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A B S T R A C T

This paper reports a numerical study of the sensitivity and applicability of the Nonlinear Coda Wave
Interferometry (NCWI) method in a heterogeneous material with a localized microcracked zone. We model
the influence of a strong pump wave on the localized microcracked zone as a small average increase in
the length of each crack. Further probing of this microcracked zone with a multiply scattered ultrasonic
wave induces small changes to the coda-type signal, which are quantified with coda wave interferometry. A
parametric sensitivity study of the CWI observables with respect to the changes in crack length is established
via numerical simulations of the problem using a 2D spectral element method (SEM2D). The stretching of the
signal, proportional to the relative variation in effective velocity, is found to be linearly proportional to the
global change in crack length, while the other CWI parameter, the remnant decorrelation coefficient, is found
to be quadratically proportional to the crack length change. The NCWI method is shown to be relevant for the
detection of different damaged material states in complex solids. The reported numerical results are especially
significant in the context of quantitative nondestructive evaluation of micro-damage level of a heterogeneous
materials using nonlinear ultrasound signals.
1. Introduction

Nonlinear ultrasonic testing methods are known to exhibit a high
sensitivity to the presence of microcracks or to early damage detection
in complex materials [1–5], whereas conventional linear ultrasonic
methods are typically less sensitive but sometimes more quantitative,
such as with single cracks in homogeneous samples. Signatures of
nonclassical nonlinearity, in particular, are very promising for non-
destructive testing (NDT) in different domains, e.g., geosciences [6,7]
and medical imaging [8,9]. The elastic behavior of highly heteroge-
neous materials such as concrete, rock, sand, and soil exhibit strong
nonlinearities, particularly nonclassical ones in the form of tapping
contact acoustic nonlinearities [10–14], hysteresis in the stress–strain
relation [15–18], slow dynamics, and discrete memory [2,6,19,20].
Such nonclassical nonlinearities are closely related to the presence of
internal microcontacts which might result from material damage, such
as microcracks [21–24].
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For its advantageous sensitivity in detecting early stage damages
and micro-damages, nonlinear ultrasonic NDT methods have been ac-
tively studied and reported in the last decades, e.g. harmonic genera-
tion [25,26], nonlinear resonance method [6,27,28], nonlinear modu-
lation, acousto-elasticity, and dynamic acousto-elasticity method [29–
32]. It’s then pointed out that, when these methods are utilized to
analyze nonlinear phenomenon that is not purely stemming from the
classical potential atomic nonlinearity leading to a quadratic or cu-
bic stress–strain relationship, they exhibits a particular sensitivity to
mesoscopic features of the propagation medium such as micro-cracks or
micro-contacts [33]. Compared with the effects from such nonclassical
nonlinearity, ones that are from the background classical nonlinearity
can be even neglected, leaving only the effects caused by the presence
of microdamage/defects to be observed, which is undoubtedly of great
interest for nondestructive testing applications.
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Fig. 1. Numerical configurations of damaged material with random cracks localized in a circular EDZ, centered at (155mm, 140mm). Each model contains a different number of
racks, ranging from 1 to 20. The matrix size is 200mm × 200mm. The crack size is initially set to 10mm × 0.01mm and their orientation is random. The source position is at
50mm, 200mm).
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In this study, using numerical simulations, we advance the under-
tanding of how the results of a specific nonlinear ultrasonic method
epend on the presence and features of localized cracks in a highly
eterogeneous medium. The method, called Nonlinear Coda Wave
nterferometry (NCWI), is a combination of the nonlinear modulation
ethod, widely studied in the context of characterizing and detecting
aterial damage [6,34], and the coda wave interferometry [35,36],
hich is suitable for monitoring multiple scattered waves in complex
edia. A generated ultrasonic pulse is multiply scattered in a het-

rogeneous solid, repeatedly probes a whole region of space, and is
hen detected as a long-lasting signal corresponding to the summed
ontributions of wave trains resulting from many scattering events
nd arriving from many different propagation paths, a so-called coda
ignal. This type of complex signal is very sensitive to small changes
n the propagation medium [37–39] and can be efficiently analyzed
ia cross-correlation with a reference signal (the basis of coda wave
nterferometry, or CWI) [40,41]. By further applying a lower frequency
o the medium at various amplitudes (pump wave), one can monitor the
nduced changes to the coda signals, phase and waveform in particular,
nd deduce the level of related elastic nonlinearity, leading to NCWI.

