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A B S T R A C T

In this paper, we employ a combination of analytical and numerical techniques to investigate
the dynamics of lattice envelope vector soliton solutions propagating within a one-dimensional
chain of flexible mechanical metamaterial. To model the system, we formulate discrete equa-
tions that describe the longitudinal and rotational displacements of each individual rigid unit
mass using a lump element approach. By applying the multiple-scales method in the context
of a semi-discrete approximation, we derive an effective nonlinear Schrödinger equation that
characterizes the evolution of rotational and slowly varying envelope waves from the aforemen-
tioned discrete motion equations. We thus show that this flexible mechanical metamaterial chain
supports envelope vector solitons where the rotational component has the form of either a bright
or a dark soliton. In addition, due to nonlinear coupling, the longitudinal displacement displays
kink-like profiles thus forming the 2-components vector soliton. These findings, which include
specific vector envelope solutions, enrich our knowledge on the nonlinear wave solutions
supported by flexible mechanical metamaterials and open new possibilities for the control of
nonlinear waves and vibrations.

. Introduction

Nonlinear flexible mechanical metamaterials (FlexMMs) are an emerging class of engineered materials often consisting of
ighly deformable soft elements connected to stiffer ones [1]. They encompass a variety of designs such as origami [2,3] and
irigami structures [4,5], assembled mechanical parts, 3D-printed multimaterials [6,7], and have been shown to exhibit ‘‘exotic
unctionalities, such as pattern and shape transformations in response to mechanical forces, or reprogrammability’’ [1]. Their
apacity to undergo large local deformations, including local rotations, stems from the high elasticity contrasts together with their
tructure and naturally implies geometric non-linearity. As with other types of metamaterials, their linear properties depend on the
eometry of the structure in addition to the constituent materials, so that both nonlinear and linear mechanical behaviors can be
uned by modifying their structural or material parameters. Interestingly, in the context of wave control, harnessing the nonlinear
roperties of a metamaterial is particularly novel, since the majority of reported results have focused on controlling linear waves
y managing dispersive effects.

Despite linear wave metamaterials constitute the vast majority of studied wave control strategies, a number of nonlinear wave
ffects have been studied and revealed in such flexible mechanical metamaterials [8], including pulse vector solitons [9–11], rar-
faction solitary waves [12,13], directional phase transition waves and topological solitons through multi-stable structures [14–17]
or example, and more recently the manifestation of modulation instability (MI) [18].
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However, to our knowledge, envelope solitons (bright and dark solitons) or breathers, have not been reported in FlexMM. Bright
nd dark solitons are solutions of the universal nonlinear Schrödinger equation (NLS), and result from the complex interplay between
he dispersion and nonlinearity properties of a medium [19,20]. On the one hand bright solitons [21], are characterized by their
bility to maintain a focused intensity peak during propagation. As such, these wave objects have practical applications in optical
ommunication systems via nonlinear optical fibers, contributing to the stability and robustness of information transmission [22,23].
n the other hand, dark solitons, which manifest themselves as stable and localized intensity drops in a wave train, have been studied

n various physical contexts, including Bose–Einstein condensates in ultracold atomic gases [24], water tank experiments [25] and
ptics [26–28].

In terms of applications, both bright and dark solitons find utility in fields such as signal processing, optical communications,
nd ultrafast optics. Thus, we believe that the study of bright and dark solitons in FlexMMs will be useful in controlling large
mplitude vibrations. We also expect to observe nonlinear wave phenomena in FlexMMs not yet reported in mechanics or for other
ave fields. Indeed, while bright and dark solitons are mostly associated with optical systems and cold atoms, recent research has
xpanded their relevance to mechanical devices. For example, researchers have explored soliton-like phenomena in structures such
s granular chains or phononic crystals [29,30]. These granular solitons show potential applications in shock absorption and energy
ransfer mechanisms [31]. Recently, particle mechanical metamaterials made of mass-in-mass arrangements with local resonators
ave been shown theoretically, numerically [32], and experimentally to be an ideal platform for observing pulse nonlinear solitary
aves [33]. In addition, dark solitons have been studied in the context of acoustic waves with acoustic transmission lines [34],

eading to the development of novel devices for sound manipulation and waveguiding [35]. The interdisciplinary study of solitons in
echanical metamaterials reflects a growing interest and understanding of their universal properties. The applications of bright and
ark solitons in mechanical devices continue to expand, paving the way for innovations in fields such as acoustics, wave engineering,
nd materials science.

The main objective of this paper is to study the bright and dark soliton solutions of the NLS equation as lattice envelope vector
olitons in the nonlinear FlexMM context. The paper is structured as follows. In Section 2 we present the nonlinear discrete lump
odel which was found to be relevant for describing the dynamical equations of FlexMMs. In Section 3 we derive an effective
LS equation (eNLS) for the slowly varying envelope of waves of the rotational degree of freedom (DOF) in the semi-discrete
pproximation using asymptotic expansion and multiple-scale methods, from the discrete equations of motion of the system. Finally
n Sections 4 and 5, the existence and dynamics of bright and dark envelope vector solitons are investigated respectively.

. Lumped element approach

.1. Problem position and modeling of the structure

The family of FlexMM that we consider in this work consists of rigid particles (in the shape of crosses) connected to their nearest
eighbors by elastic connectors and periodically arranged in a chain of two rows and 𝑁 columns, see Fig. 1(a). This type of structure

is inspired by the FlexMM studied experimentally in Ref. [10]. There, the particles are constructed with Lego® bricks and the elastic
connectors are made with highly flexible plastic films.

To model this structure in the low-frequency regime, we adopt the lumped-element approach. We consider the particles as rigid,
characterized by their mass 𝑚 and their moment of inertia 𝐽 , while the elastic connectors are modeled as three massless springs; a
longitudinal spring with stiffness 𝑘𝑙, a shear spring with shear stiffness 𝑘𝑠, and a bending spring with bending stiffness 𝑘𝜃 . We focus
on in-plane motion, so in general each particle has three DOFs, one rotation (around the z-axis), and two displacements (one in the
longitudinal direction along 𝑥 and one in the transverse direction along y). We also consider only symmetric motion relative to the
ymmetry axis, see Fig. 1(b).

Similar to Ref. [10], we consider two DOFs, a longitudinal displacement 𝑢 and a rotational motion 𝜃. This means that we constrain
he particles not to move along the 𝑦-axis. Ignoring the transverse motion may also be valid even without this forced constraint. In
act, for the structure of Ref. [10] it was shown numerically and experimentally that during the soliton propagation [9,10], ignoring
he transversal displacement is a reasonable assumption, since the transversal displacement amplitude was experimentally found to
e an order of magnitude smaller than the longitudinal one.

