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ABSTRACT:
Laser-generated elastic waves have been the subject of numerous experimental, theoretical, and numerical studies to

describe the opto-acoustic generation process, involving electromagnetic, thermal, and elastic fields and their couplings

in matter. Among the numerical methods for solving this multiphysical problem, the semi-analytic approach is one of

the most relevant for obtaining fast and accurate results, when analytic solutions exist. In this paper, a multilayer model

is proposed to successively solve electromagnetic, thermal, and elastodynamic problems. The optical penetration of the

laser line source, as well as thermal conduction and convection, are accounted for. Optical, thermal, and mechanical

coupling conditions are considered between the upper and lower media of the multilayer. The simulation of laser-

generated ultrasounds in multilayer structures is of interest for the development of nondestructive evaluation methods

of complex structures, such as bonded assemblies in aeronautics [as discussed in Hod�e et al., J. Acoust. Soc. Am. 150,

2076 (2021)]. The developed PYTHON code is provided for free at https://doi.org/10.5281/zenodo.4301720.
VC 2021 Acoustical Society of America. https://doi.org/10.1121/10.0005974
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I. INTRODUCTION

Laser-generated ultrasounds are of great interest for the

nondestructive evaluation (NDE) of material and mechani-

cal structures. In aeronautics, the non-contact feature of this

laser inspection is a significant advantage over more con-

ventional techniques such as piezoelectric transducers with

coupling agent. Furthermore, the opto-acoustic generation in

the thermoelastic regime1,2 ensures the integrity of the struc-

ture after the laser pulse impact. In the literature, laser-

generated elastic waves3 in metals were experimentally

observed in the thermoelastic regime by Scruby et al.4

Then, the theoretical basis was formulated by Rose,5 where

the thermoelastic generation at the surface of a half-space

was represented by a point-source, called the surface center

of expansion (SCOE) by the author.

Following this seminal work, simulations of laser-

generated ultrasounds in elastic media have been carried out

using analytic or semi-analytic approaches. Dubois et al.6

reported an analytic one-dimensional model taking the opti-

cal penetration effect into account. Coulette et al.7 simulated

elastic waves propagation in a bilayer of cylindrical

symmetry with a semi-analytic model. The structure was

composed of two orthotropic and homogeneous plates which

were perfectly coupled [continuity of displacements and

elastic forces (stresses) at the interface between the two

media]. The optical reflection at the interface and the ther-

mal diffusion were neglected in their numerical calculations.

Murray et al.8 used a similar approach based on the Hankel

and Laplace transforms to simulate elastic waves propagat-

ing in an isotropic plate perfectly coupled to a semi-infinite

medium. Cheng et al.9 extended the work of Murray et al.8

to isotropic layered plates, using the transfer matrix

method.10 The structure was illuminated by an axisymmetric

laser source, but the optical penetration and the thermal dif-

fusion were not considered. Audoin and Guilbaud,11 Meri,12

Perton,13 and Raetz14 gradually developed a semi-analytic

model, based on the Fourier transform, to simulate acoustic

waves generated by a laser line source. Specifically,

Perton13 modeled a bilayer structure, composed of two

orthotropic, homogeneous, and viscoelastic plates perfectly

coupled, with the plane strain hypothesis. The transmission

of electromagnetic waves in the two media were considered,

but reflections at the interface and the rear surface of the

bilayer were neglected. Thermal conduction was also

accounted for by considering three thermal waves: two

propagating in the first medium and only one in the second

(reflections at the rear surface were neglected).

Other numerical approaches such as finite element15–17

or finite difference methods18,19 have also been used to sim-

ulate laser-generated ultrasounds in the thermoelastic

regime. These numerical methods are well suited for the
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simulation of elastic waves in media with complex geome-

try. However, they require more computing power than

semi-analytic calculations. This can be a drawback when

numerous simulations have to be performed for inverse

problem solving, for instance. Hence, when analytic solu-

tions can be found for wave propagation in media with sim-

ple geometry, the semi-analytic approach is the most

appropriate choice to obtain accurate results quickly.

In this paper, a semi-analytic model is described where

electromagnetic (Sec. III), thermal (Sec. IV), and elastody-

namic (Sec. V) problems are successively solved to obtain

the displacement field in the upper and lower media of a

multilayer structure. The geometry and the main assump-

tions about the optical, thermal, and mechanical properties

of the layers are detailed in Sec. II. Numerical results are

presented in Sec. VI to give examples of simulations that

can be performed with this semi-analytic model.

II. GEOMETRY AND ASSUMPTIONS

The geometry of the multilayer structure is illustrated in

Fig. 1. The multilayer is composed of two solid media I and

II of thicknesses h1 and h2, respectively, and two semi-

infinite media (0 and III), which are assumed to be air. The

origin of the Cartesian coordinate system (O; x1; x2) is

located at the upper surface of medium I. Note that in the

previous definition of the coordinate system and for the

remainder, a bold letter stands for a vector. The layers

are considered to be of infinite dimension in the x2 and x3-

directions. The incident tilted laser line source is oriented

along the x3-direction. Thus, the electromagnetic, thermal,

and mechanical problems are solved in 2D. Sublayers, with

a total thickness of Dh, can be inserted between media I and

II and are denoted by the uppercase letter “EM” in Fig. 1 for

the electromagnetic problem, by “T” in Fig. 2 for the ther-

mal problem, and by “M” in Fig. 3 for the mechanical prob-

lem. These sublayers will be taken into account later in the

coupling conditions between media I and II. The main

assumptions made for the optical, thermal, and mechanical

properties of the layers are introduced below.

In Sec. III, all layers are assumed electromagnetically lin-

ear, isotropic, and homogeneous. This means that the dielec-

tric constant e and magnetic permeability l are scalar

quantities and not position dependent. The materials constitut-

ing the layers should therefore not be birefringent, or at least

have a negligible birefringence. These constants are also

assumed to be independent of the temperature but related to

the angular frequency x0 of the assumed monochromatic elec-

tromagnetic field. Moreover, the electric and magnetic polari-

zation fields are not taken into account. In addition, the

electric charge density qq is supposed to be zero. This is a

valid assumption, especially for metals, because qq decays

exponentially with time (relaxation time on the order of 10�18

s; see p. 736 of Ref. 20). This hypothesis implies that the

divergence of the electric displacement is zero, $ � D ¼ 0, as

is the convection current density: jv ¼ 0.

