (16)

where k andZc are given by Equations (1) and (2) respec-
tively, and ZH = iωphMH + RH is the input impedance
of the side holes. For the lossless case, k, Zc and ZH

are respectively reduced to k = ω/c0, Zc = ρ0c0/S and
ZH = iωphMH , and the corresponding results are shown
as thick red dashed lines in Figure 2. The dispersion rela-
tion resulting from the continuum approximation (TLM)
has a very good agreement with the one obtained by using
the TMM, as shown in Figure 2, especially in the low-
frequency regime. We note here that while the TLM dis-
persion relation the losses are approximated by using con-
stant parameters, in the TMM method the loses are fre-
quency dependent. Therefore, the agreement between the
two dispersion relations validates our assumption of fre-
quency independent losses.
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Figure 2. (Colour online) (a) and (b) respectively show the real
and imaginary parts of the complex dispersion relation. Blue
solid lines (Red dashed lines) show the results obtained by us-
ing Transmission line method, Equation (15) (Transfer matrix
method, Equation (16)). The thin (thick) solid and dashed lines
correspond to the lossy cases (lossless cases). The black points
in Figure 2 show the frequencies used in the simulations, 400Hz,
300Hz and 100Hz.
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Figure 3. (Colour online) The frequency dependent transmission
|T | (black dashed line), reflection |R| (blue dot-dashed line) and
absorption α = 1 − |R|2 − |T |2 (red continuum line) coefficients
for a lattice of 1.7m (∼ 34 cells).

To further validate this assumption, especially for the
case of high frequencies (having in mind the generation
of the second harmonic), it is relevant to obtain the fre-
quency dependence of the transmission and reflection co-
efficients, T and R, as well as the absorption coefficient,
α, for finite lattice made of 34 cells (1.7 m), as shown in
Figure 3, using the TMMmethod (see details in Appendix
A). First, we observe that the transmission and reflection
coefficients are in agreement with the dispersion relation
shown in Figure 2. Moreover, we find that the absorption
coefficient (red continuum line in Figure 3), can be ap-
proximated by a constant value in the range of frequencies
considered in this work. Therefore, our constant loss as-
sumption –for the frequencies of interest– is well affirmed.

3. Second Harmonic Generation in lossy
dispersive acoustic media

In this Section, we study analytically and numerically the
second harmonic generation including the effect of the
losses.
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3.1. Analytical Results

Our analytical methodology relies on a perturbation
scheme. First, we express P as an asymptotic series in �,
namely

P = p1 + �p2 + �2p3 + . . . . (17)

Then, substituting Equation (17) into Equation (12), we
obtain a hierarchy of equations at various orders in �. The
leading order equation, at O(�0),

∂

∂τ
+ γH

∂2p1

∂τ2
− ∂2p1

∂χ2
− ζ

∂4p1

∂χ4
+ γω

∂p1
∂τ

(18)

+m2 ∂p1
∂τ

+ m2γωp1 = 0,

possesses plane wave solutions of the form,

p1 = A cos θ , (19)

where A is the wave amplitude, θ = ωτ − k(ω)χ, while
parameters k and ω satisfy the dispersion relation D(ω, k)
[cf. Equation (14)]. The equation at the next order, O(�1),
is

∂

∂τ
+ γH

∂2p2

∂τ2
− ∂2p2

∂χ2
− ζ

∂4p2

∂χ4
+ γω

∂p2
∂τ

+ m2 ∂p2
∂τ

+ m2γωp2 (20)

= −β0 − 2iω + γH A2 2ω2+iγωω cos 2ωτ−2k1χ .

The solution of Equation (20) is the sum of the particular
solution p

p
2 of the inhomogeneous equation (forced wave,

steady state) and the general solution p
g

2 of the homoge-
neous equation (free wave), namely p2 = p

p
2 + p

g

2, with

p
p
2 =

−β0(−2iω + γH )A2(2ω2 + iγωω)
D(2ω, 2k)

· cos 2ωτ − 2k1χ , (21)

p
g

2 = p
g

2(χ = 0) cos 2ωτ − k2χ , (22)

where k2 is the wavenumber at the second harmonic fre-
quency taken from the dispersion relation. Assuming that
the second harmonic vanishes at x = 0 and thus p2(τ, χ =
0) = 0, we may set

p
g

2(χ = 0) =
β0(−2iω + γH )A2(2ω2 + iγωω)

D(2ω, 2k)
. (23)

Thus the full solution for p2 is written as

p2 = p
g

2 + p
p
2 =

2β0(−2iω + γH )A2(2ω2 + iγωω)
D(2ω, 2k)

· sin Δk

2
χ sin 2ωτ − keffχ ,

(24)

where Δk is the detuning parameter that describes the
asynchronous second harmonic generation, Δk = k(2ω)−
2k(ω) = k2 − 2k1, and keff is the effective wave number,
keff = (1/2)[k(2ω) + 2k(ω)].