The sign of the rotation angles is considered positive in the trigonometric direction. In previous works [10,18], the angle is
efined as a positive–negative alternation from one cell to the next, which is a different point of view but does not change the
hysics. The choice made here makes the analysis easier, since we are studying modulated waves.

.2. Motion equations of the system

Based on the previous assumptions, we can establish the governing equations of a one-dimensional chain starting with perfect
nitial alignment, resulting in a static angle of zero. Considering a single element (a cross), the position of its extremities are,

𝐫𝟏 =
(

𝑙 cos 𝜃𝑛
𝑙 sin 𝜃𝑛

)

, 𝐫𝟐 =
(

−𝑙 sin 𝜃𝑛
𝑙 cos 𝜃𝑛

)

, 𝐫𝟑 =
(

−𝑙 cos 𝜃𝑛
−𝑙 sin 𝜃𝑛

)

, 𝐫𝟒 =
(

𝑙 sin 𝜃𝑛
−𝑙 cos 𝜃𝑛

)

. (1)

hanks to the position of the vertices, the elongations of horizontally oriented springs are given by,

∆𝐥𝐧,𝟏 = 𝐲𝐧 +
[

{𝐫𝟑(𝜃𝑛+1) − 𝐫𝟑(0)} − {𝐫𝟏(𝜃𝑛) − 𝐫𝟏(0)}
]

=
[

𝑢𝑛+1 − 𝑢𝑛 − 𝑙 cos 𝜃𝑛+1 − 𝑙 cos 𝜃𝑛 + 2𝑙
]

, (2)
2

−𝑙 sin 𝜃𝑛+1 − 𝑙 sin 𝜃𝑛
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Fig. 1. Mechanical metamaterial under study. (a) Sketch of the FlexMM under consideration. The structure consists of two rows of rigid mass units (gray crosses)
onnected by elastic links (thick, blue lines) extending along the normalized X-direction (𝑋 = 𝑥∕𝑎) with a periodic arrangement. The rigid units are characterized

by a mass 𝑚 and a moment of inertia 𝐽 using a normalization (cf. Eq. (8b)). The inertia of the particle can be defined by a single coefficient 𝛼. The elastic
connectors are characterized by effective stiffnesses (normalized to the longitudinal spring 𝑘𝑙): 𝐾𝑠 and 𝐾𝜃 . We consider symmetric movements relative to the
horizontal axis of symmetry between the two lines. (b) Displacements of the 𝑛 and 𝑛 + 1 particles from the equilibrium position, the mass units can rotate 𝜃
nd longitudinally translate 𝑈 . (c) Dispersion relation cf. Eq. (9) of the corresponding structure using coefficients found in the literature [10,36]: 𝛼 = 1.815,
𝑠 = 0.01851 and 𝐾𝜃 = 1.534.10−4. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

hile the elongation of the vertically oriented springs is neglected, due to symmetry as mentioned above,

∆𝐥𝐧,𝟐 = 𝟎 . (3)

Rotational elongation can also be expressed by,

𝛥𝜃𝑛,1 = 𝜃𝑛+1 − 𝜃𝑛 , 𝛥𝜃𝑛−1,1 = 𝜃𝑛 − 𝜃𝑛−1 , 𝛥𝜃𝑛,2 = 2𝜃𝑛 . (4)

ombining the expression of each hinge elongation, the expression for the potential energy of the system can be written,

𝑛,𝑝(∆𝐥𝐧,𝐩, 𝛥𝜃𝑛,𝑝) =
1
2
‖𝐤.∆𝐥𝐧,𝐩‖2 +

1
2
𝑘𝜃𝛥𝜃𝑛,𝑝

2 , (5)

with, 𝑝 = {1, 2} and 𝐤 = (
√

𝑘𝑙 ,
√

𝑘𝑠) [37]. The Hamiltonian of the total system can then be written as,

 = 2
𝑁
∑

𝑛=1

{1
2
𝑚 ̇𝑢𝑛

2 + 1
2
𝐽𝜃𝑛

2
}

+ 2
𝑁−1
∑

𝑛=1
𝑛,1

(

∆𝐥𝐧,𝟏, 𝛥𝜃𝑛,1
)

+
𝑁
∑

𝑛=1
𝑛,2

(

∆𝐥𝐧,𝟐, 𝛥𝜃𝑛,2
)

, (6)

rom which motion equations can be derived, assuming symmetry of the motions relative to the horizontal symmetry axis of the
hain,

𝑚𝑢̈𝑛 = −1
2
𝜕
𝜕𝑢𝑛

= −
𝜕𝑛−1,1

𝜕𝑢𝑛
−
𝜕𝑛,1

𝜕𝑢𝑛
, (7a)

𝐽 𝜃̈𝑛 = −1
2
𝜕
𝜕𝜃𝑛

= −
𝜕𝑛−1,1

𝜕𝜃𝑛
−
𝜕𝑛,1

𝜕𝜃𝑛
− 1

2
𝜕𝑛,2

𝜕𝜃𝑛
. (7b)

he corresponding normalized equations of motion for the 𝑛th column are then written,

𝑑2𝑈𝑛
𝑑𝑇 2

= 𝑈𝑛+1 − 2𝑈𝑛 + 𝑈𝑛−1 −
cos 𝜃𝑛+1 − cos 𝜃𝑛−1

2
, (8a)

1
𝛼2
𝑑2𝜃𝑛
𝑑𝑇 2

= 𝐾𝜃
(

𝜃𝑛−1 − 4𝜃𝑛 + 𝜃𝑛+1
)

−𝐾𝑠 cos 𝜃𝑛
[

sin 𝜃𝑛−1 + 2 sin 𝜃𝑛 + sin 𝜃𝑛+1
]

− sin 𝜃
[

2(𝑈 − 𝑈 ) + 4 − cos 𝜃 − 2 cos 𝜃 − cos 𝜃
]

, (8b)
3

𝑛 𝑛+1 𝑛−1 𝑛−1 𝑛 𝑛+1
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where we have introduced the following normalized variables and parameters: the longitudinal displacement of unit 𝑛, 𝑈𝑛 = 𝑢𝑛∕𝑎,
the normalized time 𝑇 = 𝑡

√

𝑘𝑙∕𝑚, an inertial parameter 𝛼 = 𝑎
√

𝑚∕(4𝐽 ), and stiffness parameters 𝐾𝜃 = 4𝑘𝜃∕
(

𝑘𝑙𝑎2
)

and 𝐾𝑠 = 𝑘𝑠∕𝑘𝑙.
Above, 𝑚 and 𝐽 are the mass and the moment of inertia of the rigid units, while 𝑎 is the unit cell length (distance between the
centers of the masses). If we compare this set of equations cf. Eq. (8) in the one used in our previous work about modulation
instability [18], the connection can be made by changing the signs of angles 𝜃𝑛±1.