In Sec. IV, the thermal properties of the solid media are

assumed linear, homogeneous, temperature independent,

and orthotropic, with x1 and x2 as principal axes. Thermal

conduction in the solid layers and convection phenomena at

the upper surface of medium I (at x1 ¼ 0) and the lower sur-

face of medium II (at x1 ¼ H with H ¼ h1 þ Dhþ h2) are

considered.

In Sec. V, the mechanical properties of solid media are

assumed linear, homogeneous, temperature independent,

viscoelastic, and orthotropic, with x1 and x2 as principal

axes. Elastic waves propagating in semi-infinite media (0

and III) are neglected. Furthermore, the plane strain

FIG. 1. (Color online) The geometry of the multilayer structure is repre-

sented with the two semi-infinite media (0 and III) and the media I and II of

thicknesses h1 and h2, respectively. The uppercase letters “EM” symbolize

the sublayers, with a total thickness of Dh, that can be inserted between

media I and II. The black arrows represent the k-wave vectors, and the red

(blue) arrows indicate the electric vectors E (magnetic vectors H).

FIG. 2. Illustration of the multilayer structure used to solve the thermal dif-

fusion problem. The uppercase letter “T” denotes the sublayers that can be

inserted between media I and II. The black arrows represent the wave vec-

tors of the thermal waves propagating in the 6x1-direction. The two dotted

arrows indicate the thermal convection at the upper surface of medium I

and the lower surface of medium II.
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hypothesis is used (@=@x3 ¼ 0) because the layers and the

laser line source are considered to be of infinite dimension

in the x3-direction.

III. ELECTROMAGNETIC PROBLEM

In this section, the method for solving the electromag-

netic problem in the multilayer structure, represented in

Fig. 1, is detailed. Our work focuses on the simulation of

laser-ultrasonic experiments performed in the thermoelastic

regime. Thus, the aim is to obtain the power density Q of

the energy dissipated into heat in the different media, fol-

lowing the approach of Born and Wolf.20 The power density

Q will then be used as the source term for the heat equation

defined in Sec. IV.

A. Formulation of the electromagnetic problem

Under the assumptions presented in Sec. II, and using

the Maxwell’s equations, the electric vector E in the multi-

layer structure must satisfy the Helmholtz equation

$2Eþ k2E ¼ 0; (1)

with the complex wavenumber

k ¼ k0 þ |k00; k0 ¼ < x0

c0

n

� �
and k00 ¼ = x0

c0

n

� �
: (2)

In Eq. (2), the constant c0 is equal to the speed of light in

vacuum, | is the unit imaginary number, the < (=) symbol

corresponds to the real (imaginary) part and n is the com-

plex refractive index defined by the relation

n ¼ n0 þ |n00; n0 ¼ <ðnÞ and n00 ¼ =ðnÞ: (3)

In the literature, n00 is often called the extinction coeffi-

cient21 or the attenuation index.20 The complex refractive

index n is also equal to

n ¼ ffiffiffiffiffiffiffi
lec
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l eþ | 4pr

x0

� �s
; (4)

with ec the complex dielectric constant, e the dielectric con-

stant, l the magnetic permeability, and r the optical

conductivity.

B. Propagation of the electromagnetic waves in the
multilayer structure

In Fig. 1, a plane electromagnetic wave is incident on

the medium I with an angle of incidence equal to h0. The

incident electromagnetic wave is linearly polarized, and the

electric vector Eþ0 is in the plane (x1; x2). This implies that

the magnetic vector Hþ0 is in the x3-direction [case of trans-

verse magnetic (TM) waves]. Using Snell’s laws, the elec-

tromagnetic waves that are reflected and transmitted in the

different layers can be defined, as illustrated in Fig. 1. The

analytic expressions of the electric vectors, in the different

media at a point of vector position x, are

E0 ¼ Eþ0 e�|ðx0t�kþ
0
�xÞ þ E�0 e�|ðx0t�k�0 �xÞ; (5a)

EI ¼ EþI e�|ðx0t�kþ
I
�xÞ þ E�I e�|ðx0t�k�I �xÞ; (5b)

EII ¼ EþII e�|ðx0t�kþ
II
�xÞ þ E�II e�|ðx0t�k�II �xÞ; (5c)

EIII ¼ EþIIIe
�|ðx0t�kþ

III
�xÞ: (5d)

The analytic expressions of the magnetic vectors are

obtained using the relation

H ¼
ffiffiffiffi
ec

l

r
s� E; with s ¼ k

jjkjj : (6)

Thus, the magnetic vectors in the different media, with

i ¼ f0; I; IIg, are equal to

Hi ¼ �ni=liðEþi e|k
þ
i �x þ E�i e|k

�
i �xÞe�|x0tx3; (7a)

HIII ¼ �nIII=lIIIE
þ
IIIe
�|ðx0t�kþ

III
�xÞx3: (7b)

To determine the amplitudes E�0 ; EþI ; E�I ; EþII ; E�II , and

EþIII, six boundary conditions are applied, ensuring the con-

tinuity of the projected electric field along the x2-axis and

the projected magnetic field along the x3-axis at each

interfaces between the different media. At x1 ¼ 0 and

x1 ¼ H, these boundary conditions lead to the writing of

Eqs. (8a), (8b), (8d), and (8e). Between media I and II, the

boundary conditions are expressed in Eq. (8c), using the

transfer matrix method (pp. 26–60 in Ref. 22). This trans-

fer matrix ½LEM� takes into account the propagation of elec-

tromagnetic waves in the sublayers located between media

I and II.23

E0jx1¼0 � x2 ¼ EIjx1¼0 � x2; (8a)

H0jx1¼0 � x3 ¼ HIjx1¼0 � x3; (8b)

FIG. 3. (Color online) Representation of the multilayer structure used to

solve the elastodynamic problem. The uppercase letter “M” denotes the

sublayers that can be inserted between media I and II to mechanically

couple these two media. The black (red) arrows represent the wave vectors

of the longitudinal (transverse) polarized waves propagating in the

6x1-direction.
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EI � x2

HI � x3

� �
x1¼h1

¼ LEM
� �

2�2

EII � x2

HII � x3

� �
x1¼h1þDh

; (8c)

EIIjx1¼H � x2 ¼ EIIIjx1¼H � x2; (8d)