This method, first applied to cracked glass samples [42], has been
ested in various configurations, such as cracked mortar samples [43]
nd damaged concrete samples.[44] Numerical simulations in config-
rations related to this method have also been carried out with the
pectral element method [45] in a 2D configuration, where the elastic
arameters of a zone of the reverberating (or multiple-scattering) do-
ain were slightly changed in order to extract the subsequent effects

n the NCWI observables [46]. More recently, we numerically explored
ome of the limits of NCWI regarding the elasticity change assumed
o be generated by a pump wave, the distributed damage, and the
cattering role of a collection of cracks [47].

In the present article, we report results on the influence of small
hanges applied to a collection of cracks, and examine how these
hanges are manifested in the NCWI observables. Localized random
rrangements of cracks, numerically modeled as thin segments exhibit-
2

ng stress-free boundary conditions, are assumed to be modified, on
verage, due to the pump wave action: the effective length of each
rack is changed by a given amount for a given pump wave amplitude.
imple dependencies of crack length change with respect to the NCWI
bservables are identified, and these are of potential interest for a
ore quantitative nondestructive evaluation of complex materials by
ltrasound signals.

. Modeling and numerical simulation

In our previous study [46], the corresponding nonclassical nonlinear
henomena was modeled in an effective manner: the influence of a
trong pump wave on a localized damage was modeled by a change in
he elastic properties, namely the Young’s modulus and the attenuation
oefficient, which were chosen to be homogeneous over an effective
amaged zone (EDZ). To further advance our understanding, a consid-
rably more realistic model is utilized in the present study: the localized
amage in a heterogeneous propagation medium is materialized with
cluster of cracks that are individually modeled as high-aspect-ratio

nclusions characterized by stress-free boundary conditions.
As depicted in Fig. 1, our 2D propagation medium is a 200mm ×

00mm matrix. In a circular area centered at (155mm, 140mm) (top-
ight corner), identical cracks are placed within at random, i.e. at
andom locations with random orientations, to simulate the material
amage. In this sample medium, linear heterogeneity is introduced by
dding empty holes to the matrix [48]: a given number of inclusions
circular voids with a diameter of 10 mm) are randomly placed in the
atrix leaving a surface filling ratio of about 12.8%. The cracks are
odeled using hollow rhombi with a fixed size of 10mm × 0.01mm,

the corresponding aspect ratio (103) being in line with that of cracks
observed in rock materials [49]. The propagation medium is made of
glass, of which mechanical properties are reported in Table 1. The
area surrounding the propagation medium, including the inside of the
cracks, is considered to be void to maximize the contrast of acoustic
impedance, and hence the reflection coefficient, at all boundary sur-

faces. The damage degree is modeled by the number of cracks 𝑁𝑐𝑟𝑎𝑐𝑘:
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Fig. 2. An example mesh for a heterogeneous model with 20 cracks of random orientations. Each crack is modeled by one void cell, and the size of the cracks is 10mm×0.01mm.
The blue lines represent the contour of the matrix, the EDZ, and the cracks. The matrix size is 200mm × 200mm, and the circular EDZ center is located at (155mm, 140mm). The
source position is (50mm, 200mm). (a) Mesh of the global configuration; (b) Magnified view of the meshed EDZ; (c) Magnified view of one crack corresponding to the square in
(b).
six values ranging from 1–20 are considered in this study, as shown
in Fig. 1. Five configurations of disorder are created for each damage
degree with the same value of 𝑁𝑐𝑟𝑎𝑐𝑘, i.e. all 𝑁𝑐𝑟𝑎𝑐𝑘 cracks are relocated
and repositioned randomly. For simplification purpose, no interaction
between inclusions is assumed, i.e., linear or nonlinear, inclusions do
not overlap.

Numerical simulations of probe wave propagation were performed
using the 2D spectral element method (SEM) [45], in which wave
fields are expressed in terms of high-degree Lagrangian interpolations
and integral calculations are based on the Gauss–Lobatto–Legendre
quadrature. The propagation medium is meshed with quadrangle cells
using the GMSH software [50]. Taking into account the complexity of
quad meshing, the calculation costs, and the wavelength in the working
frequency range, the maximum cell size was set to be 5 mm outside
the damaged zone. The damaged zone was meshed with refined cells
to adapt to the size of the cracks. No meshing was applied in the inner
part of the inclusions and cracks, as these are considered to be voids. A
mesh example for a propagation medium containing 20 cracks is shown
in Fig. 2.