In the linear limit, the two motions (displacements and rotations) are decoupled, i.e. each DOF follows its own dynamics,
independent of the other. The corresponding dispersion relations are given by,

𝜔(1) = 2 sin
(𝑘
2

)

, (9a)

𝜔(2) = ±
√

4𝛼2(𝐾𝑠 −𝐾𝜃) cos2
(𝑘
2

)

+ 6𝛼2𝐾𝜃 . (9b)

isplayed in Fig. 1(c), the red branch corresponds to propagating longitudinal wave: 𝜔(1), exhibiting a typical monoatomic
ispersion relation see Eq. (9a). The second branch, described by Eq. (9b), represents propagating rotational waves with an inverse
lein–Gordon type dispersion relation: 𝜔(2). Notably, this branch has an upper cutoff frequency at 𝜔(2)

𝑐 = 𝛼
√

4𝐾𝑠 + 2𝐾𝜃 .

3. Modulated waves in FlexMM: Effective NLS equation from semi-discrete approximation

Below we focus on weakly nonlinear solutions and consequently substitute the following expansions,

cos 𝜃𝑛 = 1 −
𝜃2𝑛
2

+⋯ , sin 𝜃𝑛 = 𝜃𝑛 −
𝜃3𝑛
6

+⋯ , (10)

o Eq. (8). By keeping terms up to cubic order we end up with the following set of equations of motion,

𝑑2𝑈𝑛
𝑑𝑇 2

= 𝑈𝑛+1 − 2𝑈𝑛 + 𝑈𝑛−1 −
𝜃2𝑛−1 − 𝜃

2
𝑛+1

4
, (11a)

𝑑2𝜃𝑛
𝑑𝑇 2

= − 𝛼2
(

𝐾𝑠 −𝐾𝜃
) (

𝜃𝑛−1 + 2𝜃𝑛 + 𝜃𝑛+1
)

− 6𝐾𝜃𝛼2𝜃𝑛 + 𝛼2(𝐾𝑠 − 1)𝜃3𝑛 − 𝛼
2 𝜃𝑛
2

(

𝜃2𝑛−1 + 𝜃
2
𝑛+1

)

+
𝛼2𝐾𝑠
6

(

𝜃3𝑛−1 + 2𝜃3𝑛 + 𝜃
3
𝑛+1

)

+𝐾𝑠𝛼2
𝜃2𝑛
2

(

𝜃𝑛−1 + 𝜃𝑛+1
)

− 2𝛼2𝜃𝑛(𝑈𝑛+1 − 𝑈𝑛−1) . (11b)

n order to study modulated traveling waves we make use of the semi-discrete approximation [38–40], where a carrier wave, obeying
he discrete dispersion relation, is modulated by a slowly varying envelope function treated in the continuum limit. In particular,
e look for solutions of the following form,

𝑈𝑛 = 𝜖𝑈0 + 𝜖2𝑈2

= 𝜖𝐺0,𝑛(𝑇 ) + 𝜖2(𝐺2,𝑛(𝑇 )𝑒2𝑖𝜎𝑛 + 𝐺∗
2,𝑛(𝑇 )𝑒

−2𝑖𝜎𝑛 ) , (12a)

𝜃𝑛 = 𝜖𝜃1

= 𝜖(𝐹1,𝑛(𝑇 )𝑒𝑖𝜎𝑛 + 𝐹 ∗
1,𝑛(𝑇 )𝑒

−𝑖𝜎𝑛 ) , (12b)

ith 𝜎𝑛 = 𝑘𝑛 − 𝜔𝑇 . In this ansatz, 𝐹1,𝑛 is the modulation of the plane wave 𝜃𝑛 with phase 𝜎𝑛. Also, due to the quadratic terms ∼ 𝜃2

n Eq. (11), in the ansatz for 𝑈𝑛 we include both a dc-term 𝐺0,𝑛 and a term 𝐺2,𝑛 oscillating with a phase 2𝜎𝑛. Terms resulting from
he cubic nonlinearity of 𝜃 in Eq. (11b) can be neglected because they are of higher order. Thus, the inclusion of an oscillating term,
f order 𝜖3, with a phase of 3𝜎𝑛 in Eq. (12b) has negligible influence on the evolution of the envelope 𝐹1. Substituting Eq. (12) into
q. (11a) we arrive at the following equations collecting the dc in Eq. (13a) and 𝑒2𝑖𝜎𝑛 terms in Eq. (13b) respectively,

𝜖𝐺̈0,𝑛 = 𝜖
(

𝐺0,𝑛−1 − 2𝐺0,𝑛 + 𝐺0,𝑛+1
)

− 𝜖2

2
(

|𝐹1,𝑛−1|
2 − |𝐹1,𝑛+1|

2) , (13a)

𝜖2
(

𝐺̈2,𝑛 − 4𝑖𝜔𝐺̇2,𝑛 − 4𝜔2𝐺2,𝑛
)

= 𝜖2
(

𝐺2,𝑛−1𝑒
−2𝑖𝑘 − 2𝐺2,𝑛 + 𝐺2,𝑛+1𝑒

2𝑖𝑘) − 𝜖2
𝐹 2
1,𝑛−1𝑒

−2𝑖𝑘 − 𝐹 2
1,𝑛+1𝑒

2𝑖𝑘

4
. (13b)

imilarly, substituting Eq. (12) into Eq. (11b) we get the following equation collecting the 𝑒𝑖𝜎𝑛 terms,

𝜖
[

𝐹1,𝑛 − 2𝑖𝜔𝐹̇1,𝑛 − 𝜔2𝐹1,𝑛
]

= 𝜖𝛼2(𝐾𝜃 −𝐾𝑠)
[

𝐹1,𝑛−1𝑒
−𝑖𝑘 + 2𝐹1,𝑛 + 𝐹1,𝑛+1𝑒𝑖𝑘

]

− 𝜖6𝛼2𝐾𝜃𝐹1,𝑛

+ 𝜖33𝛼2(𝐾𝑠 − 1)|𝐹1,𝑛|
2𝐹1,𝑛 − 𝜖3

𝛼2

2

[

2𝐹1,𝑛
(

|𝐹1,𝑛−1|
2 + |𝐹1,𝑛+1|

2) + 𝐹 ∗
1,𝑛(𝐹

2
1,𝑛−1𝑒

−2𝑖𝑘 + 𝐹 2
1,𝑛+1𝑒

2𝑖𝑘)
]