HIIjx1¼H � x3 ¼ HIIIjx1¼H � x3: (8e)

Using the Eqs. (5a)–(5d) and Eqs. (7a), (7b) in the calcula-

tion of the boundary conditions [Eqs. (8a)–8e)], it follows

that the linear system to solve to determine the ratio of the

amplitudes of the reflected/transmitted electromagnetic

waves to the amplitude of the incident electromagnetic

wave is

AE
11 AE

12 AE
13 0 0 0

AE
21 AE

22 AE
23 0 0 0

0 AE
32 AE

33 AE
34 AE

35 0

0 AE
42 AE

43 AE
44 AE

45 0

0 0 0 AE
54 AE

55 AE
56

0 0 0 AE
64 AE

65 AE
66

2
6666666664

3
7777777775

R�0
RþI
R�I
RþII
R�II
RþIII

2
6666666664

3
7777777775
¼

cosh0

�n0=l0

0

0

0

0

2
6666666664

3
7777777775
:

(9)

To obtain a well-conditioned matrix (see the supplementary

material23 for detailed expressions of the coefficients AE
ij),

the unknowns of Eq. (9) are written as

R�0 ¼
E�0
Eþ0

; RþI ¼
EþI
Eþ0

; R�I ¼
E�I
Eþ0

ebIðh1Þh1=2;

RþII ¼
EþII
Eþ0

e�bIIðh2Þðh1þDh=2Þ; R�II ¼
E�II
Eþ0

ebIIðh2ÞH=2;

RþIII ¼
EþIII
Eþ0

; (10)

with the inverse expressions of the optical penetrations

which are equal to24

bIðh1Þ ¼ 2 k0I=ðcos h1Þ þ k00I<ðcos h1Þ
� �

; (11a)

bIIðh2Þ ¼ 2 k0II=ðcos h2Þ þ k00II<ðcos h2Þ
� �

: (11b)

The amplitudes of the electromagnetic waves are now deter-

mined and will be used to obtain the power density Q of the

energy dissipated into heat in the media.

C. Determination of the power density Q

The power density Q is obtained by applying the

Poynting theorem and by assuming that the convection cur-

rent density jv is equal to zero (see the hypothesis formu-

lated in Sec. II). Therefore,

Q ¼ �$ � hSi; (12)

with the time average of the Poynting vector

hSi ¼ c0

8p
<ðE� �HÞ: (13)

In Eq. (13), �H is the conjugate of the magnetic vector H.

Finally, using the Eqs. (5a)–(5d) and Eqs. (7a), (7b),

the expressions of the power density Q in media I and II

are

QIðx1Þ¼I0KIðh1Þ jRþI j
2e�bIðh1Þx1þjR�I j

2ebIðh1Þðx1�h1Þ
h i

; (14a)

QIIðx1Þ ¼ I0KIIðh2Þ jRþII j
2e�bIIðh2Þ x1�ðh1þDhÞ½ �

h
þ jR�II j

2ebIIðh2Þðx1�HÞ�; (14b)

with I0 ¼ c0jEþ0 j
2=ð8pÞ the intensity of the incident electro-

magnetic wave and

KIðh1Þ ¼ bIðh1Þ< �nI cos h1ð Þ=lI; (15a)

KIIðh2Þ ¼ bIIðh2Þ< �nII cos h2ð Þ=lII; (15b)

which, multiplied by the squared modulus of the ratio Rþi
(R�i ), stands for the intensity transmission (reflection) of an

electromagnetic plane wave under oblique incidence. The

power densities QIðx1Þ and QIIðx1Þ will be used in Sec. IV

as the source terms for the heat equation. Note that in Sec.

IV, the power density Q will depend on x1 and also on x2 to

consider the lateral distribution of intensity of the incident

laser line source.24

IV. HEAT DIFFUSION PROBLEM

The aim of this section is to determine the temperature

fields in media I and II by considering heat conduction.

Therefore, the heat equation to be solved is

$ � ðk$TÞ þ Qðx1; x2; tÞ ¼ qcp
@T

@t
; (16)

with k the second-order tensor of thermal conductivity, T
the temperature field, Q the power density defined in

Sec. III, q the density, and cp the specific heat. As mentioned

above, the power density Q depends here on x1 and x2 to

consider the lateral distribution of intensity of the incident

laser line source.24 Assuming that the media are homoge-

neous, the tensor of thermal conductivity in Eq. (16) is taken

out of the divergence operator to obtain

k$2T þ Qðx1; x2; tÞ ¼ qcp
@T

@t
: (17)

In addition, each layer is assumed to be orthotropic, with x1

and x2 as principal axes, so the thermal conductivity tensor

is written as a diagonal matrix

k ¼ k11 0

0 k22

� �
: (18)

The heat equation will be solved in the Fourier domain

by considering harmonic solutions. Therefore, Eq. (17)

gives
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D11

@2T̂

@x2
1

� ð|xþ D22k2
2ÞT̂ ¼ �

1

qcp
Q̂ðx1; k2;xÞ; (19)

with thermal diffusivities D11 ¼ ðk11=qcpÞ and D22 ¼ ðk22=
qcpÞ. The convention chosen for the double Fourier transform

in space x2 and time t (denoted by the hat “̂ ”) is given by

T̂ðx1; k2;xÞ ¼
1

2p

ð ðþ1
�1

Tðx1; x2; tÞe�|ðxt�k2x2Þ dt dx2:

(20)

The source term Q̂ðx1; k2;xÞ, expressed in the Fourier

domain in Eq. (19), is equal to

Q̂ðx1; k2;xÞ ¼ Qðx1ÞFðxÞGðx1; k2Þ; (21)

with Qðx1Þ the power density determined in Sec. III. FðxÞ
and Gðx1; k2Þ are the Fourier transforms of the pulse distri-

butions in time and space, f(t) and gðx1; x2Þ, respectively.