To simulate the application of NCWI to the modeled propaga-
tion medium, both pump waves and probe waves are, in principle,
required. The propagation of the ultrasonic probe wave was simu-
lated directly by sending a 0.2-ms-long chirp signal with a frequency
band of [200 kHz, 800 kHz] through an acoustic point source placed at
(50mm, 200mm) (Fig. 2-a) on the border of the domain. Synchronized
with this emission, the displacement at (200mm, 20mm) (Fig. 2-a) over
the subsequent 2.5 ms was extracted as the recorded probe signal.
The presence of pump waves was accounted for, less straightforwardly,
through its known impact on cracks: a small effective increase in the
crack length.

Being a potential NDT method, NCWI aims for detecting damages
at an early stage, which is often formed by cracks/micro-cracks that
are closed or partially closed [43,44]. Assuming an elastic material
and a symmetrical pump wave signal, the local stress generated is
then symmetrical, i.e. the compressional and tensile stress at the same
amplitude shifts periodically. In the case of an open crack, although
such stress fluctuation will have its length vary continuously, but on
average, its effective length over many pump wave periods remains
unchanged. On the other hand, a closed crack will only respond to the
tensile stress, which leads to an increase in its effective length. And a
partially closed is considered as the combination of the two, its effective
length will be increased under such a pump wave excitation. Therefore,
due to the asymmetry in the response of cracks (closed or partially
closed) to the pump wave, which could be further aggravated in the
case of a certain material (e.g. concrete, whose effective stiffness in
traction is only 1/3 of that in compression), its average effect will be a
slight increase of crack’s effective length. Assuming that the pump wave
3

energy is homogeneously distributed over the damaged zone [51],
the changes in crack’s effective length 𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘 were considered
to be identical for all cracks. Relative to the reference state, where
𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘 = 0 due to the absence of the pump wave, four nonzero
pump wave levels were considered, corresponding to 𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘
values of 0.4%, 0.8%, 1.2%, and 1.6%, i.e. relatively small changes in
crack length.

Probe signals recorded in medium containing four cracks and 20
cracks are shown in Fig. 3-a and 3-b, respectively. These signals ex-
hibit typical features shared by multiple scattered waves, and are
highly similar to those obtained experimentally from reverberating
medium [42,52,53]. The blue signals correspond to the reference state
in which the pump wave is absent (𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘 = 0), while the
green signals correspond to the state with the maximum pump wave
level (𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘 = +1.6%). Magnified views of the same signals are
presented in the lower graphs, providing details of the signals within
two narrow time windows. Note that the overall change of propagation
medium (geometric length of the cracks) triggered by the pump wave
has only a slight effect, as no difference can be visually distinguished in
the earlier time window (zoom-1). In the later time window (zoom-2),
which almost exclusively contains coda waves that have been multiply
scattered, the differences become more distinguishable, and such a
difference can be more clearly observed in Fig. 3-b, which illustrates
a more severe damage degree. This is in agreement with previous
experimental results [51].

3. NCWI results

Six different damage degrees, indicated by the crack number 𝑁𝑐𝑟𝑎𝑐𝑘
∈ [1, 4, 8, 12, 16, 20], were studied, each containing five different disor-
der arrangements. In total, 30 different material configurations were
numerically investigated. For each material configuration, five increas-
ing 𝛥𝐿𝑐𝑟𝑎𝑐𝑘 values were considered (assumed to be equivalent to five
pump wave amplitudes), and the CWI analyses were performed using
the stretching method. By comparing signals obtained with the effect
of pump waves (𝛥𝐿𝑐𝑟𝑎𝑐𝑘 > 0) to those obtained in the reference state
(𝛥𝐿𝑐𝑟𝑎𝑐𝑘 = 0) within a given time window, CWI results were obtained
as the effective velocity variation 𝜃𝑐𝑜𝑑𝑎 and the remnant decorrelation
coefficient Kd. The time window for CWI analysis should be carefully
selected, the sensitivity kernel of coda waves within should be stable
and able to cover the probing area effectively [54]. Choosing a com-
promise between the analysis robustness and the calculation costs, the
time window [1.5 ms, 2 ms] was selected [46].