+ 𝜖3
𝐾𝑠𝛼2

6
[

3|𝐹1,𝑛−1|
2𝐹1,𝑛−1𝑒

−𝑖𝑘 + 6|𝐹1,𝑛|
2𝐹1,𝑛 + 3|𝐹1,𝑛+1|

2𝐹1,𝑛+1𝑒
𝑖𝑘] + 𝜖3

𝐾𝑠𝛼2

2

[

𝐹 2
1,𝑛

(

𝐹 ∗
1,𝑛−1𝑒

𝑖𝑘 + 𝐹 ∗
1,𝑛+1𝑒

−𝑖𝑘
)

+2|𝐹1,𝑛|
2 (𝐹1,𝑛−1𝑒

−𝑖𝑘 + 𝐹1,𝑛+1𝑒𝑖𝑘
)]

− 𝜖32𝛼2𝐹 ∗
1,𝑛

(

𝐺2,𝑛+1𝑒
2𝑖𝑘 − 𝐺2,𝑛−1𝑒

−2𝑖𝑘) − 𝜖22𝛼2𝐹1,𝑛
(

𝐺0,𝑛+1 − 𝐺0,𝑛−1
)

.

(14)

We now proceed considering that the discrete functions 𝑊𝑛(𝑇 ) = {𝐹1,𝑛(𝑇 ), 𝐺0,𝑛(𝑇 ), 𝐺2,𝑛(𝑇 )} are varying slowly in space and time.
4

Therefore the continuum limit approximation is applied and the above discrete functions 𝑊𝑛(𝑇 ) are replaced by 𝑊 (𝑋1, 𝑋2,… , 𝑇1,
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𝑇2,…), where 𝑋𝑖 = 𝜖𝑖𝑋 and 𝑇𝑖 = 𝜖𝑖𝑇 are slow variables with 𝑖 = 1, 2,…. Note that under this approximation the slowly varying
functions are independent of the fast variables 𝑛 and 𝑇 . In addition 𝑊𝑛±1, is computed up to order 𝜖2 using Taylor expansion,

𝑊𝑛±1 = 𝑊 ± 𝜖 𝜕𝑊
𝜕𝑋1

± 𝜖2 𝜕𝑊
𝜕𝑋2

+ 𝜖2

2
𝜕2𝑊
𝜕𝑋2

1

+ (𝜖3) , (15)

and the time derivation as,

𝑊̇𝑛 =
𝜕𝑊
𝜕𝑇

= 𝜖 𝜕𝑊
𝜕𝑇1

+ 𝜖2 𝜕𝑊
𝜕𝑇2

+ (𝜖3) . (16)

Substituting Eqs. (15)–(16) into the set of Eqs. (13)–(14) we arrive at a system of equations at successive orders in 𝜖. The lowest
order in Eq. (13a) (analogous to 𝜖3) gives us a relation between the dc-term 𝐺0 and the envelope of the modulated plane wave 𝐹1,

(

𝜕2

𝜕𝑇 2
1

− 𝜕2

𝜕𝑋2
1

)

𝐺0 =
𝜕|𝐹1|

2

𝜕𝑋1
. (17)

In Eq. (13b) the lowest order is analogous to 𝜖2 and relates 𝐺2 to 𝐹1 as follows,

𝐺2 =
𝑖 sin(2𝑘)

8
(

sin2(𝑘) − 𝜔2
)
𝐹 2
1 . (18)

We now move to Eq. (14) where at order 𝜖1, we recover the dispersion relation,

𝜔2 = 4𝛼2(𝐾𝑠 −𝐾𝜃) cos2
(𝑘
2

)

+ 6𝛼2𝐾𝜃 , (19)

which corresponds to the branch of the rotational waves of the discrete model cf. Eq. (9b). At order 𝜖2 we obtain the solvability
ondition,

𝜕𝐹1
𝜕𝑇1

+ 𝑣𝑔
𝜕𝐹1
𝜕𝑋1

= 0 , (20)

where

𝑣𝑔 = −
𝛼2(𝐾𝑠 −𝐾𝜃) sin(𝑘)

𝜔
, (21)

is the group velocity corresponding to Eq. (19). Up to this order 𝐹1 is linear and not coupled to 𝐺0, 𝐺2. At the order 𝜖3 we have the
contribution from all fields and nonlinearity, leading to the following nonlinear Schrödinger (NLS) equation,

𝑖
𝜕𝐹1
𝜕𝜏2

+ 𝑃
𝜕2𝐹1
𝜕𝜉21

+𝑄|𝐹1|
2𝐹1 = 0 , (22)

in terms of the slow variables 𝜉1 = 𝜖(𝑋 − 𝑣𝑔𝑇 ) and 𝜏2 = 𝜖2𝑇 . 𝑃 and 𝑄, are the dispersion and nonlinear coefficients respectively
given by the following expressions,

𝑃 =
𝛼2(𝐾𝜃 −𝐾𝑠) cos(𝑘) − 𝑣2𝑔

2𝜔
, (23a)

𝑄 = 1
2𝜔

[

8𝐾𝑠𝛼2 cos2
(𝑘
2

)

− 𝛼2(5 + cos(2𝑘)) +
𝛼2 sin2(2𝑘)

2
(

sin2(𝑘) − 𝜔2
)
− 4𝛼2

𝑣2𝑔 − 1

]

. (23b)

We note that the last two terms in Eq. (23b) arise due to the presence of 𝐺0 and 𝐺2 at order 𝜖3 (in the case that we consider only
rotation DOF these terms are absent), and have an important effect on the resulting eNLS properties.

The NLS equation exhibits two distinct behaviors depending on the sign of the product 𝑃𝑄. When 𝑃𝑄 > 0, it is known as focusing
eaturing modulational instability and bright soliton solutions among others, while for 𝑃𝑄 < 0, it is referred to as defocusing with
table plane waves and dark solitons [19]. For our system the sign of 𝑃𝑄 is determined by the choice of the carrier wavenumber 𝑘
nd the design characteristics of the flexible metamaterial (FlexMM) through the parameters 𝛼, 𝐾𝑠, 𝐾𝜃 [18].