Their expressions are here considered to be

FðxÞ ¼ 1ffiffiffiffiffiffi
2p
p

ðþ1
�1

f ðtÞe�|xt dt

¼ 1ffiffiffiffiffiffi
2p
p e�s2

px
2=ð16 ln 2Þ; (22a)

Gðx1; k2Þ ¼
1ffiffiffiffiffiffi
2p
p

ðþ1
�1

gðx1; x2Þe|k2x2 dx2

¼ 1ffiffiffiffiffiffi
2p
p

cos h
e�a2

s k2
2
=ð16 ln 2 cos2hÞe|k2x1 tan h; (22b)

with sp the pulse duration at half maximum [full width at half-

maximum (FWHM)] of the Gaussian function f(t) and as the

source width at half maximum (FWHM) of the tilted Gaussian

beam mathematically represented by gðx1; x2Þ.24 Note that, in

Eq. (22b), the angle h refers to the angle between the x1-direc-

tion and the direction of refraction in the medium in which the

heat diffusion problem is solved. Homogeneous and particular

solutions are searched to solve Eq. (19) in media I and II and

are detailed in Sec. IV A and in Sec. IV B, respectively.

A. Homogeneous solutions of the heat equation

In each layer i ¼ fI; IIg, homogeneous solutions T̂
i

h of

the heat equation, expressed without the source term

�ð1=qcpÞQ̂
iðx1; k2;xÞ in Eq. (19), are sought in the form

T̂
i

hðx1; k2;xÞ ¼ T̂
i6

h ðk2;xÞe6Ci
1x1 : (23)

By injecting Eq. (23) into the homogeneous heat equation,

we obtain

Di
11C

i
1

2 � |xþ Di
22k2

2

	 
� �
T̂

i6

h ðk2;xÞe6Ci
1x1 ¼ 0; (24)

which results in

Ci
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
|xþ Di

22k2
2

Di
11

s
: (25)

Therefore, the homogeneous solutions are the sum of two

thermal waves that propagate in the 6x1-direction, as illus-

trated in Fig. 2 and given by

T̂
i

hðx1;k2;xÞ¼ T̂
iþ
h ðk2;xÞe�Ci

1x1þ T̂
i�
h ðk2;xÞeCi

1x1 ; (26)

with the coefficients T̂
iþ
h ðk2;xÞ and T̂

i�
h ðk2;xÞ to be deter-

mined later using the boundary conditions.

B. Particular solutions of the heat equation

Particular solutions T̂
i

p are searched in the form of the

source terms specified in Eqs. (14a), (14b) for media I and

II, which gives

T̂
I

pðx1; k2;xÞ ¼ T̂
Iþ
p ðk2;xÞe�bIðh1Þx1 e|k2 tan h1x1

þ T̂
I�
p ðk2;xÞebIðh1Þðx1�h1Þe�|k2 tan h1x1 ; (27a)

T̂
II

p ðx1; k2;xÞ ¼ T̂
IIþ
p ðk2;xÞe�bIIðh2Þ x1�ðh1þDhÞ½ �e|k2 tan h2x1

þ T̂
II�
p ðk2;xÞebIIðh2Þðx1�HÞe�|k2 tan h2x1 : (27b)

Then, Eqs. (27a), (27b) are fed into the heat equation (19) to

obtain the four coefficients

T̂
iþ
p ¼ �

Q̂
þ
i

qici
p

Di
11di

2 � |xþ Di
22k2

2

	 
� ��1
; (28a)

T̂
i�
p ¼ �

Q̂
�
i

qici
p

Di
11di

2 � |xþ Di
22k2

2

	 
� ��1
; (28b)

with di ¼ bi � |k2 tan hi and the power densities Qþi and Q�i
expressed as a function of the parameters I0, KiðhiÞ and jR6

i j
given in Sec. III:

Q̂
þ
i ¼ I0 KiðhiÞ jRþi j

2 FðxÞGðk2Þ; (29a)

Q̂
�
i ¼ I0 KiðhiÞ jR�i j

2 FðxÞGðk2Þ: (29b)

C. Application of the boundary conditions

As mentioned in Sec. IV A, the boundary conditions are

applied to determine the four coefficients T̂
iþ
h ðk2;xÞ and

T̂
i�
h ðk2;xÞ of the homogeneous solutions. At x1 ¼ 0 and

x1 ¼ H, the heat fluxes are conserved, and the thermal con-

vection is taken into account with the heat transfer coeffi-

cient hc. Hence, using the Fourier’s law and the Newton’s

law,25 it gives

kI
11

@T̂ I

@x1

����
x1¼0

¼ hc T̂ Ijx1¼0 � T̂1

� 
; (30)

kII
11

@T̂ II

@x1

����
x1¼H

¼ �hc T̂ IIjx1¼H � T̂1

� 
; (31)

with T̂1 the double Fourier transform of the temperature

when x1 approaches infinity. Furthermore, if heat diffusion
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losses are neglected in the x2-direction for each i-th sublayer

and Ci
1hi � 1 is assumed, i.e., thermally thin sublayer, with

Ci
1 defined in Eq. (25) and hi the thickness of the i-th sub-

layer, the heat flux is conserved between media I and II,

resulting in

kI
11

@T̂ I

@x1

����
x1¼h1

¼ kII
11

@T̂ II

@x1

����
x1¼ðh1þDhÞ

: (32)

However, the temperature field may be discontinuous, which

results in

kI
11

@T̂ I

@x1

����
x1¼h1

¼
T̂ IIjx1¼ðh1þDhÞ � T̂ Ijx1¼h1

Rc
; (33)

with Rc the thermal resistance defined as

Rc ¼
XNsublayers

i¼1

hi

ki
11

; (34)

with Nsublayers the total number of sublayers between media I

and II and ki
11 the thermal conductivity of each sublayer. By

replacing the temperature field in the boundary conditions

[Eqs. (30)–(33)] by the sum of the homogeneous and partic-

ular solutions given in Eqs. (26), (27a), (27b), we obtain the

following linear system:

AT
11 AT

12 0 0

AT
21 AT

22 AT
23 AT

24

AT
31 AT

32 AT
33 AT

34

0 0 AT
43 AT

44

2
666664

3
777775

T̂
Iþ
h

?T̂
I�
h

?T̂
IIþ
h

?T̂
II�
h

2
6666664

3
7777775
¼

BT
1

BT
2

BT
3

BT
4

2
666664

3
777775: (35)

To obtain a well-conditioned matrix,23 the unknowns of

Eq. (35), with the symbol “?”, are written as13

?T̂
I�
h ¼ T̂

I�
h eCI

1h1 ; ?T̂
IIþ
h ¼ T̂

IIþ
h e�CII

1 ðh1þDhÞ;