The obtained CWI results are plotted against 𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘 in Fig. 4,
where the average values and standard deviation were obtained from
the five different disorder arrangements. In Fig. 4-a, from top to bottom,
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Table 1
Numerical model properties used in the simulations.
Glass — properties

Young’s modulus
(E) [GPa]

Poisson’s ratio
(𝜈)

Mass density (𝜌)
[Kg m−3]

P-wave velocity
(𝑣𝑃 ) [m s−1]

S-wave velocity
(𝑣𝑆 ) [m s−1]

69 0.25 2500 5755 3323
Fig. 3. Examples of temporal signals for the model with (a) four random cracks and (b) 20 random cracks. The blue lines correspond to the reference model with no change in
the crack length (𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘 = 0), whereas the green lines correspond to the model with an effective change in crack lengths (𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘 = +1.6%), assumed to originate from
the pump wave action.
Fig. 4. CWI observables versus changes in the crack length (𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘). For each fixed number of random cracks (𝑁𝑐𝑟𝑎𝑐𝑘 ∈ [1, 4, 8, 12, 16, 20]), five numerical models were used.
(a) Relative variation in velocity 𝜃𝑐𝑜𝑑𝑎 versus 𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘; (b) Remnant decorrelation coefficient Kd versus 𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘..
we plot 𝜃𝑐𝑜𝑑𝑎 with increasing 𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘 obtained for six progres-
sively increasing damage degrees. Each circle represents the average
of five 𝜃𝑐𝑜𝑑𝑎 values obtained from five material configurations at the
same damage degree and for a given 𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘. The corresponding
standard deviation is shown with error bars. The dashed line in Fig. 4-a
shows the best-fit linear regression, with the fitting quality estimated by
the coefficient of determination 𝑅2. As the linear dependence is clear
and 𝑅2 > 0.9 for all cases, the linear relation connecting 𝜃𝑐𝑜𝑑𝑎 with
𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘 can be written as follows, with the slope denoted by 𝛼𝐿𝜃 :

𝜃𝑐𝑜𝑑𝑎 = 𝛼𝐿𝜃 ⋅
(

𝛥𝐿𝑐𝑟𝑎𝑐𝑘
𝐿𝑐𝑟𝑎𝑐𝑘

)

. (1)

The results for Kd are plotted in Fig. 4-b in a similar manner, the only
difference being that the dashed line indicates the best-fit of a quadratic
regression. With the fitting quality remaining highly satisfactory, Kd is
related to 𝛥𝐿 ∕𝐿 with a quadratic relation (Eq. (2)) in which
4

𝑐𝑟𝑎𝑐𝑘 𝑐𝑟𝑎𝑐𝑘
the quadratic coefficient is denoted by 𝛼𝐿Kd:

Kd = 𝛼𝐿Kd ⋅
(

𝛥𝐿𝑐𝑟𝑎𝑐𝑘
𝐿𝑐𝑟𝑎𝑐𝑘

)2
. (2)

As shown in Fig. 4-b, the standard deviation of Kd increases signif-
icantly as the crack density rises, which means that slightly different
CWI observables are obtained from different configurations of crack
disorder, and that these values differ more from one configuration to
another at larger crack densities. This observation may arise from the
fact that the scattering mean free path is shorter for the configurations
with large crack density. The corresponding waves are consequently
subjected to more scattering events, leading to a higher influence of the
disorder-specific configuration. Regardless, the influence of the crack
disorder configuration is much less important than the crack density
on these results.

The parameters 𝛼𝐿𝜃 and 𝛼𝐿Kd are related to the elastic nonlinearity
of the propagation medium, or, in other words, to the susceptibility of
the material to a pump wave. As the elastic nonlinearity stems from
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Fig. 5. Slopes of CWI observables with crack length changes versus crack density
𝑁𝑐𝑟𝑎𝑐𝑘. For each fixed number of random cracks (𝑁𝑐𝑟𝑎𝑐𝑘 ∈ [1, 4, 8, 12, 16, 20]), five nu-
merical models were used. For each group of models, five crack disorder arrangements
were considered in order to calculate the mean value of 𝛼𝐿

Kd (red pentagram) and
𝛼𝐿
𝜃 (blue square), their slopes versus crack density 𝑁𝑐𝑟𝑎𝑐𝑘 are obtained with linear and

quadratic regression and illustrated with dash–dot line and dashed line, respectively.