In Fig. 2, we show the sign of 𝑃𝑄 as a function of the wavenumber 𝑘 for the fixed inertial parameter 𝛼 = 1.815 which
orresponds to the experimental setup Ref. [8]. In addition, we choose two different cases of bending stiffness, with very small
alues 𝐾𝜃 = 1.534𝑒−2 for panels (a–c) and 𝐾𝜃 = 1.534𝑒−4, typically found in flexible elastic metamaterials. To highlight the effect
f coupling between the 2DOFs (rotation and longitudinal displacement) on the nature of NLS, in panels (a–b) we plot the sign of
he 𝑃𝑄 product when only rotational DOF are considered, while in panels (c–d) when both DOFs are considered. Interestingly, by
omparing panels (a–b) to (c–d), we observe that the coupling between the two DOFs dramatically changes the nature of the NLS.
e also observe that the variation of 𝐾𝑠 stiffness has a stronger impact in the case of 2DOFs, panels (c–d). In conclusion the nature

f the eNLS crucially depends on the design characteristics of the metamaterial and the presence of 2DOFs (𝑈𝑛 and 𝜃𝑛).
For the rest of the paper we will focus on two particular designs of FlexMM corresponding to the green and red lines cf. Fig. 2,

espectively called FlexMM 1 and FlexMM 2. In Fig. 3, we show the sign of 𝑃𝑄 (as given by Eq. (23)) together with the dispersion
elation Eq. (9) corresponding to the two FlexMM configurations mentioned above.
5
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Fig. 2. Parametric study of the focusing VS defocusing behavior of the NLS equation (22). Sign of 𝑃𝑄 as a function of 𝑘 and 𝐾𝑠 for two different
𝐾𝜃 = [1.534𝑒−2, 1.534𝑒−4] respectively used in panels (a–c) and (b–d), with 𝛼 = 1.815 fixed. Panels (a–b) correspond to a configuration where particles can
only rotate, while in panels (c–d) the particles can rotate and translate. The horizontal colored lines represent the parameters chosen in Sections 4–5 to study
bright and dark solitons propagation along FlexMMs. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 3. Dispersion relations of Eq. (8), derived in Eq. (9). The effective NLS focusing and defocusing regions are represented by white and black areas, respectively.
The colored dots correspond to the pair of 𝛺 and 𝑘 used in Section 4 to generate lattice envelope solitons. On panel (a), the dispersion relation corresponds to
FlexMM 1 defined by the following set of parameters: 𝛼 = 1.815, 𝐾𝑠 = 0.1851, 𝐾𝜃 = 1.534e−2. For panel (b), the FlexMM 2 parameters are: 𝛼 = 1.815, 𝐾𝑠 = 0.01851,
𝐾𝜃 = 1.534e−4. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

4. Bright envelope vector solitons

4.1. Theoretical prediction

The focusing nonlinear Schrödinger equation, Eq. (22) with 𝑃𝑄 > 0, admits the following bright soliton solution [41],

𝐹1(𝜉1, 𝜏2) = 𝐴0sech
[

1 (𝜉1 − 𝑐𝜏2)
]

𝑒
𝑖𝑐𝜉1+𝑖𝑄

(

𝐴20−𝑐
2

2

)

𝜏2
, (24)
6
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where

𝐿𝑒 = 1
𝐴0

√

2𝑃
𝑄

, (25)

is the width, 𝐴0 the amplitude and 𝑐 the velocity of the soliton at the co-moving frame coordinate system 𝜉 = 𝑋 − 𝑣𝑔𝑇 .
Using Eq. (12), the rotation 𝜃1 for 𝑐 = 0 is found to be

𝜃1(𝑋, 𝑇 ) = 2𝐴0sech
[ 𝜖
𝐿𝑒

(𝑋 −𝑋0 − 𝑣𝑔𝑇 )
]

cos[𝑘𝑥 −𝛺𝑇 ] . (26)

The angular frequency of the carrier wave,

𝛺 = 𝜔(2) − 𝜖2
𝑄𝐴2

0
2

, (27)

has been shifted at order 𝜖2, in comparison to the linear dispersion relation 𝜔(2) due to nonlinearity. Depending on the sign of 𝑄,
the shift can occur above or below the linear branch.

The combination of Eqs. (24) and (17) gives the following expression for the dc-term,

𝑈0(𝑋, 𝑇 ) =
𝐴2
0𝐿𝑒

𝑣2𝑔 − 1
tanh

[ 𝜖(𝑋 −𝑋0) − 𝜖𝑣𝑔𝑇
𝐿𝑒

]

. (28)

Eqs. (26) and (28) constitute a polarized envelope nonlinear wave solution of Eq. (8) which is propagating with a common
elocity determined by the spatial frequency of the carrier wave, defined as 𝑣𝑔 = 𝑑𝜔(2)

𝑑𝑘 = − 𝛼2(𝐾𝑠−𝐾𝜃 ) sin 𝑘
𝜔(2)

. From now on, we refer to
is as bright envelope vector soliton (BEVS).

Note that physically this shape for the 𝑈 field corresponds to a longitudinal contraction of the chain around the maximum of
rotating sites during the propagation of the BEVS.

4.2. Bright envelope vector soliton propagation in FlexMM

Direct numerical simulations of the discrete set of Eqs. (8) are employed to validate our analytical predictions. The system (8)
is solved using a fourth-order Runge–Kutta iterative integration scheme for a total of 𝑁 = 1000 sites, with free boundary conditions
t both ends. The results presented in Section 4 were obtained by performing the integration for a duration of eight nonlinear
imes: 𝑡𝑓 = 8𝑇𝑁𝐿 [42]. 𝑇𝑁𝐿 is based on the initial condition (IC) amplitude 𝐴0, the system nonlinearity 𝑄 and the carrier wave
umber 𝑘 cf. Eq. (23). The relationship between 𝑇𝑁𝐿, 𝐴0 and 𝑄 is given by,

𝑇𝑁𝐿 = 1
𝜖2|𝑄|𝐴2

0

. (29)

The initial conditions are taken to be,

𝜃(𝑋, 0) = 𝜖𝜃1(𝑋, 0) , 𝜃̇(𝑋, 0) = 𝜖𝜃̇1(𝑋, 0) , (30)

𝑈 (𝑋, 0) = 𝜖𝑈0(𝑋, 0) , 𝑈̇ (𝑋, 0) = 𝜖𝑈̇0(𝑋, 0) , (31)

using Eqs. (26)–(28) with 𝑋0 = 𝑁∕2 = 500. The initial amplitude 𝐴0 chosen for the next simulations is defined as 𝐴0 = 𝐴
√

2𝑃
𝑄 with

𝐴 = 15. When 𝑃 = 1∕2 and 𝑄 = 1, 𝐴0 = 𝐴 is the amplitude of the bright soliton of the normalized NLS equation. Defining the
mplitude 𝐴0 as a function of 𝑃 and 𝑄 implies, from the perspective of the NLS model, that the bright soliton initial conditions for
lexMM1 and FlexMM2, represented in Figs. 4–5–7, are the same.