?T̂
II�
h ¼ T̂

II�
h eCII

1 H: (36)

Finally, the temperature fields T̂
Iðx1; k2;xÞ and T̂

IIðx1; k2;
xÞ are fully determined by the expressions

T̂
Iðx1; k2;xÞ ¼ T̂

Iþ
h ðk2;xÞe�CI

1x1

þ ?T̂
I�
h ðk2;xÞeCI

1ðx1�h1Þ þ T̂
I

pðx1; k2;xÞ;
(37a)

T̂
IIðx1; k2;xÞ ¼ ?T̂

IIþ
h ðk2;xÞe�CII

1 x1�ðh1þDhÞ½ �

þ ?T̂
II�
h ðk2;xÞeCII

1 ðx1�HÞ þ T̂
II

p ðx1; k2;xÞ:
(37b)

V. ELASTODYNAMIC PROBLEM

The absorption of electromagnetic waves by the layers,

as well as the thermal diffusion, have been detailed in

Secs. III and IV, respectively. These two physical phenom-

ena are at the origin of the elastic wave generation that

occurs in the multilayer represented in Fig. 3. The elastody-

namic problem is addressed in this section. Under the

assumptions presented in Sec. II and the small perturbation

hypothesis, the equation of motion is

q
@2u

@t2
ðx1; x2; tÞ ¼ $ � rðx1; x2; tÞ; (38)

with q the density, u the displacement vector and r the

Cauchy stress tensor. Using Hooke’s law, the stress tensor is

equal to

rðx1; x2; tÞ ¼ C : eðx1; x2; tÞ � C : aDTðx1; x2; tÞ; (39)

with C the fourth-order stiffness tensor, “:” the double dot

product, e the second-order strain tensor, a the second-order

thermal expansion tensor, and DT the elevation of tempera-

ture in the medium. Media I and II are assumed to be ortho-

tropic with x1 and x2 as principal axes. In Voigt notation,

Eq. (39) gives

r11

r22

r12

2
4

3
5 ¼ C11 C12 0

C12 C22 0

0 0 C66

2
4

3
5 e11

e22

2e12

2
4

3
5� a11

a22

0

2
4

3
5DT

0
@

1
A;

(40)

with eij ¼ 1
2
@ui=@xj þ @uj=@xi

	 

. Viscoelastic attenuation

can be introduced by considering complex elastic coeffi-

cients with the imaginary part related to the attenuation. For

the Kelvin-Voigt model

C� ¼ C þ |xg; (41)

with g the fourth-order viscosity tensor. To lighten the

notations, the elastic coefficients are written without the

symbol “�” in the following. The use of Eq. (39) in Eq.

(38) and the projection of Eq. (38) onto x1-axis and x2-

axis yield the following elastodynamic equations in the

Fourier domain:

C11

@2û1

@x2
1

� |k2 C12 þ C66ð Þ @û2

@x1

þ qx2 � C66k2
2

	 

û1 ¼ Ca1

@T̂

@x1

; (42a)

C66

@2û2

@x2
1

� |k2 C12 þ C66ð Þ @û1

@x1

þ qx2 � C22k2
2

	 

û2 ¼ �|k2Ca2

T̂ ; (42b)

with Ca1
¼ C11a11 þ C12a22; Ca2

¼ C12a11 þ C22a22. In this

section, the convention for the double Fourier transform, in

space x2 and time t, is the same as the one given in Eq. (20).

The solution of Eqs. (42a), (42b) is the sum of the homoge-

neous solution ûhðx1; k2;xÞ and the particular solution

ûpðx1; k2;xÞ as detailed in Sec. V A and Sec. V B.
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A. Homogeneous solutions of the elastodynamic
equations

The solutions of the homogeneous elastodynamic equa-

tions, Eqs. (42a), (42b) without the source terms Ca1
@T̂=@x1

and �|k2Ca2
T̂ , are sought in the form of

ûhðx1; k2;xÞ ¼ Ûhðk2;xÞe�|k1x1 : (43)

By injecting Eq. (43) in the homogeneous elastody-

namic Eqs. (42a), (42b), we obtain

a11 � k2
1C11 �k1a12

�k1a12 a22 � k2
1C66

" #
Û1h

Û2h

" #
¼

0

0

" #
; (44)

with a11 ¼ qx2 � k2
2C66; a22 ¼ qx2 � k2

2C22, and a12

¼ k2ðC12 þ C66Þ. Then, by imposing that the determinant of

the 2� 2 matrix of Eq. (44) is zero, we get the quadratic

equation

aX2 þ bX þ c ¼ 0; (45)

with X ¼ k2
1 and the coefficients of the quadratic equation:

a ¼ C11C66; b ¼ �ðC11a22 þ C66a11 þ a2
12Þ; c ¼ a11a22.

The two solutions of Eq. (45) are

X6 ¼
�b6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac
p

2a
; (46a)

which gives four eigenvalues for the wavenumber k1. Thus,

the homogeneous solution is the linear combination of two

longitudinal (L) and two transverse (T) polarized waves,

which are traveling along the positive and negative direc-

tions of the x1-axis as illustrated in Fig. 3 and defined by the

equation

ûhðx1; k2;xÞ ¼
X

n¼fL;Tg
AnþÛ

nþ
h ðk2;xÞe�|k

n
1
x1

þAn�Û
n�
h ðk2;xÞe|k

n
1
x1 : (47)

In Eq. (47), kL
1 ¼

ffiffiffiffiffiffi
X�
p

and kT
1 ¼

ffiffiffiffiffiffi
Xþ
p

are the projections of

the longitudinal and transverse wave vectors along the

x1-axis, respectively. In addition, An6 refer to the wave

amplitudes that are subsequently determined by applying

the boundary conditions, and Û
n6

h are the eigenvectors that

are equal to

Û
n6

h ðk2;xÞ ¼
Û

n6

1h

Û
n6

2h

2
4

3
5 ¼ a22 � kn

1ð Þ2C66

6kn
1a12

" #
: (48a)

B. Particular solutions of the elastodynamic
equations

The particular solutions are searched following the

form of the source terms Ca1
@T̂=@x1 and �|k2Ca2

T̂ of Eqs.