the presence of cracks, which are assumed to be identical in this study,
it is interesting to plot 𝛼𝐿𝜃 and 𝛼𝐿Kd versus the number of cracks 𝑁𝑐𝑟𝑎𝑐𝑘.
Fig. 5 illustrates the dependence of these parameters on the damage
degree 𝑁𝑐𝑟𝑎𝑐𝑘. As shown in Fig. 5, a linear proportionality between
𝛼𝐿𝜃 and 𝑁𝑐𝑟𝑎𝑐𝑘 (dashed line) has a very high fitting quality. This is
onsistent with previous experimental results: applying NCWI to mortar
amples at different damage levels, the nonlinear parameter related to
is reported to be linearly correlated to the damage level characterized
y the size (volume) of a single penetrating macrocrack [43].

𝜃𝑐𝑜𝑑𝑎 = 𝛼
∑

𝐿
𝜃 ×

(

∑

𝑁𝑐𝑟𝑎𝑐𝑘

𝛥𝐿𝑐𝑟𝑎𝑐𝑘
𝐿𝑐𝑟𝑎𝑐𝑘

)

= 𝛼
∑

𝐿
𝜃 ×

(

𝛥𝐿𝑐𝑟𝑎𝑐𝑘
𝐿𝑐𝑟𝑎𝑐𝑘

×𝑁𝑐𝑟𝑎𝑐𝑘

)

.

(3)

From this empirically obtained linear dependence, the linear rela-
tionship between the effective velocity and the crack length is expressed
by Eq. (3). Similarly, according to Fig. 5, a quadratic dependence
between 𝛼𝐿Kd and the crack density 𝑁𝑐𝑟𝑎𝑐𝑘 can be observed as the
dash–dot line, providing a relation between the remnant decorrelation
coefficient Kd and the total change in crack length:

Kd = 𝛼
∑

𝐿
Kd ×

(

∑

𝑁𝑐𝑟𝑎𝑐𝑘

𝛥𝐿𝑐𝑟𝑎𝑐𝑘
𝐿𝑐𝑟𝑎𝑐𝑘

)2

= 𝛼
∑

𝐿
Kd ×

(

𝛥𝐿𝑐𝑟𝑎𝑐𝑘
𝐿𝑐𝑟𝑎𝑐𝑘

×𝑁𝑐𝑟𝑎𝑐𝑘

)2
.

(4)

When an incident wave impinges on an obstacle in a propagation
medium, it is forced to deviate from its current propagation trajectory
5

and redistributes its energy in different directions. Such an obstacle is
referred to as a scatterer, and its ability to modify the incident wave
is generally quantified by its elastic scattering cross-section 𝜎 [55]. In
this study, the maximum variation of crack length was 1.6% for an
initial length of 10 mm, i.e. a maximum variation of 160 𝜇𝑚. For such
small relative variations, a linear relationship between the scattering
cross-section and the crack length can be assumed.

In a homogeneous and linear viscoelastic equivalent effective
medium, the inverse quality factor 𝑄−1 is determined by the average
scattering cross-section ⟨𝜎⋆⟩ and the density of defects 𝑁 [56]: 𝑄−1 ∝
𝑁×⟨𝜎⋆⟩. Because it is connected to the average scattering cross-section,
the inverse quality factor should be linearly related to the global
length variations in the damaged material: 𝑄−1 ∝

∑

𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘.
A quadratic relation between Kd and the change in the effective
attenuation coefficient 𝛥𝑄−1 was reported in our previous numer-
ical study [46]. As such, the remnant decorrelation coefficient Kd
should vary quadratically with the length variations 𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘.
This assumption is confirmed numerically by Eq. (4), where Kd ∝
(
∑

𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘)2. Note that this dependency also matches the earliest
interpretations in this field, invoking quadratic hysteresis, as in the
experiment of Zhang et al. [42]: indeed, a quadratic relation between
Kd and the pump wave amplitude has been observed (Kd ∝ 𝐴2

𝑝𝑢𝑚𝑝).

4. Case of a reverberating medium

To complete this study on the sensitivity of crack length using the
NCWI method, the same parametric investigation of NCWI for crack
length change was established for a homogeneous matrix with six
cracking levels.