.2.1. Nonlinear dynamics of FlexMM 1
We start by studying the first FlexMM structure characterized by the dispersion relation shown in Fig. 3(a), where as one can see,

he upper cut-off frequencies of the two branches are close 𝜔(2)
𝑐 ≈ 𝜔(1)

𝑐 = 2. We will focus on the small 𝑘 region where the effective
LS is focusing and thus BEVS are predicted. In Fig. 4, we show the nonlinear dynamics of an initial condition with a BEVS with
= 0.1885, corresponding to the green circle point of Fig. 3(a). The dynamics confirm that indeed the IC evolves as a BEVS and

ropagates with a constant velocity keeping its shape undistorted in the form of an envelope for rotations 𝜃 (Fig. 4(a),(c)) and a
ink for displacement 𝑈 (Fig. 4(b)).

For a more systematic study, we have performed numerical simulations of BEVS with different wavenumbers, within the focusing
LS region. In Fig. 5(a–b), we show the solution profile at the final time 𝑡𝑓 = 8𝑇𝑁𝐿 for three cases corresponding to the three circles

orange, green and blue) in Fig. 3(a). Superimposed are the theoretical solutions (black lines) given by Eqs. (26)–(28).
As expected, the orange one (𝑘 = 0) remains centered at 𝑋0 due to 𝑣𝑔 = 0, see dispersion relation curves Fig. 3(a). The other

wo (𝑘 = {0.1885, 0.3770}) move in the left direction due to negative group velocities, with different velocities. Overall, analytical
redictions and simulation results are in good agreement. The BEVS predicted by the NLS bright soliton show a robust behavior after
ight nonlinear times, confirming the validity of the effective NLS. This is a first signature that BEVs exists and propagate through
he lattice. For the three cases final times of integration are close, 𝑡 (𝑘 = 0) ≈ 1013, 𝑡 (𝑘 = 0.1885) ≈ 1020, 𝑡 (𝑘 = 0.3770) ≈ 1031.
7
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Fig. 4. Bright envelope vector soliton in FlexMM 1. Evolution in time (𝑇 ) of the amplitudes of the rotational (a–c) and longitudinal displacements (b) along
the chain (𝑛). The results correspond to a FlexMM (FlexMM 1) defined by the following set of parameters: 𝛼 = 1.815, 𝐾𝑠 = 0.1851, 𝐾𝜃 = 1.534e−2. The initial
condition corresponds to a BEVS with 𝑘 = 0.1885 and 𝐴 = 15, and a perturbation of 𝜖 = 0.01.

Another signature of the BEVS propagating through the lattice can be extracted from the nonlinear dispersion relation (NDR).
As it was shown in [43,44], bright solitons correspond to straight lines in the NDR. To see this, let us use the space–time double
Fourier transformation,

𝜃1(𝜔, 𝑘) = ∫

+∞

−∞ ∫

+∞

−∞
𝜃1(𝑋, 𝑇 )𝑒−𝑖𝑘𝑋𝑒+𝑖𝜔𝑇 d𝑋d𝑇 , (32)

using as 𝜃1(𝑋, 𝑇 ) the BEVS solution, namely Eq. (26), at a chosen 𝑘𝑠 and 𝜔(2)(𝑘𝑠). We obtain that,

𝜖𝜃1(𝜔, 𝑘) = 2𝜋2𝐴0𝐿𝑒sech
(

𝜋𝐿𝑒(𝑘 − 𝑘𝑠)
2𝜖

)

e−𝑖𝑋0(𝑘−𝑘𝑠) × 𝛿(𝜔𝑠 −
𝑄𝜖2𝐴2

0
2

+ 𝑣𝑔(𝑘 − 𝑘𝑠) − 𝜔)

+ 2𝜋2𝐴0𝐿𝑒sech
(

𝜋𝐿𝑒(𝑘 + 𝑘𝑠)
2𝜖

)

e−𝑖𝑋0(𝑘+𝑘𝑠) × 𝛿(−𝜔𝑠 +
𝑄𝜖2𝐴2

0
2

+ 𝑣𝑔(𝑘 + 𝑘𝑠) − 𝜔).

(33)

Using the Dirac function property, the value of 𝛿(𝜔𝑠 −
𝑄𝜖2𝐴2

0
2 + 𝑣𝑔(𝑘 − 𝑘𝑠) − 𝜔) and therefore 𝜃1 is 0 except for points on the line,

𝜔 = 𝑣𝑔𝑘 +

(

𝜔𝑠 − 𝑣𝑔𝑘𝑠 − 𝜖2
𝑄𝐴2

0
2

)

. (34)

Eq. (34) is the NDR of the BEVS which indeed is a straight line in the 𝜔 − 𝑘 diagram.
Now, using the spatio-temporal dynamics, Fig. 4, we calculate the double FFT (in space and time). Since the lattice has two

fields, 𝜃𝑛(𝑇 ) and 𝑈𝑛(𝑇 ), we apply the space–time double Fourier transform in both fields to obtain 𝜃(𝜔, 𝑘) and 𝑈̃ (𝜔, 𝑘). In Fig. 6, we
represented the normalized sum of the double FFT in space and time, in 𝑙𝑜𝑔 scale,

𝜓̃(𝜔, 𝑘) =
|

|

|

|

|

𝜃(𝜔, 𝑘)
𝜃𝑚𝑎𝑥

|

|

|

|

|

+
|

|

|

|

|

𝑈̃ (𝜔, 𝑘)
𝑈̃𝑚𝑎𝑥

|

|

|

|

|

. (35)

As it is seen, a large amount of the 2D FFT (blue color gradient) closely matches the estimate line provided by Eq. (34), that is tangent
to 𝜔(2) (yellow line) at point (𝛺𝑠, 𝑘𝑠). This corresponds to the NDR of a bright soliton. An upper shift, of the order 𝜖2 cf. Eq. (27),
compared to the linear dispersion relation 𝜔(2) is visible. In addition, low frequency components around 𝑘 = 0 are observable, on
the 𝜔(1)curve . This corresponds to the dc-component of 𝑈 of the BEVS solution.

4.2.2. Nonlinear dynamics of FlexMM 2
We now consider the FlexMM 2 configuration. Namely, the one that follows the dispersion relation shown in Fig. 3(b) and which

corresponds to the set of parameters used in experiments of [10,36]. As one can see in Fig. 3(b), this FlexMM supports rotational
modes (blue curve) with frequencies that are much lower than those of the translational modes (red curve). In particular, the upper
cutoff frequencies of the two branches are such that 𝜔(2)

𝑐 ≪ 𝜔(1)
𝑐 = 2.