(42a), (42b). Therefore, using the analytic expression of the

temperature fields T̂ in media I and II, given in Eqs. (37a),

(37b), the particular solutions are

ûI
p ¼ Û

Iþ
pC

e�CI
1x1 þ Û

I�
pC

eCI
1ðx1�h1Þ

þÛ
Iþ
pb

e�bIðh1Þx1 e|k2 tan h1x1

þÛ
I�
pb

ebIðh1Þðx1�h1Þe�|k2 tan h1x1 ; (49a)

ûII
p ¼ Û

IIþ
pC

e�CII
1 x1�ðh1þDhÞ½ � þ Û

II�
pC

eCII
1 ðx1�HÞ

þÛ
IIþ
pb

e�bIIðh2Þ x1�ðh1þDhÞ½ �e|k2 tan h2x1

þÛ
II�
pb

ebIIðh2Þðx1�HÞe�|k2 tan h2x1 : (49b)

To obtain the four vectors Û
Iþ
pb
; Û

I�
pb
; Û

IIþ
pb

and Û
II�
pb

, which

are related to the optical penetration of the electromagnetic

waves in media I and II, each term of Eqs. (49a), (49b) is

injected into the elastodynamic Eqs. (42a), (42b). Thus, four

linear systems with the form

ai
11þCi

11di
2 6|ai

12di

6|ai
12di ai

22þCi
66di

2

" #
Û

i6

1pb

Û
i6

2pb

2
64

3
75¼ �Ci

a1
dið6T̂

i6

p Þ

�|k2Ci
a2

T̂
i6

p

2
64

3
75;

(50)

have to be solved, with i ¼ fI; IIg and di ¼ bi � |k2 tan hi.

The same procedure is applied to calculate the four vectors

Û
Iþ
pC
; Û

I�
pC
; Û

IIþ
pC

, and Û
II�
pC

of Eqs. (49a), 49b), which are

linked to the thermal diffusion in media I and II. Four other

linear systems have to be solved.

C. Application of the boundary conditions

The homogeneous and particular solutions of the

elastodynamic Eqs. (42a), (42b) have been determined in

Sec. V A and Sec. V B. Consequently, the last step is to

apply the boundary conditions to find the eight amplitudes

An6
i , with n ¼ fL;Tg and i ¼ fI; IIg, of the eight elastic

waves that propagate in media I and II. In Fig. 3, the upper

surface of medium I (at x1 ¼ 0) and the lower surface of

medium II (at x1 ¼ H) are considered as free surfaces. Thus,

four boundary conditions are given by

r̂I
11jx1¼0 ¼ r̂I

12jx1¼0 ¼ 0; (51)

r̂II
11jx1¼H ¼ r̂II

12jx1¼H ¼ 0: (52)

Using the mechanical coupling between media I and II, four

other boundary conditions are

ûI
1

ûI
2

r̂I
11

r̂I
12

2
666664

3
777775

x1¼h1

¼ LM
� �

4�4

ûII
1

ûII
2

r̂II
11

r̂II
12

2
666664

3
777775

x1¼h1þDh

; (53)

with ½LM� the transfer matrix (pp. 53–60 in Ref. 22) used to

couple the displacements (û1; û2) and the stresses (r̂11; r̂12)
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from medium I at x1¼ h1, to medium II at x1 ¼ h1 þ Dh.

The sublayers that can be inserted between media I and II

will be taken into account through this transfer matrix. For

instance, if we assume the continuity of displacements and

stresses at the interface between media I and II (with

Dh ¼ 0), then ½LM� is equal to the identity matrix.23 Then,

Eqs. (51)–(53) have to be solved to obtain the eight ampli-

tudes of the elastic waves, taking care that the matrices are

well conditioned [as it was done in Eqs. (35), (36)].13 The

complete solution in media I and II is equal to the linear

combination of the homogeneous and particular solutions

ûiðx1; k2;xÞ ¼ ûi
hðx1; k2;xÞ þ ûi

pðx1; k2;xÞ: (54)

Finally, a double inverse Fourier transform in space x2

and time t is performed to find the temporal solutions of the

displacement field uiðx1; x2; tÞ, with i ¼ f1; 2g. Numerically,

this double integration is carried out according to the

approach proposed by Bouchon and Aid,26 as well as

Weaver et al.27,28 The complex angular frequency x� ¼ x
�|dx is used to slightly shift the analytic solutions in the

imaginary plane to avoid the poles of the Rayleigh-Lamb

waves. Then, the small positive constant dx is removed after

the double integration by multiplying the final result by edxt:

uiðx1;x2; tÞ ¼
edxt

2p

ð ðþ1
�1

ûiðx1; k2;x
�Þe|ðxt�k2x2Þ dxdk2: (55)

The semi-analytic method for solving electromagnetic,

thermal, and elastodynamic problems was fully presented in

Secs. III, IV, and V, respectively. The optical, thermal, and

mechanical properties of materials are supposed indepen-

dent of the temperature in the model, although this assump-

tion could be too strong in some cases (materials with

highly temperature-dependent properties, large laser fluence,

…). Accounting for the temperature dependence of the

physical properties in the model is not straightforward. It

would require solving the equations numerically and not

analytically, because the temperature field is time depen-

dent, inducing all physical properties to be time dependent.

However, this temperature dependence of the physical

parameters can be neglected when the temperature increase

in the material has a small effect. For instance, in an alumi-

num alloy (Al 2024), the change in velocity of acoustic

waves is less than 1% below a temperature rise of 100 �C.29

Thus, the temperature dependence may have an influence

where the material temperature is locally higher than speci-

fied above (i.e., in the laser energy deposition area), but in

the vast majority of the material, this assumption of

temperature-independent physical parameters is justified.

Examples of numerical results obtained with this simulation

technique are presented below.

VI. NUMERICAL SIMULATION RESULTS

In this section, numerical results obtained with this

semi-analytic model are reported. Some simulation parame-

ters are unchanged for the three examples that are presented

later: the time range t 2 ½0; 16:384� ls with the discretization

step Dt ¼ 8:0 10�3 ls; the position range x2 2 ½�81:92;
81:92� mm with the discretization step Dx2 ¼ 8:0 10�2 mm.