The general trends of the observables (𝜃,𝐾𝑑, 𝛼𝐿𝜃 , 𝛼
𝐿
Kd) in this homo-

geneous reverberating medium (Figs. 6 and 7) are the same as for the
highly heterogeneous medium (Figs. 4 and 5). The relations between
the CWI observables (𝜃, Kd) and the global crack length (Eqs. (3) and
(4)) are thus validated for a multiple scattering medium as well as
for a reverberating medium. The scattering events mainly occur at the
reflection with the medium boundaries in the reverberating case: the
scattering mean free path is therefore larger than in the previous case
of multiple scattering by distributed heterogeneities. As a consequence,
and considering that the same time window is analyzed in each case,
the CWI observable values are smaller in the reverberating case. The
addition of disorder improves the sensitivity of the method. Overall,
the proposed method is rather robust to the medium configuration, be
it a homogeneous reverberating material or a heterogeneous material.

5. Conclusion

In this paper, 2D SEM was used to perform a parametric sensitivity
study of NCWI in a multiple-scattering medium with a localized micro-
cracked zone. Parametric studies between the CWI observables, i.e. the
Fig. 6. CWI observables versus changes in crack length (𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘) for the reverberating medium. For each fixed number of random cracks (𝑁𝑐𝑟𝑎𝑐𝑘 ∈ [1, 4, 8, 12, 16, 20]), six
numerical models were used: (a) Relative variation in velocity 𝜃𝑐𝑜𝑑𝑎 versus 𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘; (b) Remnant decorrelation coefficient Kd versus 𝛥𝐿𝑐𝑟𝑎𝑐𝑘∕𝐿𝑐𝑟𝑎𝑐𝑘..
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f
o

Fig. 7. Slopes of CWI observables with crack length changes in terms of the crack
density 𝑁𝑐𝑟𝑎𝑐𝑘 for the reverberating medium. For each fixed number of random cracks
(𝑁𝑐𝑟𝑎𝑐𝑘 ∈ [1, 4, 8, 12, 16, 20]), five numerical models were used. For each group of models,
ive crack disorder arrangements were considered in order to calculate the mean value
f 𝛼𝐿

𝜃 (red pentagram) and 𝛼𝐿
𝜃 (blue square). Their slopes versus crack density 𝑁𝑐𝑟𝑎𝑐𝑘

are obtained with linear and quadratic regression and illustrated with dash–dot line
and dashed line, respectively.

relative variation in velocity 𝜃𝑐𝑜𝑑𝑎 and the remnant decorrelation coef-
ficient Kd, and effective variations in crack length in different samples
were performed numerically. The crack length average variations were
assumed to be the consequence of different levels of pump waves of
high amplitude, enabling the simulation of the probe wave propagation
only. The results show that 𝜃𝑐𝑜𝑑𝑎 is linearly proportional to the sum
of the changes in crack length and Kd was found to be proportional
to the square of the sum of changes in crack length. This dependence
has also been observed in a previous numerical study [46] and in the
experiments reported by Zhang et al. [42]. Our results also confirm the
sensitivity of the NCWI method to tiny changes in the tested material,
this is a step towards a more quantitative evaluation of damage in
complex solids by ultrasonic waves.

Comparing to our previously reported model [46], which allows
interpretations of NCWI results from a macroscopic point of view under
effective-medium approximation, the model reported herein describes
the nonlinear phenomenon from a more microscopic point of view: the
NCWI observation is related to a change in the effective crack length.
With such a model bridging the gap between macroscopic observation
(i.e. NCWI results) and microscopic characteristics of the propagation
medium (i.e. cracks density and length), the obtained simulation results
contribute to a deeper understanding of the NCWI method in a multi-
scattering medium, as well as in a reverberating medium with the
presence of microcracks.

Indeed, the reported model cannot describe the nonlinear phe-
nomenon fully since the dynamic response of cracks’ interfaces to
the pump wave excitation is omitted. However, the authors believe,
by avoiding such a computational conundrum that involves the wave
motion problem and the dynamic contact problem simultaneously, this
simplified model would allow a more fundamental yet intuitive under-
standing of the nonlinear acoustic effect. Since the NCWI observables
are quantitatively related to the change in crack’s effective length, our
future research aims to take into account the relationship between the
pump wave and crack length to establish a fully quantitative damage
assessment approach and to extend its application scope beyond the
pumping effect.
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