Following the same analysis as before, we now use as an initial condition Eqs. (30)–(31), that corresponds to a BEVS with
𝑘 = 0.1885. The dynamics is shown in Fig. 7 The rotational dynamics is observed in panel (a), where it becomes evident that
an envelope wave, in the form of a bright soliton, is propagating, accompanied by the generation of additional small waves, with
8
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Fig. 5. Bright envelope vector solitons for different initial conditions in FlexMM 1. Rotational and longitudinal displacement amplitudes along the chain (𝑛) at
final time 𝑡𝑓 = 8𝑇𝑁𝐿. The initial conditions correspond to BEVS with 𝑘 = 0 in orange, 𝑘 = 0.1885 in green and 𝑘 = 0.3770 in blue, and an amplitude of 𝐴 = 15,
and a perturbation of 𝜖 = 0.01. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

frequencies around 𝛺𝑠, that are radiated by the envelope wave. Note that we have confirmed that the strength of this radiation field
is of the same order as that of FlexMM 1. The latter is not visible for the scales used in Fig. 4. From the dynamics of the longitudinal
displacement, see panel (b), we observe a kink profile followed by small waves, at frequency calculated to be around 2𝛺 , that move
9
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Fig. 6. Numerical representation of the nonlinear dispersion relation of FlexMM 1 deriving from its dynamics, represented in Fig. 4 using a normalized sum of
the 2D-FFTs of the 𝜃 and 𝑈 components. The red and blue curves denote the linear dispersion relation (see Fig. 3(a)), while the yellow line denotes NDR of the
soliton described in Eq. (34). The color bar represents the 𝜓̃(𝜔, 𝑘), in 𝑙𝑜𝑔 scale. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 7. Bright envelope vector soliton in FlexMM 2. Evolution in time (𝑇 ), for a duration between 𝑇 = [2800; 2900], of the amplitudes of rotational (a) and
longitudinal displacements (b) along the chain (𝑛), zoomed between 𝑛 = [300; 500]. The results correspond to a FlexMM (FlexMM 2) defined by the following set
of parameters: 𝛼 = 1.815, 𝐾𝑠 = 0.01851, 𝐾𝜃 = 1.534e−4. The bright soliton is generated by the initial conditions expressed in Eqs. (30)–(31) for a spatial frequency
of 𝑘 = 0.1885, an amplitude of 𝐴 = 15, and a perturbation of 𝜖 = 0.01.

away at a relatively higher speed than the radiation observed in the rotation field. For a better understanding of this dynamics, we
examine the temporal and spatial frequency spectra in Fig. 8.

Here, we first note that a large amount of the 2D FFT is centered around the line that is tangent to 𝜔(2) at point (𝛺𝑠, 𝑘𝑠). This
corresponds to the NDR of a bright soliton. We also note that again we have spectral contribution around 𝑘 = 0, coming from the
dc-term, cf. Eq. (34). These two observations are a signature of the BEVS propagation through the lattice. However, in this case
we also observe significant components of the 2D FFT in other regimes of the 𝜔 − 𝑘 space. In particular, we observe frequencies
around 2𝛺𝑠 belonging to the dispersion of the 𝑈 DOF i.e., 𝜔(1) (see rightmost inset of Fig. 8) as expected by the quadratic terms
in Eq. (11a). These frequency components corresponding to the radiation field of 𝑈 . Note that this was not the case for FlexMM 1,
since this frequency was in the gap of the corresponding dispersion relation.

5. Dark envelope vector solitons

5.1. Theoretical prediction

In the previous section, we studied the existence and propagation of BEVS solutions in the dispersion relation region correspond-
ing to the focusing eNLS equation, 𝑃𝑄 > 0. Let us now turn our attention to the regions associated with a defocusing eNLS, where
10
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Fig. 8. Numerical representation of the nonlinear dispersion relation of FlexMM 2 deriving from its dynamics, represented in Fig. 7 using a normalized sum of
the 2D-FFTs of the 𝜃 and 𝑈 components. The red and blue curves denote the linear dispersion relation (see Fig. 3(b)), while the yellow line denotes NDR of the
soliton described in Eq. (34). The color bar represents the 𝜓̃(𝜔, 𝑘), in 𝑙𝑜𝑔 scale. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

𝑃𝑄 < 0. It is established that the defocusing eNLS admits the following dark soliton solution [41],

𝐹1(𝜉1, 𝜏2) = 𝐴0tanh
[

1
𝐿𝑒

(𝜉1 − 𝜉0)
]

𝑒−𝑖𝑄𝐴
2
0𝜏2 , (36)

where 𝐴0 is its amplitude and 𝐿𝑒 is its width (see Eq. (25)). Following the steps presented in Section 4, we derive the subsequent
analytical solution for the rotation,

𝜃1(𝑋, 𝑇 ) = 2𝐴0tanh
[

𝜖
𝐿𝑒

(𝑋 −𝑋0 − 𝑣𝑔𝑇 )
]

cos[𝑘𝑋 −𝛺𝑇 ] , (37)

where 𝛺 is the angular frequency. Its expression is given by,

𝛺 = 𝜔(2) + 𝜖2𝐴2
0𝑄 . (38)

As for the bright soliton solution cf. Eqs. (26)–(27), the angular frequency has undergone a shift at order 𝜖2, relative to the linear
𝜔(2). This shift can manifest itself either above or below the linear branch, depending on the sign of 𝑄. The combination of Eq. (17)
with the envelope part of Eq. (37) gives an expression for 𝐺0 yielding,

𝑈0(𝑋, 𝑇 ) =
𝐴2
0

𝑣2𝑔 − 1

(

𝜖(𝑋 −𝑋0 − 𝑣𝑔𝑇 ) − 𝐿𝑒 tanh
[

𝜖
𝐿𝑒

(𝑋 −𝑋0 − 𝑣𝑔𝑇 )
])

. (39)

Eqs. (37)–(39) form a polarized nonlinear wave solution which from now on will be called dark envelope vector soliton (DEVS).

5.2. Dark envelope vector soliton propagation in FlexMM

To validate our predictions regarding the existence of DEVS, we solve the discrete set of Eqs. (8) using the process described in
Section 4.2. We apply free boundary conditions at both ends of the structure and perform the integration over a duration of five
nonlinear times: 𝑡𝑓 = 5𝑇𝑁𝐿, cf. Eq. (29).