Hence, the maximum angular frequency x is equal to

3:927 102 rad ls�1 (maximum frequency of 62.5 MHz) and

the maximum wavenumber k2 to 3:927 101 rad mm�1. Note

that the time step Dt ¼ 8:0 10�3 ls is chosen according to

the assumed bandwidth of an optical detection system (here,

0.7 MHz–40 MHz), mimicking actual conditions of experi-

ments and which is taken into consideration in these simula-

tions. Furthermore, the incident electromagnetic wave is

defined by: the pulse duration sp ¼ 8 ns, the source width

as ¼ 0:2 mm, the intensity I0 ¼ 0:2 J mm�1, the angle of

incidence h0 ¼ 0�, and the electromagnetic wavelength kopt

¼ 532 nm. Concerning the thermal parameters, the external

temperature is set to T1 ¼ 293:15 K, and the heat transfer

coefficient is imposed to hc ¼ 25 W m�2 K�1. The thermal

resistance Rc is equal to zero in the following examples,

although it can be easily modified with Eq. (34). Using these

settings, three examples of the use of the developed semi-

analytic model are described in Sec. VI A–VI C. The optical,

thermal, and mechanical properties of the material used for

the simulations are given in Table I.

A. Analysis of the guided elastic waves in an
aluminum alloy plate

The first example is the frequency–wavenumber ( f–k)

diagrams depicting the normalized spectral density in dB,

jûI
1ðx1; k2;x�Þj2

max
k2;x�
jûI

1ðx1; k2;x
�Þj2

; (56)

of a 1.23 mm-thick aluminum alloy plate for two different

laser sources. In Fig. 4(a), the f–k diagram is obtained for a

Gaussian laser pulse of duration sp ¼ 8 ns and source width

as ¼ 0:2 mm. The Fourier transforms of the pulse distribu-

tion in time and space are given by the expressions of FðxÞ
and Gðx1; k2Þ with h0 ¼ 0� in Eqs. (22a) and (22b), respec-

tively. Before applying the double inverse Fourier transform

TABLE I. Optical, thermal, and mechanical properties of the aluminum

alloy (Al), SCHOTT N-BK7
VR

glass and titanium (Ti).

Al N-BK7 Ti

n0 (@ 532 nm)30 1.468 1.519 2.479

n00 (@ 532 nm)30 8.949 7:761 10�9 3.351

l 1. 1. 1.

k11 (W m�1 K�1) 1:5 102 1.1 2:0 101

k22 (W m�1 K�1) 1:5 102 1.1 2:0 101

cp (J kg�1 K�1) 9:0 102 8:6 102 5:0 102

a11 ¼ a22 (K�1) 2:5 10�5 8:3 10�6 1:1 10�5

C11 (GPa) 1:10 102 9:18 101 1:62 102

C12 (GPa) 5:69 101 2:38 101 6:90 101

C22 (GPa) 1:10 102 9:18 101 1:80 102

C66 (GPa) 2:65 101 3:40 101 4:67 101

q (kg m�3) 2:70 103 2:51 103 4:54 103
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introduced in Eq. (55), the displacement ûiðx1; k2;x�Þ can

indeed be used to analyze the dispersion of the waves guided

along the x2-direction. In the case of a free plate, the modes

shown in Fig. 4(a) correspond to the Lamb modes. Indeed,

solving the problem in Fourier domains (time and space

along the x2-direction) and with the 2D assumption is equiv-

alent to look at the modal solutions of the free plate, propa-

gating along the x2-direction, and where symmetric and

antisymmetric modal decompositions are found along the

x1-direction, which are the Lamb modes. Note that this f–k
diagram contains, on top of the dispersive features of the

modes, the information about their detectability with an

interferometer sensitive only to the normal component of

the displacement of the free surface. This Gaussian laser

pulse allows excitement of a large number of Lamb modes

because of the broadband content of FðxÞ and Gðx1; k2Þ. To

excite specific modes only, the laser source can be modu-

lated in time and space to select a particular area in the f–k
diagram, as shown in Fig. 4(b). This can be easily imple-

mented in the model by changing the expressions of FðxÞ
and Gðx1; k2Þ by the Fourier transform of the desired laser

source modulated in time and space. To obtain the f–k dia-

gram presented in Fig. 4(b), a tone burst of 2.5 MHz central

frequency and a phase mask of 1.5 rad mm�1 central wave-

number k2 were used.

The calculation time to obtain ûiðx1; k2;x�Þ, at a given

x1 position and for all the values of x� and k2 vectors, is

equal to 1 min 37 s 6 6 s (with an Intel
VR

CoreTM i7-6500U

CPU @ 2.5 GHz, 16.0 GB RAM). The time domain signals

as a function of x2 can be obtained by applying the double

inverse Fourier transform of ûiðx1; k2;x�Þ, which only adds

0.2 s to the previous calculation time.

Among other useful applications, the possibility,

offered by the semi-analytic model proposed here, to ana-

lyze the influence of FðxÞ and Gðx1; k2Þ on simulated f–k

diagrams is of interest to help design the temporal and spa-

tial profiles of the laser source to excite and detect specific

Lamb modes. This type of analysis can be performed on

more complex structures such as those presented below.

B. Bilayer/trilayer with interfacial stiffnesses

The second example deals with a bilayer composed of

two aluminum alloy (Al) plates of 1.5 and 3.1 mm [Fig.

5(a)] and a trilayer Al (1.5 mm)/Epoxy (0.1 mm)/Al

(3.0 mm) [Fig. 5(b)]. The normal displacement u1ðx1; x2; tÞ,
generated by a Gaussian laser pulse of duration sp ¼ 8 ns

and source width as ¼ 0:2 mm, is obtained by solving

numerically Eq. (55) for x1 2 ½0; 4:6 mm�, with the positive

constant dx ¼ 0:4 rad ls�1. The snapshot of the normal dis-

placement at t ¼ 1 ls is represented in Fig. 5. The heat

source is located at the origin of the Cartesian coordinate

system because the optical penetration depth in aluminum is

equal to 1=b ¼ 4:7 nm (@ h0 ¼ 0� and kopt ¼ 532 nm).

In Fig. 5(a), two distributions of normal and transverse

interfacial stiffnesses, equal to KN ¼ KT ¼ 1 kN mm�3,

are inserted between the two Al plates. Thus, a perfect conti-

nuity of displacements and stresses is imposed at the inter-

face, which explains the full transmission of the elastic

waves between media I and II. At the free surface of the top

Al plate (at x1 ¼ 0), the Rayleigh wave with the largest nor-

mal displacement (more than 2.5 nm in this simulation; see

the color bar) is visible. In the bulk of the bilayer, the fastest

wave (in red), which is reflected at the free surface of the

lower Al plate (at x1 ¼ 4:6 mm), corresponds to the longitu-

dinal wave. The slowest bulk wave is the transverse wave

(in blue). The head wave is also simulated and corresponds

to the plane wave that is generated at the critical angle

hcrit ¼ arcsinð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C66=C11

p
Þ ¼ 29:4�, with the elastic coeffi-

cients C11 and C66 given in Table I.