The presence of β0 in the amplitude of p2 shows that,
obviously, the second harmonic is generated due to nonlin-
earity. Since the forced and free waves have different phase
velocities, i.e., 2k(ω) 	= k(2ω), the phase-mismatching
introduces a beating in space [26, 27, 43] for the ampli-
tude of the second harmonic –cf. the term sin(Δk/2χ) in
Equation (24). The position of the maximum of the beat-
ing xc(n) can be related to the second harmonic phase-
mismatching frequency by xc(n) = π/Δkn = π/|k(nω) −
nk(ω)|, indicating that asΔkn increases the beating spatial
period, and also its maximum amplitude decrease.

3.2. Numerical simulations

We now present results of direct numerical simulations
in the framework of the nonlinear discrete model, Equa-
tion (9), with and without losses (i.e., RH = 0, Rω = 0).

The system is excited using a sinusoidal time-depended
boundary condition (a driver) at x = 0, with an amplitude
of 1000 Pa. The length of the lattice is chosen to be long
enough in order to avoid reflections from the right end dur-
ing the evolution.

Using a 4th-order Runge Kutta integrator, we study the
propagation for three different driving frequencies. The
first case corresponds to a fundamental and a second har-
monic, both belonging to the propagating band (Figure 4a
and 4b). For the second case, we choose a smaller funda-
mental frequency lying in the band gap, while the second
harmonic lies in the pass band (Figure 4c and 4d). Third,
we consider a case where both the fundamental and the
second harmonic are in the band gap (Figure 4e and 4f).

We start with the first case where the driver operates at
f = 400Hz, and thus both the fundamental component
(p1) and the generated second-harmonic component (p2)
are in the pass band. During the weakly nonlinear wave
propagation, in the absence of losses (RH = 0, Rω =
0, γH = 0, γω = 0), the zeroth-order solution p1 trav-
els with a constant amplitude and a wave vector k(ω),
as shown in Figure 4a (see solid blue line). The second
harmonic solution p2 is composed by a forced wave with
k = 2k(ω) and a free wave propagating with k(2ω). The
phase mismatch, 2k(ω) 	= k(2ω), introduces beatings in
space for the second harmonic, which is shown with the
thick blue line in Figure 4b.
We also performed simulations including both the weak

viscothermal and radiation losses. The results plotted with
the thin (red) lines in Figure 4a and 4b show that the ampli-
tude of both the fundamental and the second harmonics are
weakly attenuated. Note that in all cases (with and without
losses) our analytical results, shown by the blue stars and
red circles, are found to be in a very good agreement with
the numerical findings.
When the driving frequency is in the band gap, but

close to the cut-off frequency, the generated second har-
monic will be located in the pass band. To study such a
case, we choose a driver at f = 300Hz. In the lossless
case, the fundamental component p1 decreases exponen-
tially (thick (blue) line in Figure 4c), because the corre-
sponding wavenumber k(ω) is imaginary (black point in
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Figure 4. (Colour online) Harmonic generation in the presence of dispersion and (viscothermal and radiation) losses. For the lossy
(lossless) case, thin red lines and red circles (thick blue lines and blue stars) stand respectively for the numerical and analytical results.
(a) f = 400Hz, p1 in the pass band; (b) f = 400Hz, p2 in the pass band; (c) f = 300Hz, p1 in the band gap; (d) f = 300Hz, p2 in the
pass band; (e) f = 100Hz, p1 in the band gap; (f) f = 100Hz, p2 in the band gap. Numerical results are in a good agreement with the
analytical ones.

Figure 2b), leading to a strong attenuation of p1. Since
the viscothermal and radiation losses are sufficiently small,
we observe almost no difference between the lossless case
(thick blue line) and the lossy one (thin red line) in Fig-
ure 4c. During propagation, the second harmonic is gener-
ated, with a frequency located in the pass band as shown in
Figure 4d. Note that the beatings are absent since only the
free wave with single wavenumber k(2ω) is propagating.
In this case, we observe a small decrease of the amplitude
of p2 due to the weak viscothermal and radiation losses
(thin (red) line in Figure 4d), in comparison to the lossless
case (thick (blue) line in Figure 4d).