In the case of DEVS, the presence of a jump in the phase field, see Fig. 9, leads to a mismatch with the free boundary conditions,
causing boundary effects that propagate through the lattice. To avoid these effects, similarly to [45,46], we multiply the 𝜃 field of
Eq. (37) by a super-gaussian window  of the following form,

 = 𝑒−
( 𝜉1−𝜉0

𝑆

)𝑝

= 𝑒
−
(

(𝑋−𝑋0−𝑣𝑔𝑇 )
𝑠

)𝑝

, (40)

centered on the initial position 𝑋0, of the dark soliton. The width of the window is governed by 𝑠 = 𝑆∕𝜖 where the 𝑝 parameter
controls the edges sharpness. For the numerical simulations, we use 𝑠 = 𝑁∕10 = 100 and 𝑝 = 8. The application of the spatial window
 modulates to zero the initial rotation displacement and velocity near the boundaries. The dependence of 𝐺0 on 𝐹1 established
by the combination of Eqs. (24) and (17) written,

𝐺0(𝜉1) =
1

2 ∫ |𝐹1|
2𝑑𝜉1, (41)
11
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Fig. 9. Analytical solution of the rotational component 𝜖𝜃1 (cf. Eq. (37)), and its corresponding phase at 𝑇 = 0, for the DEVS of wave number 𝑘 = 𝜋.

Fig. 10. Dark envelope vector soliton in FlexMM1. Panels (a–b) represent the evolution in time (𝑇 ) of the rotational (a) and longitudinal displacements (b)
along the chain (𝑛). The results correspond to a FlexMM (FlexMM 1) defined by the following set of parameters : 𝛼 = 1.815, 𝐾𝑠 = 0.1851, 𝐾𝜃 = 1.534e−2. A DEVS
is generated by the initial conditions expressed in Eqs. (30)–(31), for a spatial frequency of 𝑘 = 2.9531, and an amplitude of 𝜖𝐴0 = 0.1.

involves that in the presence of the window  , 𝐺0 is now dependent on the product 𝐹1 . Substituting 𝐹1 by 𝐹1 by putting
Eqs. (36)–(40) in Eq. (41) leads to,

𝐺0(𝜉1) =
𝐴2
0

𝑣2𝑔 − 1 ∫ tanh2
(

𝜉1 − 𝜉0
𝐿𝑒

)

𝑒−2
( 𝜉1−𝜉0

𝑆

)𝑝

𝑑𝜉1 . (42)

The resulting integral has no analytical solution. Thus, the integration is numerically solved by computing the approximate
cumulative integral of Eq. (42) via the trapezoidal method for each time step of the integration. At 𝑇 = 0 the result gives the
initial condition Eq. (43c). Performing the derivative on real time (𝑇 ), noted ̇( ), before the numerical integration allows to obtain
the initial condition for the velocity Eq. (43d). Finally, the initial conditions employed to excite the lattice are,

𝜃(𝑋, 0) = 𝜖𝜃1(𝑋, 0)(𝑋, 0) , (43a)

𝜃̇(𝑋, 0) = 𝜖𝜃1(𝑋, 0)(𝑋, 0) +⋯ , (43b)

𝑈 (𝜉1, 0) =
𝜖

𝑣2𝑔 − 1 ∫ |𝐹1|
22𝑑𝜉1 , (43c)

𝑈̇ (𝜉1, 0) =
𝜖

𝑣2𝑔 − 1 ∫
̇

|𝐹1|
22𝑑𝜉1 +⋯ . (43d)

The ̇ terms in Eqs. (43b)–(43d) can be neglected because they are proportional to 𝜖𝑝. Moreover in the numerical simulations ̇
is proportional to 𝜖8.
12
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Fig. 11. Dark envelope vector solitons for different initial conditions in FlexMM 1. Rotational and longitudinal displacement amplitudes along the chain (𝑛) at
final time 𝑡𝑓 = 5𝑇𝑁𝐿. The DEVS are generated by initial conditions : a spatial frequency of 𝑘 = 2.8274 in orange, 𝑘 = 2.9531 in green, and 𝑘 = 𝜋 in blue. For the
three cases an amplitude of 𝐴0 = 10 and a perturbation of 𝜖 = 0.01 are used. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

In Fig. 10, we show the nonlinear dynamics of the FlexMM 1, cf. Fig. 3(a) using as an initial condition a DEVS (Eq. (43)) with
𝑘 = 2.9531 (see green triangle in Fig. 3(a)). As one can see in Fig. 10(a), the envelope of the rotational DOF is a continuous dip
that propagates at a constant velocity and maintains its shape. Moreover, the profile of 𝑈 , displayed in Fig. 10(b), also remains
approximately constant in time, which is a characteristic of vector solitary waves according to our theoretical predictions. To
complete the analysis, Fig. 11 represents DEVS at final time of integration in FlexMM 1 for initial conditions with different wave
numbers indicated by colored triangles in Fig. 3(a). We can see that the numerical results (color dotted lines) remain close to the
theoretical ones, in terms of the carrier wave (black line) and of the absolute value of the envelope (gray area).

6. Conclusion

In our study, FlexMMs are mechanical structures with special properties, such as geometric nonlinearity resulting from the
rotation of their constituent particles. The presence of multiple DOFs and the remarkable tunability of their components provide
13
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an ideal experimental platform for the study of various nonlinear wave phenomena. In this work, we demonstrated the generation
and propagation of nonlinear envelope waves under the form of bright and dark envelope vector solitons. In particular, we found
that the rotational DOF can be described by an eNLS equation, and that longitudinal displacements follow the dynamics induced
by the nonlinear coupling through a dc-term at the leading order. This dc-term was not observed in our studies on modulation
instability phenomena [18]. Both analytical and numerical results show that with an appropriate choice of physical parameters for
the FlexMM, in particular specific combinations of inertia 𝛼 and stiffness parameters (𝐾𝑠 and 𝐾𝜃), the propagation of these solutions
n FlexMMs becomes feasible and robust. This demonstrates the significant versatility offered by the proposed metamaterial in the
anipulation of weakly nonlinear modulated waves.

The present work demonstrates the great potential that nonlinear FlexMMs have for the observation and control of both typical
nd novel nonlinear phenomena related to modulated waves. We believe that such results will motivate similar studies in other
ypes of metamaterials with multiple degrees of freedom and tunable nonlinearity. Several natural extensions of this work include
he excitation of the system using driving functions on one of the extremity of the chain, as well as adding dissipation in the
ystem using for example linear viscous damping terms in the discrete set of equations of motion. Both aspects are currently under
nvestigation and results will be presented in future publications with experimental results. Other interesting perspectives are the
eneration and dynamics of coherent structures such as the Peregrine soliton [47], breathers or extreme wave [48,49] effects in
onlinear FlexMMs.
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