In Fig. 5(b), three sublayers are inserted between the

two Al plates: two distributions of normal and transverse

interfacial stiffnesses equal to KN1
¼ KT1

¼ 1 kN mm�3, a

0.1 mm-thick epoxy layer, and two other interfacial stiffness

distributions equal to KN2
¼ KT2

¼ 1 kN mm�3. The epoxy

layer is assumed to be isotropic with a density of 2:1 103 kg

m�3 and elastic coefficients C11 ¼ 4:2 GPa and C12 ¼ 3:3
GPa. Contrary to the bilayer Al/Al in Fig. 5(a), elastic waves

are transmitted but also reflected by the epoxy layer.

This second example demonstrates the opportunities of

the proposed model to predict/interpret the effect of imper-

fect bonding (by modifying the values of interfacial stiff-

nesses) on the detectable elastic waves in a bonded

FIG. 4. (Color online) Zoom views of f–k diagrams (plotted in dB with

the colormap), for a 1.23 mm–thick aluminum alloy plate at x1 ¼ 1:23 mm,

for two different laser sources. (a) Gaussian laser pulse (sp ¼ 8 ns, as

¼ 0:2 mm). (b) Modulated laser source in time (tone burst of 2.5 MHz cen-

tral frequency) and space (phase mask of 1.5 rad mm�1 central wavenum-

ber). A good agreement is obtained with the dispersion curves simulated

with the commercial software CIVA 2020 in dashed (dash-dotted) lines

for symmetric (antisymmetric) modes, which are superimposed on the f–k
diagrams calculated with the developed model.

FIG. 5. (Color online) Normal displacements u1ðx1; x2; tÞ simulated at

t¼ 1 ls in (a) a bilayer Al (1.5 mm)/Al (3.1 mm) and (b) a trilayer Al

(1.5 mm)/Epoxy (0.1 mm)/Al (3.0 mm). See the supplementary material

(Ref. 23) for the animations.
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multilayer structure. Possible applications of this semi-

analytic model could be the simulation of laser-generated

ultrasounds in structural bonding.31 Indeed, quantifying the

mechanical strength of bonds is a major issue in aeronautics.

These simulations could allow understanding of the influ-

ence of a weak bond on the detected ultrasonic signature.

These fast and accurate simulations could enable the resolu-

tion of inverse problems requiring the optimization of vari-

ous key parameters related to the mechanical strength of

adhesive bonding. Moreover, the transfer matrix formalism,

used in this semi-analytic model, provides an easy way to

extend the calculations to a structure with several sublayers

between media I and II.

C. Bilayer with the heat source at the interface

The third example, in Fig. 6, is about a bilayer structure

composed of a 2 mm-thick glass plate (SCHOTT N-BK7
VR

)

perfectly coupled to a 2.0 mm-thick titanium plate of ortho-

tropic mechanical properties. To ensure the continuity of

displacements and stresses at the interface, two distributions

of normal and transverse interfacial stiffnesses are added

and equal to KN ¼ KT ¼ 105 kN mm�3 in Fig. 6(a) and

KN ¼ KT ¼ 1 kN mm�3 in Fig. 6(b). The heat source is

located at the interface between the two media because the

incident electromagnetic wave is mainly absorbed in the

titanium plate. Indeed, the complex part of the refractive

index n00 is approximately 109 times higher for the titanium

than for the glass plate (see Table I). Moreover, the normal

displacement u1 is similar in the two cases presented in

Fig. 6(a) and 6(b) because large values of interfacial stiff-

nesses (KN ¼ KT ¼ 105 kN mm�3) are sufficient to ensure a

perfect continuity of displacements and stresses at the inter-

face between the two media. Furthermore, longitudinal bulk

waves are mainly generated in the x1-direction and the sign

of the normal displacement is positive (negative) in the tita-

nium (glass) plate. Transverse bulk waves and head waves

are clearly visible (in blue) in the titanium plate.

This third example illustrates the fact that this model

can be used to simulate a thermoelastic source at the inter-

face between two media and not only at the upper surface of

medium I, as previously shown in the first and second

examples.

VII. CONCLUSION

Laser-generated ultrasounds are simulated in a multi-

layer structure using a semi-analytic approach detailed in

this paper. Electromagnetic, thermal, and elastodynamic

problems are successively solved to obtain the displacement

fields in the upper and lower media of the structure. A tilted

laser line source, of infinite length in the x3-axis, is consid-

ered. The optical transmission and reflection of the incident

laser beam are calculated to obtain the power densities dissi-

pated into heat and used as source terms for solving the heat

diffusion problem. The amplitudes of the thermal waves

are obtained by considering conduction and convection

phenomena. Then, analytic solutions of the displacement

field because of the thermal expansion are determined in the

Fourier domain. Finally, a double numerical inverse Fourier

transform in space and time is performed to find the dis-

placement field in the time domain.

In this 2D model, layered plates with parallel surfaces

are considered, and it is assumed that the generation of ultra-

sounds occurs only in the upper and lower media, i.e., the

generation of ultrasounds in the sublayers should be negligi-

ble. Therefore, the sublayers are accounted for in this semi-

analytic model through the transfer matrix formalism. The

model has been applied to three different cases showing just

a glance of the possibilities such a model provides for fore-

casting, designing, or else analyzing the elastic waves gener-

ated and detected by lasers in multilayer structures. Note

that this model, as long as the thermoelastic process of ultra-

sound generation is at major play (i.e., the ablation regime

and/or the plastic regime are not reached), is not limited to

millimetric-in-thickness structure nor to the MHz frequency

range. In addition, it can be extended to a 3D geometry to

simulate ultrasound generation with thermoelastic sources

that are no longer assumed to be of infinite length in the x3-

direction. This will obviously make the formulas presented

in this paper more complex (the wavenumber k3 must be

added) and will necessarily increase the calculation time,

which is about 1 min 37 s 6 6 s for a 2D geometry at a given

x1 position. However, this approach could be of real interest

for simulating laser-generated ultrasounds in multilayer

structures with thermoelastic sources of complex 3D shape.
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