Finally, in Figure 4e and 4f) we show results corre-
sponding to the third case, i.e., when both the fundamental
component p1 and the second harmonic component p2 are
in the band gap. Here we choose a frequency f = 100Hz
for the driver. In this case, the amplitude of p1 decreases
exponentially and faster, as compared to Figure 4c, since
the imaginary part of k(ω) is larger (black point in Fig-
ure 2b). The second harmonic is generated at the begin-
ning of the waveguide, but its amplitude eventually de-
creases to zero, because its frequency is still in the band
gap. Since both p1 and p2 are in the band gap with rela-
tively large imaginary wavenumbers, the weak viscother-
mal and radiation losses do not have an important contri-
bution in the evolution, and there is no visible different be-
tween the lossless [thick (blue) lines] and lossy [thin (red)
lines] propagation, as shown in Figure 4e and 4f).

Note that, in all the cases considered here, numerical
results are found to be in a very good agreement with our
analytical findings presented in Section 3.1 (blue stars and
red circles in Figure 4). At this point, we should men-
tion that during the nonlinear wave propagation, third har-

monic is also produced in cascade. However we only con-
sider the second harmonic in this work, because the third
harmonic is too small compared to the generated second
harmonic. For example, in the lossless case, when our
driver is a sinusoidal wave with an amplitude of 1000 Pa
and a frequency of 400Hz, the maximum amplitude of the
generated second harmonic is about 14.03 Pa, while the
amplitude of the third harmonic is about 0.0307 Pa.

4. Conclusions

In conclusion, we have theoretically and numerically stud-
ied second harmonic generation in a 1D weakly lossy
nonlinear acoustic metamaterial. The considered structure,
composed by an air-filled waveguide loaded with a peri-
odic array of side holes, exhibited viscothermal losses (due
to viscous and thermal effects) and radiation losses (due to
the side holes). Based on the electro-acoustic analogy, and
using the transmission line approach, we derived a non-
linear discrete model describing the propagation of pres-
sure waves. Then, we used a perturbation scheme to an-
alyze the nonlinear dispersive and dissipative wave equa-
tion stemming from the long-wavelength limit of the dis-
crete lattice. We have thus derived approximate analytical
expressions for the first and second harmonic traveling in
the metamaterial. Numerical results were also presented,
using a driver, i.e., a sinusodial source, on one end of the
waveguide with sufficiently high amplitude.

The numerical results were found to be in a very good
agreement with the analytical ones. For the lossless cases,
we have shown that during the nonlinear propagation in
the metamaterial, the generated higher harmonics could be
controlled by tuning the dispersion relation –for instance,
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the beatings of second harmonic due to the phase mis-
match introduced by the dispersion effect. We also stud-
ied the effects of viscothermal and radiation losses on the
second harmonic generation in this acoustic metamate-
rial with negative bulk mudulus. Recently, the second har-
monic generation in an one-dimensional, nonlinear acous-
tic metamaterial with negative mass density, composed of
an air-filled waveguide periodically loaded by clamped
elastic plates have been analytically and numerically re-
ported [28]. These preliminary results pave the way to
study t he nonlinear properties of effective double neg-
ative acoustic metamaterials, i.e., an air-filled waveguide
periodically loaded with clamped elastic plates and side
holes. It would also be interesting to study the nonlinear
wave propagation in higher-dimensional acoustic metama-
terials.
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Appendix

A1. Transfer Matrix Method

For a finite lattice of N cells (here, N = 34), the total
transmission matrix can be expressed as

p1
u1

= mωmHmω
N p2

u2

=
T11 T12

T21 T22

p2
u2

, (A1)

with

mω =
cos(kd/2) jZc sin(kd/2)
j

Zc
sin(kd/2) cos(kd/2)

, (A2)

mH =
1 0

(iωMH + RH )−1 1
, (A3)

where p1(u1) and p2(u2) are the pressure (volume velocity)
at the input and output of the settings. Then the transmis-
sion coefficient (T ) and reflection one (R) can be calcu-
lated respectively as

T =
2

T11 + T12/Zc + T21Zc + T22
, (A4)

R =
T11 + T12/Zc − T21Zc − T22

T11 + T12/Zc + T21Zc + T22
. (A5)

The absorption coefficient α is α = 1 − |T |2 − |R|2.
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